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This paper is concerned with tests for changes in the jump behaviour of a time-continuous process. Based
on results on weak convergence of a sequential empirical tail integral process, asymptotics of certain test
statistics for breaks in the jump measure of an Itd6 semimartingale are constructed. Whenever limiting dis-
tributions depend in a complicated way on the unknown jump measure, empirical quantiles are obtained
using a multiplier bootstrap scheme. An extensive simulation study shows a good performance of our tests
in finite samples.
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1. Introduction

Recent years have witnessed a growing interest in statistical tools for high-frequency observa-
tions of time-continuous processes. With a view on finance, the seminal paper by [9] suggests
to model such a process using an It semimartingale, say X, which is why most research has
focused on the estimation of (or on tests concerned with) its characteristics. Particular interest
has been paid to integrated volatility or the entire quadratic variation, mostly adapting parametric
procedures based on normal distributions, as the continuous martingale part of an It6 semimartin-
gale is nothing but a time-changed Brownian motion. For an overview on methods in this field
see the recent monographs by [14] and [3].

Still less popular is inference on the jump behaviour only, even though empirical research
shows a strong evidence supporting the presence of a jump component within X; see, for exam-
ple, [2] or [1]. In this work, we will address the question whether the jump behaviour of X is
time-invariant. Corresponding tests, commonly referred to as change point tests, are well known
in the framework of discrete time series, but have recently also been extended to time-continuous
processes; see, for example, [19] on changes in the drift or [12] on changes in the volatility
function of X. However, to the best of our knowledge, no procedures are available for detecting
breaks in the jump component.
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Suppose that we observe an It6 semimartingale X which admits a decomposition of the form

t t t
X=X+ [ bods+ [ asdws+/Aul{\Ll|§1}(u—ﬂ)(ds,du>
0 0 0

t
+//M1{|u\>1}u(du,dz),
0 Jr

where W is a standard Brownian motion, u is a Poisson random measure on Rt x R, and
the predictable compensator i satisfies u(ds, du) = dsvs(du). It is well known from standard
literature (see, for instance, [15]) that in this setup

t
//(1/\|u|2)vs(du)ds<oo
0 JR

(1.1)

holds for each ¢ > 0.

Now, we assume that we have data from the process in a high-frequency setup. Precisely, at
stage n € N, we are able to observe realizations of the process X at the equidistant times i A, for
i=1,...,n, where the mesh A,, — 0, while nA,, — o0. In this situation we want to test the null
hypothesis that the jump behaviour of the process is the same for all n observations, that is, there
exists some measure v such that v;(dz) = v(dz) for all ¢, against alternatives involving the non-
constancy of v;. For instance, one might consider an alternative consisting of one break point,
that is, there exists some 6y € (0, 1) and two Lévy measures vy, v such that the process giving
the first [n6p| observations has Lévy measure v; and the remaining n — |n6g]| observations are
coming from a process with Lévy measure v;.

For z > 0, set Z(z) := [z, 00), whereas for z < 0 set Z(z) := (—o00, z]. Let U (2) := v(Z(2))
denote the tail integral (or spectral measure; see [23]) associated with v, which determines the

jump measure uniquely. For £1, £> € {1, ..., n} such that £; < £>, define
1 b
Uy, = TIian e R\ {0}),
£1:6,(2) GG T DA, ,;;1 (ATXEI()) (z \ {0})

with AX := XA, — X(j-1)a, Which serves as an empirical tail integral based on the incre-
ments AZ‘I X, ..., A;’z X.If X is a Lévy process with a Lévy measure v not changing in time, [10]
illustrated that Uj.,(z) is a suitable estimator for the tail integral U(z) in the sense that, under
regularity conditions, U1.,(2) is L2-consistent for U (z). Such a result can be shown to hold for
processes with time-varying drift and volatility as well. Hence, following the approach in [13], it
is likely that we can base tests for Hy on suitable functionals of the process

Dy (0,2) :=Utn9)(2) — U(no+1) (2),

where 6 € [0, 1] and z € R\ {0}. Under the null hypothesis, this expression can be expected to
converge to 0 for all 6 € [0, 1] and z € R\ {0}, whereas under alternatives, for instance, those
involving a change at 6y as described before, D, (6p, z) should converge to an expression which
is non-zero.
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More precisely, we will consider the following standardized version of D,,, namely
T (9. 2) 1= VnAwdn O{Ut:1n6) (2) = U(ino)+1):0(2) | (12)

for 6 € [0, 1] and z € R\ {0}, where 1,(0) = % %. An appropriate functional allowing to
test the hypothesis of a constant Lévy measure is for instance given by a Kolmogorov—Smirnov
statistic of the form

Tn(’:) = sup sup‘T,,(@,z)
0¢€[0,1]|z|>¢

, e>0. (1.3)

The null hypothesis of no change in the Lévy measure is rejected for large values of Tn(g). The
restriction to jumps larger than ¢ is important, since there might be infinitely many of arbitrary
small size.

The limiting distribution of the previously mentioned test statistic will turn out to depend in
a complicated way on the unknown Lévy measure v. Therefore, corresponding quantiles are not
easily accessible and must be obtained by suitable bootstrap approximations. Following related
ideas for detecting breaks within multivariate empirical distribution functions [13], we opt for
using empirical counterparts based on a multiplier bootstrap scheme, frequently also referred to
as wild or weighted bootstrap. The approach essentially consists of multiplying each indicator
within the respective empirical tail integrals with an additional, independent and standardized
multiplier. The underlying empirical process theory is for instance summarized in the mono-
graph [18].

The remaining part of this paper is organized as follows: the derivation of a functional weak
convergence result for the process T, under the null hypothesis is the content of Section 2. The
asymptotic properties of Tn(s) can then easily be derived from the continuous mapping theorem.
Section 3 is concerned with the approximation of the limiting distribution using the previously
described multiplier bootstrap scheme. In Section 4, we discuss the formal derivation of sev-
eral tests for a time-homogeneous jump behaviour, whereas an extensive simulation study is
presented in Section 5. All proofs are deferred to the Appendix.

2. Functional weak convergence of the sequential empirical tail
integral

In this section, we derive a functional weak convergence result for the process T, defined in (1.2)
under the null hypothesis. More precisely, for any fixed ¢ > 0, we will show weak convergence in
the metric space £°>°(A,) of all real-valued bounded functions on A, equipped with the sup-norm,
where A, := [0, 1] x M, with M, := (—o00, —¢] U [¢, 00). Throughout this work, we denote by
Il f1las the sup-norm of a real-valued function f defined on a set M.

The following regularity conditions will be imposed on the underlying It6 semimartingale X
with representation (1.1) and on the sampling scheme, respectively.

Condition 2.1. (a) The drift b; and the volatility o; are predictable processes and there exists
a non-negative random variable S on the underlying probability space with ES? < oo for some
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p > 2 such that, for P-almost every o € Q,

sulg{|bt(a))] + |0t ()]} < S(w).
[

(b) There exists some Lévy measure v such that v = v for all t > 0.

(¢) v is absolutely continuous with respect to the Lebesgue measure. Its density h = dv/dA,
called Lévy density, is continuously differentiable in every point 7 € R\ {0} with derivative h'
and satisfies, for any ¢ > 0,

sup {|h(2)| + | (2)|} < 0.
lz|>e
(d) The observation scheme satisfies
A, — 0, nA, — oo and nAlTT -0, 2.1
where t =(p —2)/(p + 1) € (0, 1) with p > 2 from Condition 2.1(a).

Remark 2.2 (Lévy processes and processes with independent increments). If b, and o; are de-
terministic and bounded functions, the process X has independent increments and condition (2.1)
can be weakened to

A, — 0, nA, - oo and nA?l — 0. 2.2)

The details are not worked out for the sake of brevity but they can be found in a former version
of this article on arXiv; see [5]. In particular, condition (2.2) is sufficient in the important case of
Lévy processes, where drift and volatility are constant.

