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Functional partial canonical correlation
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A rigorous derivation is provided for canonical correlations and partial canonical correlations for certain
Hilbert space indexed stochastic processes. The formulation relies on a key congruence mapping between
the space spanned by a second order, H-valued, process and a particular Hilbert function space deriving
from the process’ covariance operator. The main results are obtained via an application of methodology for
constructing orthogonal direct sums from algebraic direct sums of closed subspaces.
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1. Introduction

Canonical correlation analysis (CCA) is one of the principal tools for studying the relationship
between two random vectors in multivariate analysis. There have now been several attempts to
widen the definition of CCA to include vectors of infinite length and, more generally, stochastic
processes (see, e.g., Eubank and Hsing [8] and references therein). Functional canonical corre-
lation falls into this latter category wherein one obtains data that represent the sample paths of
continuous time processes. In this paper we provide a framework for canonical correlation and
partial canonical correlation analysis for a class of stochastic processes that includes those arising
in functional data.

A somewhat general formulation assumes that we have a probability space (€2, A, P), a real,
separable Hilbert space H, with norm and inner product || - || and (-, -) and an #H-valued random
variable X in the sense of Laha and Rohatgi [15]; that is, X : 2 — H is a measurable function
relative to the Borel o-field generated by the class of all open subsets of . Our attention will be
restricted to random variables with E|| X || < oo with expectation being relative to P. Associated
with such a random variable we can define the Hilbert space indexed process

Z(f)=(X, [f) (1.1)

for f € H. Then, from Vakhania et al. [20] there exists a mean element # € H and a covariance
operator S such that E[(X, f)] = (h, f) and E[{X — h, f}{X — h, fY1=(f, Sf') forall f, f' €
‘H. For simplicity, we assume that ||| = 0. In that case, the covariance operator is determined
by

E[(X, )X, f')] = (1. Sf). (1.2)
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It is well known that S in (1.2) is a trace class operator and therefore admits the eigenvalue—
eigenvector decomposition

S:Z)Ljd)j ®pj, (1.3)

J=1

where A1 > Ay > --- > 0 are the eigenvalues, ¢; is the eigenvector associated with A; and
(f ®gh={(f,h)g for f,g,h € H. A suitably normed version of the range of S gives us the
reproducing kernel Hilbert space

H(S) = !f: F= "0 fii 1 sy = Y mif2= ST ) < o0 (14)

j=1 j=1

that includes H as a proper subset when § is not finite dimensional which we hereafter assume
to be the case. The reproducing kernel Hilbert space recasts the range of S under a weaker norm
where § is invertible, since the Picard condition (Engl et al. [7])

o0

ZM’ Zum

is satisfied for f € H(S). For each f € H(S) there corresponds a random variable

Z(f) =) fi(X.8)).

j=1

These types of random variables are well defined and include those in the process (1.1) as a
special case. Thus, for inferential purposes we can focus on the Hilbert space

Ly = Z<f)—Zf, X.¢): |20 = Var(2( ) =Z/\-f,-2 <00 (1.5)

j=1 J=1

which consists of all the linear combinations of the (X, ¢;) that have finite variance. Note that
in addition to serving as an index set, H(S) is isometrically isomorphic or congruent to L Ta
relationship that will be exploited in the sequel. Parzen [16] calls H(S) a congruent reproducmg
kernel Hilbert space.

For functional data, X and the ¢; are typically functions on some continuous index set E. In
that instance it follows from Kupresanin et al. [14] that working with L is equivalent to working
with the space spanned by the X process: that is,

n
Ly={aia=Y ajX(t).tjeE.ajeRn=12,... (1.6)
j=1

under the inner product E[ab] for a,b € Lg(. In fact, functional canonical correlation can be
treated directly from this latter perspective using reproducing kernel Hilbert space techniques
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along the lines of those employed in Eubank and Hsing [8]. However, our present formulation
in terms of LZZ has certain advantages (both mathematical and computational) and appears to
generalize more readily to deal with partial canonical correlation and related ideas.

Assume now that we have two H-valued random variables X;,i = 1, 2, whose associated co-
variance operators S;, i = 1, 2, have the eigenvalue—eigenvector sequences {(1;;, ¢tﬂi)}?‘;1 from

(1.3). These, in turn, produce Hilbert spaces in,i = 1, 2, defined analogous to (1.5) for pro-
cesses Z;(fi),i = 1,2, that are indexed by Hilbert spaces H(S;) defined as in (1.4). Then, the
(first) canonical correlation between Z| and Z, is defined to be

/02 — sup COVZ(Zl(fl), ZZ(f2)) (17)
I fillx(sp=1,i=1,2

One can deduce from Eubank and Hsing [8] that (1.7) is well defined with the supremum being
attained. We provide an independent verification of this fact in the next section. If f], f> are
maximizing functions, then Z( fl), Zo( fz) are the first canonical variables of the Z; and Z;
processes, respectively. Subsequent canonical correlations and variables can be obtained similar
to the first in an iterative process that parallels the one employed in the standard multivariate
analysis case; see, for example, Eubank and Hsing [8].

