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In this paper, we investigate the question of estimating the Gram operator by a robust estimator from an i.i.d.
sample in a separable Hilbert space and we present uniform bounds that hold under weak moment assump-
tions. The approach consists in first obtaining non-asymptotic dimension-free bounds in finite-dimensional
spaces using some PAC-Bayesian inequalities related to Gaussian perturbations of the parameter and then
in generalizing the results in a separable Hilbert space. We show both from a theoretical point of view
and with the help of some simulations that such a robust estimator improves the behavior of the classical
empirical one in the case of heavy tail data distributions.
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1. Introduction

Many algorithms, such as spectral clustering, kernel principal component analysis or more gen-
erally kernel-based methods, are based on estimating eigenvalues and eigenvectors of integral
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operators defined by a kernel function, from a given random sample. To set the context from a
statistical point of view, let © € M L(X ) be an unknown probability distribution on a compact
space X’ and let k be a kernel on X'. The goal is to estimate the integral operator

Lif(x)= / k(x,2) £ (2) dp2)

from an i.i.d. random sample drawn according to u.

A first study on the relationship between the spectral properties of a kernel matrix and the
corresponding integral operator can be found in [4] for the case of a symmetric square integrable
kernel k. They prove that the ordered spectrum of the kernel matrix K;; = %k(X i» X j) converges
to the ordered spectrum of the kernel integral operator L;. Connections between this empirical
matrix and its continuous counterpart have been subject of much research, for example in the
framework of kernel-PCA (see [9,10,14]) and spectral clustering (see [13]). In [7], the authors
study the connection between the spectral properties of the empirical kernel matrix K;; and
those of the corresponding integral operator L; by introducing two extension operators on the
(same) reproducing kernel Hilbert space defined by k, that have the same spectrum (and related
eigenfunctions) as K and Ly respectively. In such a way they overcome the difficulty of dealing
with objects (K and L) operating in different spaces.

The integral operator Ly is related to the Gram operator

Gv = /(v ¢ ()¢ (2) du(2), vek,

where KC denotes the reproducing kernel Hilbert space defined by the kernel k and ¢ the corre-
sponding feature map.

The main objective of this paper is to estimate Gram operators on (infinite-dimensional)
Hilbert spaces. Some bounds on the deviation of the empirical Gram operator from the true
Gram operator in separable Hilbert spaces can be found in [5] in the case of Gaussian random
vectors.

Let us introduce some notation. We denote by H a separable Hilbert space and by P € /\/lﬂr (H)
a (possibly unknown) probability distribution on H. Remark that with the above notation P =
wo ¢~ Our goal is to estimate the Gram operator G : H — H defined as

Gv— / (v, 2)302 dP(2)

from an i.i.d. sample drawn according to P. Our approach consists in first considering the finite-
dimensional setting where X is a random vector in R? and then in generalizing the results to
the infinite-dimensional case of separable Hilbert spaces. To be able to go from finite to infinite
dimension, we will establish dimension-free inequalities. To be more precise, we consider the
related problem of estimating the quadratic form

N(©) = (90, 0)x., et
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which rewrites explicitly as

NGO = [ 0.25, P

In the finite-dimensional setting, we construct an estimator of the quadratic form N(6) and
we provide non-asymptotic dimension-free bounds for the approximation error that hold un-
der weak moment assumptions. Note that similar techniques have also been used in [2] in the
finite-dimensional setting. However, the results presented here are not comparable to those in [2]
as the complexity terms appearing in the bounds are not the same. As a result, in [2] the bounds
on the approximation error depend explicitly on the dimension of the ambient space, and grow
to +o0o with it. Observe that in the finite-dimensional case the quadratic form N (9) can be seen
as the quadratic form associated with the Gram matrix

G= /xxT dP(x).

Observe also that the study of the Gram matrix is of interest in the case of a non-centered criterion
and that it coincides, in the case of centered data (i.e., E[ X] = 0), with the study of the covariance
matrix

» =E[(X — E[X])(X —E[X])].

Many theoretical results have been published on the estimation of covariance matrices, for ex-
ample, [8,11,12]. These results follow from the study of random matrix theory and use as an
estimator of G the matrix obtained by replacing the unknown probability distribution P with the
sample distribution %Z?zl dx,. In [8], the non-commutative Khintchine inequality is used to
obtain bounds on the sample covariance matrix of a bounded random vector. Non-asymptotic
results are obtained in [12] as a consequence of the analysis of random matrices with indepen-
dent rows, while in [11] the author uses an extension of the Bernstein inequality to matrices.
However, such an empirical estimator becomes less efficient when the data have a long tail dis-
tribution. In [6], the author presents a different estimator based on the geometrical median which
is more robust than the classical empirical one. Another way to construct a robust estimator is
to use rank-based coefficients (as the Kendall’s tau) but this requires strong hypotheses on the
distribution.

We first present a way to construct a robust estimator of the Gram matrix G in finite dimension
and then we extend the results to the infinite-dimensional case. Note that the bounds we propose
are not formulated in terms of matrix norm, and provide instead bounds for |9T(6 — G)O| de-
pending on the direction 6, whereas a bound on the operator norm, for example, would provide
a single bound for supyg, 16T (G — G)6)|.

The paper is organized as follows. Section 2 deals with the finite-dimensional case. We provide
anew robust estimator of the Gram matrix G and we use a PAC-Bayesian approach to obtain non-
asymptotic dimension-independent bounds of its approximation error. In Section 3, we extend the
results to the infinite-dimensional case, taking advantage of the fact that they are independent of
the dimension of the ambient space. In Section 4, we propose some empirical results to show
the performance of our estimator. In Section 5, we compare from a theoretical point of view
the behavior of our robust estimator to the one of the classical empirical estimator. Finally in
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Section 6, we extend the results to estimate the expectation of a symmetric random matrix and
we consider the problem of estimating the covariance matrix in the case when the expectation is
unknown.

2. The finite-dimensional setting

Let P e ML(R‘{ ) be an unknown probability distribution on R? and let X € R? be a random
vector of law P. We denote by E the expectation with respect to P. Our goal is to estimate the
quadratic form

N@®) =E[#, X)*], 6 e R?

(that computes the energy in the direction 6) from an i.i.d. sample X1, ..., X, € R? drawn ac-
cording to P. Observe that N (6) can be seen as the quadratic form associated to the Gram matrix

G=E[XX]

Indeed to recover the Gram matrix G from the above quadratic form it is sufficient to use the
polarization identity

Gij =€l~TGej
1
= Z[(e,- +ej)TG(e,- +ej)— (e — ej)TG(e,- —ej)]
1
= Z[N(ei +ej)—N(ei —e))].

where {ei}f | is the canonical basis of R4,

A classical empirical estimator of the quadratic form N (6) is

Y= LS \2
N@©)=—> 0, Xi)

i=1

obtained by replacing the unknown probability distribution P with the sample distribution. How-
ever, as shown in [1], if the distribution of (6, X )2 has a heavy tail for some values of 9, the qual-
ity of the approximation provided by the classical empirical estimator can be improved, using
some M -estimator with a suitable smooth influence function and a scale parameter depending on
the sample size. Thus in order to construct a robust estimator for N, we consider, for any 6 € R¢
and any A > 0,

1 n
.(0) = ;;w(w,xiﬁ—x), @2.1)
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where the function ¢ : R — R, defined as

log(2) ifr>1,
t2
Y(t) = —log<1—z+5> ifo<r<l, (2.2)
=Y (1) ift <0,

is symmetric non-decreasing, bounded, and satisfies

2

t 12
—log<1—t+§)5W(l)§log(l+t+3>, teR.

Introduce
o (0) = sup{oz eRy | r(af) < O}. (2.3)

In order to simplify notation, in the following we omit the dependence on A and we write @
instead of o

Observe that, since the function o > 73 («@) is continuous, r; (aZ(6)8) = 0 as soon as @ (f) <
+o00. Moreover, since the function v is close to the identity in a neighborhood of the origin,

0=r(@0)0) ~QO)*N@©) — 2

and therefore it is natural to consider as an estimator of N(6) a quantity related to A Ja(9)?, for
a suitable value of L. We consider the family of (robust) estimators

Ny (0) = (2.4)

w(0)?
and we observe that, since @ (@) is homogeneous of degree —1 in 0,
N,.(0) = 101N (0/1011)-

In the following, we will use a PAC-Bayesian approach linked to Gaussian perturbations of the
parameter 6 to first construct a confidence region for N(6) and then define and study a robust
estimator by choosing a suitable value  for the parameter A.

Given 6 € R4, we consider the family of Gaussian perturbations g ~ N (6, B ~11) of mean 6
and covariance matrix 8~ 'I where 8 > 0 is a free parameter.

Let A C (R4 \ {02 be a finite set of possible values of the couple of parameters (A, 8) and
|A| its cardinality. Let us introduce

_ [ _ EL60, )1
S4_]E[||X||] and k= eseuﬂgi E[(6. X)2]° (2.5)

E[(0,X)%]>0
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assuming that these two quantities are finite. | We will prove later on that
2 1)2 2 1/2
s3 <k'PE(IX1%) = x> Tr(G).

Note that in the case where the probability distribution P is Gaussian, « = 3.
For any (A, B8) € A and ¢ > 0, we put

KA
5—7,
2 /2.2
pm e — 1) BRI
B
A 240252 2430)st log(|A
y:—(K—1)+( o esy | c)sy  log(] I/E)’
2 B 2821 ni
_F
2nr’
where
15 1+24/2
c= exp( + f>§44.3.
8log(2)(v2— 1) 2

Proposition 2.1. With probability at least 1 — 2¢, for any 6 € R%, any (x, B) € A,

P <L><N(9)<qy—1 <L)
“\@)?) - 0\a®?)

where ®g _ and $g  are non-decreasing functions defined as
Y+ 50013/
L+ u—y —8rl0117/1

y + 81012/t
l—p—y—28A0]2/t

Dy, () Zt(l -

Dy (1) = t(l +

and where <I>g’1+(u) =sup{t e Ry : g 4 (1) <u}.

For the proof, we refer to Section 7.1.

)ﬂ[s — 42y + 28001617/t < 1],

—1
) 1[& + p+y + 2611017/t < 1],

3869

2.6)

2.7)

Observe that since those functions depend on 6 only through ||6]|, if € is such that ||0] =1 it
is natural to omit the dependence of 6 and write ®_ and & . In the following we will omit the
dependence of 6 of the functions defined in Proposition 2.1, so that we write ®_ and & instead

of ®g _ and Py ..

LAs it will be explained later, it is sufficient to know upper bounds for these quantities since the following results still

hold true replacing s4 and « by upper bounds.
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Proposition 2.2. Let o € Ry be any energy level. We consider the set

SA
Fr={B,1HDeAxRy|éE4+pu+y+2——<1
max{z, o}
and the bound
A t,
yAMmaxito) g e,
Byg(t)=11—p—y—2x/max{t, o} (2.8)
+00 otherwise.

With probability at least 1 — 2¢, for any 6 € R?, any (A, B) € A,

max{N (), s l01I°}
max{N (), o |62}

1| < By g[lI0172N.(0)]-

Proof. We observe that, for any z,¢,0 € Ry, if ®,(z) <t then
@ (max{z,0}) < max{t, o}
since it is clear from the definition of ®_ that &, (0) < . Similarly if ®_(z) <t, then
CD_(max{z, 0}) < max{t,o}.
Thus, according to the definition of By g in equation (2.8), we get
@, (max{z, o}) =max{z, o }(1 + B)L,/S(Z))_l, (2.9)
®_(max{z, 0}) > max{z,o}(1 — By, 4(2)). (2.10)
Therefore

(Djrl(max{z, o}) =sup{t: ®,(t) <max{z,o}}

sup{t >z:9,.(1) < max{z,a}}
=

sup{t>z: (1+ BM;(t))_1 max(z,o}}

<supft>z:(1+ Bx,ﬁ(z))_lt < max{z,o}}
= max{z, o }(1 + B) p(2)),

where we have have used the fact that Bj g is non-decreasing. In view of these inequalities, the
present proposition is a consequence of the previous one. ]

From now on we fix the finite set A of all possible values of the couple (X, 8) as

A={(;.B)10=<j<K}, @2.11)
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where K =1+ [a™ 72) 1, with a > 0 and ¢ defined in equation (2.7), and

1 n
log(5557 o

. 2 ( 2430) +log(K ))
PV nk = )\ 4@+ c)c 2 exp(—ja) og(K/e) ).