The limiting behaviour of the process T, can mainly be deduced from the next theorem, which
is a result for weak convergence of a sequential empirical tail integral process. For 6 € [0, 1] and
z € R\ {0} set

16| o]
U (0, 2) i= —=Ulijno) (2) = P ; Lianxez)» (23)
where k, :=nA,, and denote its standardized version by
Gn(0.2) = Vkn{Un (0. 2) — EU, (6. 2)}. (2.4)
Obviously, the sample paths of U, (0, z) are elements of £°°(A,).

Theorem 2.3. Suppose the assumptions of Condition 2.1 are satisfied. Then, for any ¢ > 0,
Gp ~ Gin (£°(Ag), || - | a,), where G is a tight mean zero Gaussian process with covariance

H(61,21; 62, 22) == E[G (61, 21)G (62, 22)] = (61 A 62) x v(Z(21) N L(22))
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for (01, 21), (62, 22) € A¢. The sample paths of G are almost surely uniformly continuous on A
with respect to the semimetric

p (01,215 02, 22) == {61 A ODV(T(21) AL (22)) + 161 — 210 (T (z1.6,.00))) }/*

with L(01,62) := 1+ 19,<6,) and where A denotes the symmetric difference of two sets. More-
over (Ag, p) is totally bounded.

Note that we have centered U, (6, z) around its expectation in (2.4). In most applications,
however, we are interested in estimating functionals of the jump measure, for which the next
lemma is essential. By a standard approximation argument, it is sufficient for our purposes to
have the lemma for Lévy processes. In that case, similar statements can be found in [11], with
slightly stronger assumptions on /4, and in [7] in the bivariate case. As the proof is essentially the
same up to minor modifications, it is not carried out explicitly for the sake of brevity.

Lemma 2.4. Let X be a Lévy process with characteristic triplet (b, o, v) and with the jump
measure v satisfying Condition 2.1(c). Let further § > 0 be fixed. Then there exists a constant
K = K(8) > 0 such that, for all |z| > 6 and all t > 0,

|P(X; € Z(2)) — tv(Z(2))| < K12
We are now in a position to consider the process

Gn(0.2) 1= Vkn{Un (0, 2) — 0v(Z(2))}.

As an immediate consequence of the previous two results, we obtain the following sequential
generalization of Theorem 4.2 of [7].

Corollary 2.5. Suppose the assumptions of Condition 2.1 are satisfied. Then, for any ¢ > 0,

Gn ~ Gin (£°(Ag), || - la,), where G denotes the Gaussian process from Theorem 2.3.

A further consequence of Theorem 2.3 is the desired weak convergence of the process T,
which was defined in (1.2), under the null hypothesis.

Theorem 2.6. Suppose the assumptions of Condition 2.1 are satisfied. Then, for any & > 0, the
process Ty, defined in (1.2) converges weakly to T in (£°(A), || - ||, ), where

T®,2)=G@6,z) —0G(, z)
for (8,2) € A;. T is a tight mean zero Gaussian process with covariance function

H(61,21:02.22) :=E{T(01,21)T (62, 22)} = { (61 A 62) — 0162 }v(Z(21) N L(22)).

Using the continuous mapping theorem, we are now able to derive the weak convergence
of various statistics allowing for the detection of breaks in the jump behaviour. The following

corollary treats the statistic Tn(g) defined in (1.3).
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Corollary 2.7. Under Condition 2.1 we have, for each ¢ > 0,

Tn(g) s T . — sup sup |T(9, Z)‘

0=0<1|z|=e

The covariance function of the limiting process in Theorem 2.6 depends on the Lévy measure
of the underlying process, which is usually unknown in applications. If one only wants to detect
changes in the tail integral of the Lévy measure at a fixed point zg € R\ {0}, the following
proposition deals with the simple transformation

T, (0, z0) 101 a0y=0)
v U1 (20) =

of T,, which yields a pivotal limiting distribution.

V& (9) =

Proposition 2.8. Suppose Condition 2.1 is satisfied and let zg € R\ {0} be a real number with

v(Z(z9)) > 0. Then, V,(f(’) ~~ B in £°°([0, 1]), where B denotes a standard Brownian bridge. As
a consequence,

VO = sup [VE) )]~ sup [BO)].
0el0,1] 6¢€[0,1]

Remark 2.9. We have derived the previous results under somewhat simplified assumptions on
the observation scheme in order to keep the presentation rather simple. A more realistic setting
could involve additional microstructure noise effects or might rely on non-equidistant data. In
both cases, standard techniques still yield similar results.

For example, in case of noisy observations, [25] has shown that a particular de-noising tech-
nique allows for virtually the same results on weak convergence as for the plain U, (@, z) in
the case without noise. For non-equidistant data, the limiting covariance functions H and H in
general depend on the sampling scheme. The latter effect is well known from high-frequency
statistics in the case of volatility estimation; see, for example, [21].

3. Bootstrap approximations for the sequential empirical tail
integral

We have seen in Theorem 2.6 that the distribution of the limit T of the process T,, depends in a
complicated way on the unknown Lévy measure of the underlying process. However, we need
the quantiles of T or at least good approximations for them to obtain a feasible test procedure.
Typically, one uses resampling methods to solve this problem.

Probably the most natural way to do so is to use Uy.,(z) in order to obtain an estimator b, for
the Lévy measure first, and to draw a large number of independent samples of an [td semimartin-
gale with Lévy measure b, then, possibly with estimates for drift and volatility as well. Based on
each sample, one might then compute the test statistic T, , and by doing so one obtains empirical
quantiles for T.

However, from a computational side, such a method is computationally expensive since one
has to generate independent Itd semimartingales for each stage within the bootstrap algorithm.
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Therefore, we have decided to work with an alternative bootstrap method based on multipliers,
where one only needs to generate » i.i.d. random variables with mean zero and variance one (see
also [13], who used a similar approach in the context of empirical processes).

Precisely, the situation now is as follows: The bootstrapped processes, say Yo =Yu(X1, ...,
X, &1, ...,&,), will depend on some random variables X1, ..., X, and on some random weights
E1,...,&. The Xq,..., X,, that we consider as collected data, are defined on a probabil-
ity space (R2x, Ax,Px). The random weights &1, ..., &, are defined on a distinct probability
space (S, Ag, P¢). Thus, the bootstrapped processes live on the product space (2, A, P) :=
(Qx, Ax,Px) ® (%, Az, P¢). The following notion of conditional weak convergence will be
essential. It can be found in [18] on pages 19-20.

Definition 3.1. Let Yy, = Yy (X1, ..., Xn: €1, ..., )1 (2, A, P) > D be a (bootstrapped) ele-

ment in some metric space D depending on some random variables X1, ..., X,, and some random
weights &1, ..., &,. Moreover, let Y be a tight, Borel measurable map into . Then Y,, converges

weakly to Y conditional on the data X1, X, ... in probability, notationally Y, ~¢ Y, if and
only if

(a) sup ey, @) [Ee £ (F) —Ef(¥)]| = 0,
(b) Ee f (¥n)* —Ee f(Yn)s £ 0forall f eBL/(D).

Here, E¢ denotes the conditional expectation over the weights & given the data X1, ..., X,,
whereas BL1 (D) is the space of all real-valued Lipschitz continuous functions f on D with sup-
norm || f|lco <1 and Lipschitz constant 1. Moreover, f(l?,,)* and f(l?n)* denote a minimal mea-
surable majorant and a maximal measurable minorant with respect to the joint data (including
the weights &), respectively.

Remark 3.2. (i) Note that we do not use a measurable majorant or minorant in item (a) of the
definition. This is justified through the fact that, in this work, all expressions f ()A’n), with a
bootstrapped statistic Y, and a Lipschitz continuous function f, are measurable functions of the
random weights.

(ii) Note that the implication “(ii) = (i)” in the proof of Theorem 2.9.6 in [24] shows that,
in general, conditional weak convergence ~~¢ implies unconditional weak convergence ~ with
respect to the product measure P.

