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Consider the linear stochastic differential equation (SDE) on R”:
dX; = AX;dt + BdL;,
where A is areal n X n matrix, B is areal n X d real matrix and L; is a Lévy process with Lévy measure v on

RY. Assume that v(dz) > p0(2) dz for some pg > 0. If A <0, Rank(B) =n and '/‘{|1710|<5‘} po(z)_1 dz <
oo holds for some zg € R? and some & > 0, then the associated Markov transition probability P (x, dy)
satisfies

C+I|x—yD
for some constant C > 0, which is sharp for large ¢ and implies that the process has successful couplings.

The Harnack inequality, ultracontractivity and the strong Feller property are also investigated for the (con-
ditional) transition semigroup.

1P (x,) = Pr(y, )llvar < x,yeRe >0,

Keywords: coupling; Harnack inequality; Lévy process; quasi-invariance; strong Feller

1. Introduction

Lévy processes are fundamental models of Markov processes, from which more general
diffusion-jump-type Markov processes can be constructed by solving stochastic differential equa-
tions or martingale problems. It is well known that a Lévy process can be decomposed into two
independent parts, that is, the Brownian (or Gaussian) part and the jump part. Comparing with the
analysis on the Brownian motion, that on the pure jump part is far from complete. For instance,
except for stable-like processes that can be treated as subordinations of diffusion processes [24]
(see also [5,13] for heat kernel upper bounds for «-stable processes with drifts), little is known
concerning regularities of the transition probabilities of O-U-type jump processes. Most existing
regularity results for O-U (or generalized Mehler) semigroups were derived by using the Gaus-
sian part as the leading term (cf. [10,21,22] and references within). In contrast, besides known
results on the transition density for Lévy processes (see [11,14,26] and references therein), the
strong Feller property was recently proved by Priola and Zabczyk [19] for O-U jump processes
by considering a Hérmander condition and Lévy measures. The main purpose of this paper is
to investigate more regular properties on O-U semigroups in the same spirit, so that our results
work well for the pure jump case as emphasized in the Abstract.
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Recall that a Lévy measure v on R is such that v({0}) = 0 and (see [2])
/ (12> A Dv(dz) < oo.
R4

Let b € R? and Q be a non-negatively definite d x d matrix. The underlying Lévy process L, is
the Markov process on R? generated by

Lf=(bY]) +Tr(QV2f)+/Rd{f(z+-) — f = (V. 2= o (d),

which is well defined for f € Clg(Rd).
Now, let A be areal n x n matrix and B be areal n x d matrix. We shall investigate the solution
to the following linear stochastic differential equation

dX} = (AX})dr + BdL,, X} =xeR". (1.1)

We shall investigate the following properties of the solution:

(A) The coupling property.
(B) The Harnack inequality and ultracontractivity.
(C) The strong Feller property.

The coupling method is a powerful tool in the study of Markov processes, and the coupling
property that we are going to study is closely related to long-time behaviors, Liouville-type
properties and the 0—1 law of tail-/shift-invariant events. Recall that a couple (X;, Y;) is called
a coupling of the Markov process associated with a given transition probability if both X; and
Y, are Markov processes associated with the same transition probability (possibly with different
initial distributions). In this case, X; and Y; are called the marginal processes of the coupling.
A coupling (X;, Y;) is called successful if the coupling time

T:=inf{t >0: X, =Y,} < o0, a.s.

A Markov process is said to have a coupling property (or to have successful couplings) if, for
any initial distributions w1 and w7, there exists a successful coupling with marginal processes
starting from w1 and uj, respectively. A slightly weaker notion is the shift-coupling property:
for any two initial distributions there exists a coupling (X;, Y;) with marginal processes starting
from them respectively, such that “X, = YT,” holds for some finite stopping times Ty, T; (see
[1]). In general, the coupling property is stronger than the shift-coupling property, but they are
equivalent if the Markov semigroup satisfies a weak parabolic Harnack inequality (see [9]).

Consider a strong Markov process with transition semigroup P;. For any (not necessarily suc-
cessful) coupling with initial distributions @1 and w», one has (see [6,15])

lie1 Pr — w2 Pt llvar < 2P(T > 1), >0, (1.2)

where || - ||lvar is the total variational norm. This follows by setting X; = Y; for + > T due to the
strong Markov property. Moreover, for any coupling (X,, ¥;) with initial distributions 6, and 8,
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a bounded harmonic function f (i.e. P; f = f for t > 0) satisfies
lfx)—fOI= }££E|f(xt) — XD = 2| fllocP(T = 00).

Consequently, if a strong Markov process has a coupling property, then its bounded harmonic
functions have to be constant, that is, the Liouville property holds for bounded harmonic func-
tions. In general, the coupling property of a strong Markov process on R” with semigroup P; is
equivalent to each of the following statements (see [8], Section 4, and [15], Chapters 3 and 5):

(i) Forany pu1, uz € P(R"), lim; o0 |01 Py — 2 Py llvar = 0.
(i) All bounded time—space harmonic functions are constant, that is, a bounded measurable
function u on [0, co) x R" has to be constant if u (¢, -) = Psu(t+s, -) holds for all s, r > 0.
(iii) The tail o-algebra of the process is trivial, that is, P(X € A) =0 or 1 holds for any initial
distribution and any A € (), o (R0 5 1> w15 > 1).

Correspondingly, each of the following statements are equivalent to the shift-coupling property
(see [25], Section 4, or [1]):

(iv) Forany i1, jua € P(R"), lim— o0 |3 [ (141 — p2) Py ds [lvar = 0.