A number of articles dealing with functional canonical correlation and related concepts have
focused on the case where the Z; ( f;) are restricted to have

o]

S <o, =12, (1)

j=1

which has the consequence that } 72, fij¢i; € H. In such instances the supremum (1.7) need
not be attained as demonstrated in Cupidon et al. [2] and Cupidon et al. [1]. Dauxois and Pousse
[6], Dauxois et al. [4], Dauxois and Nkiet [3] and Dauxois et al. [5] largely ignore this issue with
the consequence that their statistical applications become relevant only for finite dimensional
covariance operators whose ranges are necessarily closed. Such results are, of course, already
subsumed by the original Hotelling [12] work. In contrast, He et al. [11] impose restrictions on
the cross-covariances of coefficients in the two processes’ Karhunen—Loeve expansions to insure
that (1.8) is satisfied. Such restrictions are unnecessary as will be seen in the next section.

In the present paper, we are interested not only in functional CCA but functional partial canon-
ical correlation, as well. In the case of finite dimensional covariance operators, the idea was
proposed by Roy [17]. Given three random vectors X, X, and X3, the partial canonical corre-
lation of X, and X3 relative to X| was defined as the ordinary canonical correlation between
)~(2 = X, — Px, X2 and 5(3 = X3 — Px, X3, where Py, denotes projection onto the linear space
spanned by X . Related work by Dauxois and Nkiet [3] and Dauxois ef al. [S] comes with the re-
striction of a closed range for covariance operators which, again, confines statistical applications
to the finite dimensional setting that was already treated in Roy’s original work. In Section 3,
we show how the partial canonical correlation concept can be rigorously extended to infinite
dimensions and functional data.

In the next section, we set out the main ideas that are needed for rigorous treatment of canoni-
cal correlation and related concepts in the context of Hilbert space indexed processes of the basic
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form (1.5). The driving force behind our approach is the isometry that exists between the LZZ
and H(S) spaces. To demonstrate the utility of this analytic framework, we illustrate the idea
with two processes in the next section and extend this to three processes and partial canonical
correlation in Section 3.

2. CCA

In this section, we begin with the case of two processes and establish the properties of canonical
correlations and variables as defined in (1.7). Most of the basic techniques that are needed for the
three process setting of the next section are illustrated in this somewhat simpler scenario thereby
making it the natural starting point for our exposition.

As in Section 1, assume that we have two H-valued random variables with associated co-
variance operators S;,i = 1, 2, having eigenvalue—eigenvector sequences {(%;;, ¢; j)}?il' From
Vakhania et al. [20], it may be concluded that there are also cross-covariance operators Si» and
S>1 defined by, for example,

E(X1, f1){X2, f2) = (f1, S12./2)

with S1 = S, for S}, the adjoint of Si5.
Now we construct a new Hilbert space

2
Ho=11h=(f1, f): fi € H(SD,i =12 1hIG=Y_ I filGys <0

i=l
from which we obtain the 7, indexed process
Z(h)=Zi(f1) + Z2(f2)
with covariance function
Cov(Z(h), Z(h')) = Cov(Z1(f1). Z1(f])) + Cov(Za2(f2). Z2(f3))
+ Cov(Z1(f1), Z2(f5)) + Cov(Zi(f1). Z2(f2)
= /1 filsy + (2 Fahaucsy
+Cov(Z1(f1), Z2(f3)) + Cov(Z1(f1), Z2(f2))-

In order to avoid the degenerate setting where perfect prediction is possible, we impose the
following condition.

(2.1)

Assumption 2.1. There exist no (f1, f2) € Ho such that | Corr(Z1(f1), Z2(f2))| = 1.

The cross-covariance terms in (2.1) can be characterized as deriving from operators between
H(S1) and H(S,). To see this, define the functional

L1, (f1) = Cov(Z1(f1). Z2(f2))
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on H(S1). Clearly, I, is linear since covariance is bilinear and, e.g., Z1 (af1 +o' f{) =« Z1 (f1) +
o' Z1(f]) for any scalars «, o’ and any f1, f € H(S1). Also, by the Cauchy—Schwarz inequality,

|1, (f1)| = v/ Var Zi(f1) Var Zo(f2) = || filzcso | 2 ll24¢sy) -

Thus, /£, is a bounded linear functional on H(S1) and by the Riesz representation theorem there
is a bounded operator C12: H(S2) — H(S1) satisfying

Cov(Z1(f1), Z2(f2) = (f1. Cr2 f2)3(s))- (2.2)

There is also a bounded operator Cpi:H(S1) — H(S2) with Cy; = CT‘Q, which satisfies
Cov(Z1(f1), Z2(f2)) = (Ca1 f1, f2)3(S,)-