Throughout this paper, we denote by
Gn=Gn(0,2) =Cn(Xa, -, Xna, 61,6036, 2)
the bootstrap approximation which is defined by

n0] n
N 1
Gn(0,2) := i Z ij{l{A';XeZ(z)} — Lianxez)

j=li=1

1 Ln6]

= —) §1Lianxezy — @y,
ij] J{ {J €Z1(2)} n }
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where 17, (z) =n~! YLy ANXeT(2)}- The following theorem establishes conditional weak con-
vergence of this bootstrap approximation for the sequential empirical tail integral process G,, .

Theorem 3.3. Let Condition 2.1 be satisfied and suppose that (&) jen are independent and iden-
tically distributed random variables with mean O and variance 1, defined on a distinct probability
space as described above. Then, for any ¢ > 0,

A~

Gn~e G
in (£°(Ae), |l - |a,), where G denotes the limiting process of Theorem 2.3.

Theorem 3.3 suggests to define the following bootstrapped counterparts of the process T,
defined in equation (1.2):

T (@, 2) :=Tu(Xa,s s Xnay: E1r s 60360, 2) 1= G (6, 2) — uG (1,2)

n n [nb A,

[n6]
(% — |nb 1
= nh, n0] 7 — Lnb] |: Zgj{l{A?XEI(z)} - nn(Z)}
j=1

m Z £i{1 (ATXeI()} ~ n (Z)}:|7
j=[no]+1
The following result establishes consistency of T}, in the sense of Definition 3.1.
Theorem 3.4. Under Condition 2.1, for any € > 0, we have
Tn ~g T

in (£ (Ag), |l - lla,), with T defined in Theorem 2.6.

The distribution of the limit of the Kolmogorov—Smirnov-type test statistic T,,(E) defined
in (1.3) can be approximated by the bootstrap statistics investigated in the following corollary,
which is a simple consequence of Proposition 10.7 in [18].

Corollary 3.5. Under Condition 2.1 we have, for each € > 0,

T® = sup sup|']I‘ 0,2)| ~¢ sup sup|’E(0 2)| = T®,

0<6<l|z|>¢ <0<1|z|>
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4. The testing procedures

4.1. Hypotheses

In order to derive a test procedure which utilizes the results on weak convergence from the
previous two sections, we have to formulate our hypotheses first. Under the null hypothesis, the
jump behaviour of the process is constant. More precisely, this means the following:

Hp: We observe an It6 semimartingale as in equation (1.1) with a characteristic triplet
(b, oy, v) that satisfies Condition 2.1.

We want to test this hypothesis versus the alternative that there is exactly one change in the jump
behaviour. This means in detail:

H;: There exists some 6y € (0, 1) and two Lévy measures v; # v satisfying Condition 2.1(c)
such that, at stage n, we observe an Itd6 semimartingale X = X (n) with characteristic
triplet (0™, 0., v™) such that

n) _
V= Lir<(nfp) A}V + Lie=nbo ) An) V2-

Furthermore, 5" and o™ satisfy Condition 2.1(a) with a bound S which is uniform in
n € N and r > 0. Moreover, the observation scheme satisfies Condition 2.1(d).

The corresponding alternative for a fixed zg € R \ {0} is then given through:

HEZO): We have the situation from Hj, but with v (Z(z0)) # v2(Z(20)).

4.2. The tests and their asymptotic properties

In the sequel, let B € N be some large number and let (& (b)) b=1,....s denote independent vectors
of i.i.d. random variables, & ®) .= (S;h)) j=1,..,n» With mean zero and variance one. As before,
we assume that these random variables are generated independently from the original data. We
denote by ']AI‘n’ g(b) OF f“n(? « the particular statistics calculated with respect to the data and the bth

(b)
1

bootstrap multipliers &,7, ..., S,Sb). For a given level o € (0, 1), we consider the following test

procedures:

KSCP-Test 1. Reject Hy in favor of H;ZO) if v > gk, where V%) is defined in Propo-
sition 2.8 and where qlK_ o denotes the 1 — o quantile of the Kolmogorov—Smirnov-
(KS-)distribution, that is the distribution of K = sup¢[ ;7 |B(s)| with a standard Brownian
bridge B.

KSCP-Test 2. Reject Hy in favor of H if

W = sup |T,(0,20)| = 4;2), (W),
6el0,1]



1344 Biicher, Hoffmann, Vetter and Dette

~(B) (WéZo) 20) W(Zo)

PITERRE g(B),and where

where ¢,” ) denotes the (1 — «)-sample quantile of W'

W,E,'gu;) = supgepo, 1) T, £ (6, 20)].
CP-Test. Choose an appropriate small ¢ > 0 and reject Hy in favor of Hy, if

1 = 417, (1),

where q(B) (T('S)) denotes the (1 — «)-sample quantile of 7@ e

Since € > 0 has to be chosen prior to an application of the CP-Test, we can only detect changes
in the jumps larger than e. From a theoretical point of view this is not entirely satisfactory,
since one is interested in distinguishing arbitrary jump measures. On the other hand, in most
applications only the larger jumps are of particular interest, and at least the size of A, provides
a natural bound to disentangle jumps from volatility. Thus, a practitioner can choose a minimum
jump size ¢ first, and use the CP-Test to decide whether there is a change in the jumps larger
than ¢.

The following proposition shows that the three aforementioned tests keep the asymptotic level
o under the null hypothesis.

Proposition 4.1. Under Hy, KSCP-Test 1, KSCP-Test 2 and CP-Test have asymptotic level « in
the sense that, for all a € (0, 1),

nlingoP(V;ZO) >q{,)=a lim lim IP’{W(ZO) > g A(B) (W(Zo))}

B—oon—00

for all zog € R\ {0} with v(Z(z0)) > 0, and

lim lim P{7® > §") (T®)} = a,

B—oon—>00

for all € > 0 such that v((—oo, —g] U [¢g, 00)) > 0.

The next proposition shows that the preceding tests are consistent under the fixed alternatives
defined in Section 4.1. For the sake of brevity, we only consider alternatives involving one change
point, even though such a result can be extended to a known number of multiple breaks by
essentially the same proofs. We also suspect that continuous changes can be detected, but the
theory becomes substantially more complicated then.

Proposition 4.2. KSCP-Test 1, KSCP-Test 2 and CP-Test are consistent in the following sense:
under H{™, for all a € (0, 1) and all B € N, we have

nIEEOP(Vn(ZO) > qlK—a) -1 and lim P(W(ZO) > 6}(3) (W(zo))) 1.

n—0o0

Under Hy, there exists an & > 0 such that, for all « € (0, 1) and all B € N,

Tim P10 > 42 (1)) = 1.
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4.3. Locating the change point

Let us finally discuss how to construct suitable estimators for the location of the change point.
Again, we concentrate on the detection of a single change point. Multiple change points can be
detected using a standard binary segmentation algorithm dating back to [26]. We begin with a
useful proposition.

Proposition 4.3. Fix ¢ > 0. Then, under Hy, (0,z) — kn_l/2
Il - la,) to the function

T, (6, z) converges in (£°(A;),

6(1—6p){vi(z) — @)}, ifo <6,

T@6,?2) :=
@2 {%U—GHW&%ﬂd@L if6 > 60,

in outer probability, with v1(2) := v1(Z(z)) and v2(z) := v2(Z(2)).

Since 6 — T (0, z) attains its maximum in 6, natural estimators for the position of the change
point are therefore given by

éf) := arg max sup ‘Tn o, z)|
0€[0,1] |z|>¢

for the test problem Hy versus Hj and by

é,EZO) =arg max|’]1‘,, @, z0) |
0€[0,1]

in the setup Hy versus HEZO). Both estimators are consistent.