Bj= \/2(2 + o)k 2sinexp[—(j — 1/2)a].

We put
B = in B, [0 2N, (0
. B) arg min L1017 " NL(O) ]
and we define our robust estimator as
N®6) = N> 0). (2.12)

Proposition 2.3. Let us fix a threshold o < s‘% and set the value of the parameter a used to define
A to 1/2. Introduce

= 20520 - 0“2 g0 1))+ [FITD e,

where Tr(G) = E[|| X ||*] denotes the trace of the Gram matrix, and

n~Y2¢, (max{t, o)) »
B.(t)= | 1= an—12¢,(max{t, o))’ [6+ (c — 1))z, (max{t, 0}) < v/,

+00 otherwise.

With probability at least 1 — 2¢, for any 6 € R?,

max{N (). o 0}
max{N(0), o ||0]12}

1| < B[O >N @®)].

For the proof, we refer to Section 7.2. Remark that equation (7.20) of the proof provides a
bound for any choice of the parameter a > 0 and that we report here only the numerical value of
the bound when a = 1/2 for the sake of simplicity.

Assuming any reasonable bound on the sample size we can bound the logarithmic factor
loglog(n) hidden in log(K) with a relatively small constant. In particular, if we choose n < 102,
we get log(K) <4.35.

In order to provide a more friendly version of the above bound, we introduce here the O
notation, where A = O(B) means that there exists a numerical constant T such that A < tB.
Thus, the result stated in Proposition 2.3 becomes, with probability at least 1 — 2¢, for any
0 R,

2
max{N(6), a0 }_1‘ §O< \/K( Tr(G) +10g(10g(n)/8)))'

max{N(6), o |02} n \ max{[|0]~2N ), 0}
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Observe that the bound B, unlike the bound provided in [2], does not depend explicitly on the
dimension d of the ambient space. More specifically, the dimension has been replaced by the
effective dimension coming from the entropy term of the PAC-Bayesian bound

Tr(G)/ max{||0| >N (), 0 }.

To get an intuition of why this entropy term replaces the dimension, it is sufficient to consider the
case where the energy N is uniformly distributed, so that N (8) = N, > o for any 6 € RY with
16| = 1. In this case indeed

Tr(G) YL Nw)
max{[|6|-2N (6),0} Ny

:d’

where v; denotes an orthonormal basis of eigenvectors of G. In summary, when the Gram matrix
G to be estimated is proportional to the identity matrix, then our bound coincides (up to some
moderate increase in the constants) with the bound proved in [2], but when the eigenvalues of G
are decreasing, then our bound balances the complexity in a different way and is looser when 6 is
in the span of eigenvectors with low eigenvalues, but tighter when 6 is in the span of eigenvectors
with high eigenvalues.

Let us also remark that the variance Var((6, X)?) of (9, X)? is related to « by the relation

Var((0, X)?)

Kk=1+ sup{ 71}2((9’ X)2)2

10 e RUE((0, X)?) > o}.

Moreover, we do not need to know the exact values of x and Tr(G) = E(|| X||?) to compute the
estimator and evaluate the bound, it is sufficient to know upper bounds instead. Indeed, if we
use those upper bounds to define our estimator, the above result is still true with « and Tr(G)
replaced by their upper bounds.

We also observe that in order to have a meaningful (finite) bound we can choose the threshold
o such that

8¢(0) </n (2.13)

so that B, (t) < +oo for any t € R, assuming that k > 3/2. More precisely, using the inequality
(Va + Vb)? <2(a + b), we see that equation (2.13) holds when

100« Tr(G)
o = .
n/128 — 4.35 — log(e 1)

With this choice the threshold o decays to zero at speed 1/n as the sample size grows to infinity.
Remark that the estimator N is not necessarily a quadratic form. We conclude this section
by introducing and studying a quadratic estimator of N, that is an estimator of the form 6 T 06,
where Q is an estimate of the Gram matrix G.
We observe that Proposition 2.1 provides a confidence region for N (0). Define

B_(0)= max ®_(N.(6)) and By®)= min &' (Ni(0)),
(*,BeA (r.B)eA
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where we recall that ]V,\ ) = &ﬁ and A is defined in equation (2.11). According to Proposi-
tion 2.1, with probability at least 1 — 2¢, for any 6 € R?,

B_(0) = N(0) < B+ (). (2.14)

From a theoretical point of view we can consider as an estimator of N any quadratic form be-
longing to the confidence interval [B_(0), B+(6)] for any 6. Such a quadratic form exists with
probability at least 1 — 2¢ according to equation (2.14). However, from an algorithmic point of
view, we would like to impose these constraints only for a finite number of directions 6. In partic-
ular, in the following we are going to study the properties of a symmetric matrix Q that satisfies
Tr(Q?) < Tr(G?) and

B_(0)<0'Q0<B.(0), 0e0y,

where O; is any finite §-net of the unit sphere Sy = {0 € R, |10] =1}, meaning that

sup min |0 — £]| < 6.

GESd €0s

The matrix Q can be computed using a convex optimization algorithm as described in Sec-
tion 1.2.4 of [3].
Note that a more straightforward choice would have been to set

1w .
Qij =7 [Neei+ej) = Neei —ep], 2.15)

where {e; }le denotes the canonical basis of R?. Unfortunately this simple choice is not adequate
to control the approximation error independently of the dimension d in all directions. To get a
dimension-free bound we need an estimator that behaves well in a far larger set of directions ®g
than the d? directions e Tej.

From now on let o €]0, s‘%] be a threshold such that 8Z,(0) < 4/n. The next proposition pro-
vides the analogous for the quadratic form 6T Q6 of the dimension-free bound presented in
Proposition 2.3 for N (9).

Proposition 2.4. With the same notation as in Proposition 2.3, with probability at least 1 — 2¢,
forany 6 € Sy,

|max{9TQ9, O’} — max{N(@), o}|
<2max{N(®),0}B(N(®)) + 58,/ Tr(G?),

Imax{6 " 00,0} — max{N (), 0}

<2max{0' 00,0 }B,(min{6 " 06, s7}) + 58,/ Tr(G2).
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Remark that the parameter § of the net ®s governs the computation cost of Q. Thus, we can
in theory (that is if we have an arbitrarily fast computer at our disposal), take § as close to zero

as we want.

Proof. Since for any 6 € S; there is & € ®; such that |0 — | <, we have

0700 —5T05| =0 +5) 00 —%)

(2.16)
<10+ ENIQlclf — &1l <25,/Tr(02) < 25,/Tr(G?).
Let us put n = 28+/Tr(G?2). We observe that, with probability at least 1 — 2¢,
®_o0®. (6706 —n) <N®)+n,
(2.17)

P_o®y(N®)—n) <6 00+n,

where @, and ®_ are defined in Proposition 2.1 and depend on 6 only through ||6|. Indeed, in
the event of probability at least 1 — 2¢ described in equation (2.14),

0700 <0 (N2(8) +n < 0 0 ®Z (N(®)) +1 < @1 0 @2 (N(©) + 1)+,
since equation (2.16) also holds for N, and in the same way we get
6700 =0_(Ny(§) —n= P 0 ® (NE)—n=P_o®(N®) —n) 1

which proves equation (2.17). We conclude the proof using Corollary 7.1 on page 3912 in Sec-
tion 7.4 |

Note that the estimated matrix Q of the previous proposition is not necessarily positive semi-
definite. We can remedy that shortcoming by considering instead its positive part Q. (obtained
by taking the positive part of its eigenvalues in the framework of functional calculus on symmet-
ric matrices).

Based on the fact that 6" Q6 > B_(#) > 0 on ®; and on equation (2.16), stating that for any

0e Sd,
0700 — &7 Q%] <28,/ Tr(G?),

where £ € ©; is such that |0 — &|| < §, we can see that we do not loose much when replacing Q
by Q.

Proposition 2.5. With probability at least 1 — 2¢, for any 6 € Sg,

]max{@TQJrG, o} —max{N(),0}|

<2max{N(®), o }|B.(N(©)) + 75,/ Tr(G?),

Imax{6 " 040,05} — max{N(©9),0}|
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<2max{07 046,05} B.(min{07 06, s}}) +78,/Tr(G?),
where By is defined in Proposition 2.3.

Proof. Let us put as before n = 28+/Tr(G?). For any 6 € Sy, there is & € ®g such that |6 —&|| <
3, so that, according to equation (2.16),

0700>&"08—n=—n.
Then we deduce that

1Q llo=sup6'Q 6 =— inf 67 Q0 <n.
0eSy 0eSy

Therefore, for any 6 € Sy,
|max{6T 00,0} —max{607 00,0} <0700 —0T Q0 0|=0T0_0 <n.
Combining the above equation with Proposition 2.4 we conclude the proof. (]
Since for any a, b e Ry, a — b — 0 <max{a, 0} — max{b, o}, we obtain as a consequence:

Corollary 2.1. With probability at least 1 — 2¢, for any 6 € Sy,
67046 — N©®)| <2max{N(9), 0 }B.(N(©®)) +78,/Tr(G?) + o,
67046 — N©®)| <2max{0 00,0} B, (min{6 " 046, 57}) +78,/Tr(G?) + 0.

To conclude, we mention that it is possible to get similar dimension-free bounds under light
tail hypotheses for the classical empirical estimator

1< T
G:EZ}XI-X,..
1=

For more details, we refer to Section 5.

3. The infinite-dimensional setting

In this section, we extend the results obtained in the previous section to the infinite-dimensional
setting.

Let  be a separable Hilbert space and let P € M lr () be an unknown probability distribution
on H. We consider the Gram operator G : H — H defined by

Go = /(9, vy v dP(v)
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and we assume Tr(G) = E(||X||%_l) < +00, where X € ‘H denotes a random vector with law P.
In analogy to the previous section we denote by N the quadratic form associated with the Gram
operator G so that

N(O)=(G0,0)y = /(9, U>%—L dP(v), 0ecH.

We consider (Hy)x an increasing sequence of subspaces of H of finite dimensions such that
(U Hr = H. For instance, if {e;,i € N*} is an orthonormal basis of #, we can take H; =
span{ey, ..., ex}. To give a more concrete example, in the case when H = ILZ([O, 1]), we can
take for e¢; the Fourier basis. In this example, the orthogonal projector I1; on Hy is given by

k

Hkv=2(v,ei)q{ei, veH.
i=1

We denote by N the quadratic form in Hy associated with the probability distribution of I X,
so that

Ne(®) =E((60, Tk X)?) = N(6), 0 € Hy.
Remark that for any 6 € H,
Ny (ITx0) = N (I1x0).

In the following we consider an i.i.d. sample of size n in H drawn according to P. According to
Proposition 2.1, the event

A -1 A
Ay = {va € Hi, V(&, B) € A, ©e,(w> =NO) = ®9>+<&(9)2>}

is such that P®"(A4;) > 1 — 2e. Since Ai41 C Ay, by the continuity of measure,

P®”(ﬂ Ak> >1—2e.

keN

This means that with probability at least 1 — 2¢, for any 6 € | J; H and any (1, B) € A,

) LI N@©) < ;! ’\
“N\a@2) =" ="\ )
Consequently, since N (0) = limg_, 400 N (I1x(0)), for any 6 € H, the following result holds.

Proposition 3.1. With probability at least 1 — 2¢, for any 0 € H,

B_(8) = N(0) = B+ (9),
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where

A
B_(0) =1lim su max &q 9,_<,\4),
b oopen - 0\ G(Ie)2

A
B.(#) =lim inf min ®7! — .
+® k—+00 (A, B)€A nk9,+<&(nk9)2)

If we do not want to go to the limit, we can use the explicit bound

IN@©) — N(Tk(©))] = [{0 + TTk(0). G (0 — TIk(©))),,|
<2[611#1Gllos |60 — T (0]
<2/6ll3 Tr(G)[ 6 — Tk (©®) | 4,
=200 1%E(1X 13,) [0 — TTk(®) |-

This bound depends on || — I1;6]%. We will see in the following another bound that goes
uniformly to zero for any 6 € Sy when k tends to infinity. In the same way, proceeding as
already done in the previous section we state the analogous of Proposition 2.3.

