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Let B=(b j K pxn = (¥Y1,Y2, ..., Yy) be a collection of independent real random variables with mean zero
and variance one. Suppose that ¥ 1s a p by p population covariance matrix. Let Xy = 1/2Yk for k =
1,2,...,n and 21 Zk 1 XkX Under the moment condition sup,, , maxj<;<p 1<k<n Eb}k < 00,

we prove that the log determinant of the sample covariance matrix by 1 satisfies

logdet 3 — Zle log(1 — %) —logdet 4

N(0, 1),
[—2log(1 — £)
when p/n — 1 and p < n. For p =n, we prove that
logdetfll +nlogn —log(n — 1)! —logdetX 4 N, 1),

2logn
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1. Introduction and main results

Let A, = (ajj)n,n be an x n random matrix where the entries {a;;, 1 <i, j < n} are independent
real random variables. The determinant of the random matrix A, is a very important function
of the matrix and it has been investigated by many authors under different settings. See, for in-
stance, [6—10,12,15-19], and so on. An important topic in the random determinant theory is to
establish the central limit theorems (CLT, in short) for the log-determinant log |det A, |, such as
[10] for random Gaussian matrices, [19] for Wigner matrices, [13] for general real i.i.d. ran-
dom matrices under an exponential tail condition on the entries, and [4] for general real i.i.d.
random matrices based on the existence of 4th moment of the matrix entries, and so forth. The
determinant of random matrices has many applications. For instance, computing the volume of
random parallelotopes in random geometry involves the determinant. More precisely, we suppose

=(Vy,...,Vp)isan x p (p <n) random matrix with independent columns. Then the convex
hull of these p points in R” determines a p-parallelotope almost surely. Moreover, /det(V'V)
is the volume of this p-parallelotope. One can refer to [14] for more details. The determinant
of the sample covariance matrices is also commonly used for constructing hypothesis tests such
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as the likelihood ratio statistics in multivariate statistics (see [1], for instance). Furthermore, the
difference of the log determinants of two sample covariance matrices is a necessary information
in quadratic discriminant analysis for classification. In view of these applications, it is important
to investigate the properties of the log determinant of the sample covariance matrices.

Motivated by the applications mentioned above, Cai et al. [5] studied the limiting law of the log
determinant of the sample covariance matrices for the high-dimensional Gaussian distributions.
Specifically, let X1, X2, ..., X;,+1 be an independent random sample from the p-dimensional
Gaussian distribution N, (i, ). The sample covariance matrix is

1
X — X)Xk — X)7, (1.1)
1

+

1}’[
L=-
n

k

where X = n]? ZZI% X. By using the Bartlett decomposition and an analysis of the character-

istic functions, [5] established a unified central limit theorem for the log determinant of 3 in the
high-dimensional setting where the dimension p may grow with the sample size n with the only
restriction that p < n. Let

P n—k+1 n P 2 2
S T RC S
k=1 k=1

where  (x) = % logI'(z)|;=x is the Digamma function with I'(z) being the gamma function.
Cai et al. [5] proved that

logdeti — Uy, p — logdetX 4

N(0, 1) (1.3)
On,p

i X1, Xa, .. Xt S N1, T) and n — oo with p <.

CLT of the form (1.3) provides a nice unified expression for p < n. Cai et al. [5] also worked
out some explicit expressions of the mean v, , in the case when lim, p/n < 1 and in the case
when p/n — 1 but with (n — p) — oo. Particularly, they proved that for these cases

p
k 1 1
k=1

However, it is not easy to work out a simple expression of v, , from (1.2) for the remaining
cases of p/n — 1 as pointed out by [5]. Moreover, their results are for multivariate normal
distributions.

In view of this, we further study the central limit theorem for the log determinant of the sample
covariance matrices under the non-Gaussian samples and in the setting of p/n — 1 with p <n.

Before introducing the main results of the paper, we first list some notations. Let ¥; =
Yk, Yor, ..., Y,,k)T fork=1,2,...,n. Suppose that Y1, Y>, ..., Y, are independent. Moreover
assume further that Yix, Yo, ..., Ypi are independent for each k =1,2,...,n. Let X be a p by
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p population covariance matrix which is positive definite. Let X = X 1/ 2Yk fork=1,2,...,n.
Thus, X1, X», ..., X, are independent and can be viewed as a sample drawn from the popula-
tion with mean O and covariance matrix X. To estimate the log determinant of the covariance
matrix ¥, we consider the following sample covariance matrix

. 1<
==Y XixI. 1.5
| n};kk (1.5)

For positive integers n and p define the constant 7, , by

p—1 . 14
i+1 k
Tn,p = } 10g<1 - p ) = E 10g(1 — ;) (1.6)
i=0 k=1

Denote

B:(bjk)an:(Ylv Yo,.... )= . (L.7)

It is straightforward from (1.5) to see that

logdetil —logdetX® = logdet(E_l/ZleE_lﬂ)

(1.8)
1 & 1
=logdet<— E YkYkT) =logdet<—BBT).
n n
k=1
It follows that
logdetfll — Tp,p — logdet X = logdet(BBT) —plogn — 1, ). (1.9)

If p/n — r € (0, 1), then the central limit theorem for the log determinant of f)l based on the
existence of 4th moment of the i.i.d. matrix entries can be obtained from Theorem 1.1 of [2] with
f(x) =logx. We aim to consider the case p/n — 1 with p <n.

We are now at a position to state the main results.

Theorem 1.1. Assume that {b;;} are independent random variables with mean zero and variance
one. Moreover, suppose that p =n and

sup max IEb?1 < 0. (1.10)

n 1<j<n
Then the log determinant of the sample covariance matrix Pl satisfies

logdetfll +nlogn —log(n — 1)! —logdet®X 4

Wi N, 1). (1.11)
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Theorem 1.2. Assume that {b;;} are independent random variables with mean zero and variance
one. Moreover, suppose that

sup max IEb41 < 00 (1.12)
p l<j<p ’

and
PL1,  p<n (1.13)
n

Then the log determinant of the sample covariance matrix Pl satisfies

logdetf)l —Tp,p —logdetX 4

J—2log(1—£)

Remark 1.1. Theorem 1.2 is consistent with (1.3) and (1.4) for the case when p/n — 1 with
(n — p) — oo and extends it to include all cases p/n — 1 as long as p < n. Moreover when
p=n—1and p =n — 2 (corresponding to the case of (n — p) is bounded) one may prove
from (1.2) that the difference (v, ,—1 — vu,n—2) is of order O (logn). This is consistent with the
result that the difference (7, ,—1 — Ty.n—2) of order O (logn) from (1.6). The assumption of i.i.d.
Gaussian entries in [5] is also weakened by i.i.d. entries with the fourth moment assumption.

Our paper is organized as follows. Section 2 is to introduce the QR decomposition and obtain
its martingale expression. Section 3 collects some lemmas while Section 4 presents the details of
the proof with the aid of some additional lemmas, whose proofs are given in the Appendix.