Proposition 2.1. Under Assumption 2.1, |C12|| = ||C21 || < 1.
Proof. By the definition of the operator norm, we have

IC1201 = sup IC12£254s,)-
FeH S, fallm(sy =1

An application of the Cauchy—Schwarz inequality produces

|Cov(Z1(f1), Za(f2)| = [{f1. Cra o) msy|
< /Var Z\(f1) Var Z>(f2)
= [ f1llmespll 2 11#Hsy)

with the strict inequality coming from Assumption 2.1. Now take f1 = C12 f>. O
The operators C12 and Si7 are, of course, related as we now explain. For this purpose, define
o o )
Y Fz ; z x 12 7 .
Sy =1 fis i = Fiidiss il s, = D kil =2 Al <oof. =12
j=1 j=1

Then, S; is an isometric mapping from 7:L(Sl-) onto H(S;); that is, 7-£(S,-) = Slfl H(S;). This leads
us to the following lemma.

Lemma 2.1. Sy, is an operator from 71(52) into H(S1) with ||Si2|| < 1.
Proof. Forany f> € 7(S,) and f] € H(S1)

Cov(Z1(f1). Z2(S22)) = Zflifzj (P1i S12¢2;)

i,J

~ 1/2 1/2
= Zflifzj(sl/ b1, Sl/ S]2¢2j)H(S|)
i,j
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=Y hiifii faj @i, Sad2j)rs)

i,j
= (/1 Slzfz)H(Sl)-

Now use the Cauchy—Schwarz inequality and ||.S> fz 715 = |l lem( S O

Lemma 2.1 provides the means to characterize C1;. Specifically, observe that

Cov(Z1(f1), Za(S2./2)) = (f1, Sizf2)nusy)
=(f1, 51285 S2f2>'H(S1)
= (f1, C1282.2)24(5,)-

In addition, the fact that Sy is compact on H along with an argument similar to that of Lemma 2.1
reveals that C, is the limit of a sequence of finite dimensional operators. We summarize these
findings as follows.

Theorem 2.1. Cip = 51252_1 is a compact operator from H(S>) into H(S1).

For h € Hy, define Qh = (f1 + C12f2, f» + Co1 f1). It will be convenient to write this in

matrix form as
1 Ci||h
Qh = [C21 1 } [fz} 2.3)

with the convention that the resulting vector is viewed as an element of 7{y. Observe that
Cov(Z(h), Z(h/)) = (h, Qh’)o.
This leads to the following proposition.

Proposition 2.2. Q:Hy — Ho is invertible with inverse defined by
07! = (C1L i = C1aCay 1 f2, Coly o = € Cria ), 2.4)

where h = (f1, f2) € Hoand Cijy =1 — CixCri = (I — Ciy Cy)* for i,k =1,2,i #k.

Analogous to (2.3), (2.4) will also be expressed as

—1 -1
1 _ Ciis —CnCyhy | A
QO h= - -1 '
—CuCyy, Cr f2

Proof. The form of the inverse as stated in (2.4) follows directly once we have shown all the
relevant inverse operators exist. Thus, let us concentrate on the latter task.
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We can write Q = I — T with

Th=(=Ciaf2, =Ca1f1) = - [C(; C(;Z} [2} .

Then

IThIZ = 1C12 fol3ys, + 1C21 filldys,
< 1€ £23s,) + 120121 i By cs,
= ICr2lP[Ilil53ys,) + 121505
= [Cral? A1}

2
< lIAllg

by Proposition 2.1. Theorem 4.40 of Rynne and Youngson [18] now has the consequence that
I — T = Q is invertible.

To complete the proof, we need to show that C112 and Co;.1 are invertible. This again follows
from Theorem 4.40 of Rynne and Youngson [18] because C112 =1 — C12C21 with ||Cyp|| =
[IC12]l < 1 from Proposition 2.1. [

Now define

H(Q) = {h: h=0Q [g}f, e H(S), i =1,2, [l = ||Q_1/2hu(2) < oo}.

The next proposition follows immediately from this definition.

Proposition 2.3. H(Q) is congruent to

L% = {Z(h): h eHo,

Z(h)| 3 = Var(Z(h)) < oo}
under the mapping W (h) = Z(Q~'h).

With Proposition 2.3 in hand we can now give our formulation of CCA. Specially, we seek
elements f; € H(S;) of unit norm that maximize | Cov(Z1(f1), Z2(f2))|. But

cov(z (. 22 ) = Con(2(1,00 20, ) = (0| 4 | 0| 7 )
720110

which leads to the conclusion that it is equivalent to find f; € H(S;) to maximize the right-hand
side of this last expression.
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The analysis from this point is driven by the results of Sunder [19] as described in Section 4.
For that purpose, we decompose H(Q) into a sum of the closed subspaces M| and M, with

M, = {h eH(Q): h=0 [{)1} = (f1, C21 f1), f1 EH(SI)}»

0
M, = {h €eH(Q): h=0 [ f2i| =(C12f2, f2), o € 7'[(52)} .
Regarding M and M>, we have the following result.
Proposition 2.4. H(Q) = M| + M, with “+” indicating an algebraic direct sum.