Let

E((8, X)) 1/4
ez osup  — O s = E(I1X113,)"
st E((0.X)3)
E((0.X)3,)>0

be known constants and put

n

where

. 15 o <1+2ﬁ>
T Slog(V2—1) T\ 2

as in equation (2.7). Define

z*(t)z\/z.os,z(K_1)(w+log(,<)+log(8_l)>+\/@

and consider, according to equation (2.12), the estimators

Ni(6) =N;(6), 6 €Hy.

For any 6 € 7, define ]VH (6) by choosing any limit point of ﬁk(HkQ), such as for example,
liminfy_, oo Ny (T1g0).
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Proposition 3.2. Define the bound

n~—12¢, (max{t, o})
— 4n=12¢,(max{t, o'})’

B*(t) = 1

where o €]0, sf] is some energy level such that
[6+ (c — D' ]¢u(o) < V.
With probability at least 1 — 2¢, for any 6 € H,

max{N(©), s 013}
max{Ny(6), o116113,)

1| < B.[1015/N©)].

Proof. This is a consequence of the fact that limg_, 4 oo N (ITx(8)) = N () and of the continuity
of B,. O

As already discussed at the end of Proposition 2.3, any reasonable bound on the sample size
n allows bounding the logarithmic factor log(K) by a relatively small constant. In particular,
assuming that n < 1029, we get log(K) <4.35.

In the following we construct an estimator of the Gram operator G. Let X1, ..., X,, € H be an
i.i.d. sample drawn according to P. Define V =span{Xj, ..., X,,} and

Vi =span{I1; X1, ..., [z X, } = [T (V).

Let ®; be a §-net of Sy N Vi (where Sy denotes the unit sphere in ) and remark that ©y is
finite because dim(Vy) <n < +o0o. We compute a linear operator Gy : V; — Vi with minimal
Hilbert Schmidt norm — so that Tr(éz) <Tr(G?) - satisfying

®_(N,.(9)) < (Gi0,0)2 < min D (N, (8)), 0 € ;.
Jmax (N.()) < (Gx )H_(AI’%QA T (N ) 5

Observe that Gy plays the same role as the symmetric matrix Q in the finite-dimensional setting.
We consider as an estimator of G the operator

Q:(jkol_[vk, (3.1)

where ITy, is the orthogonal projector on V. Let us decompose Q in its positive and negative
parts and write Q =09, — Q_.

Proposition 3.3. For any threshold o € R such that o < sf and 8¢, (o) < \/n, with probability
at least 1 — 2¢, for any 0 € Sy and for any k,

|max{(6, Q40)3, 0} — max{(T1x0, GT1x0)3. o }|

< 2max{([1k0, GI1x0) 3, o } B« ((TIk0, GT1k0)3) + 78,/ Tr(G2)
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|max{(6, Q;0)3, 0} — max{(Tk0, GT1;0) 3, o }|
< Zmax{ 6, Q1 0)4, O'}B (mln{(9 Q10)yy, 5§ }) + 78,/Tr(g2)
For the proof, we refer to Section 7.3.
Let us consider { p; }+ | an orthonormal basis of eigenvectors of G such that the corresponding

sequence of eigenvalues {A;,i =1, ..., +00} is non-increasing.

Proposition 3.4. Consider some threshold o € Ry such that o < sf and 8¢, (o) < /n. With
probability at least 1 — 2¢, for any 0 € Sy; and for any k,

|max{(6, Q+0)3, 0} —max{(0,G0)y. 0}

{
<2max{(0, GO)y. o} B5((0, GO)2() + 78,/ Tr(G2) + 3ug,
i

’max{ 6, Q4+0)y,0 } maxi (0, GO)y, o }|
< 2max{(0, Q10)3, 0} B«(min{(0, Q10)3, s37}) + 78,/ Tr(G2) + 2y,

where

m—1
v = (Zx lpi — T pilla¢ +xm/2>
m:l ..... + P

.....

Proof. It is enough to observe that

|max{(9, Q.0)y, 0} — max{(@, GOy, 0}|
< |max{(0, Q10)3. o'} — max{(I1x0, GT1x0)3, o }| + [0, GO)p — (TkO, GT1kO) |

and, for any 6 € Sy, we have

(6. GO)3 — (M40, GTTxO)3¢| = | D ((Tkb, pi)3; — (6, pid3g) i

= 200 ep = 0. )

= Z 0, i pi + pi)ui0, pi — HkPi)HM‘
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+00
> (0. Mepi)g, — (0. pi)gy)hi

i=m

+

m—1

<Y 2hillpi — Mipillag
i=1

+00

+00
+ max{ZAi(HkQ, 171')%.[, Z)Li (0, Pi)%-{,}
i=m

i=m

m—1
< m_li“f+oo<z 2ill pi — T pillw + Am>.

,,,,, ;
i=1

Indeed, Y/ (1146, pi)3, < TkO]13, < 110]* < 1, so that

~+00 +o00
Zki(nlﬁ, piYy, < (Supli> (Z(Hlﬂ, Pi)%.[) < Am,
i=m

izm i=m
and in the same way Y/ 1, (6, pi)%_[ < Am. O

Remark that we can use this result to bound |(0, (G — Q)68)%/, using the inequality

(6. (G — ©1)0),,| < |max{(0, Q10)3. 0} —max{(0.G0)y.0}| +o0.

4. Empirical results

We present some empirical results that show the performance of our robust estimator. We use
here a simplified construction that does not follow exactly the definition of the estimator Q, but
exhibits the same kind of behaviour. We have simplified the construction in two ways. First, we
do less intensive computations by using more directions than in equation (2.15) on page 3873 but
less than specified in the §-net ®; required by the theory. More precisely, we estimate repeatedly
using equation (2.15) on page 3873 in an eigen-basis of the previous iterate of the estimation.
Second, we do not use the theoretical value of A, that is necessarily pessimistic for the sake of
mathematical correctness. We use instead the optimal constant for estimating E((8, X ’2) in a
single direction, as given in [1].

Let X1,..., X, € R? be a sample drawn according to the probability distribution P and let
A > 0. Let p € R" and define S(p, 1) as the solution of

> (S0 P = 1)] =0.
i=1

In practice we compute S(p, 1) using the Newton algorithm. We observe that, when p; = (¢, X;)
and A is suitably chosen, S(p, 1) is an approximation of the estimator N (6) of the quadratic form
N(0) and more precisely, in this case, S(p, A) is exactly N, (8) defined in equation (2.4).
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Define S(p) as the solution obtained when the parameter A is set to

]

wherem=1%"  p2 v=_L5" (p? —m)>ande=0.1.

Let Ay > --- > Az > 0 be the eigenvalues of the empirical Gram matrix G, that will be our
starting point, and let uy, ..., ug be a corresponding orthonormal basis of eigenvectors. We de-
compose the empirical Gram matrix as

G=UDUT,

where U is the orthogonal matrix whose columns are the eigenvectors of G and D is the diagonal
matrix D = diag(Aq, ..., Ag). Based on the polarization formula,

1
u; Gu; =Z[N(ui +uj) = N —uj)], ij=1,....d,
we revise iteratively our estimation of G by estimating N (u; +ou;), with o € {+1, —1}, by

S((ui +ouj, Xe),1<€< n).
More precisely, for any n x d matrix W, we define C(W) as the d x d matrix with entries
CW); ;= %[S((We,i +We ) 1<e=<n)—S((Wei—Wej)|1=<t=<n)]
Let Y be the matrix whose £th row is the vector X, so that
YU)e = (uk, Xe), l<t=<n1=<k=d.
We update the Gram matrix estimate to
Qo=UCYU)U".
Then we iterate the update scheme, decomposing Qg as
Qo= 00Dy 0y ,
where Og OJ = O(;r Op =1and Dy is a diagonal matrix and computing
Q1= 00C(Y0p)Oy .

The inductive update step is more generally the following. Assuming we have constructed Qy,
we decompose it as

Ok = Oy D O],
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where Oy 0;— = OJ Oy =1and Dy is a diagonal matrix and we define the new updated estimator
of G as

Qi1 = OkC(Y Op) O .

We stop this iterative estimation scheme when || Qr — Qk—1||F falls under a given threshold. In
the following numerical experiment we more simply performed four updates. We take as our
robust estimator of G the last update Qy.

We now present an example of the performance of this estimator, for some i.i.d. sample of size
n =100 in R!Y drawn according to the Gaussian mixture distribution

P=(1—-a)N(0, M)+ aN(0, 16]D),

where o = 0.05 and

2 1,
1 I 0
e
M = 0.01
1 O | 0
|
! 0.01
The Gram matrix of P is equal to
2.7 0.95, 0
0.95 1.75
,,,,,, e m .
G=(-—a)M + 16al = 0.8095
0 |
0

| 0.8095

This example illustrates a favorable situation where the performance of the robust estimator
is particularly striking when compared to the empirical Gram matrix. As it can be seen on the
expression of the sample distribution as well as on the configuration plots below, this is a situation
of intermittent high variance: the sample is a mixture of a rare high variance signal and a frequent
low variance more structured signal.

We tested the algorithm on 500 different samples, of size n = 100 each, drawn according to
the Gaussian mixture distribution defined above. Random sample configurations are presented in
Figure 1.

Figure 2 shows that the robust estimator Q significantly improves the error in terms of square
of the Frobenius norm when compared to the empirical estimator G. The red solid line represents
the empirical quantile function of the errors of the robust estimator, whereas the blue dotted line
represents the quantiles of |G — G ||%.

This quantile function is obtained by sorting the 500 empirical errors in increasing order.

We also represented in Figure 2 the boxplots of the distributions of || G-G ||%p and |Q— G ||%p
on 500 statistical experiments. (The boxplots show the first, second and third quartiles, with
whiskers extending to the most extreme data point within 1.5 of interquartile range. Further
away extreme data points are printed individually).
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Figure 1. Two data samples projected onto the two first coordinates (above) and the second and third
coordinates (below). Blue circles are drawn from the most frequent distribution and red triangles from the
less frequent one.

The mean of the square distances |Q — G ||% on 500 trials is 5.6 &= 0.4, where the indicated
mean estimator and confidence interval is the non-asymptotic confidence interval given by Propo-
sition 2.4 of [1] at confidence level 0.99. In the case of the empirical estimator, the mean is
15.5 + 2. The empirical standard deviations accross 500 trials of ||Q — G||% and |G — G||%F
respectively, are close to 2 and 10. So we see that in this case the robust estimator reliably de-
creases the expected error by a factor larger than 2 and also produces errors with a much smaller
standard deviation from sample to sample.
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Figure 2. The solid red line represents the empirical quantile function of the square distances ||Q — G||%,
in 500 statistical experiments, the dotted blue line represents the empirical quantile function of the square
distances |G — G ||%,. The corresponding boxplots are also displayed on the right figure.

In Section 5, we show from a theoretical point of view that the two estimators Q and G behave
in a similar way in light tail situations (meaning that in this case their predictions are the same).

5. The classical empirical estimator

The main goal of Section 2 is to estimate the Gram matrix G = E(XX T, where X € R? is
a random vector of unknown law P € ML(R"), from an i.i.d. sample Xq,..., X, € R4 drawn
according to P. We have constructed a robust estimator of the Gram matrix and in Section 4 we
have shown empirically its performance in the case of a Gaussian mixture distribution. In this
section, we show from a theoretical point of view that the classical empirical estimator

_ 1 n
T
G= - Z X: X,
i=1
behaves similarly to our robust estimator in light tail situations, while it may perform worse

otherwise.
As already done in Section 2, we consider the quadratic form

N@®)=6TGo =E((9, X)?)

and we denote by

o) —0TGo— LS xo2
N@©)=0TGo=-3 (0. X))

i=1
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the quadratic form associated to the empirical Gram matrix G. According to the notation intro-
duced in Section 2, let a > 0 and let

n
K=1 -1 — )|,
- [‘l °g<72(2+c)K1/2ﬂ

4
where k = supIE(«sg;ﬂ?;i)>O % and c = 8log(2;(5ﬁ_1) exp( 1+§~/§)_ Let us put
R= max X1 (5.1
and let us introduce
oy P eR@ R

3 max{t, o' }2

where A is defined in equation (7.16) as

_ 2 Q2+30E(X 412
Al = \/n(lc -1 (4(2 ok 2maxiro) | log(K/€)>‘

At the end of the section, we mention some assumptions under which it is possible to give a
non-random bound for R.

