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In this paper, we use the semi-group method and an adaptation of the L2-method of Hérmander to establish
some ®-entropy inequalities and asymmetric covariance estimates for the strictly convex measures in R”.
These inequalities extends the ones for the strictly log-concave measures to more general setting of convex
measures. The ®-entropy inequalities are turned out to be sharp in the special case of Cauchy measures.
Finally, we show that the similar inequalities for log-concave measures can be obtained from our results in
the limiting case.
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1. Introduction

Let ¢ : R" — (0, c0) be a strictly convex, C? smooth function such that (p’ﬁ is integrable for
some S > 0. By strictly convex, we mean that the Hessian matrix, nga(x) = (Bl-zj(p(x)),’{ =1 of
¢ is everywhere positive in the matrix sense. Let d gy, g denote the probability measure

p(x)~P
Zsﬂ,ﬁ

dirg,p = dx,

where Z, g is the normalization constant which turns (1, g into a probability. The main aims of
this paper is to establish several functional inequalities for the probability measure (g, g such as
®-entropy inequalities and asymmetric covariance estimates. These inequalities extend the -
entropy inequalities in [9] and the asymmetric covariance estimates in [13] for the log-concave
measure to the context of convex measures.

Let ®: 1 — R be a convex function on an interval I C R and f : R" — I be a measurable
function such that f and ®(f) is integrable with respect to the probability measure 1y, g, We
define

Ent;‘jw(f):/ <b(f)duw,,3—cl></ fduw,ﬂ)
R~ R

as the ®-entropy of f under the probability measure uy, g. For examples, if ®(x) = x2 then we
let Varuw,(f) = Entg’w(f) be the variance of f with respect to (g g, and if ®(x) = xInx
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on (0, 00) then we let Ent,,, ,(f) = Ent/‘fw 5 (f) be the Boltzmann entropy of a positive func-
tion f with respect to jiy,g. Notice that Ent q) ( f) is always nonnegative quantity by Jensen’s

inequality. We are interested in to finding the upper bound for Entq:) 5 (f) under some suitable
conditions on ¢, ® and S. The first main result of this paper is the following theorem.

Theorem 1.1. Let B >n+ 1 and ®: I — R be a convex function such that

1 4B—5%+n—1

OO0 2 g

(@@ 1), (1.1)

forany t € I. Assume, in addition, that ¢ is uniformly convex in R", that is, D*@(x) > cl,, in the
matrix since for some ¢ > 0. Then for any smooth function f with value in I, we have

Ent; ,(f) =< 5 B 1)/ " (NIVfIPpdug.p. (1.2)

Let us give some comments on Theorem 1.1. The ®-entropy inequalities have been proved in
[9] for such function @ under the curvature-dimension condition CD(p, o0) (see also [15]). Let
L be a differential operator of order 2 given by

Lf(x)= Z D,j<x) oo )—Za, (x)—foc)

i,j=1

where D(x) = (D;j(x))1<i,j<n 1S a nonnegative symmetric n x n matrix in the matrix sense
with smooth entries and a(x) = (a;(x))1<i<, has smooth elements. Such an operator generates
a semigroup P; acting on the smooth functions on R” such that L = (z%)f:() P;. The carré du
champ operator (see [2]) associated to L (or semigroup F;) is defined by

1
I'(f.g)= g(L(fg) — fLg—gLf).

For simplicity, we write I'(f) = ['(f, f). The I'> operator is defined by

Ta(f) = (LF(f) 2I'(f, Lf)).

We say that the operator L (or semigroup P;) satisfies the curvature-dimension condition
CD(p, co) for some p € R if

D2(f) =z pT(f),

for all function f. This condition is a special case of the curvature—dimension condition
CD(p,m) with p € R and m > 1 introduced by Bakry and Emery [2]. Letdu =e¢ ¥V dx be a
probability measure in R” with i being a convex function such that D2y (x) > pI, for any
x € R" for some p > 0, then the operator L defined by

Lf(x) = Af(x) = (VY (x), V),
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where (-, -) denotes the scalar product in R", satisfies the CD(p, c0) condition. Indeed, it is easy
to see that I'(f, g) = (V f, Vg) and by Bochner—Lichnerowicz formula

Na(f) = | D f| s + (D20 V £ (), V£ (),

where || - ||gs denotes Hilbert—Schmidt norm on the space of symmetric matrices. It was proved
by Bolley and Gentil [9] for such measures that the following ®-entropy inequality with @
satisfying ®® & > 2(®®)? holds

1
Ent®(f) < — / O"(HIVfPdp. (1.3)
Zp Rn

It is interesting that the ®-entropy inequality (1.3) can be derived from Theorem 1.1 by an ap-
proximation process. This will be shown at the end of Section 2 below.