Throughout the paper, let C denote a positive constant which is not necessarily the same in
each appearance and | x| denote the integer part of x. For two vectors v and w, let (v, w) = v/ w
stand for the inner product. We use || - [|2 and || - ||op to represent the Euclidean norm of a vector
and the operator norm of a matrix, respectively. For the set A, let A denote the complement set
of A and I (A) stand for the indicator function of A.

N, 1). (1.14)

2. QR decomposition

This section is to use the method of QR decomposition to derive an alternative expression of the
determinant. To state this method rigorously, we need the following proposition, whose proof
will be given in Appendix.

Proposi_tion g.l. For the matrix B = (bji)pxn defined in Section 1, we can find a modified
matrix B = (bj) pxn satisfying the assumptions in Theorems 1.1-1.2 such that

P(all square submatrices of B are invertible) = 1 2.1
and

P(logdet(BB”) —logdet(BB”) = o(1)) = 1 — o(1). (2.2)
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We can always work under the following assumption by Proposition 2.1.

Assumption Co. Let B = (bji)pxn be a p by n random matrix with

sup max ]’Eb‘;1 < 00,
p 1<j<p

where {bjr,1 < j < p,1 <k <n} is a collection of independent real random variables with
common mean 0 and variance 1, and bj1, bj2, ..., bj, have the identical distribution for each
1 < j < p. Moreover, we assume that all square submatrices of B are invertible with probability
one.

Now let us apply the Gram—Schmidt process to the columns of the full column rank matrix A
to get its QR decomposition, where A = [a1,a;,...,a,] is a n x p matrix with n > p. Define
the projection of a vector a on a vector e by

. (e,a)
roj,a = e.
proj, (e e
Then
u
u; =aj, € =_-—,
luill2
. up
Uz = a2 — proje, a2, e =—"
luzl2
. . u3
U3 = a3 — proje, a3 — proje,as, €3 = m,
-1
p ) u,
u,,_ap—Zpro_]eja,,, e, = TS
j=1 P
Rearrange the above equations we may write
A= QR,
where
O=le,e,...,¢ep]
and
(er,a;) (er,ay) (er,a3) --- (er,ap)
0 (e2,a2) (ez,a3) --- (e2,ap)
R— 0 0 (e3,a3) .-+ (e3,ap) S
(ep,ap)
0 0 0 o (ep,ap)

pxp
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Recall that B = (b i) pxn = [b1, b2, ..., bp]T is a p by n random matrix with p <n. Applying
the QR decomposition with A = BT and a; =b; for 1 <i < p, we have

T—9oRr, B=RTQT,

and

p
det(BB") =det(R" Q" QR) =det(R"R) =] [rfi = [ [ r?r1.i1- (2.3)

i=1 i=0

Let B(j) be the j x n rectangular matrix formed by the first j rows of B. Hence, B(1) = bl
and B(,) = B. Let V; be the subspace generated by the first i rows of B and P; = (pjk(i))nx,,
be the projection matrix onto the space VL Py = I, is the n by n identity matrix. It is easily
checked that

3 = (e1,b1)* = b1 )5 =b! Pyby, (2.4)

and

2 u/. 1bi+1 2
2 2 T i+
ri+1,i+1 = (eH‘lv bi-‘rl) = (ei+1bj+1) = (7>

llait1ll2
_ <bl+1P b1
||Ptbl+1||2

2.5)
) bl+1P'bi+1v I<i<p-—-1.

It follows from the definition of V; and the Assumption C that B(i)Bg) is invertible with proba-
bility one that

1
Pi=(pjx()) = I, — B (BwB(y)~ Bu- (2.6)
By (2.4), (2.5) and (2.6), we have
E(r?y;q|P)=tPi=n—i, 0<i<p-L Q2.7)

The equality (2.3) yields that

logdet BB X:long_1 itl
(2.8)

= Zl l+1 l+1 +log[n(n —1)---(n—p+ 1)].
ForO<i<p—1,set

Xipy =Lt~ 7 2.9)
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and
X2 |
Rit1 =log(l1+ X;41) — (Xi+1 - '2+ ) (2.10)
Hence, we have
2 2
ro X
log L — x-S Ry, @.11)
n—i 2
which, together with (1.6), (1.9), yields that
log det poFp Ty,p — logdet X
—2log(1 —£)
_ logdet(BBT) — plogn — Tu,p
—2log(1 — £)
Z ’“‘“ +logln(n—1)---(n— p+ 1] —plogn — 7, ,

/—2log(1 — £)

p—1 1 Pl 2 p
5 w(1-2)]
/—2log(1—ﬁ) i= [—2log(1 - 2) iy 2 "
(2.12)
p—1
+ Rl+1
—2log(1 - 2) i
P—s1 P—S1 y2
1 X
S [z = a1 2))
—2log(1 —£) i=o —2log(1 — &)L iz n
= i ri2+l,i+]

M

TN Rivi + ——en / Z lo n—i
_2]0g(1_§) i=0 _2]0g(1_ )l =p—s1+1

=hLh—-—h+5L+1,

where 51 = L(—loge,,)““] ande, =1—p/n— 0.

Crudely speaking, the main route is to prove that the first term of (2.12) converges weakly to
the standard Gaussian distribution and the remaining three terms tend to zero in probability.

Let Fo = {2, ¢} and F; be the o-algebra generated by the first i rows of B. It follows from
(2.7) and (2.9) that

E(Xi+11F) =0, O<i<p-1, (2.13)
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which yields that X1, X», ..., X, is amartingale difference sequence with respect to the filtration
Fo={Q,¢9} C F1 C--- C Fp_1. This is a very important fact to prove that the first term of
(2.12) converges weakly to the standard Gaussian distribution by using the classical CLT for
martingales.

3. Some lemmas

This section is to list important lemmas to be used and prove a crucial one. We start with two
lemmas from [4].

Lemma 3.1. Let A, = (a;j)nxn be a square random matrices, where {a;j,1 <i, j <n} is a
collection of independent real random variables with common mean 0 and variance 1. Moreover,
we assume

sup max Ea?- < Q. 3.1
n ls<ijsn Y

Then we have the logarithmic law for det Aﬁ: as n tends to infinity,

logdet A2 —log(n — 1)! 4
2logn

Lemma 3.2. Let {x;, 1 <i <n} be independent real random variables with common mean zero
and variance 1. Moreover, we assume that max; [E|x; |l <. Let My, = (m;j)nxn be anonnegative
definite matrix which is deterministic. Then there exists a positive constant C such that

N, 1). (3.2)

4

E < Clvstr M} + v} (r M2)?] (3.3)

n
Zmiixiz —trM,
i=1

and

4

E <Cvi(eM2). (3.4)

E MyyXyuXy

u#v

The next one is the classical CLT for martingales, which can be found in the book of [11], for
instance.

Lemma 3.3. Let {Sy;, Fni, | <i <k,,n > 1} be a zero-mean, square-integrable martingale ar-
ray with difference Z,;. Suppose that
P

max |Z,;| — 0, 3.5)
1<i<k,
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and
kn J
>z ——1. (3.6)
i=l1

Moreover, E(max<; <k, Z,ZH-) is bounded in n. Then we have
Sut, —2 N (0, 1). (3.7)

The next one is the moment inequality for quadratic forms. One can refer to Lemma B.26
in [3], for instance.