The following proposition, compared with the result obtained for the robust estimator N ),
presented in Proposition 2.3, shows that the different behavior of the two estimators N and N
can appear only for heavy tail data distributions.

Proposition 5.1. Consider any threshold o € Ry such that o < E(|| X ||*)'/2. With probability at
least 1 — 2¢, for any 0 € Sy,

max{N(0), o}
max{N (0), o} Bl

(N (6))
[1 = z(NODI+[1 = Bo(NO)]+

1| < B.(N®) +
where By is defined in Proposition 2.3.

For the proof we refer to Section 7.5.

Observe that, also in this case, the bound does not depend explicitly on the dimension d of the
ambient space and thus the result can be extended to any infinite-dimensional Hilbert space.

We continue this section by stating assumptions under which it is possible to give a non-
random bound for R, defined in equation (5.1).

Assume that, for some exponent p > 1 and some positive constants « and 7,

a IX|*P
o3 (g~ 7)) | =1
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In this case, with probability at least 1 — ¢,
R <Te(G) (1 + 127 + 20 og(n/e)) "7, (5.2)

where we recall that Tr(G) = E[|| X ||2].
To give a point of comparison, in the centered Gaussian case where X ~ A(0, G) is a Gaussian
vector, we have, for any o €]0, Al_l Tr(G)[,

E[ep[ (KE)”L Z ( Tlr(G)>)H=1,

where A1 > --- > A4 are the eigenvalues of G. Therefore, with probability at least 1 — ¢,

d 1/2
1 ar; 2log(n/e)
2 _~ z : _
R <Tr(G) ( P log(l Tr(G)>+ a )

We can then consider the optimal value of « in the right-hand side of the previous equation, to
establish that with probability at least 1 — ¢,

1/2
R < inf 1/2 Z log oA + 2log(n/e)
oze]O,Tr(G)/M[ ’[T(G) o

d 172
< inf G)'? Z . 2log(n/e)
- ae]o,Tr(G)/m — r(G) —aA; o

IA

- Tr(G)? 2Tr(G)log(n/e)\ /2
mn
a€l0,Tr(G) /1 [\ Tr(G) — aiq o

( G) + ar Tr(G)

- i Tr(G)
I Tr(G) — an;

Tr
a€l0,Te(G)/r1[

IA

2log(n/e)11(Tr(G) — ary)
+
ar

= (Tr(G) +2y/21og(n/e) 21 Te(G) + 211 log(n/e)) /> = /Tr(G) + /20 log(n/e).

1/2
+2x log(n/e))

In order to replace hypothesis (5.2) by some polynomial assumptions it is convenient to replace

R with
L 1/6
Rz(;aninG) :
i=1
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Indeed, by the Bienaymé Chebyshev inequality, we get that, with probability at least 1 — ¢,

12 1/2\ 1/6
§§<E[IIX||6]+<%> ) < (14 (ne)" ) VoR [ x 2]V

and hence, with probability at least 1 —n~!,

R <2'em[)x)'2]"".

We can prove an analogue of Proposition 5.1, where R plays the role of R.

Proposition 5.2. Let 0 < o <E(|| X||*)/? and let us put

As(1)2exp(a/2) RO
3max{t,o}3

é'*([): 5 IERJ,_.

With probability at least 1 — 2¢, for any 6 € Sy,
max{N (0), o}
max{N (0), o}

Lx(N ()
[1 = B«(N(©))]+

K/ Tr(G)
=< O(\/; (7max{N(9), p + log(log(n)/e)))

E(|Xx]'»H"/2 Tr(G)
O(nk(l + (ne)~1/2)(max{N (), o })3 (maX{N(Q), o ' log(log(”)/8)>>-

< B(N®) +

For the proof we refer to Section 7.6.

6. Generalization

In this section, we come back to the finite-dimensional framework and we consider the problem
of estimating the expectation of a symmetric random matrix. We will use these results to estimate
the covariance matrix in the case of unknown expectation.

6.1. Symmetric random matrix

Let A € M;(R) be a symmetric random matrix of size d. As already observed for the Gram
matrix, the expectation of A can be recovered via the polarization identity from the quadratic
form

NA(0)=0TE(A), 6 e R,
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where the expectation is taken with respect to the unknown probability distribution of A on the
space of symmetric matrices of size d. Observe that, if we decompose A in its positive and
negative parts

A=A, —A_,

where A4 and A_ are defined by keeping respectively the positive and negative parts of the
eigenvalues of A, in the framework of functional calculus on symmetric matrices, the quadratic
form N4 rewrites as

Nu(®)=E[0TAL0] —E[0TA_0] = N4, (0) — Na_(0).

Thus in the following, we will consider the case of a symmetric positive semi-definite random
matrix of size d.

From now on, let A € M;(R) be a symmetric positive semi-definite random matrix of size d
and let P be a probability distribution on the space of symmetric positive semi-definite random
matrices of size d. Our goal is to estimate

N®)=E[0TA0], 6eR’,

from an i.i.d. sample Ay, ..., A, € Mz(R) of symmetric positive semi-definite matrices drawn
according to P. We observe that the quadratic form N () rewrites as

N© =E[|a"% ],

where A!/2 denotes the square root of A.

The construction of the (robust) estimator N () follows the one already done in the case of
the Gram matrix with the necessary adjustments. For any A > 0 and for any 6 € R¢, we consider
the empirical criterion

1 n
@ == v(|a0]* ~2).
i=1

where the influence function ¢ is defined as in equation (2.2), and we perturb the parameter 6
with the Gaussian perturbation g ~ N (6, ,3’11) of mean 6 and covariance matrix ﬂ’ll, where
B > 0 is a free real parameter. We consider the family of estimators

N(®)

T aor
where @(0) = sup{a € Ry | rp(af) < 0}. Let us put

E A1/29 4
V4 and k= sup M (6.1)

_ 2
ss =E[1AlI%] E[|A1720]2]7

peR9
E[||A!/26]11>0
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where ||A|lc is the operator norm, that is in this context of symmetric positive semi-definite
matrices equal to the largest eigenvalue of A. The finite set A C (R \ {0})? of possible values
of the couple of parameters (X, 8) is defined as

A={;.B)10=<j<K}
where

K=1+ ’7(1_1 lOg(qu)—‘, (62)

for some real positive parameter a to be chosen later on, and

- \/ 2 ( 2 + 3¢)E(Tr(A2))
=

(x - Dn \3@ 1 ow PE(IAIR,) SPYY +10g<K/e>),

Bj = /2@ + O PE(IAI1Z,) exp[ —(j — 1/2)a].

Note that in the case of the Gram matrix, the picture is simplified by the fact that | XX T II?>o =
Tr[(X X 7)?], whereas here we have to take into account the fact that the operator norm and the
Frobenius norm of A are different when the rank of A is larger than one.

We recall that ¢ is defined in equation (2.7) as

15 Lt 2v2 )
c= ex .
Slog)(V2—1) 0 2
According to equation (2.8), let
AS t,
y + A8/ max{t, o} ’ G.p.n) el
Byg(t)=131—p—y —218/ max{t, o}
+o00, otherwise,

o~ o~

and put (A, B) = argming, gyea B;wg[||0||’2ﬁ;\ (0)]. Define the estimator N as

N®6) = N> (0). (6.3)
Proposition 6.1. Let o €]0, sZ] be some energy level. With probability at least 1 — 2¢, for any
0 eR,

max{N (8), o]|0]*} _
max{N(6), o 6]}

1| < B.JII6I*N®)].
where By is defined as

n~Y2¢, (max{t, o}) »
Bi(1) =\ 1 —dn~ 12 (max{t,0})’ [6+ (c = 7 J¢u(maxit, o}) <V,

+o00, otherwise,
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and

0.73E[Tr(A2)] —1
Lo (1) =,/2.032(k — D(W +log(K) + 10g(8 ))

+\/98.5K1/2E[||A||go]1/2.
t

As already discuss at the end of Proposition 2.3, if a = 1/2 and n < 102°, we can bound the
logarithmic factor log(K) with the (small) constant 4.35.

For the proof, we refer to Section 7.7.

Remark that to obtain the above result, we have used the fact that

E[1401°] < E[IAI%]" %<2 N ©).
However, if we use any upper bound of the form
E[1140]1*] < £ (ELA])N(6)
Proposition 6.1 holds replacing E[|| A ||go]1/ 2172 with f(E[A]) in the definition of . Similarly,
we can replace E[Tr(A?)] by an upper bound.

We observe in particular that

(A2 E[Tr(AY)]
/2 = 1/2E[||A||2 ]1/2 —= [Tr(A)] [E(A)]

Indeed, to see the first inequality it is sufficient to observe that ||A||c2>o < Tr(A2). Moreover, we
have that

E[Tr(A%)] < E[IAllo Tr(A)] < E[I1AIZ] /B[ Tr(4)?]'/?,
and, denoting by {e; }le an orthonormal basis of RY,
E[Tr(4?]= Y E[|a e[ A"%e;|"]

1<i<d,
1<j=d

< > E[|a )] R4 e |12
1<i<d,
I<j=d

<« Y E[|a"2e | |E[| A" 2e; |*] = «E[Tr(a)]".

1<i=<d,

1<j<d
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This implies that we can bound ¢, in Proposition 6.1 by

L) = \/2.032(/< - 1)(—0‘73E[tTr(A)] +log(K) + log(81)> + —98'5KEt[Tr(A)]. 6.4)

We conclude this section observing that, since the entropy terms are dominated by E[Tr(A)],
the result can be generalized to the case where A is a random symmetric positive semi-
definite operator in a infinite-dimensional Hilbert space with the only additional assumption that
E[Tr(A)] < +o0.

6.2. Covariance matrix

Let X € R? be a random vector distributed according to the unknown probability measure P €
M }F(Rd). The covariance matrix of X is defined as

= =E[(X — E[X])(X —E[X])']
and our goal is to estimate, uniformly in 6, the quadratic form
N@©)=6T%0=E[(9, X —E[X])’], 0eR’

from an i.i.d. sample X1, ..., X, € R? drawn according to P. We cannot use the results we have
proved for the Gram matrix, since the quadratic form N depends on the unknown quantity E[ X].
However we can find a workaround, using the results of the previous section about symmetric
random matrices. Indeed, we do not need to estimate E[X] in order to estimate N but it is
sufficient to observe that the quadratic form N can be written as

N@®) = %IE[(G, x - x'f],

where X’ is an independent copy of X. More generally, given g € N, we may consider g inde-
pendent copies X M .., X9 of X and the random matrix
1

A= xW _ x®)(x) _ x®)T
q(g—1 2 | ) )

1<j<k=q
so that
1 . ) .
N(e)z—E[ > (e,x<f>—x<’<>)}=1E[9 Ad].
qlg—1) I<izh<q

We will discuss later how to choose ¢. In the following we use a robust block estimate which
consists in dividing the sample X1, ..., X, in blocks of size g and then in considering the original
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sample as a “new” sample of [n/qg] symmetric matrices Ay, ..., A|,/4) (of independent copies
of A) defined as

1
A= ﬁ Z (Xi —X;)(Xi — Xj)T
a4 (i—l)g<j<k<iq

that thus correspond to the empirical covariance estimates on each block. We can use the results
of the previous section to define a robust estimator of N (0).
Let us introduce

E[||A/20]14]

T EAeR

feR?,
E(||lA/26]1)>0

and

E[(6, X —E(X))*]
E[(, X —E(X))2)?

K= sup
geRr?
E[(6, X —E(X))?]>0
Lemma 6.1. The two kurtosis coefficients introduced above are related by the relation
K <1+ 100)/q.

where t,(k) =k — 1+ %.

For the proof we refer to Section 7.8.
Let N(9) be the estimator defined in equation (6.3) and remark that

E(Tr(A)) =Tr(E(A)) = Tr(2) = E(| X — E(X) ”2).