(v) All bounded harmonic functions are constant.

(vi) The shift-invariant o -algebra of the process is trivial, that is, P(X € B) =0 or 1 for any
initial distribution and any shift-invariant measurable set B C (R™)[0.00)

In Section 3, we shall present explicit conditions on A, B and the Lévy measure v such that the
coupling property holds (see Theorem 3.1).

Next, we aim to establish the following Harnack inequality for P; initiated in [27] for diffusion
semigroups:

(Ptf(x))a S (Ptfa(y))Ha(t»an)a t>07x9yEana > 17

for positive measurable functions f, where H,, is a positive function on (0, 00) x (R™)2.

When v(R?) < oo, with a positive probability the process does not jump before a fixed time
t > 0, so that this inequality could not hold for the pure jump case. This is the main reason
why all existing results in this direction only work for the case with a non-degenerate Gaussian
part (cf. [21,22]). To work out the Harnack inequality also for the pure jump case, we shall be
restricted on the event that the process jumps before time . More precisely, let 7| be the first
jump time of the Lévy process induced by an absolutely continuous part of v. If Rank(B) = n,
then the Harnack inequality and ultracontractivity are investigated in Section 4 for the following
modified sub-Markov operator le (see Theorem 4.1):

Pl f(x) == E{f (X)) rzry }-

Finally, we look at the strong Feller property of P;. By the same reasoning that leads to the
invalidity of the Harnack inequality, when v is finite the pure jump semigroup cannot be strong
Feller. Therefore, in [19] the authors only considered the case that v is infinite. More precisely, if
v has an infinite absolutely continuous part and if there exists m > 1 such that the rank condition

Rank(B, AB,...,A" 'B)=n
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holds, then [19], Theorem 1.1 and Proposition 2.1, imply the strong Feller property of P,. We
shall extend this result by allowing the absolutely continuous part of v to be finite. In this case
the number m in the rank condition will refer to the strong Feller property of the semigroup
conditioned by the event that the mth jump happens before time ¢ > 0 (see Theorem 5.2).

It might be interesting to indicate that for jump processes the strong Feller property is incom-
parable with the coupling property. Indeed, the latter is a long-time property but the former is
somehow a short-time property. For the strong Feller property, we need the process to be able to
visit any area before any fixed time, for which the jump measure has to be infinite as mentioned
above. However, the situation in the diffusion case is very different: Whenever the diffusion
process is able to visit any area for a long time, it will be able to do so before any fixed time.

The remainder of the paper is organized as follows. To study the coupling property and the
Harnack inequality, we shall first investigate in Section 2 the quasi-invariance of random shifts
for compound Poisson processes, which in particular leads to a conditional Girsanov theorem.
Then we will study the properties included in (A), (B) and (C) in Sections 3, 4 and 5, respectively.

2. Quasi-invariance and the Girsanov theorem

Throughout of this section, we assume A := v(Rd) € (0,00) and let L := {L,};>0 be the com-
pound Poisson process with Lévy measure v and Ly = 0. Let A be the distribution of L, which
is a probability measure on the path space

o
W=1> xilj00:i €N,x; e R\ {0},0<1 f coasi } oo

i=1

equipped with the o -algebra induced by {w — w; :¢ > 0}. Let Aw; = w; — w;— forz > 0.

For any T > 0, let Ar be the distribution of Lo 1] := {L;}:¢[0,7], and let T and & be ran-
dom variables with distributions %l[o,r](t) dt on [0, T'] and %v on R4, respectively, such that
&,7 and L are independent. It is shown in [28] that the distribution of Lo 7] + &1(7 7] is

Alr nr(w)Ar(dw), where

n(w):=#{te[0,T]: w; # w;_}, weWw. 2.1

We shall extend this result to more general random variables £ and t. To this end, write

N;
Li=) & 120, 2.2)
i=1

where N; is the Poisson process on Z, with rate A and {&;};> are i.i.d. random variables on R,

which are independent of N := {N;};>0 and have common distribution %v.

Theorem 2.1. Let (¢, t) be a random variable on R4 x [0, 00). Then the distribution of L +
&1(¢,00) is absolutely continuous with respect to A if and only if the joint distribution of (L, &, T)
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has the form
eA(dw)dp(dz)®(w, dt) + g(w, z, t) A(dw)v(dz) dt,

where ¢ € [0, 1] is a constant, g is a non-negative measurable function on W x RY x [0, 00) and
O (w, dt) is a transition probability from W to [0, 00). In this case, the distribution of L +&1[¢ o)
is formulated as

{s + Z g(w — Aw; s, o0y, Awy, [)}A(dw)_
Aw;#0

According to Theorem 2.1, the random shift L — L 4+ &1{; ) is quasi-invariant if and only if
the conditional distribution of (L, &, 7) given {& # 0} is absolutely continuous w.r.t. the product
measure A X v x dr. Since, when & = 0, the random shift does not help the coupling, below we
will only choose non-zero &.

To prove this result, we shall make use of the Mecke formula for the Poisson measure. Let £
be a Polish space with Borel o-field ¥, and let o be a locally finite measure on E. Then 7, the
Poisson measure with intensity o, is a probability measure on the configuration space

n
r:= {Z% n €74 U{oo}, x; EE}

i=1

fixed by the Laplace transform
/ e Dy dy)=e?©' =D, fecyE).
r

Note that the corresponding o-field on I" is induced by {y — y(f): f € Co(E)}. The Mecke
formula [17] (see also [20]) says that for any non-negative measurable function F on I" x E,

/ F(y + 6., 2)70 (dy)o (dz) = f 7o (dy) / F(y, 9y(d2). 23)
I'xE I E

By considering the Poisson measure with intensity v x dr on R x [0, 00), we will be able to
prove Theorem 2.1 by using the following result.