Proposition 4.4. If H; is true, there exists an ¢ > 0 such that OA,ES) =6y +op(l) asn — oco. In
the special case ofHEZO), we have 5,(,10) =0y + op(1).

5. Finite-sample performance

In this section, we present results of a large scale Monte Carlo simulation study, assessing the
finite-sample performance of the proposed test statistics for detecting breaks in the Lévy measure.
Moreover, under the alternative of one single break, we show results on the performance of the
estimator for the break point from Section 4.3.

The experimental design of the study is as follows.

e We consider five different choices for the number of trading days, namely k, =
50, 75, 100, 150, 250, and corresponding frequencies A;l =450, 300, 225, 150, 90. Note
that n = k, A, ! = 22, 500 for any of these choices.

e We consider two different models for the drift and the volatility: either, we set b, = oy =
0 or b; = o; = 1, resulting in a pure jump process and a process including a continuous
component, respectively.
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e We consider a one parametric model for the fail integral, namely

B 1/2
Up(2) = vp(Z(2) = (E) - =0

0, if z <0,

>0 5.1)

(which yields a 1/2-stable subordinator in the case of b; = o; = 0). For the parameter g,
we consider 51 different choices, thatis 8 =14 2j/25, with j €0, ..., 50, ranging from
B=1to g =5.

e We consider models with one single break in the tail integral at 50 different break points,
ranging from 6y = 0 to 6y = 0.98 (note that 6y = O corresponds to the null hypothesis).
The tail integrals before and after the break point are chosen from the previous parametric
model.

The target values of our study are, on the one hand, the empirical rejection level of the tests
and, on the other hand, the empirical distribution of the estimators for the change point 6. To as-
sess these target values, any combination of the previously described settings was run 1000 times,
with the bootstrap tests being based on B = 250 bootstrap replications. The It6 semimartingales
were simulated by a straight-forward modification of Algorithm 6.13 in [8], where, under alter-
natives involving one break point, we simply merged two paths of independent semimartingales
together.

The simulation results under these settings are partially reported in Tables 1 and 2 (for the
null hypothesis) and in Figures 1-4 (for various alternatives). More precisely, Tables 1 and 2
contain simulated rejection rates under the null hypothesis for various values of k, and zp in
the KSCP-Tests, for the pure jump subordinator (Table 1) and for the process involving a con-
tinuous component (Table 2). For the CP-Tests, the suprema over z € (—oo, —e] U [¢, 00) were
approximated by taking a maximum over a finite grid M of positive numbers, since the simulated

Table 1. Test procedures under Hy. Simulated relative frequency of rejections in the application of the
KSCP-Test 1, the KSCP-Test 2 and the CP-Test, using 1000 pure jump subordinator data vectors under the
null hypothesis

kn CP-Test Pointwise tests z0=0.1 z0=0.15 z0 =0.25 zo0=1 z0=2
50 0.06 KSCP-Test 1 0.048 0.056 0.047 0.035 0.033
KSCP-Test 2 0.060 0.067 0.060 0.050 0.048

75 0.054 KSCP-Test 1 0.034 0.044 0.045 0.041 0.046
KSCP-Test 2 0.045 0.059 0.061 0.058 0.060

100 0.06 KSCP-Test 1 0.047 0.044 0.042 0.044 0.042
KSCP-Test 2 0.060 0.056 0.058 0.062 0.056

150 0.06 KSCP-Test 1 0.049 0.056 0.049 0.040 0.042
KSCP-Test 2 0.065 0.064 0.065 0.059 0.061

250 0.07 KSCP-Test 1 0.046 0.042 0.046 0.055 0.050

KSCP-Test 2 0.054 0.048 0.059 0.072 0.060
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Table 2. Test procedures under H. Simulated relative frequency of rejections in the application of the
KSCP-Test 1, the KSCP-Test 2 and the CP-Test, using 1000 subordinator data vectors plus a drift b = 1 and
plus a Brownian motion under Hy

kn CP-Test Pointwise tests 70 =2V Ay 20 =35V Ay, 70 =6.5V Ay, 20 =TV Ap

50 0.049 KSCP-Test 1 0.032 0.036 0.035 0.031
KSCP-Test 2 0.049 0.051 0.049 0.050

75 0.050 KSCP-Test 1 0.042 0.039 0.039 0.032
KSCP-Test 2 0.050 0.057 0.051 0.053

100 0.051 KSCP-Test 1 0.039 0.040 0.037 0.038
KSCP-Test 2 0.051 0.054 0.049 0.057

150 0.057 KSCP-Test 1 0.038 0.045 0.034 0.039
KSCP-Test 2 0.057 0.057 0.053 0.052

250 0.049 KSCP-Test 1 0.031 0.035 0.042 0.030
KSCP-Test 2 0.049 0.048 0.053 0.042

processes had only positive jumps (see (5.1)): we used the grids M ={; -0.05| j =1,..., 200}
in the pure jump case, resulting in ¢ =0.05, and M = {2+ j - 0.5)/A, | j =0,...,196} in
the case b, = 0; = 1, resulting in & = 2,/A,,. In the latter case, we chose & depending on /A,
since jumps of smaller size may be dominated by the Brownian component resulting in a loss of
efficiency of the CP-Test (see also the results in Figure 3 below). The results in the two tables
reveal a rather precise approximation of the nominal level of the tests (o = 5%) in all scenarios.
In general, KSCP-Test 1 turns out to be slightly more conservative than KSCP-Test 2.

e o |
0 ©
IS] o 7
L © L o
g S g S
s 5
k3] k]
2 o« Q2 <
g s g S
N N
o o
(=] o
oS <3
T T T T T T T T T T
1 2 3 4 5 1 2 3 4 5
Factor of Jump Size Factor of Jump Size

Figure 1. Rejection rate of the CP-Test for pure jump subordinator data (on the left-hand side) and a
subordinator plus a drift and a Brownian motion (on the right-hand side). 8 changes from 1 to the factor of
jump size.



1348 Biicher, Hoffmann, Vetter and Dette

e | e

ce} @

o 7] <3
L © 2 o
e © ] =
< =
k<] o
3] ©
L« QO <
¢ 3 g S

k=150
o~ — k=100 o~
o — k=75 o
— k=50 \
e — i N |
< e
o o
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Break point 0 Break point 69

Figure 2. Rejection rate of the CP-Test for pure jump subordinator data (left panel) and a subordinator with
a drift plus a Brownian motion (right panel) for different change point locations.

The results presented in Figure 1 consider the CP-Test for alternatives involving one fixed
break point at 8p = 0.5 and a varying height of the jump size, as measured through the value
of B in (5.1). In contrast to the results in Tables 1 and 2, due to computational reasons, we
subsequently used smaller grids M ={j - 0.2 | j =1, ..., 20} for the case b; = o; =0, resulting
ine=02,and M ={j-25-/A,|j=1,...,20} for the case b, = 6, = 1, resulting in & =
2.54/A,,. The left plot is based on the pure jump process (b; = o; = 0), whereas the right one is
based on b; = o; = 1. The dashed red line indicates the nominal level of @« = 5%. We observe

o | o |
- — KSCP1 k= 250 a
- - KSCP2| | — k=100
© | @ |
o o
L o L o
e o & S
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kel o
T i
QL < QL <
¢ S ¢ S
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o o
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0 2 4 6 8 10 0 2 4 6 8 10
Zy 29

Figure 3. Rejection rates of the KSCP-Test 1 and KSCP-Test 2 for different zg. Left panel: pure jump
subordinator, right panel: subordinator with a drift plus Brownian motion.
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Figure 4. Box plots for the estimators 0~,(,ZO) and QA,EE) based on a subordinator with a drift plus Brownian

motion and a change from 8 =1to § =4 at 5 = 0.5 (left panel) and 6y = 0.75 (right panel). The first five
box plots in each panel correspond to five different choices of zg.

that the rejection rate of the test is increasing in § (as to be expected) and in k,,. The latter can be
explained by the fact that k,, represents the effective sample size (interpretable as the number of
trading days). Finally, the rejection rates turn out to be higher when no continuous component is
involved in the underlying semimartingale.