Proposition 6.2. For any energy level o €10, Tr(X)], with probability at least 1 — 2¢, for any
6 e R,
max{N (0), o ||6]*}
max{ﬁ(e), allol?}

1| < B.(I61*N®)),
where

(qln/q))V?¢, (max{t, o}) . 12
B*(I)Z 1—4(q|_n/qj)]/2§q(max{t,G})’ lf(6+Q/Tq(K))§q(maX{t,0})S(an/qJ) B

+o00, otherwise

and

98.5(q + 74 (k)) Tr(%)
t

0.73Tr (%)
gq(t):\/2'0321"1(1()(#+10g(K)+10g(8_1))—|-\/
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with

B 1 ln/q]
=1+ [2 l°g<72<2+c)(1 + q(x)/q)”zﬂ'

Proof. The result follows from Proposition 6.1, using the definition of ¢, given in equation (6.4)
on page 3891, where we replace « by «’ and n by |n/q]. We conclude the proof according to
Lemma 6.1. (]

Here, we have used the upper bound for the entropy factor defined in terms of E[Tr(A)] =
Tr(X), as mentioned in the remarks following Proposition 6.1. We can improve somehow the
constants by evaluating more carefully E[||A6|?] and E[Tr(A2)] as shown in the next lemma
proved in Section 7.9.

Lemma 6.2. It holds true that
) qg—2 1 1
E[I401°] = (1= ——— )IZleoN®) + = k + —— | Te(Z)N(9) (6.5)
q(g—1) q g-—1
and
E[Tr(A%)] < (1 - ﬂ) Tr(3%) + ! (x + L) Tr(2)%. (6.6)
N qlg—1) q g-—1

Using these tighter bounds, we can improve ¢, to

0.73[(1 = Z&25) Tr(22) + Lk + A) Tr(2)?]

[(1 = 2225 1B lloo + 20+ 72p) Tr(D)]e

(1) = [2.03%, (K)(

1/2
+1log(K) +10g(81))]

. \/98.5[q(1 — 2T oo + (k + A7) Tr(D)]
; .
Therefore, in the case when
gl Zllco = Tr (%),

we have

1 2
E[ A6 §—<K+1+7
[ ] q q(g—1)

and hence, recalling that Tr(=2) < Tr(X)2, we can take

>Tr(E)N(9)

98.5(k + 1+ s 255) Tr(2)
; :

+log(K) + log(s_l)) + \/

\/ 0.73Tr(3)
£, (1) = [2.0321, (K)<7
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If we compare the above result with the bound obtained in Proposition 2.3 on page 3871 for
the Gram matrix estimator, we see that the first appearance of « in the definition of ¢, has been
replaced with

2
Tq(K)+1=K+qj,

and that the second appearance of « has been replaced with

+14 2
K _

q(qg—1)
Thus, when || X|co < Tr(X)/2, and this is not a very strong hypothesis, we can take at least
q = 2, and obtain an improved bound for the estimation of X. This bound is not much larger
than for the estimation of the centered Gram matrix, that we could have performed if we had
known E(X), since the difference is just a matter of replacing « with x + 2.

7. Proofs

In this section, we give the proofs of the results presented in the previous sections. More precisely,
Section 7.1 deals with Proposition 2.1 (on page 3869), Section 7.2 with Proposition 2.3 (on page
3871) and Section 7.3 with Proposition 3.3 (on page 3878), some preliminary lemmas being
postponed to Section 7.4.

7.1. Proof of Proposition 2.1

The proof of Proposition 2.1 requires a sequence of preliminary results.
Our approach relies on perturbing the parameter 6 with the Gaussian perturbation 7y ~
N, ,B’II), where 8 > 0 is a free parameter.

Lemma 7.1. We have

llx 12

/(9’, X dmg (6') = (60, x)2 +

Proof. Let W € R? be a random variable drawn according to g ~ N(0, B~1). It follows that
(W, x) is a one-dimensional Gaussian random variable with mean (6, x) and variance

2
_ il

T(g—11
X (,B )x B

Consequently

2
/ (6. x)" dmo (6) = E[(W. x)]* + Var[(W.x)] = (9.%) + % =
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Accordingly, we get

(0) = %Zw[/ ((e’,x>2 - % - A) drg (9’)}.

In order to pull the expectation with respect to 7y out of the influence function ¥, with a minimal
loss of accuracy, we introduce the function

¥ (2), z <121,
XD =3V @) +piiz—z21)—(z—21)%/8, z1<z<z1+4p, (7.1)
W(z1) +2p3, 2>z1+4p1,

where z; € [0, 1] is such that /" (z;) = —1/4 and p; is defined by the condition p; = v¥/(z}).
Using the explicit expression of the first and second derivative of ¥, we get

21=1—+/4v2 -5,

Va2 -5

pr=v'()= 231
and
supx = ¥(z1) +2pi = —log[2(«/§— D]+ #
Lemma 7.2. Forany z € R,
¥ (2) < x(2) <log(1+z +2%/2). (7.2)

Proof. We first prove that ¥ (z) < x(z). The inequality is trivial for z < z1, since x(z) = ¥ (2).
For z € [z1, z1 + 4p1], performing a Taylor expansion at 71, we obtain that

V4 w///(u)

5 (z—u)*du

1
VO =@ +pie—2) - G- a) +/
21

1
<¥@)+piz—2z1)— g(z —21)* = x (),

"

since ¥ (u) < 0 for u € [0, 1[. Finally we observe that, for any z > z; + 4pj,

x(2) =¥ (z1) +2p? > 1og(2) > ¥ (2).

Let us now show that x(z) <log(l + z + z2/2). For z < zi, we have already seen that the
inequality is satisfied since x (z) = ¥ (z). Moreover, we observe that the function

f)=log(l+z+ 22/2)
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is such that f(z1) > x(z1) and also f’(z1) > x'(z1). Performing a Taylor expansion at 7], we
get

f@=f@)+ f@)z-2) +/ S ) (z — u)* du
21

2 (Z _Z1)2

> x(z1) + x'(z1)(z — z1) +inf f 5

Since for any ¢ € [z1, 21 +4p1],
inf f" = f'(V3-1)=—1/4= "),
we deduce that

1
f@zx@)+piz—z) - 5= 212 = x ().

In particular, f(z; +4p1) > x(z1 +4p1). Recalling that f is an increasing function while y is
constant on the interval [z1 + 4 p1, +00o[, we conclude the proof. |

Next, lemma allows us to pull the expectation with respect to mg out of the function .

Lemma 7.3. Let ® be a measurable space. For any p € ML(@) and any h € L}, (®),

X(/hdp) < /x(h)dp + éVar(h dp). (1.3)
where by definition
Var(hdp):/(h(@)—/hdp)zdp(e)eRU{—}-oo}.
Moreover,
w</hdp) §/X(h)d,o+min{log(4), éVar(hdp)}.

Proof. To prove equation (7.3) we observe that performing a Taylor expansion of the function x
atz= [hdp

h(®) —2)2
x[P©®)] = x (@) + (h(©) = 2)X"(2) +infx”%’

so that, recalling that inf x” = —1/4, we get

1 2
[ xl@)are) = x(/hdp> - gf(hm —fh(e)dp) dp(®)
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=y (/ hdp> - %Var(h dp).

Combining equation (7.3) with the fact that ¥ (z) < x(z), for any z € R, we obtain that

1/f(fhd;o) E/x(h)dp—i—éVar(hdp).

We conclude the proof by remarking that
W(/hdp)—/x(h)dpisumﬁ—infx < log(4). 0

Applying this result to our problem, we obtain
2 ’ 2 ”x ”2 ’
v(O,x)* =)< | x({0'. %) -yt dre (0)

+ min{log(4), %Var[(é?/, x) drmy (6)] }

where, putting m = (6, x), 0 = % and denoting by W ~ N(0, 0%) a centered Gaussian random

variable,

Var[(0/, x) drg (6')] = Var[(m + W)?]

4 0’ 2 2 2 4 (74’)
_ 4m0? 4204 = 0, x)" x|l n I|x2|| _
B
Let us remark that, for any a, b, c € R, and W ~ N'(0, 02),
min{a, bm? + c} < min{a, b(m + W)2 + c} + min{a, b(m — W)2 + c}, (7.5)

since bm? + ¢ < max{b(m + W) + ¢, b(m — W)? + ¢}. Therefore, taking the expectation with
respect to W of this inequality and remarking that W and —W have the same probability distri-
bution we get

min{a, bm?* + c} < 2E[min{a, b(m + w)? + c}]-

Thus in our context we put a = log(4), b = ||x||?/(28) and ¢ = ||x||*/(4B?) and we obtain

v((0,x)? —1) < f X ((0’, x)? — A) drg (6')

+/mqﬁom<mw%w{umﬁ
0T 25

a2

mey
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Lemma 7.4. For any positive constants b, y and any z € R,

2 —
x () + min{b, y} < log(l +z4+ % + yexp(sup X)%)

Proof. For any positive real constants a, b, y,

log(a) + min{b, y} = log(a exp(min{b, y}))

< 10g<a + amin{b, y}@(p(l;;l))

since the function x — eXp(xﬁ is non-decreasing for x > 0. It follows that

log(a) 4+ min{b, y} <log[a + ya(exp(b) — 1)/b].
Applying this inequality to a = exp[x (z)] and reminding that x (z) < log(l + z + z%/2), we
conclude the proof. (|
As a consequence, choosing b = 41log(2), z = (0, x)? — ||x||>/B—Aand y = (0', x)?||x||>/ B+
lx[1*/28%, we get

2 B

2 2 2
w7 =)< [ 1og[1+(9fx>2_”xll = +1<<9,’x)2 I A)
B
2 2
. cII;” ((e’nc)z + ”;/'3' )]dne(f)’),

where

15 (1 +2ﬁ>
c= exp <44.3.
8log2)(v2 — 1) 2

We observe that the above inequality allows to compare v/ ({8, x)> — A) with the expectation

with respect to the Gaussian perturbation mg. In terms of the empirical criterion r;, we have
proved that

BN X; | 1 X (12 2
m(@)g—zflog[lﬂggxi)z_|| /;u _)‘+§(<9/’Xi>2_” i _k)
n
i=1

B
12 |12
. C“;;,” (<9/’ P+ %)] dro (6).

We are now ready to use the following general purpose PAC-Bayesian inequality.
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Proposition 7.1. Ler v € ML(R") be a prior probability distribution on R? and let f : R¢ x

RY — [a, +00] be a measurable function where a € R. With probability at least 1 — e, for any
posterior distribution p € M #(Rd),

[+ st 00(0)

K(p, log(g~!
5/log{E[exp(f(X’0’))]}dp(9/)+ (p,v)+log(e ),

n
where
/ log( %) d if p <
og| — s 1 v,
K(p,v)= g dv P P
+o00, otherwise,

is the Kullback divergence of p with respect to v. By convention, a non-measurable event is said
to happen with probability at least 1 — ¢ when it includes a measurable event of probability
non-smaller than 1 — ¢.

For the proof, we refer to page 1164 of [1].
In our context, we consider as prior distribution v = my and we restrict the result to posterior
distributions p belonging to the family of Gaussian perturbations

{mo ~N(0,87'1) |6 e R}
so that the Kullback divergence is given by

Bl
Ko, m0) = :
2
We observe that since the result holds for any choice of the posterior, it allows us to obtain

uniform results in 8. More precisely, we apply the above PAC-Bayesian inequality to

D an Con Lo e elXalP o IXGP
f(Xl,G)_log[l—f-t(X,,O)—f-zt(X,,@)+—/3 ((e,x,)+—2/3 :
where
2
z@ﬁ/):(@/,@t%_x.

Using the fact that log(1 +¢) < ¢, we get that, with probability at least 1 — ¢, for any 6 € R?,

2 2
rn(0) < /E[t(X,@’) + %z(x,e)')%r @((9’,){)% ”fﬁ” )}dng(e’)

02  log(e~!
n Blo|l n g(e™)
2n n
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2 2 4
ZE[<9,X)2—)»+%(((H,X)Z—A)2+4<9’X> IXI?  20X] >

B B2
31x12 BlIOI*>  log(e™h)
2B >i| + 2n + no

To obtain the last line, we have used Lemma 7.1 on page 3894 and equation (7.4) on page 3897.
Let us recall the definition of s4 and « introduced in equation (2.5). We have defined

cll X|?