Theorem 2.2. Let A C E be measurable, X be a random variable on T" with distribution 7, and
n be a random variable on E. Then the measure P(X + 6, € -, n € A) is absolutely continuous
with respect to 7, if and only if the measure P((X,n) € -, n € A) is absolutely continuous with
respect to Ty X 0.

Proof. Let Dy ; be the distribution of (X, n).

(a) The sufficiency. Assume that P((X,n) € -,n € A) = g(y, 2)75(dy)o (dz) for some non-
negative measurable function g on I' x E. For any bounded measurable function f on I', by the
Mecke formula (2.3) for

F(y,2) = f(y)g(y — 8,2 1(y=5,114(2),
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we have

E{la(m) f(X +8,)} = /r . vy +82)8(y, )75 (dy)o (dz)

=/f(y){f g(V—SZ,Z)V(dz)}na(dy).
r A

So, P(X + 8, € -, n € A) is absolutely continuous with respect to 7, with density function y

Jagly =8, 2)y(da).
(b) The necessity. Assume that P(X + 4, € -, n € A) is absolutely continuous with respect to
7. For any measurable set N C I' x E with (1, x 0)(N) =0, we intend to prove

P((X,n) € N,n€ A) =Dy ,(N)=0. 2.4)
Let

Ay={y+68.:(y.20)eN,ze A} CT, F(y,z) =lnynrxa(y —8;.2)
for (y,z) eI’ x E.

If y € Ay, then there exists zg € A such that (y — 8, zo) € N. This means that y > §,, and

/F(V,z)y(dz)zh(y,zo)=l.
E
Therefore,

LF(yv Z)V(dZ) = lAN(V)v S I

Combining this with (2.3) and noting that (7, X ¢)(N) =0, we obtain

7 (Ax) < /r 70 (dy) fE F(y, 9y(d2) = /

I'x

F(y +6;,2)75(dy)o (dz)
E

< / Ly (. Do (dy)o (d2) = (15 X ) (N) =0.
I'xE

Since P(X + 6, € -, n € A) is absolutely continuous with respect to 7, this implies that
P((X,n) eN,neA) <P(X+68,€ Ay, n€A)=0.
Thus, (2.4) holds. O

Proof of Theorem 2.1. (1) The sufficiency. Let 77, be the Poisson measure with intensity o :=
v(dz) x dt. Since o ({0}) = 0 and the Lebesgue measure df is infinite on [0, co) without atom,
7y is supported on

oo
Fo:=1Y i €N.x; eRY\{0},0<t fooasitoof.

i=1
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Let
o0 o0
YW —Ty; inl[li,oo)'_)za(xi,li)'
i=1 i=1
We have (see [4], page 12)
JTO-:AOwil, A:ngolﬂ. (25)

By (2.3), for any non-negative measurable function 4 on I'g x R? x [0, 00), we have

f 7o (dy) h()/,x,t))/(dx,dt)=/ h(V +6(x,t)’x»t)na(dy)v(dx)d[-
To R4 x[0,00) o xR4 x[0,00)

Combining this with (2.5) we conclude that

/ > Hw, Aw,,t)A(dw):/ H(w + x1j1 00y, X, 1) A(dw)v(dx) dr
w Awn£0 W xR4 x[0,00)

holds for any non-negative measurable function H on W x R? x [0, co). Therefore, for any
non-negative measurable function F on W, we have

EF(L + gl[r,oo))

= E{F(L)l{g:o}} + / F(w + xl[t,oo))g(w, x, ) A(dw)v(dx)dt
W xR4 x[0,00)

=/ F(w){5+ Z g(w—Aw,l[,,oo),Aw,,t)}A(dw).
w

Aw;#0

This completes the proof of the sufficiency.

(2) The necessity. Let the distribution of L + £1[; ) be absolutely continuous with respect to
A. Let e =P(§ =0) and let ®(w, dr) be the regular conditional distribution of T given L and
& = 0. Then for any non-negative measurable function f on W x R¢ x [0, 00),

]Ef(L,g,r)zs[F . )f(w,O,t)A(dw)@(w,dt)+]E{f(L,§,t)l{g¢0}}.

So, to prove that the distribution of (L, &, t) has the required form, it suffices to show that for
any A x v x d¢-null set N, we have

P((L,&,7) € N,&E #0)=0. (2.6)
To this end, we shall make use of Theorem 2.2. Let E = R? x [0, co) and X = ¥ (L). We have

’a”(L‘f‘fl[r,oo)) =X +68¢,0) for & #0.
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Let
N={Ww).z.1):(w,z,1) € N,z #0}.
By (2.5) we have
(e x v x dt)(N) < (A x v x dt)(N) = 0. 2.7)

Now, since the distribution of L +£& 1, o) is absolutely continuous with respect to A, due to (2.5)
so is P(X + 8,7y € -, § # 0) with respect to 7. Hence, according to Theorem 2.2, P((X, &,
T) € -, £ #0) is absolutely continuous with respect to 7, x v x df. Combining this with (2.5)
and (2.7), we arrive at

P((L,&,7) € N, & #0) =P((X,£,7) € N, & #0) =0.