The graphics in Figure 2 show the rate of rejection of the CP-Test under alternatives involv-
ing one break point from 8 =1 to § = 2.5 within the model in (5.1) for varying locations of
the change point 6y € (0, 1). Again, the left and right plots correspond to by =0, =0 and = 1,
respectively. Additionally to the general conclusions drawn from the results in Figure 1, we ob-
serve that break points can be detected best if 6 = 1/2, and that the rejection rates are symmetric
around that point.

Figure 3 shows the rejection rates of the KSCP-Test 1 and KSCP-Test 2, evaluated at different
points zg, for one fixed alternative model involving a single change from 8 =1 to g =2.5 at
the point 6y = 1/2. The curves in the left plot are based on a pure jump process. We can see
that the rejection rates are decreasing in zg, explainable by the fact that there are only very
few large jumps both for § =1 and for § = 2.5. In the right plot, involving drift and volatility
(by = 0r = 1), we observe a maximal value of the rejection rates that is increasing in the number
of trading days, k. For values of zg smaller than this maximum, the contribution of the Brownian
component (an independent normally distributed term with variance A, within each increment
A;?X ) predominates the jumps of that size and results in a decrease of the rejection rate.

Finally, in Figure 4, we depict box plots for the estimators é,EZO) and 67,58) of the change point
for certain values of zg and for M as specified in the case of Tables 1 and 2. The results are based
on two models, involving a change in 8 from 1 to 4 at time point 6y = 0.5 (left panel) and 6y =
0.75 (right panel) for k, =250 and A, I' =90, and with b, = o, = 1. We observe a reasonable
approximation of the true value (indicated by the red line) with more accurate approximations for
8o = 0.5. For 6y = 0.75, the distribution of the estimator is skewed, giving more weight to the left
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tail directing to 6y = 0.5. This might be explained by the fact that the distribution of the argmax
absolute value of a tight-down stochastic process indexed by 6 € [0, 1] gives very small weight
to the boundaries of the unit interval. Moreover, as for the results presented in the right plot of
Figure 3, the plots in Figure 4 reveal that the estimator 5,510) behaves best for an intermediate
choice of zg. Results for b; = o; = 0 are not depicted for the sake of brevity, since they do not
transfer any additional insight.

Appendix
A.l. Proof of Theorem 2.3

Write X; =Y; + Z;, where

t '
YI:X0+/ bsds+/ o, dW; (A1)
0 0

is the sum of the first three summands in representation (1.1) while Z; is a pure jump Lévy
process with characteristics (0, 0, v). Let G|, € £>°(A,) denote the process defined in (2.4), but
based on the increments A Z = Zja, — Z(j-1)a, instead of A”X.
First, we will show the claim of Theorem 2.3 for the processes G;, and afterwards we will
prove that |G, — G¢ || 4, = op(1) as n — oco. This yields the assertion by Lemma 1.10.2 in [24].
Weak convergence of the process G;, can be deduced from Theorem 11.16 of [18]. Note that
G;, can be written as

[n6] n

1
C0.0) = 7= D lanzezen —P(ATZ € Z@)} = ) [ fuj@:0.2) —Ef,j (5 6.2}
n j=1

j=1

with the triangular array {f,j(w;6,z) In>1;j=1,...,n;(0,z2) € A.} consisting of the pro-
cesses

1
Jnj(0,2) := fj(@:0,2) := \/—k—n1{jsln9J}l{A72(w)eI(z)}v

which are independent within rows. By Theorem 11.16 in [18], the assertion for G;, holds if the
following six conditions for { f,;} can be established:

(1) {fu;}is almost measurable Suslin (AMS);

(2) the {fy,;} are manageable with envelopes {Fy,; |[n €N, j =1,...,n} given through F; :=
k, 1/ 21“ A"Z|ze)s which are also independent within rows;

(3) H(b1, 21562, 22) =limy 00 E{G, (01, 21)G;, (62, 22)} for all (61, z1), (02, 22) € A

(4) limsup,_, > 7_; ]EFn2] < 00;

(5) limp—co Yj— EFy; 1(g, =y =0 for all n > 0;
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(6) p(b1,z21; 62, 22) =limu— 00 P (01, 215 62, 22) for every (01, 21), (62, 22) € Ag, Where

n 1/2
2
Pn (01,215 62,22) == ZE|fnj(-;91,Z1)—fnj(-;92,zz)|} .
j=1

Moreover, p,,(ef”),zﬁ") ;92(") ,zg’)) — 0 for all sequences (Of"),zgn)),,eN and
05, 25" nen C A, such that (6", 21”5 65", 29") — 0.

Proof of (1). By Lemma 11.15 in [18], the triangular array { f,;} is AMS provided it is separable,
i.e., provided for every n € N, there exists a countable subset S, C A, such that

n
P* su inf i(w;02,20) — .(w;9’2)2>0 _o.
((Ql,Z])P;Ag (02,22)6.5‘”;{](”] 2542 fnj 1,21 }

Define S, := (Q* N A,) U ((QNTO, 1]) x {—&}) U ((Q N0, 1]) x {&}) for all n € N. Then, for
every element w of the underlying probability space and for every (61, z1) € Ag, there exists a
(02, z2) € S, such that

n

S i @362, 22) — fuj(@: 61, 20D} =0,

j=1

Proof of (2). The {F),;} are obviously independent within rows since Z is a Lévy process. There-
fore, according to Theorem 11.17 in [18], it suffices to prove that the triangular arrays

~ —-1/2 .
{fnj(w; z) =k, / 1{A§Ze2(z)} lneN;j=1,...,n;|z| > s},
and
{8nj(@;0) :=1(j<nopy IneN; j=1,...,n;0 €0, 1]}
are manageable with envelopes {Fnj(w) = k;l/zl{m;gmzs} |neN;j=1,...,n} and
{énj(w) :=1|neN;j=1,...,n}, respectively.
Concerning the first triangular array { f,, j} define, for w € Q and n € N,
—-1/2 -1/2
Fow = { (k" LA Z(@)eZ@)s -+ kn 21 anzwezen) | Izl = &} CR™.

For any ji, j» € {1, ..., n}, the projection pj, j,(Fuw) of Fye onto the jith and the jrth coordi-
nate is an element of the set

(1.0} {001, (".0)}. {©.0). (0.8 )}
{(0, 0), (kn_l/z,kn_l/z)}, {(0, 0), (kn_l/z,()), (O, kn_l/z)}’
(0,00, (k2,0), (k2 )], (0,00, 0.k 7). (62, k)1,
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Hence, for every t € R?, no proper coordinate projection of J,, can surround ¢ in the sense of
Definition 4.2 of [22]. Thus, F,,, is a subset of R" of pseudodimension at most 1 (Definition 4.3
in [22]). Additionally, F;,, is a bounded set, whence Corollary 4.10 in [22] yields the existence
of constants A and W, depending only on the pseudodimension, such that

Dz(x ”a O] ﬁ’n (w)

20 @O Fo) < AxV =1 4(0),

for all 0 < x <1, for every rescaling vector o« € R" with non-negative entries and for all
w € Q and n € N. Therein, || - || denotes the Euclidean distance, D> denotes the packing
number with respect to the Euclidean distance, © denotes coordinatewise multiplication and
I:"n(w) = (17",,1(0)), e l:"nn(w)) € R” is the vector of envelopes. Since fol JViogA(x)dx < oo,
the triangular array { f,, ;j} is indeed manageable with envelopes (F, il

Concerning the triangular array {g,;}, we proceed similar and consider the set

G = { (@1 (@3 0), ..., Gan(@: 0)) 6 €0, 11}
= {0,...,0),(1,0,...,0), (1, 1,0,...,0), ..., (1,..., D}.