Lemma 3.4. Let A = (a;;) be an n x n nonrandom matrix and X = (x1, x2, ..., X,) be a random
vector of independent entries. Assume that Ex; = 0, E|x;|> = 1 and Elx; |* < vy. Then for any
p=>1,

E[X*AX — trA|” < C,[(va tr(AA*))"/* + 1y, tr(AA*)"/?],

where C, is a constant depending on p only.

In [13] and [4], they estimated the entries of the projection matrix P; individually. We also
obtain a similar estimate. To present it, set

si=[(~loge))/*|,  s2=|plog™* p], (3.8)

where ¢, =1— p/n—0anda > 1/8.

Lemma 3.5. Recall the projection matrix P; defined in (2.6). If lim,,_, o % =1, then we have

E(m’?x pkk(i)) < Clogfg“ p (3.9)
and

P(m’?xpkk(i) > log™ 7 p) = 0(n'P) (3.10)
forp—sy<i<p—landn—p=0(n/log> n).

Since the proof of Lemma 3.5 is just a slight modification of that in [4] under our setting we
delay it until Appendix.

However, in our setting, the inequality (3.9) is not accurate when n — p > n'~® for any 0 <
8 < 1. To improve it, our strategy is to treat it globally to get an estimate for their sum (see (3.12)
below). The following is a crucial lemma. For 0 <i < p —sjand 1 <k <n, let

qrk (i) = pkk(l.)-
n—i
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Lemma 3.6. Under the above notations, if n/2 <i < p — s1, then we have

2
Epig (i) < C[—] (3.11)
ke 1+ %EtrG(,-)(a)
for 1 <k <n,where
1 - 1/6
Gila) = (;B(z’)Bg) +0‘Ii> ; a=n"8
In addition, if n — p > n'%/? then we have
p—s1 n
D0 Egi (i) =0(). (3.12)
i=0 k=1

We now start with the proof of Lemma 3.6. Let b (i) be the jth column of B(;y and By, )
denote the matrix obtained from B(;) by deleting the jth column b; (7). Denote « = o, =n"~
and

1 -1
Gij(o) = (;Ba,k)Bg,k) +oc1i> ,

1 -1
Gi(a) = (;B(i)Bg) +(xll~) .
Write
1 T -
Gi(a)= ;B(i,k)B(l',k) + ;bk(l)bk (i) +al; .
It follows from (2.6) and the Sherman—Morrison formula that

ki) = 1 =b] )(BiyBL) ™' bi(i)
= 1= b ()(Bs BE ) +be@b] ()™ i)
1 b/{(l)(B(t k)B(l k)) 1bk(i) (3.13)
L+ b () (B k) BE 1))~ "br(i) '
_ 1
1+b[ ()(Bix B 1))~ b (i)

IA

| -1
(1 + ;b,f ()G (i, k) ()bg (i)) ,
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which implies that

1 2
Epi (i) < E[ }
kk L+ 2bf ()G i (@b (i)

1 1 1 2
L Ty - ST a1 . tTII .
1+ nbk @) G k) ()bg (@) 1+ n]EtI‘G(,,k)(Ot) 1+ nEtI‘G(,,k)(O{)

A

1 2
< 2|: 1 :| (3.14)
1+ zEtrG(,;k)(a)

1 1 2
2B InT; . N Ir .
I+ b (DG r(be@) 1+ EtrGp(e)

2[ 1 T N 2E[5b£ ()G (i, ()b (i) — ﬁEtrGa,k)(a)]z
1+ 1B G @) 1+ 1Eu G '

<

Write

2

L7 L]
K ZE‘;bZ(Z)G(i’k)(Ol)bk(l) - ;EtrG(i,k)(oe) . (3.15)

We obtain by the C,-inequality that

2 . . 2 2 2
K < EE|b,{(z)G(i,k)(a)bk(z) — G| + ﬁEhrG(i,k)(a) —EtG()|
(3.16)
=K+ K>.

It follows from Lemma 3.4 that

K < [trG%i’k)(a) + trG%l-,k) (@)]

" (3.17)

Tl %o

C
.2 . 2
[wz +ia ] < —naz‘

=

Similarly to the proof of (5.10) of [4], we have

C

7. (3.18)

Ky <
no

From (3.16)—(3.18), we can see that K = o(1), which, together with (3.14), yields that

1 2
EpZ, (i) < c[ } . (3.19)
Kk 1+ 1Ew G (@)
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Note that

[l
14+ 1Etr G p (@)

IA

1 2 1 1 2
2 — < +2 1 — T (3.20)
1+ zEtrG(i)(oe) 1+ E]EtrG(,-,k)(a) 1+ EEU‘G(,‘)(O()

[ 1 T +2|:%EtrG(i)(a) — %EtrG(,-,k)(a)T
1+ 1B G ) @) 1+ 1Bt G () '

IA

By the Sherman—Morrison formula again, we have

DL (DG 1 (@b (i)

G @) ~wGapl)=- : -, (3.21)
l l 1+ 3b{ ()G iy @by (i)
which yields that
LnT ()32 .
2P DG ) (@)bi (i)
|trG(l‘)(Ot) —trG(i’k)(a)| = n N (@i.k) :
L+ by ()G .k ()b (i)
<ol
and thus,
1 1 2 1 )
;]EtrG(i)(ot) - ;Etr Ginl)| < n—2E|tr Giy(@) —tr G gy ()|
1 (3.22)
< —— =o(l).
~ n?a? o))

Hence, the desired result (3.11) follows immediately from (3.19)—(3.22).
The next aim is to show that (3.12) holds. Note that g (i) = pxk(i)/(n —i) <1/(n — i) and
ZZ=1 qri (i) = ZZ=1 Prk(i)/(m —i) = 1. We have

p=S1 n n/2] n p—si n
Z Z]quk(i) = Z ZIEq,fk(i) + Z Zqugk(i)
=0 k= i=0 k=1 i=1n/2]+1 k=1
/2] s L
2 .
= Z n—i +, 2 mzﬁpkk(z) (3.23)
i=0 i=(n/2]+1 k=1

pP—51 n 1 2
som+c Y : 2[ 1 } .
i=1n/2]+1 (n—1i) 1~|—;EH'G(,')(O[)
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By Lemma A.1, we can see that forn/2 <i < p — sy,

E(ll_trG(i)(a)> =si(a) + 0(n~'°), (3.24)

where

i i\? dai\"!
s,~(a):2(a+1—;+ (a—i—l—;) +7) . (3.25)

Hence, we have by (3.23)—(3.25) that

pP—s1 n 5 pP—s1 n 1 2
E ] omn+c -

i=0 k=1 i=n/2)+1

(3.26)
p—si " 1 2
<o)+ C -
som+c ) (n—i)2[1+i- S E—
i=ln/2)+1 (S R R
One can see that if
i_ 24+ o — Vol +4a
n_ 2 ’
namely,
) ( Vo +4g — Ol)
i<nll——— ),
2
then we have
—1i n—i\> i
>« and >o - —. (3.27)
n n n
Noting that n — p > n'%/?0 i < p —s; and —“1224“7“ ~ Ja =n""12 we have
/a2 + 4o —
i<p Sn(l _n—1/20) fn(l — W).
Hence, (3.27) is satisfied, which together with (3.26) yields that
P—S1 n P—s n 1 2
Y o =0 +C 3 ol ]
i=0 k=1 i=|n/2]+1 n o Q422) (n—i)
P—51 . 2
242/2)(n —
—om+c Y ”.2[ 2+2V2)(n —i) ] (328)
n—0D2LQ+2v2)(n—i)+2i

i=ln/2)+1
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= n (n—i)?
<om+C Y e

i=ln/2)+1

P—S1 1
=0()+C Z —= o).

i=|n/2]+1

Therefore, (3.12) holds. This completes the proof of Lemma 3.6.