2
Taking the function & = &, :=¢7 on (0, 00). The function ®, satisfies the condition (1.1) if

4B-DHB—-n—-1)
<2
4B —-1D2+4Cn—-2)(B—1 +n

l<p=<pg:=1+ (1.4)

Thus, we obtain the following Beckner-type inequalities (see [5]) for the measures (y g from
Theorem 1.1.

Corollary 1.1. Let B > n+ 1 and D¢ > cl,, for some ¢ > 0. Then for any p €[], ppl one has

/R Py - ( /R N dﬂ(p,ﬁ)

for any positive, smooth function f.

<o

<2_—”/ IV fPpdug.p. (1.5)
=B Ju ’

If p(x) = 1 + |x|?, then the probability dug = ZLﬂ(l + [x[»7F, B > % is the generalized
Cauchy measures. Notice that D?¢(x) = 2I,. From Corollary (1.1), we obtain the following
Beckner type inequalities for the Cauchy measures ug: let 8 > n + 1 and p € [1, pg] then it

holds

2
(L= (frram)) < 5 0+t

— dug — Pd — \% 1 d 1.6
2_p</wf np (Rnf we) )25 L, VPO P) A (0

for any positive, smooth function f. When writing this paper, I learned from the work of Bakry,
Gentil and Scheffer [4] that the inequality (1.6) can be proved by a different method based on
the harmonic extensions on the upper-half plane and probabilistic representation and curvature-
dimension inequalities with some negative dimensions. This method was initially introduced by
Scheffer [20]. It seems that the approach in [4] is special for the Cauchy distributions and can not
be applied for more general convex measures. For p = 1 we obtain the sharp weighted Poincaré
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type inequality for Cauchy measures which was previously studied by Blanchet, Bonforte, Dol-
beault, Grillo and Vazquez [6,10] with applications to the asymptotics of the fast diffusion equa-
tions [7,10] (see also [1,8,11,19]): let 8 > n + 1, then it holds

2
24 —</ d ) L v £I2(1 \d
/Rnf Hup Rnf g 52(,3_1) Rnl FIE(1+ Ix17) d g

for any smooth function f. It is remarkable that the constant C), = ﬁ in (1.6) is sharp in
the sense that it can not be replaced by any smaller constant. To see this, let B, denote the sharp
constant in (1.6), then obviously B, < ﬁ For any smooth bounded function g such that
fR,, gdup =0, applying (1.6) for 1 4 €g with € > 0 small enough and expanding the obtained
inequality in term €2, we get

GZ/R g2 dug +o(e?) prEZ/R IVgl*pdug,

for € > 0 small enough. Letting ¢ — 0 we have

/ g2dug SBp/ \Vel*odug
Rr Rn

for any bounded smooth function g with fRn gdup = 0. This implies B, > B = m Con-

sequently, we get B, = ﬁ

The last remark concerning to Corollary 1.1 is that pg < 2, hence we can not let p 1 2 to obtain
a weighted logarithmic Sobolev inequality for the convex measures (i, g (or Cauchy measure
mg) with weighted ¢. It’s was shown in [8] that the weighted logarithmic Sobolev inequality
for the Cauchy measures holds true with the weight w(x) = (1 + |x|2)2 In(e + |x|2). In [14], by
using Lyapunov method, Cattiaux, Guillin and Wu found the correct order of magnitude of the
weight in this inequality as w(x) = (1 + Ix|%) In(e + |x]?). Finally, we have pg — 2 as B — o0,
we can see that the logarithmic Sobolev inequality for the uniform log-concave measure can be
obtained from (1.5). Indeed, suppose du = e~V dx is a log-concave probability measure such
that D%y > pl,, for some p > 0. For each 8 > n + 1, consider the function pp=1+ % and the

probability measure wq, g. We have D2<p/3 >cp = %p. For any positive smooth function f, we

apply (1.5) for pyy g, f and p = pg and then let  — oo with remark that Zq,ﬁ,ﬁgo/;ﬁ —e Vo
obtain the following inequality

2
lenfzdu—/ fzdu1n</ fzdu> 5—/ IVfI7dp.
Rn Rn Rn ,0 R7

Especially, when v/ (x) = |x|?/2 we obtain the famous Gross’s logarithmic—Sobolev inequality
for Gaussian [16].