<<9, X)2+

E[(0, X)*
54:IE‘3[||X||4]1/4 and k= sup M
pepd E[6, X)2
E[(0,X)%]>0

Using the Cauchy—Schwarz inequality and
E[(6, X)*] <kN(@©)*  we deduce that E[(0, X)?| X||*] < «'/2siN(6),
and we get that, with probability at least 1 — ¢, for any 8 € RY,

2+ c)Kl/zsf

r©) = S[NO) -] + [1+(K ~ i+ ][N(e)—x]

Kk—1 )\.2 (2 + C)Kl/zsz)\. (2 + 3C)S ,B % 2 IOg & 1

2 B 2p2 2n n

According to the (compact) notation introduced in equation (2.6) on page 3869, the above
inequality rewrites as

(0 <$<N(9)
- A

z N () 5
- — 1) +0+w T_l +y+5)6|°. (7.7)
Similarly, observing that
@)=t §n P(h— (0, Xi)?)
n l=1 ’ 1 L)

we obtain a lower bound for the empirical criterion ry. Namely, with probability at least 1 — &,
for any 0 € R, any (A, ) € A,

0 N@® 2 N@®
i) z—é(%—l) +<1—u)<%—1>—y—8n9u2. (1.8)

We now combine the two bounds above to get the confidence region for N (0) defined in Propo-
sition 2.1 on page 3869. Assume that both equation (7.7) and equation (7.8) hold for any 6 € R,
an event that happens with probability at least 1 — 2¢.
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Let us introduce
28]16]1%
N ()

T(0) =
and

Pe(Z)=—512+[1—u—r(9)]z—y—r(9), zeR.

We observe that t(«f) = t(0), and consequently pyo(z) = po(z) for any o € R. We consider
the case when py (1) > 0, meaning that

E+u+y+210)<l. (7.9)

In this case, the second degree polynomial py has two distinct real roots, z_; and z41, where

L lmu— 1@ 4oVl —p—TO)F — 4Ly +7(0)]
o — 2%. ’

oefl,—1}.

Since equation (7.9) can also be written as —§ > —[1 — u — y — 27(0)], we get

( y +1(0) )
P\T= =y =220

—ly + 11
I—p—y—2t0)

which implies

16
+[L—u—t@ﬂ1_ﬂf_;ilrw)—y—f@):O

y +1(0)
<
l—pu—y—2100)

Therefore, since according to equation (7.8), for any o € [0, @(0)],

2
p%any4>§mfm<Q

-1 < Z+1-

A

it is true that
QO)>N®

Observing that z_; > 0 > —1, it follows that &(Q)ZN(G)/X — 1 < z_1. This proves that, for any
6 € RY satisfying equation (7.9),

N®) < +ZH)s:i—<1+

(1 Yy + 1) >
G(0)? a(0)? ’

l—pu—y—2t(0)

which rewrites as

A
®9,+[N(9)] = W'



3902 1. Giulini

Moreover, this inequality is trivially true when condition (7.9) is not satisfied, because its left-
hand side is equal to zero and its right-hand side is non-negative.

Proving the second part of the proposition requires a new argument and not a mere update of
signs in the proof of the first part. Although it may seem at first sight that we are just aiming at a
reverse inequality, the situation is more subtle than that.

Let us first remark that in the case when

E—pu+y+sa@®?o)* <1, (7.10)

is not satisfied, the bound

A
Dy _ ( (9)2> N(©®) (7.11)

is trivially satisfied because the left-hand size is equal to zero. In the case when equation (7.10) is
true, it is also true that @(0) < 400, so that r; [@(0)0] = 0, and therefore, according to equation
(1.7,

aO):N@©
056]&(9)@(% - 1>,

where go(z) =£2> + (1 + )z + v + 81101
Since condition (7.10) can also be written as gggy9(—1) < 0, it implies that the second order

~0\2
polynomial gg)e has two roots and that a(e)kizv(e) — 1 is on the right of its largest root, which

is larger than —1. On the other hand, we observe that, under condition (7.10), putting T(9) =
5&(0)*01%, we get

+y+70)=

A (_ y +70) ) Y1702 A+ ply +70)]
TON T y—y—20)) THtu—y-70) 1+u—y+70)

Therefore, when condition (7.10) is satisfied,

&(9)2N(9)_1>_ y +700)
A T l4u—y—70)

which rewrites as equation (7.11).

7.2. Proof of Proposition 2.3

We first observe that, according to Proposition 2.2 on page 3870, with probability at least 1 — 2¢,

max{N (). o 10]*}
max{N (0), o |62}

< B; 3[I017*N®)] = onf B, p[1161 7> N (0)]

since, by definition, (k ,8) are the values which minimize B, g[l|l6|~ 2N,\ (8)]. According to
equation (2.9) on page 3870, since ®_(||0]~ IN@©)) < 6] 2N(@) and B; g is a decreasing
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function, we get

max{N(é’),ffIIGIIZ}_1‘< ; ( 16172N(©) )
max{N (9), s [162} ~ OuBleA 1+ B glloI2N©®)1)"

With the same notation as in Proposition 2.2, we introduce the subset I'' of I" defined as

I'={(B.0)eAxRy|&+pu+y+461/max{t, o} <1,
w4y + 251/ max{t,o} <1/2,
and 2y 4+ 61/ max{t,o} < 1/2}

and the function

AS t,
N y + A8/ max{t, o} ’ Gop.ner
By gt)=1{1—pn—2y —4ré/max{t, o} (7.12)
+00, otherwise.

Lemma 7.5. Forany (A, ) € A andanyt e Ry,

1 ~
B —— ) <B 1),
W(l +Bm<t>> =B

B; p(1) ~
T)»,ﬂ(t) < B, g(@).

Proof. We first observe that when (A, 8,t) ¢ T’ then E;L, g(t) = 400 and hence the two inequali-
ties are trivial. We now assume (A, B,¢) € I’ and we put T = A8/ max{z, o }. We prove the second
inequality first. Since I'" C T, we have

B.p(1) y+rt =
P = < By ().
1-B) 51t 1—pu—2y—-3t

In order to prove the first inequality, we first check that (A, 8, m) e I'". We start observ-
ing that, since

max{t/[l + B,\)ﬁ(t)], o} > max{t, a}/[l + B;\,,g(t)],
then

SA
max{t, o}

=&+ u+y+2t+2tB) g(0).

E+M+y+28k/max{ <E+u+y+2[1+Bp®)]

t
' s
1+ By g(t) }
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Moreover, as (A, B,1) € I/, we get

y+rt <1

B )=
280 —h—y—2t =

’

so that
E+u+y +28k/max{t/[l +B;w3(t)],0} <éE+pu+y+dr<l,

which proves that, indeed, (%, 8 (t)) € I'. Therefore

t
> 1+By g
B ( t > y +t(1+ By (1))
T Bs()) T 1—p—y —2t[1 + B p(0)]

_y+od+1/0—pn—y—21))
- l—p—y—2t—2tB; 4(t)

where in the last line we have used the definition of B, g. Observing that

(I—p—y—20)—2t(y +71)
l—pu—y -2t

l—p—y—21—-2tB) g(t) =

’

we obtain
( t )< y+o)dl-—p—y—1)
1B T A—p—y -2 -2ty + 1)
y+o)(l—-—pu—-y—1)

1. Giulini

:(1—,u—y—r)2+r2—2t(1—,u—y—r)—Zrz—Zyt

Y+t

Tlep—y-t-2- @20/l -p-y 1)

Considering that

(r2+2yr)/(1 —u—y—1t)<T1,

since when (A, B,1) € I/, itis truethat 1 —u —y — 7t > 1/2 and 2y + 7 < 1/2, we conclude that

B,\,g< t )5 y+1
TA\1+4 By (1) l—pu—y—4t

ZE)Wg(Z‘).

O

Applying the above lemma to our problem we get that, with probability at least 1 — 2¢, for any

0 eRd,

’max{N(Q),UH@”z} B B g[10172N®)].

= ‘ < inf
max{N (), 6|3} (.B)eA

(7.13)
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Let us recall the definition of the finite set A given in (2.11) on page 3870. Let a > 0 and

- -1 n

We define
A={O‘bﬂj)|0§j<[{},
where
_ |2 2 +30)
Aj= \/n(/( -1 (4(2 + o)k 2 exp(—ja) + 10g(K/g)>
and

B = \/2(2 + o)k 2sinexp[—(j — 1/2)a].

We introduce the explicit bound

2+ 3c)s? 122+ o)x1/2s2
() = \/2(/( - 1)(4((24_% + log(K/s)) cosh(a/4) + w cosh(a/2)

and

n_l/zg“(max{t,a}) .
Bi(t) =14 1 —4n—12¢(max{t,0})’ [6+ (c = D7 ]¢ (max{r, o)) < v/,

+00, otherwise.

Lemma 7.6. Foranyt € R, we have

o nf By p(t) < B«(min{z, s3}). (7.14)

Proof. We recall that the function I§;\, g 18 non-increasing so that

B p(t) < Ex,ﬁ(min{t,sf}).
Moreover, since
max{min{t, s‘%}, cr} = min{max{t, o}, sf},

it is sufficient to prove the result for max{z, o'} € [0, sf].

As equation (7.14) is trivial when B, (f) = 400, we may assume that B, (f) < 400, so that
6¢ (max{t, 0'}) < /n. In particular, by considering only the second term in the definition of ¢,
we obtain that

\/2(2+c)/<1/2s§ 5 \/2(2+c)/<1/2s§ I

cosh(a/2) < —,
max{t, o} max{t, o} 6
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which implies
max{t, o} - 722 + c)k /2

5 >
S

n

Therefore, since

10g<%2t’0}) €[~a(k - 1),0],

S
there exists 7€ {0, ..., K — 1} for which

max{z, .
‘log<7x{2 0}> + Jja

S4

<a/2.

We recall that by equation (2.6) on page 3869,

> exp(—a(K — 1)).

Q+ok2s2  (2+430)si  log(K/e)

1. Giulini

(7.15)

B

A
y + 81/ max{t,o} = E(K -+

and we observe that (1., B,) defined as

B 2620 na

2
A*:\/ 2 < 2 +3¢)s2 —i—log(K/s)),

n(k — 1)\ 42 + o)k1/2 max{t, o'}

By = \/2(2 + 0)k'/253 max{t, o }n

2n max{z, o}

(7.16)

(7.17)

are the desired values that optimize y + §1/ max{¢, o}. We also remark that, by equation (7.15),

Brexp(—a/2) < B« < By,
Ajexp(—a/4) < ry < Ajexp(a/4).

Thus, evaluating y + §A/ max{z, o} in (A7, B7) € A, we obtain that

y5+ 6547/ max{t, o}
_A*(K—I)A/A
2

B

N Q+ok2s2 B (2+30)s] M | log(K/e) b

_he =Dy 1 (2+30)s3
- 2 Av  nAy | 42+ o)k 2max{t, o)

[Q+ o253 (B B
+ 2nmax{t, o} (ﬂ_j—i_E)

A
A

+ log(K/s):| ~

J

(7.18)
(7.19)

Br
B B7 2830 A7 nhs A7 2nmax{t,o} B
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2(k — 1) (2+30)s] A :|
S\/ n |:4(2+C)k1/2max{t,g} —Hog(K/s)} cosh[log(k*)

[202 + o) 1252 B>
+ P max(r o] cosh[log<a>].