(A.2)

Then, for any ji, j» € {1,...,n}, the projection pj, j,(Guw) of Gue onto the jith and the jrth
coordinate is either {(0, 0), (1, 0), (1, 1)} or {(0, 0), (0, 1), (1, 1)}. Therefore, the same reasoning
as above shows that G, is a set of pseudodimension at most one, whence the triangular array
{gx;} s manageable with envelopes (G, it

Proof of (3). For any (61, z1), (62, 22) € A¢, by independence of {f,;} within rows, we can
write

E{Gg (61, 21)Gy (62, 22) }

=Y E[{fuj(@: 01,21) = Efuj (101, 20 }{ frj (@3 02.22) = Efj (162, 22)}]  (A3)

{P(ATZ € Z(z1) NI(z2)) = P(A"Z € Z(z1))P(A Z € L(z2)) }.

By Lemma 2.4, we have
P(ATZ € I(2)) = Awv(Z(2)) + O(A]), n— oo (A4)

forall |z] > e and all j = 1,..., n, whence the right-hand side of equation (A.3) can be written
as

W‘nﬂ{v(ﬂzn NZ())+ O(A)} = H@1,21:600,22) +o(1),  n— 0.
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Proof of (4). Recall that M, = (—o0, —¢] U [¢, 00). Again from (A.4), we have, as n — 00,
nj —

n 1 n
DEFG =D P(|A]Z] z 8) =v(Me) + O(Ay) = v(M,) < oo
j=l1 " Jj=1

Proof of (5). For n > 0 define N := min{n € N | k,;l/z <n forall m > n}. Choose K = K (¢) as
in Lemma 2.4. Then we have

-

IEF,fj=—

n

2
D EBF;1E, .y < "
j=1

~
I
—
~
I
-

=<

==

{vM) + KA} — 0, n— 0.

Proof of (6). For (01, z1), (62, z2) € Ag, we can write
2 .
0,61, 21; 02, 22)

= E|fuj 161,20 — faj (162,22
j=1

| (L) (@ v2)]
=oa | 2 PjzeI@aIG)+ ) P(AjZeIGiom)
j=1 J=Ln@rAG) 41

= {61 A6+ 0(n™")) x [(ZEDAZGD) + 0(AW)
+{161 =02 + 0(n" ")} x {v(T(zL@.00)) + O(A0)}

as n — oo, where the O-terms are uniform in (61, z1), (63, z2) € A, for the same reason as in
equation (A.4). Thus, p,% converges uniformly on each A, x A, to p. Consequently, for any two
sequences (91('1), zin))neN, (92("), zgl)),,eN C A, such that ,0(91("), zﬁ"); 92(”)
that p, (0", 21”5 67, 2"y — 0.

Finally, p is a semimetric: applying first the triangle inequality in R” and then the Minkowski
inequality, one sees that each p,, satisfies the triangle inequality. Thus the triangle inequality also
holds for p.

It remains to be shown that |G, — G{||4, = op(1). Let U2 (6, z) denote the quantity defined
in (2.3) based on the increments A?Z . Then

L2y = 0, it follows

160 = G2, = V[ Un = UL, + vVia |E[Un = UZ]] .. (A5)

and it suffices to treat both terms separately.
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Let p > 2 and 0 < v < 1 be the constants of Condition 2.1 and let v, := A,Z/ 2, Distinguishing
the cases |A’}-Y| > v, and |A;?Y| < vy, we get that

n n
|Un(0.2) = Uy (®.2)] < k' D Lgarvizu +ha ' D Liarze—u,.ctun)
j=1 j=1

n n
<k Lany|zv,) + kY L(A" Zelz—vnz+va]) (A.6)
j=1 j=1

=: Sp1 + Sn2(2)

for any (0, z) € A.. In the following, let K > 0 denote a generic constant whose value may
change from line to line. By Holder’s inequality and the Burkholder—Davis—Gundy inequalities
(see, for instance, page 39 in [14]) we have, for each 1 < j <n,

jAn
E‘/ bgds
(—=DA,

JAn
E‘/ o, dW;
(=DA,

14 1 JAn
< A,’jE(—/ |bs|P ds> < APESP < KAF
n (jil)An

and

14 ) 1 jAn p/2 ) )
< KA/ E(—/ |aS|2ds) < KAPPRSP < K AP/,
An J(j-DaA,

where S is the bound on the coefficients in Condition 2.1(a). By Markov’s inequality and the
choice of t in Condition 2.1(d), we get that

VInESu1 < Ky Pnal/>772 = 0((nal7) %) = 0(1). (A7)
Similarly, by Lemma 2.4 and Condition 2.1(c),

sup VK ES,2(2) < K (kn *nAnv, +ky n82) = 0((nAF) ) =0(1).  (A8)

lz|>e

Hence, by (A.6), the second summand on the right of (A.5) is o(1).
Consider the first summand on the right of (A.5). From the right-hand side of (A.6), we get
that

|Un = Ug |y < Sm+ sup by 2[G5 (12— v) = G(1, 2+ )| + sup ES,n(2).  (A9)

lz|>e lz|=¢

This expression is op(k;, Y 2) by the previous two displays and by Theorem 1.5.7 and its adden-
dum in [24], applied to the process Gy, (1, -). The latter converges weakly by the first part of this
proof. ]
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A.2. Proof of Corollary 2.5

By Lemma 1.10.2(i) in [24] and the first part of the proof of Theorem 2.3, it suffices to show that
IG; — Gulla, = op(1). Clearly, for any (0, z) € Ag,

G20, 2) — G (0, 2)| < vVkn|Un(8,2) — U0, 2)| + V| BUZ (0, 2) — 00 (Z(2)) -

By (A.9) the first term on the right-hand side of the last equation is a uniform op(1). For the
second term in the last display, choose K = K (¢) as in Lemma 2.4. Then

Vkn[EUS 0, 2) — 0v(Z(2))|
[n6)
1
< Vkn - Y A 'P(ATZ e 1(z) - v(Z(2)) }

j=I
< K\VknAp 4+ v(Mg)y/An/n — 0.

The convergence is uniform in (6, z) € A, and this yields the assertion. (I

+\/l;v(l'(z))‘v;ﬂ —9‘ (A.10)

A.3. Proof of Theorem 2.6

We use the extended continuous mapping theorem (Theorem 1.11.1 in [24]). For n € Ny, define
gn: € (Ag) — £°°(A,) through
[n6]
gn(f)(G,Z)zf(B,z)——n f,2) (n eN), 20(f)0,2) = f(6,2) —0f(,2).

Note that g, is Lipschitz continuous for any n € Ng. Obviously, T, = g,(G,) + ET,, for each
ne€Nand T = go(G). We have

ET,(6,2) = \/Ekn(G){L:—QJEUn(G, 2 - EU,(1,2) — EU, (6, z)]}-

i
n— |né]
Observing that (A.10) and (A.9) together with (A.7) as well as (A.8) imply that

Vka|BU, (0. 2) — 0v(Z(2))| — 0

in £°°(A;), we can conclude that also IET,, converges to 0 in £°°(A;). Thus, by Slutsky’s theorem
([24], Example 1.4.7), it suffices to verity g, (G,) ~~ go(G).