Proof. Clearly any element of H( can be written as the sum of elements in M; and M,. We
therefore need only show that M; N M, = {0}. Thus, suppose there exist f; € H(S;),i =1, 2,
such that (f1, C21 f1) = (C12.f2, f2). Then

Var(Zy (f1) = (fi. M) = (F1. Crafa) sy

and

Var(Z2(f2)) = (2, f2)1(sy) = (f2. Co1 [ 1Sy = (Cia fan 1) Hs))-

But, these relations have the consequence that | Corr(Z1(f1), Z2(f2))| = 1 which contradicts
Assumption 2.1. ]

To relate Proposition 2.4 to Sunder’s scheme in the Appendix, let L1 = M and L, = M> N
Mf- in Theorem A.l. Then, for A = Q[{)‘] € M; and hy = Q[})z] € M, the first canonical
correlation satisfies

o= sup |(h1, h2) o) | = sup |(h1, Bho)w(g)|
h1eEMy,hreM, hleLl,]:leLz

h; =1,i=1,2 . N
il =1.i 1340y =1. I+ Bl 340y =1

< sup | Bh2ll#(0)
hy€Ly
l2+Bh |30y =1

for B = PL1|M2(PL2|M2)*‘. Taking hy = Bﬁ2/||Bﬁg||H(Q), we see that the bound is attainable
and holds with equality. Thus, we have shown that p is obtained by maximizing ||Bﬁg||H(Q)
subject to

1B + hali3y ) = {2, (I + B*B)ha)yy ) = 1.

The operator B* B is compact as a result of Theorem 2.1 and Theorem 2.2 below. In addition,
I + B*B is self-adjoint, positive, invertible and has a self-adjoint square-root (I + B*B)!/2. We
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can therefore work with ﬁ’z = (I + B*B)'/2h, and maximize

1Bh2 7o) = | B(I + B*B)~ 1/2h2 ”’H(Q)

subject to /iy € Ly and ||ﬁ/2||%_l( o) = 1. The maximizer is the eigenvector for the largest eigen-

value of (I + B*B)~'/2B*B(I + B*B)_Nlﬂ. Some algebra reveals that the resulting eigenvalue
problem is equivalent to finding a vector hy € Ly with ||hy ”%—l( 0= 1 such that

B*Bhy = oa’hy (2.5)

in which case p = a/v1+ a?

Now suppose that hy € Lz is any vector that satisfies (2.5). Its M; component is Bhy and
its Mz component is th + hz These correspond to the canonical variables \IJ(th /o) and
\If((h2 + th)/\/ 1 + a?) of the Z; and Z, spaces, respectively.

In combination Corollaries A.2 and A.4 from the Appendix give us the desired characterization
for B*B: namely,

Theorem 2.2. For h = (0, f>) € Lo, B*B(0, f2) = (0, C21C12C272%1f2).

An application of Proposition A.1 from the Appendix now reveals that the conclusion of Theo-
rem 2.2 can be restated as B* B(0, f2) = (0, C21C2 f>) for some f, € H(S,) and the eigenvalue
problem (2.5) is equivalent to C21C12 f2 = a2C22.1f2 or

C21Cr2fr = p* fa.

By interchanging the roles of M and M> it follows that the optimal choice for f7 is the eigenvec-
tor corresponding to the same eigenvalue /o2 of C12C71. Thus, p is the largest singular value of
C>1, f1, f2 are its right and left hand singular functions and Z;( f1), Z>(f2) are the correspond-
ing canonical variables. More generally, a similar analysis reveals that the collection of all such
singular values gives rise to a sequence of canonical correlations that correspond to canonical
variable pairs with maximum possible correlation subject to being uncorrelated with previous
pairs in the sequence.

We conclude this section with examples that illustrate some of the features of our CCA for-
mulation.

Example 2.1. Suppose that S and S, are full-rank, finite-dimensional matrices. Then, Cjp =
S128, U and Co1 =818, ! so that finding eigenvalues and eigenvectors for C»1C12 is equivalent

to the singular value decomposition of S, 1/2 S128, 172 which, in turn, is equivalent to Hotelling’s
classic solution for the finite dimensional case as established in Kshirsagar [13].

Example 2.2. Functional data analysis generally focuses on the case where the X; are random
element of LZ[0, 1]; that is, the set of square integrable function on the interval [0, 1]. One
assumes the X; admit point-wise representations as the continuous time stochastic processes
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{Xi(t,w): t €[0,1],w € Q},i = 1, 2. Inference is then based on the linear combinations de-
scribed in (1.6).
The (assumed continuous) process covariance kernels are

o0
Ki(t,1") =Cov(X;(1), X; (")) = Z}\ij(i)ij(t)(i’ij (t')
j=1
with the (A;;,¢;;),j=1,...,i =1,2, being the eigenvalues and eigenvectors of the L2[0, 1]

integral operators defined by

1
(S (1) = /O F)Ki(t 5)ds.