By equation (7.18), we get

y7+ 6547/ max{t, o}

26— 1) 2+ 3c)s‘% a
: \/ n [4(2 + o)k!/2max{t, o} + log(K/E):I COSh(Z)

202 4 o)ic1/2s2
L [2ero s (4.
nmax{t,o} 2

We also observe that

u7+ v+ 48745/ max{t, o} < 4[y;+ 8747/ max{r, o }] < dn= Ve,

since by definition p5 < 2y7. In the same way, observing that

E_K)\.T< {1+ 1
TTT =Y K —1

we obtain
£+ U7+ y7+ 48745/ max{r, o} < [4+ (c — )" y; + 48745/ max{t, o'}
< [6 + (k — 1)_1]n_1/2§ (max{t, a})
and similarly,
2[5+ y7+ 26747/ max{r, o'}] < 6n~'/2¢ (max({t, o}),
2[2y5+ 8747/ max{r, o'}] < 4n~/2¢ (max({t, 0}).
This implies that, whenever B, (f) < +o00, then (A7, B7,1) € I'’. We have then proved that

inf By s() < Bon (1) < n~12¢(max{z, o'}) B.(1)
n g = .
aprea MBI =P ST S a0

]

Applying the above lemma to equation (7.13) on page 3904 and observing that, for any 6 € R?,

10172N®) <E[I1X]*] <53,
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we obtain that, with probability at least 1 — 2¢, for any 6 € R4,

‘max{N(@),UIIQHZ} _

N 1| < B, -2 ‘
max{N @), 01017} |~ [16172N 6)]

Since by the Cauchy—Schwarz inequality
si <k Tr(G)

we get

(@) <, /2 — l)(w +10g(K/8)> cosh(a/4)
N 42+ o)t

(7.20)
+4/ w cosh(a/2).
Choosing a = 1/2 and computing explicitly numerical constants concludes the proof.
7.3. Proof of Proposition 3.3
We observe that it is sufficient to prove that with probability at least 1 — 2¢
®_ody((F, Q) —n) < N(kH) + 1,
(7.21)

d_od (N(IIz0) —n) < (0, Q0)y +n.

where 1 = 28/Tr(G?) and N (I1;0) = (I1;0, GI1;6)%. Indeed, if equation (7.21) is satisfied,
according to the postponed Corollary 7.1 on page 3912,

|max{(0, Q)2 0} — max{N(I1x0), 0 }|
<2max{N(T1x0), o } B,(N (Ix0)) + 51/2,

|max{(0, Q0)3;, o'} — max{N (11x6), o'} |
<2max{(6, Q0)3, o} B.(min{(6, Q0)3, 53}) + 5n/2,

which is the analogous, in the infinite-dimensional setting, of Proposition 2.4 on page 3873.
Thus, following the proof of Proposition 2.5 we obtain the desired bounds.
Let us now prove equation (7.21). Observe that, for any 6 € S,

(6, Q)3 = (T, 0, Qy, 0)3 < Ty 0115, ((&, Q)3 +n),

where £ € ©; is the closest point in ®; to ||Hvk9||7_{ll'lvk9. Since & € Hy, with probability at
least 1 — ¢, for any (X, B) € A,

(€. Q&) < @ (No.(®)) = @7 [Na(& + Ty, 0115, (T — Ty )0) .
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Let us now remark that for any a € [0, 1], we have @, (at) < ad(¢), so that a(bll(t) <
CD:LI (at). Therefore

(0, Q0)3 < My, 013,23 {Na [Ty, 0117 (T, 01l + (T — Ty)0) ]} + 1
<My, 003,27" o @ZH{N[ITTy 017 (ITTy, 02 + (T — Ty)0) ]} + 17
<@ o O {N[|ITTy, 012 + (TTx — Ty )O)]} +
<o o TN (NI1O) + 1) + 1.
Indeed,
I(ITy, 611 + (T — Ty,)0) — ;6| <8,
and this is a difference of two vectors belonging to the unit ball. In the same way
(0. Q0)3 = Ty, 015, ((&. Q&) —n)
> [Ty, 0113, @ { Na[IT1v, 0115, (ITTy, 01l + (Mg — Ty )0)]} —n
> [Ty, 07, @— o @ {N[ITkO115, (ITTv, Ollp& + (M — My )0) ]} — n
>®_ody(N(x6) —1n) —7n

which proves equation (7.21).

7.4. A technical result

In all this section, we use the same notation as in Section 2. Let o €]0, sf] be such that 8¢, (0) <
A/n where ¢, is defined in Proposition 2.3 on page 3871.

Lemma 7.7. The function
t— F(t) = max{t, o} B, (min{t, s‘%}),
where By is defined in Proposition 2.3, is non-decreasing for any t € R

Proof. If o > sf, then B*(min{t,sf}) = B.(0), so that F(t) = max{t,c}B.(c) is obviously
non-decreasing. Otherwise, o < sf, so that

¢ (max{min{t, si}, 0}) =¢ (min{max{t, o}, sf}).
Therefore, the function F' is of the form

ug(u)

F(t)=c—2
O =T gw)
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where u = max{z, o'},

gu) =/ai/u+ax + /a3 /u,
g(0) < 1/2, and the constants c, a, az, and a3 are positive. Let h(u) = v/a1/u + +/a3/u and
observe that

1 1
g =2 (L + \/aa/Lt) 2 — - (ar/utas/u) = ()

(ar/u +ap)1/?

and that g(u) > h(u). Therefore h(u) < g(u) < 1/2, for any u > o, and

B i < ug(u) )_1 g'(u)
—log|l ——— |=—+ —"F—F——
ou l—g@)/) u g —g))
1 R (u)
=. T hu)(1 — h(u))
Tu 2u(l—h) ~
showing that F is non-decreasing. (]

Lemma 7.8. For any (a,b) € R2 such that, forany (A, B) € A,

P_ody(a—n)<b+n, and SI_odi(b—n)<a-+n,

and any threshold o € Ry such that 87 (0) < /n and o < sf, we have
|max{a, o0} — max{b, o'}| <2max{a + n, o0} By (min{a + n, sf}) + 27, (7.22)
|max{a, o} — max{b, o'}| <2max{b+ 1, o} B,(min{b + n, s7}) +2n. (7.23)

Proof. By symmetry of a and b, equation (7.23) is a consequence of equation (7.22).
Step 1. We will prove that

max{b —n,o} §max{a+n,o}(1 —|—2§Mg(a+n)), (7.24)

where E;h p 1s defined in equation (7.12) on page 3903.
Case 1. Assume that

max{d>+(b —-n), o} <max{a+n,o},

and remark that, since @ is non-decreasing and & (o) <o,
max{CI>+(b -n), a} > max{d:q.(b -n), <I>+(c7)}

max{b —n, o}
= (max{(b—n),0}) = 14+ B g(b—1n)
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according to equation (2.9) on page 3870, where B;, g is defined in equation (2.8). Therefore in
this case,

max{b—n,a}fmax{a—i—n,a}(l +B;\,/3(b—n)), (7.25)
but when max{b — n, o} > max{a + n, o},
B g(b—n) < By gla+n)
because B, () is a non-increasing function of max{z, o'}, thus equation (7.25) implies that
max{b —n, 0} <max{a+n,o}(1+ B pgla+n)).

Since By g < E)\’ﬁ, equation (7.24) holds true.
Case 2. Assume now that we are not in Case 1, implying that

max{b — n, 0} > max{®; (b —n),0} > max{a +n,0}.
In this case
max{a + 1,0} > max{®_o®(b—n),0}
> max{®_o P (b—n), P_(0)}
> ¢_(max{d(b—n),0})
> max{®,(b—n),0}[1 — By g(max{d, (b —1n),0})]
according to equation (2.10) on page 3870. Moreover, continuing the above chain of inequalities,
max{a + 1,0} > max{®(b —n), P4 (0)}[1 — B g(max{a +n,0})]
= &, (max{b —n,0})[1 — By gla+n)]

1-B
> max(b — 1.0) v p(a+1m)
1+ B, g(max{b —n,0})
1 — By gla+n)

> max{b —n,o} .
1+ By gla+mn)

Therefore,

1+ B; gla+n)
1 =By pla+n)

2B; pla+m) )
1 =By gla+n)

< max{a +n, 0}(1 + ZE;L,ﬁ(a + 17))

max{b —n,o} <max{a+n,o}

=max{a + n, O’}(l +

according to Lemma 7.5 on page 3903. This concludes the proof of Step 1.
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Step 2. Taking the infimum in (A, 8) € A in equation (7.24), according to equation (7.14) on
page 3905, we obtain that

max{b — 1, o0} < max{a + 1,0 }(1 + 2B, (min{a + n, 53})).

We can then use the fact that ¢ — max{t,o}B*(min{t,s‘%}) is non-decreasing (proved in
Lemma 7.7 on page 3909) to deduce that

max{b — n, o} <max{a +n,oc}+ 2max{b + n, U}B*(min{b + o, sf}),

since there is nothing to prove when already max{b + n,o} < max{a + n,o}. Remark that
max{a +n, o} <max{a +n, o + n} < max{a, o} + n and that in the same way max{b —n, o} >
max{b, o} — n. This proves that

max{b, o} — max{a, o} < 2max{a + 1, o} By(minfa +n,s3}) +2n
and
max{b, o} — max{a, o} < 2max{b + 1, J}B*(min{b + 7, sf}) +27.

By symmetry, we can then exchange a and b to prove the same bounds for max{a,o} —
max{b, o}, and therefore also for the absolute value of this quantity, which ends the proof of
the lemma. ]

As a consequence the following result holds.

Corollary 7.1. For any (a, b) € R? such that, for any (., B) € A,
P_ody(a—n)<b+n, and SI_od (b—n)<a+n,

and any threshold o € Ry such that 87 (o) < /n and o < s‘%, we have

|max{a, o0} — max{b, o}| <2max{a, o} B, (min{a, s3}) + 51/2,

|max{a, o} — max{b, 0}| < 2max{b, J}B*(min{b, sf}) + 51n/2.

Proof. This is a consequence of the previous lemma, of the fact that B, (min{z, sf}) <1/4, and
of the fact that max{a + 1, 0} <max{a,o}+ 1. O

7.5. Proof of Proposition 5.1

Let A C (Ry \ {0})? be the finite set defined in equation (2.11) on page 3870. We use as a tool
the family of estimators

Nw(6) = z07
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introduced in equation (2.4), where @(9) is defined in equation (2.3). Let us put

AZR4

H=—""—,
() 3max{t, o}?

IERJr.

We divide the proof into 4 steps. _ _
Step 1. The first step consists in linking the empirical estimator N with N,,.
We claim that, with probability at least 1 — g, for any 6 € Sy, any (A, 8) € A, such that
®L(N®©)) >0,
N@®)

w0y <L O

with the convention that % = +00. Moreover, with probability at least 1 — ¢, for any 6 € Sy, any
(A, B) € A, such that (N (0)) > 0,

N(e) o 22

N.(6) 37

We first observe that, according to the definition of @(9), for any threshold o € R,
- Z y[(max{N,.0), 0} "6, X;)2 = 1)] < r(AV/2N,.(0)"720) = r (@(6)0) <0,

where we have used the fact that the function ¥, introduce in equation (2.2), is non-decreasing.
Moreover

. (@0)0) =

as soon as a(f) < +oo and this holds true, according to Proposition 2.1, with probability at least
1 — ¢, for any 8 € S; and any (X, B8) € A such that & (N (6)) > 0. Indeed, by Proposition 2.1,
with probability at least 1 — ¢, for any 6 € Sy, any (A, 8) € A,

N.(6) = @4 (N (©)).

Defining g(z) =z — ¥ (z), we get
N@©) 1 L -
7Y L i | B

max{N, (0), o} na p )“(<97X ) maX{N)\(Q) a} )
. (7.26)

Zg D2 max|{N,0),0) " = 1)].