4. Proofs of the main results

4.1. Proof of Theorem 1.1

The proof of Theorem 1.1 follows directly from Lemma 3.1, which was provided by [4]. Here,
we give the details as follows.

Note that the square matrix B = (bjx)nxn satisfies the conditions of Lemma 3.1. Applying
Lemma 3.1 with A,, = B, we have by (1.10) that

logdet B> —log(n — 1)! 4
/2logn

which together with (1.8) yields the desired result (1.11) immediately. The proof is complete.

N(0,1), “.1)

4.2. Proof of Theorem 1.2

For convenience of the reader, we present the complete proof of Theorem 1.2.
By Proposition 2.1, we assume that all square submatrices of B are invertible. In view of
(2.12), to prove (1.14), it suffices to show the following:

)
1 p—si J
= — Xit1——> N, 1); 4.2)

Y —2log(1 = £) ;

(ii)

1 & X7 p P
h=—— | —’2“ +10g<1 - ;> —— 0 4.3)

[—2log(1 — £) [0
(iii)

1 p—s1 P
ey
2log(1 n) i=0

I3 = Riy1 — 0 “4.4)
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(iv) if the last 5| rows of B are Gaussian, then

1 Pl A P
log FLEL = o (4.5)

J—2log( — £y i =5 1 net

(v) let B be a random matrix satisfying the basic Assumptions Cy and differ from B only in
the last s; rows. Then

Iy =

logdet(BBT) logdet(BBT) P
\/—210g(1 — by \/—210g(1 y

0, (4.6)

and thus,

logdet(BBT) — plogn — Tu,p logdet(BBT) — plogn — Top P

/—2log(1 — £) —2log(1 — £)

4.2.1. Proofs of (i) and (ii)

0. .7

Unlike [13] and [4], we have to distinguish two cases to prove (i) and (ii).

Casel. 1<n—p< n19/20

In this case, one can easily see that

el o)
=0 .
—2log(1 — 2) logn

The remaining proofs of (i) and (ii) are similar to the corresponding ones of Theorem 1.1 in [4]
by using Lemmas 3.5, 3.2 and 3.3.
CaseIl. n'%20 <p — p =ne,, where e, =1 — p/n — 0.

Applying Lemma 3.3 with k, = p — s1, Z,,; = X;/,/—21log(1 — %), we only need to show
that

1
max Xy ——0, (4.8)
[—2log(1 — 2) 0si=p=si
n
— Y X2, —1, (4.9)
_ D i+1
2log(1 ”)i=0

and

1
- E X2 )<c 4.10
“2log(1 - ) (05@’(—s1 i+1) = 4.10)

for some positive constant C independent of p and n.
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First, we prove (4.8). It suffices to show that for any ¢ > 0,

Z IP’(—|X,-+1| zs)
J—2log(1 — —)

For 0 <i < p — s1, denote

-0 asn — oo.

1 . . :
q/k(l)— P/k(l) 0i = (qjx() ., = P;.

n—i

Noting that tr Q; = 1 from tr P; =n — i, we have by (2.5) and (2.9) that

Xiy1 = Z‘Zkk(l) e — 1)+ unu(i)bi+1,ubi+1,u =Uit1+ Vig1.

u#v
Hence, to prove (4.11), we only need to show
1 p—si

_—_ EU%, — 0 asn — 0o
—2log(1 — £) g i+1 "

and
1 P51
_— EVY, —0 asn — oo.
_ _ Py2 Z i+l
[—2log(1 - D) =
Note that

2 n
Ul = |:ZQkk(l) Lk :| SCZEq]fk(i)-

k=1

We have by n!%20 < — p, p/n — 1 and (3.12) that

1 pil C pP—S1 n
L S < S S BR2m =00,
—2log(1 - £) g = 2log(1 - 2) G (1) = o(1)

i=0 k=1

95

@11

4.12)

(4.13)

(4.14)

(4.15)

which implies (4.13). On the other hand, noting that ¢, = 1 — p/n — 0 and 51 =

[(—logen)/*] — oo, we have by (3.4) that

-5 —s
1 P51 p—51

T AT 1 P 4 L 12
[—2log(1 — £)1? ; EViy = (logen)? g E(tr 07)

p—si
- C Z 1
= (oge,)? & (n—i)?
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C 1
< - .=
~ (logey)? 51
=o(D),

which implies (4.14). Hence, (4.8) is proved.

Next, we prove (4.9). Note that (ii) implies (4.9) directly. So we only need to show (ii), namely,

P—S1
—[Z X7 +210g<1 - E)} .o,
/—21og(1 — 2) Lo n

which can be implied by

1 p—si P
——0

) [X} ~E(X7,1|17)] :
J—2log1 - 2) 5

and

1 p—si
—[Z E(X?2,,|F) +2log<1 = 3)} LN}
[—2log(1 — 2) | iZo n

It can be checked that

2
E(X}117) = [(Z qjkObit1,jbit1k — ) ’E:|

Jj.k=1

2 - ,
=7 D i (Ebfy, x —3)
k=1
and

p—s1 2 p
> 2 2iog(1-2)
n—i n

i=0

1
= 2[logn —log(n —p +sl)] + 0<7> +210g(1 - E)
n—p+si n

= 2[log(n — p) — log(n — p +s1)] + o(é)

1
:210g(1 - S71> + 0(—)
n—p-+si S1

=o(l),

(4.16)

4.17)

(4.18)

(4.19)

(4.20)
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where the last equality above uses the fact that n'%? <n — p, e, =1 — p/n — 0 and 5| =
L(—logsn)1/4j — o0. It follows from n'%/20 <n — p, 1 — p/n — 0 and (3.12) again that

pP—s1 n
> "> "Eqi () =o(1). 4.21)
V—2log(1 = 2) i20 k=

Hence, (4.18) follows immediately from (4.19)—(4.21).
For (4.17), we conclude from (4.12) and (4.19) that

X7 —E(X}1F)

n
= 2|:_ Zq””(i)(biz+l,u - + 2unv(l) i+1, ubt+l v )
u=1

u#v

+ Z‘qu(l)%)v(l)( i1, ubz+1 v )
u#v

+ Z Guivy (i)Cquvz(i)bi+l,ulbi+1,vlbi+l,u2bi+l,vzj|

uFvy,upF#va, {ug, v }#{ug,v3}

1 & ,
2|:§ quu(l)(b?-l-l u ]Eb:‘-‘rl u)
u=1

+ (unu(l‘)(bl‘z.k],u - 1)) : (unv(i)bi+l,ubi+l,v>:|
u=1 u#v

=2Wi () +2W2()

(one may refer to formula below (3.1) in [4]). To prove (4.17), it suffices to show

P—S1
I = W (;; W](z)) -0  asn— 00 4.22)
and
1 p—s1
Jr= ZE|W2(:‘)| -0 asn— oo. (4.23)

[—2log(1 — £) o
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First, we deal with (4.23). Noting that n — p = ne,, where ¢, = 1 — p/n — 0, we obtain by the
Cauchy—Schwarz inequality that

—S1 n
Z ZEqkk(l)
N _IOgE” i=0 k=1
p— S1|: n 27172 241/2
——— > | B D (b, — 1)) } -[E(unv(i>bi+1,ubi+1,u> ]
—10g8n (u:l UFv
4.24)
p—Ssi n p—si 1 172 n , 1/2
Eqg, (i) + ( > : Eqjg. ()
«/—logen Xé; kh Jloglogn lz(; n—i ; kh

= Jo1 + Jn.