Due to Theorem 1.11.1 in [24] (note that G is separable as it is tight; see Lemma 1.3.2 in
the last-named reference) this weak convergence is valid, if we can show that, for any sequence
(fulnen C L (A,) with f,, — fo for some fy € £>°(A,), we have g,(f,) — go(fo). This can
be established by the following calculation:

lgn(£) = g0Cfo) || o, = [[ £2(6. 2) — (1n61/n) fu (1, 2) = fo(6.2) +6fo(1.2) |,

<n " folla, + 21 fu — folla,.
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Obviously, T is a tight, mean-zero Gaussian process. Moreover, from Theorem 2.3,

Cov{T(®1,21), T(2. 22)} = H(61. 213 02.22) — 01 H(1, 21; 62, 22)
—0HO1,z151,22) +016H(1, 215 1, 22)
= {61 A 02) — 0160, }v(Z(21) NZ(22))

for any (01, z1), (62, 22) € A;. =

A.4. Proof of Proposition 2.8

Because of Corollary 2.5 (and the continuous mapping theorem) Uy.,(z9) = Uy,(1, z9) con-
verges to v(Z(zp)) > 0 in probability. Therefore, it follows easily that the random variable
{U, (1, ZO)}_1/21{Un(l,zo)>0} converges to (v(Z(z0)}) "2 in probability. Hence, by Slutsky’s the-
orem ([24], Example 1.4.7) we obtain

1
(z0) _
V,:07(0) ~~ ST T(0, zo)

in £%°([0, 1]). By Theorem 2.6, the process on the right-hand side of this display is a tight mean
zero Gaussian with covariance function k (61, 62) = 61 A 83 — 616,. Thus, the law of that process
is the law of a standard Brownian bridge on £°°([0, 1]). O

A.5. Proof of Theorem 3.3

Recall the decomposition X; =Y; + Z; prior to (A.1) and the triangular array { f,; (w; 6,z2) [ n >
1;j=1,...,n; (0, z) € A} consisting of the processes

—1/2
foj(@:0.2) ==y Lijzwenlianzezey-
Set pinj(0.2) = Efoj(-10.2) =kn > 1j<no)P(A"Z € Z(2)) and let

. . —1/2 °
nj (0, 2) == finj(; 0,2) =k, / 1ij<1n0}1,(2)

be an estimator for w,; (0, z), where 1, (z) := n~! h LianzeZ(2))-

o

First, we want to show the assertion of Theorem 3.3 for @n,

the process being defined exactly
as G, but based on the increments A;fZ . This process can be written as

G2(0,2) =GS(w: 0,2) = Zéf{fnj(w; 0,2) — [inj(®;60,2)}.
j=1

Due to Theorem 3 in [17] the proof for Gf; is complete, if we show the following properties for
the triangular array {{i,;(@;6,2) [n>1;j=1,...,n;(0,2) € Ac}:
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(i) {ftn;} is almost measurable Suslin.

.. N P*
(i) Sup(g pyea, 2 i1 {finj(@; 6, 2) = 1nj (0, 2)}* — 0.
(iii) The triangular array {fi, ;) is manageable with envelopes {13" j} given through ﬁn j(w) =
—1/2 _| <n
kn T Y 1 Lar z)ze) -

. . ~y P*
(iv) There exists a constant M < oo such that M v Z?:l F nzj - M.

Proof of (i). As in the proof of (1) in Theorem 2.3, it suffices to verify that the triangular array
{,&nj} is separable. This can be seen by taking S, := (Q2 NAH)UW@QNIO, 1D x {—eh U (@QN
[0, 1]) x {e}).

Proof of (ii). We have

sup D {finj (@i 6.2) — (6. 2))

0,2)€A, i=1
n n 2
=m0 3| Sz - F(e32 70|
zl=e j=tLi=1

=n"" sup {G;(l, z)}z.

|z|>e

The last quantity in the above display converges to 0 in probability because in the proof of Theo-
rem 2.3 we have seen G;, ~ G.

Proof of (iii). Following (A.2), we have already shown that the triangular array

{8nj(0) == 8nj(@;0) :=1(j<inoyy In€N; j=1,...,n;0 €0, 1]}

is manageable with envelopes {G” j(w) dg 1|neN;j=1,...,n}. Therefore, due to Theo-

rem 11.17 in [18], it suffices to prove that the triangular array

1 n
hnj(w; 2) == Zl{Af'zez(z>}‘HGN;J'=1,-..,H;IZ|ZS
n~/kn i=1 L
is manageable with envelopes {I:“,,j (w)|nmeN;j=1,...,n}. But ﬁnj (w; z) does not depend
on j at all, such that every projection of H,,, := {(ﬁnl (@:2), - K (@: 7)) | |z| > €} onto two

coordinates lies in the straight line {(x, y) € R? | x = y}. Consequently, the set H,,, has a pseu-
dodimension of at most 1 and is bounded. Hence, the same arguments as in the proof of (2) in
Theorem 2.3 show the desired manageability.
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Proof of (iv). A straight forward calculation using (A.4) yields

i1=1ip=1

n n n
E Z F,%/] =n"2A;! Z ZE{l{mylZ|ze}1{|A;122|ze}} =0(Ap).
j=1

Thus Y 'i_, ﬁjj is op(1).
So far, we have established G;, ~~¢ G, and due to Lemma A.1 it suffices to show |G, —

Gilla, = op(1) in order to finish the proof. This can be done following the lines of the proof of
Theorem 2.3. The only difference regards showing that

1 n
sup N> ; |§i|1{A§zE(z—un,z+vn)} (A.11)

lz|>e

is op(1). Arguing as in (A.9),

1 n
sup \/—_ Z 1{A[’.’Ze(zfvn,z+vn)}

|z|>e noi_q

< sup |Gy (1,2 —va) — Gy (1, 2+ vy)| + op(1) = 0p(1).

lz|>e

Therefore with the strong law of large numbers the expression inside of the supremum in (A.11)
can be written as

1 n
N > {1671 = EIgj 1} Lianze v, o + 02 (1)

E|§/ { A”Ze(z Un,z2+vp)} Zl{A"Ze(z U, z+v,,)}}+0P(1)

where the op(1)-terms are uniform in |z| > €. After a standardization of the new multipliers
5;.‘ :=1&;| — E|§;|, the main term in the above display can be seen to be op(1) by asymptotic

uniform p-equicontinuity in probability as a consequence of G,‘; ~+¢ G and Remark 3.2(ii), see
Theorem 1.5.7 and its addendum in [24] again. |

A.6. Proof of Theorem 3.4

This result follows by the same lines as in the proof of Theorem 2.6, with an application of
Proposition 10.7(i) in [18]. O
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A.7. Proof of Proposition 4.1

The assertion involving V,,(ZO) is trivial. Regarding WéZO), note that Proposition A.2 and the con-
tinuous mapping theorem imply that, for any fixed B € N,

(W(zo) W(Zé)?w - W(z,g?B)) (W(Zo)’ wko.M W(Zo),(B))

in RB*+!, where W) := Supgepo, 17 IT(0, zo) | with the limit process T of Theorem 2.6 and where

w@hM W 0).(B) are independent copies of W0, According to the corollary to Proposi-
tion 3 in [20], W0 has a continuous c.d.f. since v(Z(zg)) > 0. Thus, Proposition F.1 in the
supplement to [6] implies that

lim lim ]P’{W(ZO) >§ A(B) (W(Zo))}

B—oon—00

for all « € (0, 1), as asserted. A similar reasoning gives the claim for 7®). (|

A.8. Proof of Proposition 4.2

This proof is a simple consequence of the auxiliary Propositions A.3 and A.4. (]

A.9. Proof of Proposition 4.3

Let XD (n) and XP (n) denote two independent Itd semimartingales with characteristics
(b,(”),a[(n),vl) and (b(") (") ,12), respectively. For n € N and j =0,...,n, set Y;(n) =
XE']A)n (n) and Z;(n) = X (2) (n) Let U, M and U,§2> denote the quantity defined in (2.3), based
on the observations Y; (n) and Z ;(n), respectively, instead on X j o, . Moreover, define a random
element S,, with Values in K‘X’(As) through

n— |no %
$0(0,7) 1= ———= L J U@, z) - 6] — UM @o,2) - UM @, 2))
no
LnJ{U% 2) — U,i”(eo,z)},
for (0, z) € A, with 6 < 6y, whereas for (6, z) € A, with 6§ > 6,
n— |no n— |no
Su(6,2) = #U;”(eo, )+ %{Uﬁ(e, 2) — U (00,2)}
Ln9J

—{UP1,2-U2©,2}.