In the same way, with probability at least 1 — ¢, for any 6 € Sy, any (A, 8) € A such that
d(N(B)) > 0, we obtain

n

NGO _ L Zg[k(l — 6. XM 0], (7.27)
=1

NGO~




3914 1. Giulini

We remark that the derivative of g is

1 if 2 ¢ [—1, 1,
if z e [—1,0],
f@O=1-v'@={1+z+% o
2
pad
2 = ifzelo.1],
l—z+%

showing that 0 < g’(z) < z2, and therefore that g is a non-decreasing function satisfying
13
8(z) < 354 (7.28)

Applying equation (7.28) to equation (7.26) we obtain

3 )
N©) —1< A—Z((G,Xi)2max{ﬁx(9),0}_l — 1)3

max{N,(0),0}  ~ 3n

)»2
- - 6, X;)°
= 3nmaX{NA(9),U}3 ;( l)

where we have used the fact that (z> — 1), < z2. Since, by the Cauchy—Schwarz inequality,
0, X;)*> < |10]I>R?> = R?, we get

Y, 2
_Ne x 42(9 X;)
max{N,#), o} 3nmax{N; (0), o }3 =

22 R* N(@®)

=" x ~ X ~ ,
3 max{N;(0),0}? max{Ny(0),o}

which proves the first inequality. Similarly, since g in non-decreasing, we obtain that, with prob-
ability at least 1 — ¢, for any 8 € Sy, any (A, 8) € A such that (N (0)) > 0,

where the last inequality follows from equation (7.28).
Step 2. This is an intermediate step. We claim that, with probability at least 1 — 2¢, for any
0 €S4,any (A, B) € A,any o >0,

max{N (), 0} < ®=" (max{N©), o })[1 - m.(N@®)];

1

max{N(6), 0} < @~ (max{N@©). o })[1 = (NO)[1 -t ()],)]; .
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2

- A
N(9)Z<l——> @4 (N ),
3 +

where @, and ®_ are defined in Proposition 2.1.
We consider the threshold

o' = <I>:1(max{N(0), o}) =max{N(@®),0},

where we have used the fact that, by definition, dL(t)_1 > t, for any t € R;. We assume that
we are in the intersection of the two events of Proposition 2.1, which holds true with probability
at least 1 — 2¢, so that

o' > max|{N(@®), 0, N;.(0)}. (1.29)

According to Step 1, choosing as a threshold max{o, o'}, we get

1

N(©) - .
max{N; (0), 0,0’} <[ - n(max{N,.(6), 0 })]+

(where 1, is still defined with respect to o), so that, according to equation (7.29),

N@©) <ol — (o)),

4 (7.30)

As a consequence, recalling the definition of o', we have
N@©) < &~ (max{N©). o })[1 - (N ®)]; -
Thus, observing that
o <= (0) < o= (max{N@®), 0 })[1 - u(N(@))]j,

we obtain the first inequality. To prove the second inequality, we use equation (7.30) once to see
that

o' =NO[1-1(c")], =NO)[1 -1 (0],

and we use it again to get

N@©) < ®=" (max{N ©), o })[1 - 7(0")]}’
< &~ (max{N©). o )[1 - w(NO)[1 - .(0)],)]; -

To complete the proof of the second inequality, it is enough to remark that

o < @7 (0) < @~ (max[N©), o })[1 - (N @O)[1 - ()] )]}
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To prove the last inequality, it is sufficient to remark that N 3(0) = &L (N(6)) by Proposition 2.1
and hence, when & (N (0)) > 0,

2

_ A
N@®) > (1 - —) DL(N®)).
3 +

On the other hand, when &, (N (0)) = 0, this inequality is also obviously satisfied.
Step 3. We now prove that, with probability at least 1 — 2¢, for any 6 € Sy, any (A, B) € A,
any o > 0,

max{N6), o} B
max{N (0), o}

(N (©))
[1— (N @Il = Br g(NOD]+

max{N(0), o'} A2
L N0 = PN

1<Bisg(N®)+

where B, g is defined in equation (2.8) on page 3870 and E;h g in equation (7.12) on page 3903.
We observe that, according to Step 2,

max{N (), 0} < @~ (max{N®), o })[1 - m.(N )]
- max{N (0), o}
T [ = (NN = By g(NO)]+

which implies
max{N(0),0} | <_ BrpV @) (N (©))
max{N(@©),o} T [1=Byp(NONl+ [1 =T (NODI+[1 = By g(N @)1+

Applying Lemma 7.5 on page 3903, we obtain the first inequality.
To prove the second inequality we observe that, using again Step 2,

2
max{V(0), 0} = (1 _ %) o (max{N(©). o))
+

2
= (1 - %) max{N(@®),c }[1+ Bx,ﬁ(N(Q))]ilf
+

where we have used the fact that & (max{z, 0}) = max{z,c}(1 + B, g (2))~! as shown in equa-
tion (2.9) on page 3870. Thus, we conclude that

max(N(6),0} _ Bip(N(©) +1%/3 32

Step 4. From Step 3, we deduce that

max{N(0), o}
max{N@®),o}

(N (©))

1| < B, 4(N® '
< Big( ())Jr[1—m(N(O))Ml—Bx,ﬁ(N(@))]+
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To conclude the proof it is sufficient to apply Step 3 to (A7, B7) € A defined in equation (2.11)
on page 3870. Indeed, by equation (7.14) on page 3905, for any r € R,

ka,ﬂf(t) < By (t)

and, by equation (7.19) on page 3906, we have A+ < A, (6) exp(a/4).

7.6. Proof of Proposition 5.2

We observe that another way to take advantage of equation (7.26) on page 3913 is to write

N@®) S
- —1< ~ s= 2 IXll°.
max{N, (0),o} 3max{N,(0),c}° n P
Thus, putting
A2R®
H=———, teRy,
f1) 3max{t,o}3 *

we get that, for any 6 € Sy,

_N® <1+4(Nu(®).
max{N, (0),o}

The same reasoning used to prove Step 2 of Proposition 5.1 on page 3885 shows that, with
probability at least 1 — ¢, for any 6 € Sy, any (A, B) € A, any o > 0,

max{N(0),0} < ®_" (max{N(©®), o })[1+ & (N®)]-
As a consequence, with probability at least 1 — 2¢, for any 6 € Sy, any (A, B) € A,

5 (N (©))
[1 = Big(NO)+

max{N (0), o} _

max{N (0), o} I= BML}(N(Q)) +

7.7. Proof of Proposition 6.1

To prove Proposition 6.1, we use many results already proved in the case of the Gram matrix
(with the necessary adjustments).

We first observe that, denoting by W € R a gaussian random vector with mean A'/26 and
covariance matrix ,8_1 A, we have

{10 am ()] = B )
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where {e,-}l’?l=1 is the canonical basis of R? (and (W, ¢;) is a one-dimensional Gaussian ran-
dom variable with mean (A!/20, ¢;) and variance ’leiTAei). Therefore the empirical criterion

rewrites as
1 " Tr Ai /
o=~ Zw[/(nA”ze 12— % _ x) dry (6 )}.
i=1

We now use Lemma 7.3 on page 3896 to pull the expectation outside the influence function .
We decompose A into A = UDUT,where UUT =Tand D = diag(Xr1, ..., Aq) and we observe
that U 70’ has the same distribution as U6 + W, where W ~ N ©, 8 _II) so that

Var[||A‘/29/||2dne<e’>]=Vaf(Z<<UTe>l- +Wz->2”>

i=1

QU

- Z W2var[(UT6), + i)’

2
( ok
5 Tr

(A%) + E||A0||2.

I
t¢=|m ii M& i

As a consequence we get

n

1 Tr(A)) :
r(6) < ;ZU (||A1/29 = —5 —,\) dry (6)

i=1

2B 4p?

where the function y is defined in equation (7.1) on page 3895. We then apply equation (7.5) on
page 3897 with m = || A0, a =log(4), b =1/(28) and ¢ = Tr(A?)/(48?) to obtain

Tr(A?%)
+m1n{10g(4) — || A; 9|| + ! ”,

n

1 ' Tr(A) /
() <~ Z[/X(HAW@ = —5 —x) dmy (6')

i=1

1 Tr(A?
+/min{4log(2), E||A9’||2+ 2(/32 )}dn(g(é‘/):|

and we conclude, by Lemma 7.4 on page 3898, that

n ‘ ‘ s
r(0) < %Z/log[l a2 - % (”Al/ze I Trng,) _)\)
i=1
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¢ 2 Tr(AY) .
+E<”A19 ” +7>]dﬂ0(9 )»

where
15 142v2
‘T Sle@(2- 1) exp( 2 )
We then apply the PAC-Bayesian inequality (7.1) to

N Conu b e, e Tr(AD)
f(A,-,G)_log|:1+t(A,,9)+§t(Al,0) +E<“A19 R )]

where

((A.0)= a0

LG
B

and we choose as posterior distributions the family of Gaussian perturbations 7ry. We obtain that,
with probability at least 1 — &, for any 6 € R?,

2
r.(0) < /E[t(A,G’) + %I(A,G’)z—i— %<||A9/||2+ “2(2 ))j|dn9(9’)

01> log(e~!
+ﬁll I + og(e™")
2n n

2 2
=E[||A1/29||2_A+ %(”Al/ze”z )4 (c +NA6I” 2+ 3) Tr(4 )}

B 22
N BloN? N log<e*‘).

2n n

Using the Cauchy—Schwarz inequality, we remark that
E[1401%] < E[IlAll ] 4'%0]°]
<E[I41%] "*E[| 46| ]"?
<E[lAI%] "< 2N @),
where « is defined in equation (6.1) on page 3888. Thus

12 2112
rA(Q)fg[N(O)—)»]2+|:1+(K—1))»+(2+C)K I;[”A”Oo] ][N(O)—A]

N (k — D2 N Q+ kPR A1
2 B
(2+30)E[Tr(A%)] Bl N log(e™ 1)
2p2 2n n
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This is the analogous of equation (7.6) on page 3900. The end of the proof is similar to the case
of the Gram matrix.

7.8. Proof of Lemma 6.1

Replacing X with X — E[X] we may assume during the proof that E[X] = 0. It is true that

sfjael') =5 (L X lex0-x o) |

AC R e

1

= ST E[le. X9 - x©Pe, x© — xOP.
9*(q -

1<j<k=q
1<s<t<q

Recalling the definition of the covariance, we have

4 1 . 2 5
Blla"0]' = | X Bl X - xPefje. x - x]
1<j<k=q
1<s<t=<q
+ Z E[(6, xW) _ X("))4] —E[6, X _ X(k)>2]2
1<j<k=q
+X (Elle X - XWX - xOF]
1<j<k=q

I<s<t<q
HJ.kIN{s, =1

_E[lo. X — x©PIE[l6, x© — X(z))Z])}

1 212
) x®@ _ xM

1

2 — N — 2712
( 1) (E[(Q, X(l) — X(2)>2(9, X(l) X(3))2]
q q -

_E[<9v x( _ X(Z))Z]Q).
Define W; = (0, X)) and observe that

E[(W1 — W2)?]* = 4N (6)?,
E[(W1 — W2)*] = E[W}'] + 6E[ W} ]E[W;] + E[W;]
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= 2E[W}]+6E[W2]* < (2 + 6)N (),
E[(W) — W22 (W1 — W3)?] =E[W}] + 3E[W7]” < (x + 3)N(©)*.
Therefore

E A]/QQ 4 (1 (-2« -1 k+1 )N 9 2 _ <1 Tq(K))N 9 2’
Aol =1+ = = taqon V@ =1+ )V @

and hence k" < 1+ 7,(k)/q, since E[| AY/26|2] = N (9).

7.9. Proof of Lemma 6.2
Replacing X with X — E[X] we may assume that E[X] = 0. Recall that
2
E[IX1*] < «E[IX]*]" =« Tr(%)?

and E[(XD, X@)2] = Tr(T2). We observe that

]E[||A9||2] — ]E|:q2(q1_ 7 Z (9’ x) X(k)><X(j) _ X(k), xG) _ X(’))(x(s) _ X(t), 9>i|
1<j<k=q
1<s<t<q

and

]E[(g’ xM _ X(2)><X(1) _ X(Z)’ x® _ X(4)><X(3) _ X(4), 9)]
=4E[(s, X V) xV, xP)(x@ 6)]
= 4| 20> < 4IZ )N (©),

E[(p, X1 — x@)xD — x@ x1 _ xO)xD _x® g)]
—Effo. XU 1X V] 3]0, X VY, XD, 0]
<k Tr(Z)N () + 3| X[l N (6),

]E[(Q, xM _ X(2)>(X(1) _ X(Z), xM _ X(2)>(X(1) _ X(Z)’eﬂ
= 2E[(9. X V) x " |*] + 2E[fo, X VP JE[| xV|]

+4E[(6, X V)Y xD, x@)x@, 0)]
<2k + DTr(Z)N(O) + 4 ZlloN(6),
which proves the first inequality. In the same way,

1

=l (0] 2| oy i

Z (X(j) _ X(k), xX® _ X(f))2i|’

1<j<k<q
1<s<t<gq



3922 1. Giulini

and

E[(x® — x®, x® _ X<4)>2] = 4E[(xD, X<2>>2]
=4Tr(z?),
E[(x® - x®. X - xOP] =E[|x V] ] + 3E[x . xPF]
<k Tr(2)* +3Tr(x?),
E[(x® - x®. X — x®P] =28 {|x|'] + 2] |x O P +a5]{x ", x]]

<2k + D Tr(2)* +4Tr(2?),

which concludes the proof.
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