It follows from (3.12) that J>; = o(1). For J»;, noting that g (i) = pr’:"_( D < % and >, gk (i) =
1, we have by (3.11) and the proofs of (3.26) and (3.28) that

A N R R 172
J. . E i
n= o & (i7) (,; ‘”‘k(”)

C ln/21 C p—si L \/2 (2 1/2
< . Ea2 (i
— J/—loge, “ Z n—i J—logsn LZ/;Hl( i) (kz_; qkk(l))
c p=si 32 [ 172
<o)t —m—x Y ( ) : (ZEPM))
v—loge, i=pn2)+1 NPT k=1
C g n'/? 1
<o)+ ——— - : (4.25)
+/—loge, i=Ln2/2:J+1 (n — 1)3/2 1+ %EU‘G(,')(O{)
C P51 1/2 o
<o(l)+ WS Z n73/2 S
VTI088n _h4 (n—1) "
c = 1
st == Y
— N1/2 . pl/2
Wi logsnl Ln/2J+1 i) n
= o(1).

This finishes the proof of (4.23) in view of (4.24), (4.25) and J21 = o(1).
Second, we deal with (4.22). It is easy to check that

EW1(i) =0, EW1(@)W1i(j) =0, L# ],
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which yields that

p=si
1

- s 2.
~ T2log1 - Z) ; EWP@)

J1

C pP—s1 n pP—si s
* o) 2 <Zq””(l)) WZE< 2 q”“(”q”w(’)>

i=0 UV, uFw

+—210g(] Z ( Z qgu(i)CIvv(i)qu(i)> (4.26)

UFv, uFw

C P

+ m : E( Z |51u1v1(i)QMlvz(i)quzvl(i)quzv2(i)’>

=0 U V1, U2 #v)

=Ju+Ji2+Jiz+ Jia.

Noting that n'%?0 <n — p, 1 — p/n — 0 and Zu,quv(i) = ﬁ, we conclude from (3.12) and
Cauchy—Schwarz’s inequality (if needed) again that

I ﬁ pi‘l IE(X; quu(l)> = o(1), 427)
N
= e =) 2(; E<u¢§¢wq3v(i>q3w<i>>
C = ;)
= =D ; E(E%JO) 4.28)

—S51

- . pZ Lo
T —2log(l - ) (i —i)? =o(l),

. C = L .
JB:WZE( Z f],i@)‘]uv@)‘]ww@))

=0 UFV,UFwW
C pP—S1 n
=< _210g(1 _ p) Z E(;%,w(”) (quv(l)) (429)

C P51 n
B m Z E(unu(l)> _0(1)

u=1
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and

. c p—si ' ) . .
Jig = m Z E< Z |‘1u1v1 (DGuyvy (D Gurv, (l)qMZUZ(l)|>
og n0 =0 upvy,unFtv (4.30)

C Pl ) 2
= —2log(1 - 2) g E(;quv(1)> =o(l).

Hence, (4.22) follows immediately from (4.27)—(4.30), which together with (4.23) yields (4.17).
Combining (4.17) with (4.18), we can get (4.16). Thus, (4.9) and (ii) have been proved.

To end the proof of (i), we claim that (4.10) holds. Actually, it follows from (4.19) and (3.12)
that

—s1
1 p

1
71[43( max X2 ) < EX?
—210g(1 _ 5) Ofiﬁpx_ﬂ i+1) = —2log(l — g) lz_g i+1

C |:[7—S1 1 pP—s1 n
< + Eq? (i):|
S| 2 ) Bk
2log(1 n) oni e
1 -1 —
Jlogn—logti—pts)

logn —log(n — p)
<C,

which implies (4.10). This completes the proofs of (i) and (ii).

4.2.2. Proof of (iii) in (4.4)

If 1 <n— p<n'? then the proof of (iii) is still similar to the corresponding one of Theo-
rem 1.1 in [4]. So we only need to consider n'*/?° <n — p =ne,, where e, =1 — p/n — 0.
To prove (iii), we need the following two lemmas, whose proofs will be given in Appendix.

Lemmad4.1. If X;1>—1+ (loglogen’l)’l, where ¢, = 1 — p/n — 0, then one has
|Riz1l < C(UZ, +1Viga*7) logloge, !
forany 0 <& < 1. Here C = C(§) is a positive constant depending on § only.

Lemma 4.2. Under the Assumption Cy, we have

p—s1
ZP(XHI <—1+(log10g£n_1)_l)—>0 asn — oo,
i=0

where e, =1 — p/n— 0.
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Applying Lemmas 4.1 and 4.2, we have with probability 1 — o(1) that
|Ri1| < C(UZ +VigrP7) logloge, !, 0<i<p—s.

Hence, to prove (iii), it suffices to show

logloge:! "
22280 S (U2 + Vi PP) —— 0. 4.31)
[—2log(1 - £2) ;5

Noting that n19/20 <n— p=ne,, where ¢, =1 — p/n — 0, we have by (3.12) that

loglogs_ — Cloglogs_lp 1
Z t+l =S

]Eqkk(l) =o(l). 4.32)
—2log(1l — p) i=0 ‘/loggn 12(; kX;

Moreover, we have

logloge~! R Clogloge—! "2 248
_ logloges, E|V;y 2T < L0808 (]EV N
—2log(1 - £) 5 Jloger ! izo
_ Clogl —1 7=
< S 05088 Z(n _)~F (4.33)
,/logsn i=
=o(D),

which together with (4.32) yields (4.31). This completes the proof of (iii).

4.2.3. Proofs of (iv) and (v)

For (iv), note that when the last s; rows of B are Gaussian, {r
are independent random variables and

l+]l+1vl=p_sl+1s"'1p_1}

2 T 2 2 .
Fitti+t = Pipr Pibit ™~ Xaepy = Xn—is i=p-si+l....p—1

One may refer to Section 7 of [13] for instance.

Similarly to the proof of equality (7.1) of [13], one can get (4.5) immediately.