The RKHS that is congruent to L%(, is H(S;).
In the case of two processes, we also have the cross-covariance kernels

K1a(t1, 1) = Cov(X1(t1), X2(12))
= Cov(X2(2), X1(11))
= Ko (2, 11).
From Eubank and Hsing [8], we know that K12(-,2) € H(S1), and K1»2(t1, ) € H(S2); so, if
fi =202 hij fijdij € H(S),
(Ri2 f) (1) = (K12(t, ), f2(')>7{(52)
defines a bounded operator from H(S>) into H(S1) with the property that
1
Cov(Zi(f). Za£0) = 13 fis e [ Krats. 001, )00 dsc
ko 0
= {f1, Ri2 f2)3(s))-
Therefore, R1» = C12 and our CCA formulation coincides with that in Eubank and Hsing [8].
Example 2.3. The developments in this section suggest a new approach to estimation in the

functional CCA setting of the previous example. The idea stems from (2.2) which has the conse-
quence that

Cov(Z1(P11), Za(¢2))) = (1is C1202)) H(sy)- (2.6)
It follows from Hansen [10] that a singular value decomposition of
A = {(ou. C12¢2j>H(S1)}i’j:1;m 2.7

for some finite integer m will produce singular values that approximate the singular values for
the operator Cy, and that the singular vectors provide coefficients for linear combinations of the
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¢i; that approximate its singular functions. The only question is how to estimate the inner prod-
ucts in (2.7). The answer is revealed by examining the left hand of (2.6). The realized values
of the Z;(¢i;), j =1, ..., m can be estimated directly using the scores one obtains from a prin-
cipal components analysis of functional data. Thus, their sample covariance matrix provides an
obvious choice for an estimator of (2.7).

Suppose we have observed sample path pairs (x1;(-), x2;(-)), j =1, ..., n. The resulting esti-
mation algorithm can then be summarized as follows.

1. Carry out a principal components analysis of the x;;, j =1, ..., n to obtain the estimated
eigenfunctions q§,~ j»Jj=1,...,m and n x m score matrices

Wi = {((]3,']', xik(')>}k:1:n,j:1:m

fori =1,2. Let Am be the m x m sample cross covariance matrix obtained from W; and
Wa.

2. If Ay, =UDVT for U = [u, ...,Aum], V=1[v1,...,vu] and D = diag(dy, ..., dp) is the
singular value decomposition of A,,, the ith canonical correlation is estimated by d; and
the corresponding canonical weight functions by ulT [¢21, ..., ¢P2m] and vl-T [d11, ..., P1m].

A simple numerical example will be used to illustrate this estimation scheme. The setting is
that of Eubank and Hsing [8] where the two processes are

20
Xi(t) = Zj—l/zzljﬁsin(jnt),

j=1
20

Xo(t) = (Z11 + Z31) sin(7e) + Zj_lﬂzzj«/zsin(jns),
j=2

for t € [0, 1] and the Z;; i.i.d. standard normal random variables. In this instance, there is only
one nonzero canonical correlation: namely, p; = 1/+/2 = 0.707.

We sampled n process pairs at 100 equally spaced points and conducted principal components
analysis on the resulting data using the function pda . £d from the fda package in R retaining
9 components (or harmonics) for both processes. This basic experiment was then replicated 100
times. For samples of size n = 250, the observed means (standard deviations) of the first two
sample canonical correlations were 0.7248 (0.0818) and 0.0777 (0.0122), respectively. For sam-
ples of size n = 500, the means (standard deviations) were 0.7147 (0.0591) and 0.055 (0.0095).

This rather crude implementation suffices for the present expository purposes. However, for
use in practice one should at least employ consistent estimators for the eigenfunctions such as
those studied in Yao et al. [21] and Hall ez al. [9].

3. PCCA

A similar approach to that of the previous section can be used to address the PCCA setting. There
are now three H-valued random variables X;,i = 1,2, 3, with associated covariance operators
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Si, i =1,2,3. As in Section 2, we can also define the cross-covariance operators Si2, S13, $23
and their adjoints.

For i =1, 2, 3, the Hilbert spaces Lz_ spanned by the process Z;( f;) indexed by their con-
gruent Hilbert spaces H(S;) are deﬁned as in (1.5) and (1.4). Hence, by the Riesz representation
theorem, there are bounded operators C;; : H(S;) — H(S;) satisfying

Cov(Zi(fi), Zi(f)) = (fi, Cij [1)msn)

fori, j=1,2,3 and i # j. Also, we have that C;; = Cji.
We now construct the new Hilbert space

3
Ho= {h =(fi. fo. f3): fi € H(S).i = 1,23, 1h15 =Y _ I filliys,) < oo}.
i=1
Then, our corresponding H indexed process is Z(h) = Z?:l Zi(fD).
As in the previous section we need to rule out the case where perfect prediction is possible.