The second main result of this paper is the asymmetric covariance estimates for the convex
measure iy g. Let i be a probability measure in R”. For any two real-valued function g, h €
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L%(w), the covariance of g and / is quantity

CovM(g,h)szn ghdu — </1gdu></whdu>.

Notice that cov, (g, g) = Var,(g). If  is a log-concave measure, i.e., du = e~V dx for some
strictly convex function V on R”, the Brascamp-Lieb inequality (see [12]) asserts that

Varu(h)ff (D*V)'Vh,Vh)du,  he L. (1.7)
Rl’l

Since (cov,(g, h))? < Var, (g) Var,, (h), as an immediate consequence of (1.7), we have the
following covariance estimate

(covu(g, h))2 < /

(D*v) ™'V, Vg)du/ (D?V)™'Vh, Vh)dpu. (1.8)
Rn

n

The one-dimensional variant of (1.8) was established by Menz and Otto [18] as follows

_ h
lcovug. M| =< [[&']| 11 I (V") ‘h’\}Lw)=/R\g’|dusup| )l (1.9)
X

er V(X))

They call this inequality an asymmetric Brascamp—Lieb inequality. Note that it is asymmetric in
two respects: One respect is to take an L' norm of g’ and an L* norm of /', instead of L? norm
and L% norm. The second respect is that the L norm is weighted with (V" (x))~! while the L!
norm is not weighted.

The higher dimension version of (1.9) was proved by Carlen, Cordero—Erausquin and Lieb
[13]. In fact, they established a more general estimate as follows: let Ay (x) denotes the smallest
eigenvalue of D2V (x) then for any (locally) Lipschitz functions f, g € L*>(u1) and for any 2 <
p<oocandqg=p/(p—1) we have

2-p
V4

_1 _1
lcov, (g, )| < [(D*V) 7 Vg (D*V) PV 10 (1.10)

L9(1n) ||)”min

The inequality (1.10) is sharp in the sense that the constant 1 in the right hand side can not be
replaced by any smaller constant. For p = 2, we recover (1.8) from (1.10). Since D2V > Aminl,
then (1.10) implies

1 _1
|covi(g. M| < [ A Ve | La(w) |2 min V| LP(u)"

For p =00 and ¢ = 1, we get
|covu(g. )| < IVEIlL1( H)‘r;ianh ||L°°(p,)'

In particular, if n = 1 we obtain the inequality (1.9) of Menz and Otto.
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In this paper, we extend the asymmetric covariance estimate (1.10) to the convex measure
Hg,p-Forn>1and B >n+ 1, let us denote

o0 ifn:l,

Ppn= 2<1 n B-—DB-—n-D+((B-DB-2)B-—n)B—n- 1))7) ifn>2.

n—1

Our next result is the following theorem.

Theorem 1.2. Let 8 > n + 1 and Amin denotes the smallest eigenvalue of D*@(x). Then for any
2<p =< psn-q=p/(p—1) and any (locally) Lipschitz functions g, h in Lz(u(p,ﬂ), we have

1 _1 q
|covi, 5 (8. M| < ﬁ(/Rn’(DZ@) ”Vg|q<ﬂdﬂ<p‘ﬁ)q

1
2 1 P
x (/R rPI(D?e) pVh|”<de¢,ﬂ> . (1.11)

Itis interesting that Theorem 1.2 implies the asymmetric covariance estimates (1.10) of Carlen,
Cordero-Erausquin and Lieb for log-concave measure by letting 8 — oco. We will show this fact
in Section 3 below.

We conclude this introduction by giving some comments on the methods used to prove our
Theorem 1.1 and Theorem 1.2. Theorem 1.1 is proved by using the semi-group method while
Theorem 1.2 is proved by adapting the L?-method of Hormander [17] to the L? setting. Both the
proofs concern to a differential operator L on Lz(u(p, ) defined by

Lf(x) =p@)Af(x) = (B—D(Vex), V f(x)).

To prove Theorem 1.1, we consider the semi-group P; on Lz(u(p, ) associated with L, and define
the function

a(¢)=-Aﬂ¢(Ptf)de,ﬁ, f €L (g p).

Using the semi-group property of P; and the assumption on @, we will establish the following
differential inequality a” () < —2c¢(B8 — 1)@/ (1), t > 0, which leads to the ®-entropy inequalities.
We notice that the semi-group method is an useful methods to prove the functional inequalities
(especially in sharp form). We refer the readers to the paper [2,3,9] and references therein for
more details about this method an its applications. The L?-approach of Hérmander [17] is based
on the classical dual representation for the covariance to establish the spectral estimates. In [13],
Carlen, Cordero—Erausquin and Lieb adapted the L? approach of Hérmander to the L7 setting to
prove the inequality (1.10) for log-concave measure. Our proof of Theorem 1.2 is an adaptation
of their method to the setting of convex measures. However, the computations in our situation
are more complicated.