Finally, we prove (v). The proof is different from that in [4]. We have to distinguish two
different cases according as (n — p) > d, = sl/ ® or (n — p) < d,. Moreover, we use induction
to handle the case of (n — p) < d,. In addition, our overall strategy is to replace one row at each
step, and derive the difference between the distributions of the logarithms of the magnitudes of
two adjacent determinants. Hence, it suffices to compare two matrices with only one different
row. Without loss of generality, we only need to compare two random matrices B = (b k) pxn

and C = (b k) pxn satisfying Assumption Cy such that they only differ in the last row. Assume
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that bjy =bjr,1<j<p—1,1<k<n,and b[T, and l_)IT, are independent. Here we use bIT, and

b7 to denote the pth row of B and C.

To prove (v), we consider two cases.

)n—p=>d, :sll/16 — 00, where 51 = L(—logsn)l/ﬂ ande, =1— p/n— 0. Set

b{ b{
Bp-1 - : Bp-1
Bz(bjk)pxnz . =< T )’ Cz(bjk)pxnz ) =< T .
;71 bp b;—l bp
T CT
bp bp

Note that the following basic properties of determinant:

A B o
det(c D):det(A—BD C)detD,

det(A ~|—uvT) = (1 ~|—VTA_111) detA.

These and (2.6) yield
det(BB")
T
— det <B(pT—l)f(p—1) B(pT—l)bp>
byBip—ry Dby

= det(B(p—1) B{,_1) = Bp-1bp(bjby) by Bl,_ 1) - det(b) b))
=[1- biB(ca—l)(B(pfl)B(Z—l))_lB(pfl)bp(bsz)_l] det(B(pfl)B{p—l)) 'bgbp (4.34)
= b;[ln - B(Tp—l)(B(pfl)B(Tp—l))_lB(pfl)]bp 'det(B(pfl)B(Tp—l))
= b;Tsz—lbp 'det(B(p—l)B(Tp—l))
=r,,-det(B,-nB[l,_})).
where

2
Tpp = b;PP—le = b,f(l’jk(l’ = 1)nbp

. (4.35)
= > pix(p—Dbpibpc+ Y prc(p — Dby
1<j,k<n k=1
j#k
Similarly, we have
- - Bp-1yB{,_;, Bp-nb
det(CCT)zdet (PT 7 PD LoTP
b, B(,-1) b,b,
(4.36)

=2 T
=Tpp- det(B(P—l)B(p—l))’
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where

-2 =T h, b
Fop =b, Ppoiby=b(pjx(p— 1), by

i (4.37)
= > pap = Dbpibpic+ Y pia(p = Dby
1<j,k<n k=1
ik

From (4.34) and (4.36), we can get that

logdet(BBT) logdet(C_'C_‘T) _ logr;p - IOgE"IZ,p _ 10gf,2;p - logEFIZ)p 4.38)

\/—210g(1 — 2 - \/—210g(1 —2) - \/—210g(1 —2) \/—210g(1 — 2

where ]Ergp = Eff,p =n—p+ 1 from (2.7).
We next show that

2 2
logry, —logEr,,

- = 0p(s;"?) (4.39)
J —2log(1 —5)
and
log#2, — log Ei2
Sl ~ 08 pp op(s7). (4.40)

J—2log(1 - 2)

Note that Pp_1 =1, — B(c?_l)(B(p,l)B(Tp_l))_lB(p,l) is a projection matrix. Hence, the eigen-
values of Pj,_1 are O or 1. Since Rank(P,_1) =tr(P,—1) =n — p + 1, we have

n
1Pyl =) pi(p—D=n—p+1. (4.41)
jok=1
It can be easily checked by (4.35) that

n
Var(rp | Fpo1) = (Eby; = 3) Y pi(p — D +2[ Ppi|I*.
k=1

By (4.41), we then have
Var(rp, | Fpo1) =0 —p+1). (4.42)

Let

Inp = —210g<1 - g) -s1_3/2 = —210g<1 — S) . (L(—logen)l/4j)_3/2 > 0.
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Noting that ]Erlz,p =n — p + 1, we conclude from Markov’s inequality that

2

P(|logr§p - logErip| > tn,,)
"pp
72

= ]P’( > t,,p>
pp

2 2
:]P’( pg >et”1’> +]P’< pg <e_’"1’)
Er Erpp

” (4.43)
= ]P’(rlznl7 — Erl%p > (et’”’ — I)Erlz,p) + IP’(rIZJP — Erf)p < (e_t”P — I)JErlz,p)
Elry, —(n—p+ D Elr}, —(n—p+1J?
T =D2-(n—p+1)2 (e =12 -(n—p+1)?
= H| + H;.

In the following, we show that H; = o(1) and Hy = o(1).
It follows from (2.5) and (2.6) that E(r[%pl}'p_l) =n — p + 1, which together with (4.42)
yields that

E|r§p —(n—p+ 1)‘2 = E[Eﬂrl%p —(n—p+ 1)|2|]-"p,1)]

= E[Var(r}, | Fp-1)] (4.44)
<Cn—-—p+1).
Noting that
dy <n—p=ney, en=1—p/n—0,
we can see that
Ca(—logen)'’® <1, < C3y/logn, (4.45)

where C and C3 are two positive constants independent of n and p. Hence, we have by (4.44),
(4.45) and ¢* — 1 > x that

2 2
H = E|rpp—(n—p+1)|
(e =12 (n = p+17
C
S—
ta,-(n—p+1)

(4.46)

< 7(_102‘;8")1/4 =o(l).
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. Inp
For H,, noting that (_—

(4.44) and (4.45) again that

)% is non-increasing for ,, > Co(—loge,)!/®

> 0, we have by

= Elr2, —(n—p+DJ?

(e —1)2-(n—p+1)?

e \2 Elrj,—(n—p+1DJ?
_<e’"v—1> (= p+1)?2

4.47)
C

<< ‘.,

n—p+1~4d,

Hence, (4.39) follows immediately from (4.43), (4.46) and (4.47). Similarly, we can also prove
(4.40). From (4.38)—(4.40), we have

logdet(BBT) logdet(CCT)
\/—210g(1 — by \/—210g(1 — by

= 0p(s;). (4.48)

Then after s; = [(—log e/ 4J steps replacing, we can get (4.6) immediately, and thus, (4.7)
holds.

(i) 1 <n — p < d,. Noticing that | ——2&"

7210g(17§)
in the sequel. We consider the special case n = p first. Since B and C are n x n matrices, it is
elementary that

| is bounded we replace —21log(1 — %) by logn

n n
det(B) =Y buBu,  det(C) =) buBuk.
k=1 k=1

where By is the cofactor of by, and b,y . Similar to (4.38), it suffices to prove that

10g(ZZ=1 bnank)2 _ 10g(ZZ=1 Bnank)z _ 0[@(573/2),

Vlogn Vlogn !
ie.
108(33—1 buk Bu)* —10g(3j—y BE) 108X %y bur Bar)* —log(3_; B2,
Viogn ) Viogn (4.49)
= 08 (s, ).
Set

fnp = Viogn - 31_3/2 =/logn - (L= 10g8n)1/4J)_3/2 — 00,

and
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n 2
]P’( log (Z b,,ank> —log A?

k=1

= P<_| Rt bt B > ef’w/z) + ]P’<| Ly Pt Bl < e_f"p/z).
A A

(4.50)

Referring to the proof of (v) in [4], we can find that

i1 buk B
sup P(W < x) —Y(x)| =o0(1),
X

and

sup
X

A

p(Eh Bt ) o] o,

where W (x) is the cumulative distribution function of the standard normal distribution. From the
above two equations and the fact that 7, p — 00, we have (4.50) = o(1), which implies that (4.49)
holds.