Therefore, (2.6) holds. |

In the situation of Theorem 2.1, let

Uw)=e+ Z g(w — Aw 1 o0y, Awy, 1), we W. (2.8)
Aw;#0

As a direct consequence of Theorem 2.1, the following result says that the distribution of L +
& 1(¢,00) under probability
Lo
AU > 0)U

Luw)=o . .. .
AU=0) IP. This can be regarded as a conditional Gir-

(L+E&l[r.00)P

coincides with that of L under probability
sanov theorem.

Corollary 2.3. In the situation of Theorem 2.1 let U be in (2.8). Then for any non-negative
measurable function F on W,

Fl{U>O}(

]E{(Fl{U>0})(L)}=E{ L+51[r,oo>)}~

3. The coupling property

Recall that for the Brownian motion the equality in (1.2) is reached by the coupling by reflection
covered by Lindvall and Rogers in [16]. More precisely, let P8 (x, dy) be the transition probabil-
ity of the Brownian motion on R and let T y be the coupling time of the coupling by reflection
for initial distributions 8, and &,. One has (see [7], Section 5)

1 B B
EHPZ (x,-)— P[ (y7’)||var=P(Tx,y > 1)

5 pli-yl/eVD Sk —
- %/ e 2 du < m, t>0. (3.1)
7 Jo

Ji
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Our first result aims to provide an analogous estimate for Lévy jump processes, which in par-
ticular implies the coupling property of the process according to the equivalent statement (i).
Intuitively, to ensure the coupling property for a Lévy jump process, the Lévy measure should
have a non-discrete support to make the process active enough. In this paper, we shall assume
that Rank(B) = n and v has a non-trivial absolutely continuous part.

Theorem 3.1. Let P;(x,dy) be the transition probability for the solution to (1.1). Let
Rank(B) =n and (Ax, x) <0 hold for x e R". If v > py(z) dz such that

/ po(z)"1dz < o0
{lz—z0l<¢}

holds for some zg € RY and some ¢ > 0, then

CA+lx—ybh
—

holds for some constant C > 0, and hence, the coupling property and assertions (1)—(vi) hold.

1P (x, ) = Pr(y, llvar < x,yeR"1>0, (3.2)

Remark 3.1. (1) According to [18], Theorem 3.5(ii), if A has an eigenvalue with a positive
real part, then, under an assumption on large jumps, the coupling property fails. In this sense
the assumption A < 0 is somehow reasonable for the coupling property. On the other hand, by
[18], Theorem 3.8, in the diffusion case, all bounded harmonic functions could be constant (i.e.,
the shift-coupling property holds) provided all eigenvalues of A have non-positive real parts. It
would be interesting to extend this result to the jump case.

(2) The condition f{lz—zo|58} p0(z)~'dz < oo follows from inf|;_;|<¢ po(z) > 0, which cor-
responds to the uniformly elliptic condition in the diffusion setting. Similarly to (3.1) in the
Brownian motion case, (3.2) is sharp for large r > 0 in the pure jump case. To see this, let
n=d=B=1,A= 0 =0 and let v be a probability measure such that

/zv(dz)zo, /zzv(dz)zl, /|z|3v(dz)<oo.
R R R

Then the corresponding Lévy process reduces to the compound Poisson process up to a constant
drift by:

N;
X; =Z$i + bot,

i=1

where N; is the Poisson process on Z, with rate 1 and {£;};>; are i.i.d. and independent of N,
with common distribution v. By the Berry—Esseen inequality (see [23]),

sup|IP’(Xt <r\/f+b0t)—d>(r)| < C—O, t >0,
reR \/;
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holds for some constant c¢g > 0, where ® is the standard Gaussian distribution function. There-
fore,

1P, (x, ) = Pr(0, ) llvar = 2sup|P(X, < rv/t + bot) — P(X; < r+/t + bot — x|

reR
dco  cr]|x| —4cg 5
ZZSupCD(r)—CDr—x/\/; -_—— > t>x°,
reR| ( ) \/; «/;

holds for some constant ¢y > 0.

It is well known that the solution to (1.1) can be formulated as

t
XF=ey +/ eAU=9BdLy, xeR",1>0. (3.3)
0
To make use of Theorem 2.1, we shall split L, into two independent parts:
Li=Ll+17

where L9 := {L9}zzo is the compound Poisson process with Lévy measure vy(dz) := po(z) dz,
and L' := {Lt1 }r>0 is the Lévy process with Lévy measure v — vg generated by £ — Lo for

Lof = /Rd(f(~+Z) — f(@)vo(da).

So, (3.3) reduces to

1 t
XF=elx +f eI BdL! +/ eA=IBdLY,  xeR"r>0. (3.4)
0 0

Moreover, let
Ny
L=Y"s, (3.5)
i=1

where N := {N;};>0 is the Poisson process on Z with rate Ag := vo(Rd), and {&;};> are i.i.d.
real random variables with common distribution vp/A¢ such that N, {£;};>1 and L' are indepen-
dent.

To prove Theorem 3.1, we introduce the following fundamental lemma.