The rest of this paper is organized as follows. In Section 2, we use the semi-group method to
prove the ®-entropy inequality in Theorem 1.1 and show how derive the ®-entropy inequalities
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for uniform log-concave measures from Theorem 1.1. Section 3 is devoted to prove the asymmet-
ric covariance estimates for convex measures in Theorem 1.2 and show how derive the inequality
of Carlen, Cordero—Erausquin and Lieb from this theorem.

2. Proof of Theorem 1.1

This section is devoted to prove Theorem 1.1. Assume that D2g0 > cI,, for some ¢ > 0 and
B > n+ 1. As in the Introduction, let us define a differential operator L of order 2 on C2°(R")
by

Lf(x) =px)Af(x) = (B~ D{Vex), Vf(x), feCE(R").

By integration by parts, we have
A‘{n (Lf)gdugp=— /Ran, Velpdugp,  f.geC(R").
Since D?¢(x) > cl,,, ¢ > 0 then the following weighted Poincaré inequality holds (see [19]):
1
\% <—— | IVfPop(x)duyp, e C(RY).
ar#w,ﬂ<f>_26(ﬁ_l)/w| [Po()dug s, feCO(RY)

Hence, the operator L is uniquely extended to a self-adjoint operator on Lz(uw, g) (we still de-
noted the extended operator by L) with domain D(L). Notice that C2° is dense in D(L) under

the norm (||f||iz(#w 5 + ”Lf”%Z(M,ﬂ))%' Let P; denote the semi-group on Lz(uw,ﬁ) generated

by L. Forany f € Lz(u(p’lg) then P; f € D(L) and satisfies the equation

op f
T(X) =LP f(x), Pof(x) = f(x).

Moreover, P, f — [pn fdigpin L?(ie p) and py g-a.e. in R" as t — oco. With these prepara-
tions, we are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let f € L?(i, ) such that [p, |V f*¢(x) d g, g < 0. Define the func-
tion

alt) = —fﬂ (P (f))dpg,p-

By integration by parts, we have the following expression for o’ (¢)

o (1) =~ fR O(PSILP fdpgp = fR BNV Podpgp. QD)
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We next compute «” (¢). For simplicity, we denote g = P; f. It is easily to verify the following
relation

n
di(Lg)=L(0;g) + dipAg — (B—1) D 059djg.  i=1,2,....n, 2.2)
j=1

where 0; = aixl- and Bizj = %;xj. Using the relation (2.2) and integration by parts, we have
o= [ OV @VePLev i +2 [ 06V, Vg ditgs
=— /Rn(V(<1>(3) (9IVel*e). Velpduyp + Z/Rn " (g)(Vg. L(VQ))pduyp
+2 [ @ @58 Vo) dswdng.

—28-1) fR " (@(D%9Ve. Velpdug.s. 23)

here, for simplifying notation, we denote L(Vg) = (L(d1g), ..., L(3,g)). It follows from int-
geration by parts that

[];" d)”(g)(Vg, L(Vg))(p d/*"’(p,ﬂ
== /Rn(vaigv V(®"(2)dige))p ditg s
i=1

= —/l‘gn @(3)(g)(vzgvg’ Vg)(pzdﬂ(p,ﬂ _ An qD//(g)HVZg ||12~Is(p2dl’b(ﬂ»,3
—fn q’”(g)(vzgvg, Volpdiigg. 2.4)

Noting that

V(2P (9)[Vgl*p) = 2@ (9)|VeglPpVg + 20 (g)pD?gVg + 0P (9)|Vg*Ve. (2.5

Plugging (2.4) and (2.5) into (2.3) and using the uniform convexity assumption D2<p >cl,,c>0
of ¢ we obtain

o' (1) < —2¢(8 — Dl (1) — fR O ()| VeI'P g p

—4/11 2P (g)(D*¢ Vg, Vg)p? dpuy p
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— /R oD (@)IVe Vo, Ve)pditgp —2 /R () | D%} ¢ diig.p
-2 / ) " (g)(D*gVg. Volpduy g +2 /Hé 2"(@)(Ve, Vo) Aggdigp. (2.6)
Using again integration by parts, we have

fR o (g)|Vg 2 (V. Ve)g ditp p

dx

1 -
=5 [, OV @IVEP(Ts o)
(P

p—2
_1 4) 4 2 3) 2 )
=52 an) @IVel'e du¢ﬁ+ﬁ 5[ @ (8)(D*gVg. Vglp*dugp
1

55 [ OO @R As ding @)