For the general case when n — p < d,,, we use induction on p. The aim is to prove that

logdet(Bp) B(Tp)) log det(é(l’) 6(7;7))
Jlogn Vlogn N

Note that (4.51) holds for p = n by (4.49). Now suppose that (4.51) is true for p = p; such that
0 <n— p1 <d, — 1. We next prove that (4.51) holds for p = p; — 1. In order to apply (4.51) for
p = p1, we define two new matrices based on By and C,):

Bp) - (Cyp
P P

where BIT, is Gaussian, D and E only differ in the row next to the last one. According to induction
((4.51) holds for p = p1), we have

Op((n—p+ s ). (4.51)

logdet(DDT)  logdet(EET)
Jlogn Jlogn

Similar to (4.34), we expand D and E from the last row and obtain

= 0p((n — p)s; 7). (4.52)

log det(DDT) = flz,p + log det(B(p)B(Tp)), log det(EET) = F12717 + log det(C_’(P)C_‘(Tp)),

where

. - 1 - o= AT (A AT \—1A
Fop=b1(In— Bl (BB Bip)by,  Fpp=bL (1, —Cl (C(»Cl,))™ Cipy)by.
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Therefore,

logdet(DDT) logdet(EET) logdet(B(p)B ») logdet(C(p)C(p)) Inglzyp 108’:,271;
JIogn Jlogn Jlogn Jlogn Jlogn  /logn’

Hence, by (4.52), in order to show (4.51), it suffices to prove that

logflz,p —log(n — p) B log Flz,p —log(n — p)
Jlogn J/logn

= 0p(s;). (4.53)

. _T . . 2 . . o, . .
Since b, is Gaussian, rpp and 7 r ~ Xy—p- By a simple calculation, it is straightforward to get

]P’(|logf[2,p —log(n — p)| > inp) + IP’(|10g;7[2,[, —log(n — p)| > inp) = 0(1),

which implies (4.53) directly. Thus, by the induction arguments, we have shown that for any
1 <n-— P = dn’

logdet(BBT) logdet(CCT)
J-2log(1—2) /-210g(1 - 2)

= Op(dus; ") = Op (s, 2/"). (4.54)

Then, after s steps replacing, we can show that (4.7) holds. This completes the proof of the
theorem.

Remark 4.1. To conclude this section, we present the differences between Theorem 1.2 and the
corresponding ones of [13] and [4], and the novelty of the present approach.

First, the present paper establishes the logarithmic law of sample covariance matrices based
on a rectangular random matrix B = (bx)pxn, While [13] and [4] established the logarithmic
law of sample covariance matrices based on a square random matrix B = (bj1)nxn-

Second, to make the log determinant manageable we use the QR decomposition to obtain a
martingale decomposition of the determinant, while [13] and [4] directly made use of the Girko’s
method of perpendiculars.

Third, [13] and [4] estimated pix(i) (see the definition above (2.4)) individually. In our
setting, such an estimate (see the inequality (3.9)) is not enough when n — p > n'=% for
any 0 < § < 1. Our strategy is to treat it globally. Namely, we estimate the summation

P > k1 Ep} (i) instead of E(maxy pik(i)). We get that > 7' >} Ep?, (i) = O(1) in-
stead of Z” . il lEpkk(’) = O(loglogn) given in [13] and [4]

Finally, to prove the Gaussian replacement for the last s; row of B will not affect CLT, we have
to distinguish two different cases according as (n — p) > d, = sl/ 16 or (n — p) < d,. Moreover,
we use mathematical induction to handle the case of (n — p) < d,, and an appropriate expansion
of the log determinant to avoid resorting to the Berry—Essen bound for quadratic forms. However,
[13] and [4] used the classical Berry—Esseen bound for the sum of independent random variables.
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Appendix
A.1. Proof of Proposition 2.1

Set Ay, = (Dji)nxn. Note that B = (bji) pxn is then a submatrix of A, = (bji)nxn. Applying
Cauchy’s interlacing law, we can get that

51(An) = s1(B), sp(B) = sp(Ay), (A.T)
where s1(A;), $2(Ay), ..., Sn(A,) are singular values of matrix A, such that s1(A,) > s2(A,) >
- > 5,(Ay), and s1(B), 52(B), ..., sp(B) are singular values of matrix B such that s;(B) >

52(B) = -+ > s5,(B).
For s1(A,) and s, (A,), as in [4] we have for some positive constant L and C,

P(si(Ay) >n) <Cn V2 P(sy(A) 2n"t)=1- 0( Vij;”), (A2)
which, together with (A.1), yields that
P(s1(B) = n) <P(s1(A,) = n) < Cn~'/2, (A3)
and
P(sp(B) = n~ L) = P(sy(A)) =n~F) =1— 0( ij}if”). (A.4)

Now let ) follow the uniform distribution on the interval [—+/3, v/3] independent of B. Let
Ojk, 1 <k < p,1 <k <n be independent copies of 6y. And we set B= (5jk)pxn, where 15jk =
(11— 83)1/219];{ + €n0k. Here we choose ¢, = n~100+20)n DPeppte ©,, = Oj1) pxn- It follows
from Weyl’s inequality that

|s:(B) — (1= £2)"%5:(B)| < eallOpllop < Cn=@+2Ln i =12, ... p. (A5

Combining (A.4) and (A.5), we have with probability 1 — 0(—V1°\/§") that

)4
det(BBT) ]_[ (B)=(1—2)"(1+ 0(n=+bn 2”]_[s (B)

i=1
(A.6)

= (14+o0(1))det(BBT),

which implies (2.2). Noting that 6y is a continuous random variable and bi k=1 —¢ )1/ 2p ik +
en0jk, we can get (2.1) immediately. The proof is completed.
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A.2. Proof of Lemma 3.5

To prove Lemma 3.5, we need the following lemma, whose proof is similar to that of Lemma 5.2
in [4]. So we omit the details.

Lemma A.1. Let X = (x;;) pxn be a random matrix, wheren/2 < p <nand{x;j,1 <i <p,1 <

Jj < n} is a collection of real independent random variables with mean zero and variance 1.
Moreover, we assume that sup, max; ; Ex;‘j < 00. Denote Gpy(a) = (%XXT + Ol[p)_], where

a =n"V0_ Then we have
1
E(;trG(p)(a)> =sp(@) +0(n"/%) (A.7)
and

Var(% tr G([,)(a)) =0(n'7), (A.8)

2 -1
4
n n n

Proof of Lemma 3.5. First, we prove (3.9). In view of (3.13), to prove (3.9), it suffices to show

where

1 —1
]Eml?x(l + —b/ (i)G(i,k)(a)bk(i)) <Clog % p (A.9)
n

forp—s <i<p-1.
By the Sherman—Morrison formula again, we have
b (DG ) @by (i)

trGy(a) —trG p(a) =— - —,
l l 1+ b ()G . ()b (i)

(A.10)

and thus,
tI‘G(,') (@) <tr G(i,k) (o).