Lemma 3.2. Let 1o € (0, 00), and let {n;}i>1 be a sequence of square-integrable real random
variables that are conditional independent given N such that E(n;|N) = 1 and ]E(niz|N) <o
hold for some constant o € (0, 00) and alli > 1. Then
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Proof. Since E(n;n;|N)=1fori # j and E(nl.z|N) <o fori > 1, we have

1 Nr 2 (&
= WEL]Z_]]E(UMHN)} -~ M—TE{;E(niIN)}
| i (n? —n+on)(AT)"e 2T O
= (oT)? Pt n! AT

F-Y. Wang

+1

]

Proof of Theorem 3.1. We simply denote B, = {z:|z — zg9| < r} for r > 0. Using pg A 1 to

replace pp, we may and do assume that pg < 1. In this case vg(dz) := po(z) dz is

finite. For

T > 0, let T be a random variable on [0, c0) with distribution %l[o,r](t)dt and & on R” with

distribution
1, , (2)vo(dz)
vo(Be/2)
such that L9, L1, &, t are independent. Let A (dw) be the distribution of L0 1tis easy
the distribution of (L°, &, 7) is
18, ), (2)1j0,71(1)

Tvo(Bays) A(dw)vy(dz) dz.

By Theorem 2.1 and (3.5), for any z € R? we have

T
Ef(eATZ+/ eA<Tt)Bd(LO+$1[r,oo))t)

0

1B, ,\(0 (ALO)}
TVO(B@/Z) Z /2\{ } t

t<T

=k f(eATz+f0TeA<T—f>BdL9)§l @
B Tvo(Be2) = Ber2 350 [

to see that

Letting 7, 7 be the distribution of x + fOT e A"BdL/ and combining this with (3.4) and the

independence of L% and L', we obtain

Ef (X3 +e*T " Bg)

T T
=Ef<eAT{x+/ e—A’BdL}}+/ eA(T_l)Bd(LO+$1[r,oo))t)
0

0
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T
=/1{Ef<e”z+/ eA<T”Bd(LO+$1[f,oo)),)}ﬂx,T(dZ)
R 0

B f(eATZ+fQ A(T— t)BdLO)
_ /R E{ B Zlm@, e 7 (d2)

o &
N {Tvo(Bs/z)ZlBéﬂ(él}

1147

(3.6)

Next, since Rank(B) = n, we have d > n and up to a permutation of coordinates in Rd, we may
and do assume that B = (B, B,) for some invertible n x n matrix B; and some n X (d — n)

matrix B. If, in particular, n = d, then By = B. Moreover, for simplicity we write

R" =R" x {0} c RY,

where 0 is the original in R¢~". In other words, for any x € R”, we set x = (x, 0) € R?. Since

(Ax, x) <0 for x e R", if
£
B jx—yl <2,
1B, "Il - Ix yl_2
then

— _ _ &
1B e (= I < 1B - e (x — I < 1B - 1x — y] < 5

So the distribution of (L, & + B; 'eA™(x — y), 7) is

Lo.ri1g, 4 p-tenrryy (@)
Tvo(Be2)

A(dw)vg(dz — B e (x — y)) dr

lio.71(0)1 oo (@po(z — By e (x — y))
- BeptBy e7ix—y) A(dw)vo(dz) dr.
TvoB:/2)p0(z)

Similarly to (3.6), due to Theorem 2.1, (3.5) and the independence of L9 and L', we have

Ef(Xy +e*T~"Bg)

T
=Ef (eATy +f AT OBA(L' + L0+ (& + B e (x — y)}l[r,oo))l>
0

f(X3) 0. P0(ALY — B e (x — y))
Z]E{—T 5 2 b e oy 0 (AL 0
vo( 8/2) (<T Po(ALY)

=E

f(x3) %: | (6206 = B MG = )
Tvo(Bg2) P B, o+B; eAti (x—y) 5! 00(&) ’
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where 7; is the ith jump time of N, for i > 1. Combining this with (3.6), we arrive at

|Pr f(x) = Prf(yl

Nt —1 _At;
: 1 po(§;i — By "efi(x —y))
Elfx)f1-——) 1 _1ar, . 1
A T)< Tvo(Be)2) ; Byt By et () (67) ro(§i) )
+ f(X7) ls,, (i) — 1]/, lx —yl =< . (3.7)
FE\ T, (B Z B.p2 5i) =BT
To apply Lemma 3.2, let
_Jolmp@) L dopol = By et (x —y) | Ein1
= i = —1 AT i)yl =
vo(Bz/2) ’ vo(Be/2) po(6:) BejptBy e =)

Then {n;};>1 are i.i.d. and independent of N with
1 / Ao
*o JB, ), vo(Bg/2)

1 A3 Ao
i ———V(dz) = <0
2o B.;» Yo(Bg/2) VO(B5/2)

En; = vo(dz) =1,

Enf =

while {7;};>1 are conditional independent given N such that

20p0(z — By 'eATi (x — y))
E(7i|N) = / : vo(dz)
)\.() F/2+BI_ICATI' (x—y) VO(BS/Z),OO(Z)
1 20p0(z — By 'eATi (x — y))
= _— dz=1,
) B./2+B; et (x—y) vo(Be/2)

and since pg < 1 and |Bl_1eAfi x—=yI=<3,

(7 IN) = / )gp0(z = By et (x — y))?
) F/2+Bl_leAfi (x—y) V()(B&/Z)Z)O()(Z)2

vo(dz)

<) /‘ dz
<Xo —
B./o+B; et (x—y) vo (B /2)?po(2)

< 5 f < o0
vo(Be2)* JB, 00(2)
Therefore, by (3.7) and Lemma 3.2,

T>0x—yl<

I
f ’ 2B

||PT(.X,') PT(ya )Hvar
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holds for some constant ¢ > 0. This implies (3.2) for some constant C > 0 since for [x — y| >
and m, y :=inf{i € N:i = 2| B! || - |x — yl/e}, we have

2\|Br'||

1P (x, ) = Pr(y, )llvar

« ( G- )) P{( L =Do-» )
My.,y Mmy.y 7

=2.|*
Finally, it is easy to see that (3.2) implies the statement (i) and hence, the coupling property of
the process. (|

var

To conclude this section, we present a result on the equivalence of the coupling property and
the shift-coupling property by using a criterion in [9].