For this purpose, we require that Assumption 2.1 holds for both of the process pairs Z1, Z> and
Z1, Z3 as well as the following.

Assumption 3.1. There exist no fa € H(S2) or f3 € H(S3) such that
|Cort(Z2(f2) = Pz, Z2(f2), Z3(f3) — Pz, Z3(f3))| =
For h € H, define
Oh=(fi+Crfra+Ci3f3.Cafi+ f2+Caaf3, Ca1fi+Canfot f3)
which we will express in the matrix form
I Cin Cui||h
Qh=|Cy I Cui|| f
Gy Cxn 1 f3
We then see that
Cov(Z(h), Z(1')) = (h, QI'),.

Our next result gives the three process parallel of Proposition 2.2.

Proposition 3.1. Let E=[C1» Ci3l, F =[], D=[/, G*]and G=D'?(1 —v)D'?
with

V=

[ 0 —Co (O - czlc13>c33‘,{2} a1

—12 ~12
—C33Af (C32 — C31C12)C22_{ 0
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Then,

-1 -1
Q_1=[1+EG F —EG } 32

G~ 'F G!

From Proposition 2.2, we know that C»;.1 and C331 are invertible. The result will therefore
follow if we can show that the norm of V in (3.1) is strictly less than unity. This is a consequence
of the next two lemmas and Theorem 4.40 of Rynne and Youngson [18].

Lemma 3.1. The projection of Z>( f2) onto L221 is Z1(C12 f2) and the projection of Z3( f3) onto

LZZl is Z1(C13 f3).

Proof. If P, Z5( f2) denotes the projection, it must satisfy
Cov(Z1(f1). Pz, Z2(f2)) = Cov(Z1(f1), Za(f2))
for every fi € H(S1). Since there is some fi € H(S1) such that Pz, Z>(f2) = Z1(f1).
Cov(Z1(f1), Z2(f2)) = (f1. Cr2 f2)ms)
= Cov(Z1(f1), Z1(f1)
= (f1, fidrcs)-

Therefore, fl = C12 f>. The second half of the lemma is proved similarly. ([l
Lemma 3.2. [|C5,'*(Ca3 — C21C13)C sy < 1.
Proof. First, observe that by Lemma 3.1 and Assumption 3.1
|Cov(Z2(f2) — Z1(C12/2). Z3(f3) — Z1(C13 £3))]
=[(f2. C3 3) 2050 — (2. C11C13./3) 250 |
< (Var(Za2(f2) — Zl(C12f2))) (Var(Zs(fa) - Z1(C13f3)))1/2
= (/2 sz.lfz)%?sz)(f& C33.1f3)%fs3)

= || Czlézl 12 ”?—L(sz) || C33 1f3 ”7{(53)'

Now, let f> = Czlézl frand f3 = C;ézl f3 to obtain

z =12 -1/2
(f2, C22.{ (Co3 — C21C13)Cy5 { f3)H(52) <Nl P2 llweso | 3l aacsy) -

Finally, taking fr= Cz_zll/ 2(C23 —(CyC 13)C3_3%1/ 2 £ completes the proof. O
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Now define
h 2 124,112
HQ = h:h=0Q| fo |, fi e H(S).i=1.2.3, |39 = | Q7/?h]5 < o0
f3

Then, as in Proposition 2.3, we have
Proposition 3.2. H(Q) is congruent to

L% ={Z(h): h e Ho, |

Z(h) |5 = Var(Z (k) < oo}
under the mapping W (h) = Z(Q~'h).
For the PCCA formulation, we wish to find f> € H(S>) and f3 € H(S3) to maximize

|Cov(Z2(f2) — Z1(C12£2). Z3(f3) — Z1(C13 3))].

Since

Cov(Za(f2) — Zi1(C12/2), Z3(f3) — Z1(C13 f3))

= COV(Z(_Cl2f27 f27 O)» Z(_Cl3f3v Oa f3))7
it suffices to find f> € H(S2) and f3 € H(S3) to maximize
—Ci2f2 —Ci3f3

<Q P .0 0 >

0 VER LYo

Again, we apply the results of Sunder described in Section 4. For this purpose, write H(Q) =
M1 + M, + M3 with

fi
Mi=3heH(Q):h=0| 0 |:=(f1,Caf1,C31/1) ¢,
0

0
My=3heH(Q): h=0| f2 | =(Ci2f2, f2,C32/2)
0

and

0
M3={heH(Q):h=0 0 | :=(C13f3,Casf3, f3)
f3

An argument similar to that for Proposition 2.4 produces the following proposition.
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Proposition 3.3. H(Q) = M| + M> + M3 with “+” indicating an algebraic direct sum.