/ l "(g)(D*gVg, Volpdiig p

dx

Zyp

|
‘ -

" 2 —B+2
— 5 [ @ @DV V)

‘_m

/ ¥ (g)(D?g Vg, Vg)p? dpiy.p

+ =
>—~l\)

f " (g)(VAg. Ve)gPditg s
/ ()| D% | g0 it p, 2.8)

and

A D"(g)(Ve, Vo) Agpdugp

B dx
/ " (g)Ag(Vg. Vo F2) L
Zw,ﬂ

=53

—

:_/ 3 (g)|VgPAgg  dity. s

»—N

g
T /R @ (g)(V g, V)9 dig

tb
—_

+

— / (A ¢ g p. 29

=



O-entropy and asymmetric covariance estimates 3099

Inserting (2.7), (2.8) and (2.9) into (2.6), we get
—1
o(1) < ~2¢(p — Do) — b1 / & (0)|Vel*p? dity
B—2 Jrn
48— 1) 1
_ 3 T Vin2 o 2 2
/n @ (g)< 52 (D°gVg, Vg) 5 5V¢l Ag)w dg.p

v (E1
—2/ @()(/3 5| 2g||f{s—mmg) )gﬂduw,ﬂ. (2.10)

It is well known that (Ag)? < n|| D?g||%s., then it holds

-1

B
:3 2 ”D2 HHS B —(Ag)z

52 ﬂHDZ sls: .11

Let Ay, ..., A, denote the eigenvalue of ng with respect to the eigenvector e, ..., e, respec-

2
tively such that |e;| = 1 forany i =1, 2, ..., n. Denote a; = % thenitholdsa; +---+a, =

1,a; > 0fori =1,...,n. Using these notation, we have

4B—-1, —IVol? _
52 55 (D78Ve. Vg)—mIVgl Ag= IVgI( ZA,, 5o ZZA)

i=1

_ gl Z4<ﬁ D“’”M
i=l

Using Cauchy—Schwarz inequality, we have

2
" 48— Da; — 1 " (4B —Da; —1)\?
(Z (ﬁ,g_)z M) S(Z( (ﬂﬁ—)z ))()\%JFH.WL/\%)

i=1 i=l1

(4(/3—1))22, 1a} =8(B—1)+n

(’3 2)2 ” ng HHS
16(8—1)*—-8B—1)+n
= (ﬁ_2)2 ||D2g||12-IS’

here we used Y _ a; =1, Y7 ;a? <1 and |D?g|%g = Y_7_, A?. Putting the previous esti-
mates together, we get

VelPAg| _ ((4B—5)+n—1)?
p—2 |~ p—2

4(B — 1)(D2ng, Vg) _

F-2 |D%g sl Vel (2.12)
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Plugging (2.11) and (2.12) into (2.10) and using ®” > 0, we obtain
” / B—1 “4) 4 2
o (1) = =2c(fp—Da'(t) — -2 Jq ™ (9)IVEl e dug,p

n (48 =57 +n—

1
N
)2 A‘%n’@(3)(6,)’”D2gHHS|Vg|2¢2dM%ﬁ

B—2
p—n—1 2
—2——— | @"(®)|D?¢]5¥” dig.p-
B— R
It follows from the assumption on @ and Cauchy—Schwarz inequality that
B—1_w 4, B—n—1_, 2112
— \Y 2———— @ D
G20 @IVelt + 20 @) D g
V2B = 1D(B —n— 12D ()" (g)
>2 Ve[ D% s

8—2
_((4B—57+n—
> 53

Therefore, it is easy to check that

1
12
22 |6®) ()| | V512 D>

g”HS'

o’ (1) < =2c(B — D' (1), t>0.