Proposition 3.3. Let v(R?) < 0o and A = 0. If either b = f{lz\<1} zv(dz) or Rank(B) = n and
Q is non-degenerate, then the coupling property is equivalent to the shift-coupling property.

Proof. Let A :=v(R%) <ooand A=0.Let L, = L + LO as before for L0 being the compound
Poisson process specified in (3.5) for v in place of vo. If Q0 =0and b = f{\z|<l} zv(dz), then

Xf=x+ BL?. So, for any non-negative measurable function f on R”, and any ¢,s > 0, we
have

Pris f() =Ef(BLY, + ) 2 E[f(BL) + ) n,y-n=0)] =¢ * P f(x).  (3.8)

Therefore, by [9], Theorem 5, the coupling property is equivalent to the shift-coupling property.

Next, let A =0, Q be non-degenerate and Rank(B) =n. Let P/ and PtD be the semigroups of
BL(,) and BL ,1, respectively. Then it is easy to see that the generator of PtD is an elliptic operator
with constant coefficients and hence, satisfies the Bakry—Emery curvature-dimension condition.
Therefore, according to [3], there exists a constant k > n such that

k)2
t
PthS( ts) PP f. ts>0, (3.9)

holds for non-negative measurable function f. Since A = 0 implies that the diffusion part and
the jump part are independent, we have P, = PP P/, where P/ is the semigroup associated to
BL?, which satisfies (3.8). Therefore,

k/2
t
Ptf§< +s) M Pyf,  f>0,51>0.
S

This implies the equivalence of the coupling property and the shift-coupling property according
to [9], Theorem 5. O
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The condition b = f{l 2l<1) zv(dz) is used to ensure the desired inequality (3.8). If this condition
does not hold, there exists by # 0 such that X* = x + BLY + byt, so that instead of (3.8) one has

Prys f(x) > E[f(BL? + x + bos) LN,y —N,=0} ] = e ™ Py f (x + bos),

which is not enough to apply [9], Theorem 5.

4. Harnack inequality and ultracontractivity

Let v > vg := po(z)dz > 0 for some pg > 0 with Ag := vo(Rd) € (0, 00). As in Section 3, let
L= L,1 + L? such that L° and L' are independent, where L° is the compound Poisson process
with Lévy measure vg. Let 71 be the first jump time of L?. We shall establish the Harnack
inequality for

Pl o) =E{f(X) <y},  120,xeR", f e BpRY. (4.1)

Theorem 4.1. Let v > vy := po(z) dz with Ay := vo(R?) € (0, 00), and let P,1 be defined above.
Let Rank(B) = n. There exists a constant ¢ = ¢(B) > 0 such that if

1
V,(r) := — sup dz < o0, r >0,

0 |z/|<r

po(z — Z')p/(p—l)
/Rd po(z)!/(P=D

holds for some p > 1, then for any positive measurable function f on R",
(Pl ) < (PP onf —e )V, (cel W —y )}, x yeRY 1> 0,

holds. Consequently,

—-1/p
1Pl psoo < (1 —e 200l A1/ / S S— < oo,
P ra Vp(cel Al [x])r=1

where || - || p—4 is the operator norm from LP (R"; dx) to LY(R"; dx) for any p,q > 1.

Proof. Let L0, L!, &, T be independent such that the distributions of £ and t are vg/Ao and
%l[o,r](t) dr, respectively. As in the proof of Theorem 3.1, let B = (B, By) such that Bj is
invertible. Since the distribution of (L?, E,7)is

Lo, 77(2)
AT

A(dw)vy(dz) dt,
Corollary 2.3 holds for

1
U(w) = M—an(w),
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where n is defined by (2.1). Since 7 < T and £ # 0, which are independent of L% and L1, we
have

1
U(LO +'§1[r,oo)) = —nT(LO =+ %‘1[1’00)) > 0.
MT
Therefore, by Corollary 2.3 and noting that 7; < T a.s. for the process L + &17,00),

P} f(x) =E[f(X})l{r<7)]

T fETx+ fy eATBAL! + L0+ &11r.00)1) }
nr (LY + &1 o0))

MTFEA Ty + [ eAT=DBd(L" + L0+ (€ + By '™ (x — 1)} jr.00)1)
nT(L0+{§+B;‘eAf(x — M}Hir,00) }

=E

=E

=K “4.2)

Ny po(&;)

XD <1y NZ po(& — B 'eATi (x — y) }
i=1

where ¢ = || B| ! ||. By the Holder inequality, we obtain

Nr

Ling=1) Z po(& — BT leAT (x — ) p/(p=1)y p—1
Nr G

(PLf)P < P%f”(y){lE<

i=1

e¢]

na—roT M A\ pl/(p—1)PL
Ep;fp(y){zume i ST E(po@, z)) }

= onm) L celair ey Pro(&i)

= PLFP {1 =)V, (cel T — )}

This implies the desired Harnack inequality.
Next, since there exists a probability w7 on R" such that

PrfP(0) =Ef(Xq) = fR P x4y dy),
iffRn fP(x)dx <1, then
/ P} fP(x)dx s/ PrfP(x)dx =f Mr(dy)/ P’ x +y)dx <elAIT,
R» R» R» R

Therefore, by the Harnack inequality, for any non-negative f with [, f7(z)dz <1,

(PLf(x))? / dy

e (Vp(celAlT|x —y[))r=t

< (1 —e MT)r™ f PRSPy dy = (1—eTt)Pel AT,
R
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This implies the desired upper bound of || P} | p—co- O
It is easy to see that V), < 0o holds for many concrete choices of pp, including po(z) :=

c1e~2l" for some constants ¢1, ¢2, 7 > 0 and po(z) := c(1 + |z])~" for some r > d and ¢ > 0.
Finally, when v has a large enough absolutely continuous part, we may derive the ultracon-

tractivity by comparing with the «-stable process.