Now let L1 = My, Ly = My N Mit, L3 = M3 N M5 N M- and take

A —Cinfo . —Ci3f3
h2=Q f2 EMQ—PLIMQ and h3=Q 0 €M3—PL1M3
0 3

with ||;li ll#1¢0) =1, i =2, 3. Then, arguing as in the previous section we see that the first partial
canonical correlation can be characterized as

b= sup [(ha, h3) 30|
hzeMz—PLl Mz,h}EM}—PLl M3

l1h; l#)=1,i=2,3

= _sup 1Bh3174(0)
h3€Ls, [|h3+Bh3ll3(g)|=1

for B = PLZ‘M3(PL3|M3)_1. The bound is attained by taking ﬁz = Bﬁ3/||Bﬁg||H(Q) in which

case the first partial canonical correlation is a/+/1 + a2 with a2 the largest eigenvalue of B*B.

If 73 is an eigenvector corresponding to o, the partial canonical variable for the Z> space is

W(Bfw/a) and the partial canonical variable for the Z3 space is W((h3 + Bﬁ3)/\/ 1+ a?).
Now, through Corollaries A.6 and A.7, we finally obtain

Theorem 3.1. For h = (0, 0, fg) € L3,
B*Bh = (0,0, (C32 — C31C12)C3,}1 (Ca3 — C21C13)Cy ' f3).

This result in combination with Corollary A.5 reveals that partial canonical correlations are
the singular values of the operator C3_3%1/2(C32 —C31 C12)C2_2%1/2.

Example 3.1. The basic computational algorithm from Example 2.3 can be adapted for comput-
ing sample partial canonical correlations. One now carries out principal components analysis of
the data from all three processes and then regresses the scores for the X, X3 process data onto
the scores from the X; sample paths. The Example 2.3 computational scheme is then applied to
the residuals from the two regression analyses.

To illustrate the idea, consider again the two processes from Example 2.3. Sample paths were
generated as before except that in each instance we subtracted a term §Z cos(ms) with Z a stan-
dard normal random variable and 8 equal to 1 for the X process and 2 for the X, process.
The only nonzero partial canonical correlation in this case is again 1/+/2. The first two partial
canonical correlations obtained from an empirical experiment using the same parameters as in
Example 2.3 had means (standard deviations) of 0.7107 (0.0875) and 0.0818 (0.0157) for sam-
ples of size 250 and 0.7141 (0.0599) and 0.0553 (0.0089) for samples of size 500.
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4. Summary

We have developed a framework that can be used to study the correlation properties of groups
of Hilbert space indexed stochastic processes. Our applications have been restricted to groups of
size two or three; however, it is clear that similar analyses are possible with any finite number of
processes. For example, the partial canonical correlation work of Section 3 extends in principle
to examination of pairs of residual processes after correcting for projections onto several other
processes.

We note in passing that it has been assumed that all the H-valued random variables take
values in the same Hilbert space. The extension to where some or all of the variables produce
elements of different Hilbert spaces incurs some additional notational expense but is otherwise
straightforward.

Technical Appendix

In this Appendix, we collect some of the mathematical details that were needed for our main
results. In particular, the developments in Sunder [19] play a pivotal role in Sections 2-3. Thus,
we first summarize the key aspects of that work that were employed in the paper.

Assume that a Hilbert space # can be written as the algebraic direct sum of n closed subspaces
M, ..., M,. Thatis,

n
H=> M,
i=1

where M; N Z#i M; = {0}. Now, for 1 < k <n define
k k—1 1
Lo (ZMl) . (ZM,.) .

i=1 i=1

Then, Ly LM;, fori =1,...,k — 1, and by construction Zle L, = Zf:l M; fork=1,...,n.

Let Py, and Py, be the orthogonal projection operators onto My and Ly, respectively. Then,
for 1 <k <nand 1 < j <k <n we define the restriction of PLj to My by PLj|ka = Pij for
x € My and use PmyiL;y = Pmyy for y € L; to indicate the restriction of Py, to L ;. Sunder [19]
establishes the following relationship between the My and L.

Theorem A.1. For x € My, we can write My as
M ={(PLymx, ... PL_ X, Pamx.0,...,0)}

= {(Pramae (Prom) ™ Prme®, - Prgm,x,0, ..., 0)}
= {(ALI\LkZ»---,ALk_1|LkaZa 0,...,0)},

where 7 = PLk|ka € Ly and AleLk = PLj\Mk(PLkle)71f071 <j<k<n.
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Theorem A.1 has the consequence that problems involving optimization over My can instead
be formulated in terms of equivalent problems on L; which is how it is applied in Sections 2-3.

We next turn to the proof of Theorem 2.2. This is accomplished via the following proposition
and its corollaries.