This differential inequality implies o’ (f) < e~2#=D!¢/(0). Integrating the latter inequality on
(0, 00), we obtain

Jim ar(r) = a(0) < o' (0)

1
2¢(B—1)
which yields the ®-entropy inequality (1.2) because

«O == [ oNdugp  O= [ VDS Podnp,

and

lim a(t) = —<I></ fduwg>
—>00 R"

since P;f — fRn fduge g in Lz(uwg). The proof of Theorem 1.1 is then completely fin-
ished. ]

We conclude this section by showing that the ®-entropy inequality (1.3) can be derived from
our Theorem 1.1. Let ¥ be a convex function on R” such that D%y > pl, for some p > 0
and fRn e~V dx = 1. Denote w1 the measure on R” with density e~ V. For B >n—+ 1, denote

pp =1+ % By the uniform convexity of ¥, we have ¢g > 0 on R" for 8 large enough and
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D?gg > p~!pl,. Denote Zosp = [gn wﬂ_ﬁ dx and pyy g the probability measure with density
Z ! 5898 ~#_Our aim is to apply the ®-entropy inequality (1.2) for the measure py, g and then
lettmg B — oo to derive the inequality (1.3). However, there is a difficulty here that although

1 4B—52%+n—1
lim — =2,
poe8(B-D(B—n—-1)

but

1 4B—52%4+n—1

- >

8(B—-—D(B—-—n—-1)
for any B > n + 1. Hence for a convex function ® satisfying ®”®® > 2(d®)? we do not know
whether or not it satisfies (1.1). To overcome this difficulty, we use a approximation process as
follows. Denote by I the domain of ®. Let I = (a, b) be abounded interval in / such that Ip C I.
Denote M = supy, || < co. Notice that the function V,t) =t —a+ 1)? for pe(1,2)
satisfies

)

3-p 2 3-p
v =S =) =g

For € > 0, consider the function ®, = ® + €W, on Iy. By Cauchy—-Schwarz inequality, we have
2
O/ > (V2|00 + /rpe|wY))
on /. Denote N = infy, |\III(,3)| > (. It is easy to check that
3 3)1)2 3 3)[\2
(V2| 2P|+ y7pe W) = (|09 + e[ w7,
on I, for any

_ 2M? 4 y,e*N?
2<$6 <m1n{,/2yp, W;ZNZ}

Consequently, the function ®, satisfies the condition (1.1) on Iy for 8 > 0 large enough. Apply-
ing the inequality (1.2) for the convex function ®, and for any smooth function f with value in
/o and the probability measure ji, g With B large enough, we have

1
Qe (f)ditgy — P (/ fdu )57 L (NIV f1P0pditgy p-
/Rn e TN ST ) =28 Jan e Pt
Notice that Z 1ﬂ(pﬁ — e ¥V and g — 1. Letting B — oo and then letting € — 0, we get

1
/Rnﬂb(f)du—@(/ fdu> = / () fIPdn. 2.13)

for any smooth function f with value in Iy and for any bounded interval Iy C I with Iycl.
Suppose I = (a, b), let (a,),, (by), be two sequence such that a,, | a and b, 1 b. For any smooth
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function f with value in /, define f,, = max{a,, min{f, b,}}. Applying the inequality (2.13) for

I, and f;, and then letting n — oo we obtain the inequality (1.3) for f.

3. Proof of Theorem 1.2

In this section, we prove the asymmetric covariance estimates given in Theorem 1.2. Our method
is based on the L? method of Hormander which turns out to be very useful to prove the
Brascamp-Lieb type and Poincaré type inequalities (see, e.g., [13,19]). Again, let L denote the
differential operator

Lf(x) =px)Af(x) = (B = D{Vex), Vf(x), feCI(R").

Note by integration by parts that
fR gLfdugp= —/R (Ve Vfledu,  f geCX(R")

hence L is extended uniquely to self-adjoint operator in Lz(uw, ) (which we still denote by L).
By approximation argument, we can assume that ¢ is uniform convex in R”. Consequently, if we
denote P; the semi-group associated with L, then by the weighted Poincaré inequality, we see
that || Pth||leL , exponentially decays to O for any function / € Lz(,uwg) with fR,, hdpg g =0.

For such a function h, the integral

o0
u::/ Phdt, 3.1)
0

exists and is in the domain of L, and satisfies Lu = h.
Since

COVy, (8, h) =fRng(X)<h(x) —Aﬂhdu¢,ﬁ> ditg,ps

then covy, ,(g.h + ¢) = covy, ,(g,h) for any constant ¢c. Whence we can assume that
fR,, hdpy g = 0. Let u define by (3.1). We have by integration by parts and approximation
argument that

cov, (g 1) = /R R () g
=/Rng(x)Lu(X)du<p,ﬂ

- _/nwg, Vu)pdiiy.p. (32)