Theorem 4.2. Assume thatn =d and B=1. Let a € (0, 2). If

c
v(dz) > W L{jz1<ry dz

holds for some constants c,r > 0, then

/

”Pt”l_)OOS—(l/\t)d/O(’ t>0,
holds for some constant ¢’ > 0.
Proof. (a) We first observe that if » = oo, that is,

c
v(dz) > W dz, (4.3)
then
C/
||Pt||l—>oo§m7 te(oa 1]3

holds. When A =0 and v(dz) > wﬁ dz this is well known according to the heat kernel up-
per bound of the a-stable process. In general, let n be the symbol of the Lévy process L with
characteristics (b, Q, v). Let u; be the probability measure on R? with Fourier transform

t
(2) =eXP[—/ 14 2) dS], zeR?,
0
We have

Pif(x)= fR ) FEAx +y)u(dy).

Let ¢; > 0 be such that
l *
cf €54 z|% ds > ¢11|z], t €0, 1].
0

According to (4.3) there are two probability measures ull and utz on R? such that yu; = utl * u,z
and the Fourier transform of ] is

fi} (2) = expl—citz|*].
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Combining this with the known heat kernel bound of the a-stable process, we can find a constant
¢’ > 0 such that for any f > 0,

P f(x) = / 14 (dZ)/ fEe x4+ y+2u>dy)
R4 Ré

C/
SW\/I‘{df(Z)dZ’ xERd7t6(0,1]~

This implies the desired estimate.
(b) Let r € (0, 00). To apply (a), let L° be the compound Poisson process independent of L
with Lévy measure

W= (g e

Then L := L 4 L° is a Lévy process with Lévy measure

C
v(dz) = v(dz) + vo(dz) > Zard dz.

Let P, be the semigroup associated with the equation
dX; = AX,dr +dL,.
By (a)
/

— c
1Pl < e 1€(0.1) (“4)

holds for some constant ¢’ > 0. Let 7| be the first jump time of L°. We have

t t
P f(x) —Ef(e x+/o eAl=9) dLs—ir/O eA<”>dL§’>

t
{ T]>,}f(e x+/ eA(t—s)de>}
0

=eMPf(x), f=0,

| V

where 1o := vp(RY) < 0. Combining this with (4.4) we complete the proof. (Il

5. Strong Feller property

As in Sections 3 and 4, let v > vy := pg(z) dz for some non-negative measurable function pg on
R? such that Ag := vo(R?) > 0. Let L, = Lt1 + L? for independent L' and LY such that L? is
the compound Poisson process with Lévy measure vg. For any i > 1, let t; be the ith jump time
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of L?. If Ap = o0, we set t; = 0 for all i > 1 by convention. We shall prove the strong Feller
property for the operator P, defined by

P f () =E{f X)L <tncritim }» (5.1)
where m > 1 and
tm :=sup{t >0: Rank(e"4B,...,e"4B)=n,VO<s5| <--- < sy <1}.
According to the following lemma, we have #,, > 0 provided the rank condition
Rank(B, AB, ..., A" 'B)=n (5.2)
holds. This extends [19], Lemma 2.2, by allowing m # n.

Lemma 5.1. If (5.2) holds for some m > 1, then t,,, > 0. Consequently, for 0 <s1 <--- <s§p <
tym and

m
. s; A d
Vstrsn @1e v Zm) =Y 4Bz, zi. 2w €RY,

i=1

y oYy, s, is an absolutely continuous probability measure on R" provided so is y on R™

FO =e4,  1<i<m,
k=1) _ p(k=1)
I
FO =L L ch<m— L k+1<i<m.
’ Si = Sk
Since
de
—et =4 ix0,
ds s=0

for any 1 <i <m, Fi(ii:ll) approximates AU=D ag s, J 0. Therefore, there exist real matrices
Ui, ..., U, depending on (sy, ..., s,) such that

s:jEO”Ui”:O’ 1<i<m,
and
FiZ)=a""+U;,  1<izm.
Since {Fl.(”;:ll) :1 <i < m} are linear combinations of {eSiA :1 <i <m}, we have

Rank(e"'4B,e"4B,...,e"4B) >Rank(B + U;B, AB+ U3B, ..., A" "B+ U,B). (5.3)
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Since (B, AB, ..., A’"’lB) has full rank n, and since U; B — 0 as s,,, — 0, there exists t > 0
such thatif 0 <s; <--- <s,, <t, then

Rank(B + UB, AB+ UsB, ..., A" 'B+ U, B) =n.
Combining this with (5.3) we complete the proof. O

Theorem 5.2. Ift,, > 0, then P" is strong Feller for t > 0. Consequently, if (5.2) holds for some
m > 1, then tyny > 0 such that P'""" is strong Feller for t > 0.