For some small constant 0 < ¢ < 1/2,for p —sp <i < p—11let
1
x(i) = (— tr G () = log'™ p>,
n

1
Di(i) = <; ml?x

Z G i,k (u, V)bukbyk

1<us#v<i

<8),

i

. .o g2 —

Dy (i) = <m]§XX;G(i,k)(J, Db =log™ p- trG(z‘,k)(Oé))-
]:
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Let G k) (u, v) denote the (u, v)th entry of G; «)(c). When there is no confusion, we will omit
the parameter o from the notations G ; x)(«) and G;)(«). It can be easily checked that

1 -1
]Emfx(l + ;bkr(i)G(i,k)bk(i)>
1
< IP’(— trG)(a) < loglo“ p)
n

1 -1 ‘
+EI(x () ml?x(l + ;b,{(i)G(i,k)bk(i)) [1(D1() + 1(DS())]

. -1
1 10 . 1¢ .2
< P(;ter(a) <log “p> +E1(x(l))mlg><(1 +- > Gun G by — e

j=1
)

1
—}—IP’(— max
n k

Z G i k) (U, V) by by

1<us#v<i

1
= IP’(— tr G ) () < log'% p)
n

: -1
1 L
+EI(x @) ml?x<1 +- > Gn (. by — e) [1(D2(D) + 1(D5())]

j=1

1
—HP’(— ml?x

n

D Gn(, v)bubuk

1<us#v<i

> s) (A.11)
1 1 -
- i 10a . —a - . _
§]P’( trG)(a) <log p) +EI(x (@) m]?x<1 +log™ @ p-—trGp 8)
n n
n i 1
+ CZ]P’(Z Gin(j. b <log™ p - tr G, —Gpy(@) > log'% p)

k=1
)

1 1 -
< IP’(— trG(a) < logm“ p) + IEI(X (i)) (1 +log™“p-—trGg) — 8)
n n

j=1

1
—i—]P’(— max
n k

Z G i,k (u, V)Dyrbyk

1<us#v<i

n i
. _ 1
+ CZIP’(Z Gty (j. D% <log™ p-tr Gy, —wGpy(@) log!% p)

k=1
)

j=1

1
—HP’(— m]:qx

n

> G, v)bubu

1<u#v<i

=W+ Wo 4+ W3+ Wy,
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Noting that n — p = O(n/10g?% n) and similarly to the proof of Lemma 3.3 in [4], we have by
Lemmas 3.2 and A.1 that

W, = o(n_l/3), W, < Clog ™3 p,
(A.12)
W3 =0(n_1/3), Wy = O(n_l/3),

which together with (A.11) yields (A.9). Hence, (3.9) is proved.
We next prove (3.10). Similarly to the proof of (A.11), we have by (3.13) that

P(max pui (i) = log ™™ p)
1 -1
< P(mI?X<1 + —b} (i)G(i,k)bk(i)) > log™ " P>
n
1
< P(— trG i) (@) <log'™ p)
n
1 T - . - —Ta 1 10a
+P m]flx 1+ ;bk ()G kbr () >log™ '“ p, ;trG(,-)(ot) >log ™ p

1
< IP’(— tr G i) () < log!% p)
n

. -1
1 ¢ . _ 1
+P<m,§ix<1 + - E Gx(Js J)b%k - 8) >log™ " p, ;trG(i)(Ol) > log!™ P)

j=1
)

> G, v)burbu

1<us#v<i

1
—HP’(— max
n k

X (A.13)
< IP><— tr G ;) (a) < log'™ p>
n

1 ! 1
+IP’<<1 +log™p-—trGg) — 8) >log™ " p, —tr Gy(a) > log'% p>
n n

n i
1
+C ZP(Z G, j)b?k <log™p-trGp, - tr G iy (@) > log'™ P)

k=1
)

j=1

> G, v)burbu

1<us#v<i

1
—HP’(— max
n k

=W+ Ws+ W3+ Wy,
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We have proved that W = o(n™1/3), W3 = o(n™1/3) and W4 = O(n~'/3) by (A.12). Moreover,
we claim that

1 ! 1
Ws = ]P’((l +log™¢p-—trGg) — 8) >1log™ " p, —tr Gy () > log'™ p)
n n
(A.14)
=0

for sufficiently large p. In fact,
1
Ws < IE”(C log™% p >1log™" p, —tr Gy (@) = log'™ p) =0 (A.15)
n

for sufficiently large p, which yields W5 = 0 for sufficiently large p. Hence, (3.10) is complete.
This completes the proof of the lemma. (]

A.3. Proofs of Lemmas 4.1 and 4.2

The proof of Lemma 4.1 in the paper is similar to that of Lemma 4.1 in [4]. The only difference
is that “logn” in [4] is replaced by “log e;l”, where ¢, =1 — p/n — 0. So we omit the details
of the proof.

Next, we give the proof of Lemma 4.2. It is easily checked by (4.12) that

P(Xip1 < —1 +(log10g8n_l)_l)

n
§P<quk(i)bi2+l,k <2(10g10g8n_1)_1> (A.16)

k=1

+(
A ~ h.. —Eb:
bix=bjil(Ibjx| < (logloge; 1)), b; _ ik Bbjk

Jk= -
y/ Var(b )

It follows from the assumption sup, max;<;<p Eb‘}l < o0 that

. 1 e
unv(l)bi+l,ubi+l,v Zi(logloggn ) )

u#v

Denote

Ebjy = O((logloge;l)fﬁ), Var(bjr) =1+ O((logloge;l)%).
Consequently,
bjx=bjx + O((loglogs;])72),
which implies that

b3, <2b% + O((loglog 5;1)74) <2b% + (loglog 8;1)72
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for sufficiently large n. Therefore,

n n
P(quk(z’)b?_’_l’k < 2(loglog8;l)_l) < P(quk(i)l;iz+l,k < 2(10g10g8n_1)_1)

k=1 k=1

A

n
]P’(quk(i)l;izﬂ’k < C(loglogsnl)_l>

k=1
<P > l ,
- -2
which together with (3.3) yields that

n
P(Z QLA 2(1°g10g8"_1)1)

k=1

n
> au b — 1

k=1

< C[(logloge; )® - tr 0F + (ir 02)*] (A.17)
= C[(loglogs;l)8 -(n— i)73 + (n— i)fz].

Moreover, it follows from (3.4) that

i

Noting that s; = | (—loge,)'/*], we have by (A.16)—(A.18) that

1

. —1\—1 o\ — —1\4
> quw@big1ubivio| > 5 (logloge, ') )sC(n—z) ?. (logloge, ')". (A.18)

u#v -2

p—s1
> P(Xip1 < —1+ (logloge; 1) ™)
i=0
s I e
—1 -1

§C|:(loglog£n ) - ; 1)} + (logloge, ') ; (n—i)2:|

) C[(logloga,;‘)8 (loglogs, 1)4}

- (logey H1/2 (log ey )14

—0 asn — o0.

This completes the proof of Lemma 3.6.
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