With these preparations, we are now ready to give the proof of Theorem 1.2.
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Proof of Theorem 1.2. We can assume fRn hdpg g =0. Let u define by (3.1). Using (3.2) and
Holder inequality, we have

|covu¢‘ﬁ(g,h)} = ’/Rn(Vg, Vu)(pdpL(p,;;‘

_1 1
=| [ (02) 7. (20 Vuodny

1
_1 7 1
5( - (D%¢) ”Vg|q¢dﬂw,ﬂ>q (/Rn!(Dzw) ”Vu|p¢du¢,ﬁ)p, (3.3)

here recall ¢ = p/(p — 1). It remains to show that

1 1
1 12 1 _ 1 7
< (D) Vulpwdw,ﬂ>p <571 (/1‘@ b (D) pVh|p<PdM¢,ﬂ)]» (34)

where Amin is the smallest eigenvalue of D%¢. To prove (3.4), we first compute L(|Vu|?) as
follows

L(1Vul?) = pA(IVul?) — (B — DV, V(1Vul?))

= po|Vul" 72| D?u

n
+pIVulP™2 3" 9 A @181 + p(p — D9l VulP =4 D>uVu|*
j=1

—p(B = DIVul"~? Z(Z ai<oai2ju>aju

j=1 \i=1
= p|Vu|P~? ((L(Vu), Vu)+ ¢ | D*u ||12{s +(p -2

here we use the notation L(Vu) = (L(31u), ..., L(d,u)).
By integration by parts, we have

[ L) digs == [ (9057, Volpdigs

[ (9vurr), v+

‘ -

dx
Zyp

=

-2
l P 2
:_m ) A(IVul?)p” dug,p. (3.6)
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We are readily to check that

D*uVul|?
A(IVulP) = p((VAu, Vi) + | D2u g+ (p — 2)#)%417—2.

Plugging the previous identity into (3.6), we arrive

p 2
/n L(\VulP)pdug s = 53 /R <(VAu, Vi) + | D?ul| 5
|D2uVu|? b2 2
+(p— Z)W IVul" "¢ dpy, p. (3.7)

From (2.2), we have
L(Vu)=V(Lu) — AuVgo+ (8 — 1)D2<qu.

Using this commutation relation together with (3.5) and Lu = h, we get
/R L(IVul?)pdiy p

=p f (Vh, Vi) VulPpdpg 5+ p(B—1) f (D*@Vu, Vu)|VulP2pdp,
n Rn
2 2
2 42 |D“uVu| =2 2
+p/Rn(”D ] ys + (P —2) Vul? IVul""p dy g

—pf Au|VulP~2(Vu, Vo)pdu, p. (3.8)

Using integration by parts, we have

/ AulVulP~2(Vu, Vo)pdi, g

I d
- __/ AulVulP2(Vu, V= FH2) 25
‘3 - 2 n Z(ﬂ,ﬂ
1

_ (D*uVu, Vu)
=5

2
/n<(VAu,Vu)+(Au) +(p—2)Au Vil

)|W|f’—2¢2dw,ﬁ.
Inserting the previous equality into (3.8) implies

[ L0vur)pdugs

:p/ (Vh, Vu)|VulP 29 du, s + p(B — 1)/ (D*@Vu, Vu)\Vu|" o du, g
n Rn
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2 |D*uVu|? _
o [ (ID%ls+ =225 ivur -2t ang

—ﬁf ((VAu,Vu)+(Au)2
D>*uVu,Vu _
+(p—2)AuW>|Vu|p 2% dug p. (3.9)

Combining (3.7) and (3.9), we get

ozpf (Vh, Vu)|VulP 29 dug g + p(B — 1)f (D2 Vu, Vu)|VulP o dp, g
n Rl‘l

p

TE—2 AH((ﬂ — 1] D?u|is = (Aw)?) [ VulP g g g

p(p—2) |D*uVu|? (D*uVu, Vu)

T2 Rn((ﬁ_l) VuE T Ve

>|Vu|1’—2<p2du¢,ﬁ. (3.10)

We next claim that if [Vu| > O then

212 2 |D>uVul|? (D*uVu, Vu)
(B—D||D%u s — (Au) +(p—2)<(,6—1) — Au >zo (3.11)

|Vul? |Vul?

provided 2 < p < pg . Indeed, if n =1 then the left hand side of (3.11) is equal to (8 —2)(p —

1)|u”|? and hence is non-negative. We next consider the case n > 2. Let A1, ..., A, denote the

eigenvalues of D”u with respect to the eigenvectors ey, ..., e, respectively such that |e;| = 1
A2

forany i =1,...,n. Denote a; = (ue)” < 10,1]. We have a + --- +a, = 1, Au=Y" 1A

v 2
D2ul2e =5 32 and Ve
ID7ullgs = > _i_; A7, an
D*uVu|? " Dquu, Vu "
el oSt a0 LA LN <SP
i=1 i=1

|Vu|? |Vul?