Obviously we have the distributional equality

(ATX (), ... s Ao X (), ALnGOHlX(n),...,AZX(n))

D
= (AIXD@), . Al XV ), A 1 XP ), AR X P ().
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Hence, for any (61, z1), ..., (64, 2¢) € A¢ and g € N, we also have that

_ — D
(k2T (01, 20), - Ko 2T (B, 20)) 2 (Su(61,20)s - -, Su(Bg, 7))

Now, from the previous display, and from the fact that the function T is continuous in (0, z)
and that the functions T, (6, z) depend only through |n6] on 6 and are either left-continuous or
right-continuous in z, we immediately get that

sup [k PT(6,2) —T©®,2)| = sup |k T, (0,2) — T (6, 2)|
(0,2)€ A, (0,2)€A.NQ?
D
= sup [8.(6,2)—T(6,2)]
6,2)eA.NQ?

This expression is in fact op(1) as a consequence of Corollary 2.5 and the continuous mapping
theorem. Note that Corollary 2.5 is in fact applicable in this setup, because under H; the charac-

teristics b,(") and 0,(") have a uniform bound S inn € N and ¢ > 0. g

A.10. Proof of Proposition 4.4

Under Hj, choose ¢ > 0 such that there exists a |zo| > & with v1(z9) # v2(z0). Then,
according to Proposition 4.3 and the continuous mapping theorem, the random functions
60— SUP|;|>¢ Ik;l/z’ﬂ‘n (0, 7)| converge weakly in £°°([0, 1]) to the continuous function 6 +—>
sup|; >, 17(6, 2)|, which has a unique maximum at 6. Thus, the asserted convergences follow

from the argmax-continuous mapping theorem (Theorem 2.7 in [16]). The claim regarding HEZO)
can be shown similarly. ]

A.11. Additional auxiliary results

The first auxiliary result is needed for validating the bootstrap procedures defined in Section 3.
It is proved in [4], Lemma A.1.

Lemma A.1. Consider two bootstrapped statistics én = G,, X1,...,Xn,&1,...,&) and H, =

I:In(Xl, coos Xn, &1, ..., &) inametric space (D, d) with d(én, I:In) 1 0. Then, for a tight Borel
measurable process G in D, we have G, ~¢ G if and only if H, ~¢ G.

The proof of Proposition 4.1 is based on the following auxiliary result, establishing uncondi-
tional weak convergence of the vector of processes (T, ’]I‘n’ gDy ey ’]I‘n’ S(B)).

Proposition A.2. Suppose the conditions from Theorem 3.3 are met. Then, under Hy, for all
B € N, we have

A

(T, Ty ey oo, Ty ) ~ (T, TV, ..., T®)
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in (£°(Ag), | - ||A£)B+1, where ~> denotes (unconditional) weak convergence (with respect to
the probability measure P), and where TV ... T®) are independent copies of T.

Proof. We are going to apply Corollary 1.4.5 in [24]. Therefore, let f O fD B e
BL{(£*°(Ag)). Since T,,, Tn,§(1)7 cees Tn,g(m are independent conditional on the data, we have

Ee{fOT) - fOT,c00) o fET, e}

=) 'Esf(l)(f"n,gn) S 07 f(B)(fn,g(m) =:5,.

By Definition 3.1 and Theorem 3.4, Ef (”)(f"n,g(b)) converges in outer probability to
E(f®(T®)Y)) =: ¢}, for each b € {1, ..., B}. Therefore,

Snwcl-...~63-f(0)(T)=:S

by using the continuous mapping theorem, Slutsky’s lemma and Lemma 1.10.2 in [24] several
times.

Choose an M > 0 with |S,| V |S| < M forall w € 2, n € N and let g:R —> R be a bounded
and continuous function with g(x) = x on [—M, M]. Then

EX[EH {0 T) - f P Ty fP T, c0)]
= E%S, = EXg(S)) > E(g(S)) =ES (A.12)
@E{f(o)(T) MDY B(TE))

Note that (1) uses the fact that a coordinate projection on a product probability space is perfect
(Lemma 1.2.5 in [24]). Moreover, (2) holds because the limit processes are independent.

By Theorem 2.6, Remark 3.2(ii), Theorem 3.4 and Lemma 1.3.8 and Lemma 1.4.4 in [24]
the vector of processes (T, Tn’ gDy -y 'fI“n’ S“”) is (jointly) asymptotically measurable. Conse-
quently, equation (A.12), Fubini’s theorem (Lemma 1.2.6 in [24]) and Corollary 1.4.5 in this
reference yield the desired weak convergence. Note that the limit process (T, TV, ..., T®) is
separable because it is tight (Lemma 1.3.2 in the previously mentioned reference). (]

Proposition A.3. Under Hy, there exists an ¢ > 0 such that, for all K > 0,

lim P(7,) > K) = 1.

n— oo
If HEZO) is true, the same assertion holds for V,°° and W% .

Proof. Choose ¢ > 0 such that there exists a |zZ| > & with v;(Z) # v2(Z). Then ¢ :=
SUPpe(0.1] SUP|zj>¢ | T (0, 2)| € (0, 00), with the function 7" defined in Proposition 4.3. But Propo-
sition 4.3 and the continuous mapping theorem show that k,, 172 T,,(E) = c + op(1) and this yields
the assertion for T,,(a). The same argument implies the claim for W,EZO).
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Finally, let us prove the claim for V(ZO) As in the proof of Proposition 4.3, let XV (n) and
XDm) be independent Itd semimartingales with characteristics (b(") (") ,v1) and
(b(") (") , 1), respectively. For n € N and j =0,...,n, set Yj(n) = X( ) () and Zi(n) =

52) (n). Let U, M and U, ) denote the quantity defined in (2.3), based on the observations
Y;(n) and Z;(n), respectively, instead on X ja,,.

Then the quantities Vn(z") and W,gZO) differ only by a factor A, 1 21{ A,>0}, With A,, being equal
in distribution to

UM (00, z0) + UL (1, 20) — U (60, 20)-

This expression converges to Ogvi(zo) + (1 — 6p)v2(z9) > 0, in probability, which in turn implies
the assertion regarding Vn(z"). O

Proposition A.4. Under Hy, forall e >0andallbe{l,..., B},

fn(f;(b) =0p(l),  thatis lim limsupP(T"), > K)=0.

K—00 n—soo X

Moreover, under HgZO),for allbe{l,..., B},

W = 0p(1), thatis lim limsupP(W(m)

ng® — K—00 p—soo E® = K) =0.
Proof. Since the results are independent of b, we omit this index throughout the proof. Also note
that, for both assertions, it suffices to show that supyco, 1] SUp; > |G (6, 2)| = Op(1) under H;.

ForneNand j=0,...,n,letY;(n) = X(l) (n) and Z;(n) = X(z) (n) be defined as in the

proof of Proposition 4.3. Let U,gl), n,(ll) and U,(,Z), N 2 denote the correspondlng quantities, based

on the observations Y (n) and Z;(n), respectively.
Then, for 6 < 0y, we can write G, (0, z) as

[n6] [n6]
1 1
N/ Y &illiaveren — @} + { i Z 5/} AP (0@ = @)}
n j=I

The first term of this display is Op(1), uniformly in 6 < 6 and |z| > ¢, by Theorem 3.3 and Re-
mark 3.2(ii). By the classical Donsker theorem, the term in curly brackets on the right-hand side
is also Op(1) uniformly in 6 < 6y. The quantity A;l/zn,(zl)(z) 1/2U(1)(1 z) is op(1) uni-
formly in |z| > € by Corollary 2.5. Finally, the same argument as in the proof of Proposition 4.3
yields

Ay sup \nn(z)\ = /A, sup [UV (00, 2) + U (1, 2) = UP (60, 2)] = om(1).

|z|>e
To conclude,

sup sup ]@(9, z)} = Op(1).

0<6p |z|>¢
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The supremum over 8 > 6y and |z| > € can be treated similarly. ]
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