Proposition A.1. If h = (Ci2 f2, f2) € Ma, then Pr,\m,h = (C12f2, C21C12.f2) and Pr,\m,h =
(I = Prym)h = (0, Ca2.1 f2).

Proof. Let hy = (f1, Ca1 f1) € My = Ly. Then,
(PLymyh2, hi)ao) = (ha, b))
for every hy € My. Writing Pr,\p,h2 = (f}, C21 f7) leads to
(PrLymh2, h)acg) = ((f75 Co1f7), (F1, ) = (1 Fidyyesy

=((Cr2f2. f2). hi)yy g, = ((Cr2f2. £2). (f1.0)),
= (Ciaf2, [)rsy)

for every f1 € H(S1). So, fi'=Ci2 fa. O
Corollary A.1. Ifh = (0, f5) € Lo, (Ppymy) " h = (C12C3, o, oy o).
Corollary A.2. For h = (0, fg) € Ly, we have
Bh = Ppm,(Pryymy) " h = (C12C3) | fo, C21C12Cy) o).
Corollary A.3. Let h = (0, f), k' = (0, f2) € L;. Then,
<h’ h >’H(Q) ((O f2) o (O’ 1;2/))0 = <f2 C2_2%1f2/>%(s2)'
With a little extra effort we also obtain the following corollary.
Corollary A.4. B*(f1, C21 f1) = (0, Ca1 f1).
Proof. For h = (f>, Ca1 f1) € Mi = Ly and h = (0, f») € Lo,
(h. Bh)y0) =(Q™"h. Bh),
=((/f1.0), (C12C221f2,C21C12C221f2))
=(f, C12C221f2)H(51) (C221C21f17f2>7_[(52)
=

B*h. )y )

An application of Corollary A.3 completes the proof. (]
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Finally, we give the details for proving Theorem 3.1. Analogous to the proof of Theorem 2.2,
the steps are broken down into a proposition and its subsequent corollaries.

Proposition A.2. If h = (C12 /2, f2,C32/2), Prymh = (Cr2f2, C21C12 f2, C31C12 f2) and
Pryimh = — Prymy)h = (0,C1 f2, (C32 — C31C12) f2).

Proof. For h = (f1, C21 f1, C31 f1) € M1 = L1, we have the relation
(PrLyimy s h)wig) = (hs i) (0)-
Writing Pr,m,h = (f], Ca1 f}, C31 f]') leads to
(Prysh, R0 w0y = (T Car fT5 Ca 7). (f1,.0,0)),

(

(f75 Fidays,y
= (h, h1)1(0)
=
=

(C12f2. 2. C32.f2), (f1.0,0)),
Ciaf2, f)Hs)

forevery f; € H(S;) withi =1,2.So f'=Crp2 f2. O
For subsequent notational convenience, let

Co=0C331—(C32 — C31C12)C2_2%1 (Coz — C21C13).

Corollary AS5. If h = (Ci3f3,C3/f3, f3), Prymsh = (Ci3f3,CaCi3f3, C31C13 f3),
Pryimsh = (0, (C3 — C21C13) f3, (C33.1 — Co) f3) and Pryuh = (0,0, Co f3).

Proof. For ﬁz = (0,C2.1/2,(C3p — C31C12) f2) € L, and h € M3, we have the relation
(PLy M3k, ho)y0) = (hy h2)g)- I we write Py ph = (0, Co2.1 fz*, (C3r — C3q ClZ)fz*), then

(Pryimshs h2) (0
=((0, Co2.1 f5. (C32 — C31C12) f3), (=Ci2 fo, f2.0)),
=(Co2113 alyys,y

13 (C32 = C31C12) fa)yy s,

=
={(0,0, f3). (0. Cx2.1 f2. (C32 — C31C12) f2)),
=(
=((Cy3 — C21C13)f3,f2)H(52)~

So, f5 = C5, | (Caz — C21C13) f. 0
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Corollary A.6. For h = (0,0, f3) € L3,
= (0, (C23 — C21C13)Cy ' f3, (C32 — C31C12)C5y)  (Ca3 — C21C13)Cyy ! f).
Corollary A.7. If h = (0, C22.1 f2, (C3p — C31C12) f2) € Lo, then
B*h=(0,0,(C32 — C31C12) f2).

Proof. For i = (0, C.1 f2, (C32 — C31C12) f2) € Ly and hi3 = (0,0, f3) € L3,

(Bhs, h)31(0) = (Bh3. Q™ 'h),
= (Bh3, (=C12f2. f2.0)),
=((C23 — C21C13)Cy ' f3, f2)H(s2)
=(Cy' f3. (C32 — C31C12) fo)yy sy
= (3. B*h}yy )
= (0 'h3, B*h),
=(([C21C5) (€23 — C21C13) — Ci3]Cy ' /3,
— C3!1(Co3 — Co1C13)Cy ' 3. Cy ' f3). B*R),. O
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