Hence, the left-hand side of (3.11) becomes

n n 2 n n
B-1Y 3 - (in) +(p- 2)((/3 DY Mai- (Zm) inal).
i=1 i=1 i=1 i=1

Theset S:={x=(x1,...,x,):x; >0,i=1,...,n, Z?zlx,- = 1} is a convex subset of R” with
extreme points v;, i = 1, ..., n such that the ith coordinate is 1 and other coordinates are 0. The
function

n n 2 n n
F)=(B-1DY 3 - (Zm) +(p— 2)<(ﬁ — DY Axi— (Zm) Zm)
i=1 i=1 i=1

i=1
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is affine on R”. Hence ming F is attained at a point v; for some i € {1, ..., n}. Let ip be such an
index i. Note that a = (ay, ..., a,) € S, hence we have
2
F@)=(B—2)(p— Dij +(B—1) Y A7 —prig )_ ki — (Z m)
i#ig i#ig i#ig
2
> (B—2)(p— DA, + —(ZA ) — Phig I ki — (Zm)
i#ig i#ig i#io
=(B—-2(p— DA + —(ZA ) — Phig D A
l;ﬁl() i;éi()
1
B-=2)B—nm)(p-—1)?
( — ol 2 k| = Py Yo
i#ig i#ig

here the second and fourth inequalities come from Cauchy—Schwarz inequality. Therefore,
F(a) > 0 provided

- ’

2((/3 —2)(B—n)(p— 1))%

>
n—1 p

for p > 2. However, this condition is equivalent to our assumption 2 < p < pg ,. Hence, we have
proved

n n 2 n n
B-1Y 27— (Zm) +(p— 2)((/9 -0 Mai - (ZM) Zx,-ai) = F(a) >0,
i=1 i=1 i=1

i=

for 2 < p < pg . This proves (3.11) when n > 2.
It follows from (3.10) and (3.11) that

L1 0 wutiear 2o

(D2<qu, Vu)|Vu|'"—2<p dpg,p

Il
=\

’ -

|

7]

| —
e e

IA

=
|
—_

(Vh, Vu)|VulP 29 du,

(D%) 7 Vu, (D) 7 V) VulP2pdpy s

n

’ -

(D)7 Va||(D?) 7 Vh|IVul? 0 djuy 5. 3.12)

IA

=
|
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Let A be a positive n x n matrix, and v be a vector in R". It is well known that

2

1
|A7o|” < olP2|A%0], (3.13)
for p > 2. Moreover, it is obvious that
_1 1
IVul < 2,0 |(D*0) 7 Vu|. (3.14)

Inserting the estimates (3.13) and (3.14) into (3.12) for A = D2<p and v = Vu with notice that
p =2, we get

1
(D)7 Vul e duy s

1 _p, -2 _1
<577 L1020 VUl (D) Vilg disg.p. (3.15)
Applying Holder inequality to the right hand side of (3.15) and simplifying the obtained inequal-
ity, we arrive (3.4). The proof of Theorem 1.2 is completed. (]

We conclude this section by showing that the inequality (1.10) can be derived from our The-
orem 1.2. Let i be a strictly convex function on R” such that fRn e Vdx=1,and u be the
probability of density e~ Y. Perturbing ¥ by €|x|>/2, we can assume that v is uniform convex
on R". Let pg =1+ % and pg be the probability measure of density Zgllpﬁ_ P for B>n+1
where Zg is normalization constant. We have D2<p,3 = ﬂ_lDzlﬂ. Denote Amin and Amin, g the
smallest eigenvalue of Dzw and ngoﬁ respectively, we have Amin, g = ﬂ_lkmin. Let g, hC°(R")
and 2 < p < 0o. We have pg, — 00 as B — 00, hence pg , > p for 8 large enough. Applying
Theorem 1.2 to g, 2 and for ug with 8 large enough, we have

1
_1 q _ _1
|00w(87h)|S—ﬂ/il(/w\(Dzw) "Vg|q¢ﬁduﬂ)q</ﬂ;{”kﬁlm” (D?y) PVhI”@ﬁduﬁ)p

Since pg — 1 and Z;ll//gﬁ — e ¥ as B — 00, then by letting 8 — oo in the preceding inequal-
ity, we obtain (1.10) for any function g, h € C2°(R"). By standard approximation argument, we
get (1.10) for any 2 < p < 0o. The case p = oo is obtained from the case p < co by letting
p —> 0.
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