Proof. According to Lemma 5.1 and the fact that (5.2) with m > n is equivalent to the condition
with m = n (cf. [29]), it suffices to prove the first assertion. We shall complete the proof in four
easy steps.

(a) We first observe that P/ is strong Feller if

P"(0,dx) :=P(X° e dx,t > .ty = T — 1)

is absolutely continuous. Indeed, let P, (0, dx) = g(x) dx. Then

P f(x) = fRn FEeMx+y)g(y)dy.

Therefore, P;" is strong Feller according to [12], Lemma 11.

(b) Next, we claim that it suffices to prove the result for Ay < co. If Ag = oo, then for any
I>11etv; = (po Al)(z)dz and A; = vy (R?). Let 7; (I) be the ith jump time for the corresponding
compound Poisson process with Lévy measure v;. If the assertion holds for finite A¢, then we
may use v; to replace vy so that

P(X? edx,t > 1), tw = T () — 11 (D)
is absolutely continuous. Therefore, for any measurable set D C R" with volume |D| =0,
P(0,D) <P(X? € D,t > 1), tm = T () — 11 (D)) + Pt (D) = t Aty) = e~ M ENmIm,
Since A; T Ao = 00 as [ 1 0o, we see that P;(0, -) is absolutely continuous.

(c) We aim to show that it suffices to prove for the case that L; = L?, that is, v = v and the
Lévy process is the compound Poisson process with Lévy measure vy. Indeed, since

t 13
X0 = / e™94BdL) + / e™DABdLY,
0 0
where L! and L° are independent, P/" (0, dx) is absolutely continuous provided so is

t
IP(/ G(Z_S)AB dLg edx,t >ty ty =Ty — Tl)~
0
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(d) Now, assume that v = vy with A9 € (0, 00) and L; = L?. Let 7w (dsy, ..., ds;) be the distri-
bution of (zy, ..., T;), and let
K={(G1,...,8m):Sm—81 <tm,0<sy <---8, <t}

Since by (3.4) and (3.5) with Lzl =0
t m t
X0 = / e!"IABAL) =T N " A g f e 4pdL)
0 i=1 tn
provided 1, <, for any non-negative measurable function f on R", we have

m t
P f(0) = / E f(e(f—Sm)AZe<~Ym—Sf>ABg,-+ / e“—”ABdLQ)n(dsl,...,dsm), (5.4)
K

: S
i=1 m

where {&;} are i.i.d. random variables with distribution vy/X¢ independent of (L?)stm. Since
e"=sm)4 is invertible and s, — 5; < 1,5, by the definition of #,, the mapping

m
(Z17 e Zm) — e(l_sm)A Ze(sm_Si)ABzi

i=1
is onto, so that the distribution of the random variable
m
e(t*Sm)A Z e(sm —si)A le
i=1

is absolutely continuous (see [19], Lemma 2.3). By (5.4) and the independence of this random
variable and

t
/ e™94BdLY,

Sm

we conclude that P/" (0, dx) is absolutely continuous. O
Remark 5.1. In concrete examples we may have f,, = 0o so that P;" reduces to
P" f () ==E{f (X)) (5, =0},

which refers to the conditional distribution of X in the event that LY jumps at least m times
before ¢. For instance, as in [19], formula (1.3),letn =2,d =1 and

) )
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We have A2=1 and AB = ((1)) So,

holds for all s > 0. Since sinh(sp — s1) > 0 for s» — s1 > 0, and since e

S s\ (0 N 1 0) , .. 1
CAB:<ZO®><1>+(Zom>(0)=Cosh(s)<l>+Slnh(s)(0)

s14 is invertible, we have

Rank(e*'4 B, ¢4 B) = Rank(B, e(‘vz_“)AB) =2=n.

Therefore, t, = co.

Acknowledgements

The author would like to thank Enrico Priola and a referee for helpful comments on the first ver-
sion of the paper and for introducing him to the very interesting paper [19]. This paper supported
in part by WIMCS and SRFDP.

References

(1]
[2]
[3]

(4]
(51

[6]
[7]
(8]
[9]
(10]
(1]
[12]
[13]

(14]

Aldous, D. and Thorisson, H. (1993). Shift-coupling. Stochastic Proc. Appl. 44 1-14. MR1198659
Applebaum, D. (2004). Lévy Processes and Stochastic Calculus. Cambridge Univ. Press. MR2072890
Bakry, D. and Qian, Z. (1999). Harnack inequalities on a manifold with positive or negative Ricci
curvature. Rev. Mat. Iberoamericana 15 143-179. MR1681640

Bertoin, J. (1996). Lévy Processes. Cambridge Univ. Press. MR1406564

Bogdan, K. and Jakubowski, T. (2007). Estimate of heat kernel of fractional Laplacian perturbed by
gradient operators. Comm. Math. Phys. 271 179-198. MR2283957

Chen, M.-F. (1992). From Markov Chains to Non-Equilibrium Particle Systems. Singapore: World
Scientific. MR2091955

Chen, M.-F. and Li, S.-F. (1989). Coupling methods for multidimensional diffusion processes. Ann.
Probab. 17 151-177. MR0972776

Cranston, M. and Greven, A. (1995). Coupling and harmonic functions in the case of continuous time
Markov processes. Stochastic Process Appl. 60 261-286. MR1376804

Cranston, M. and Wang, F.-Y. (2000). A condition for the equivalence of coupling and shift-coupling.
Ann. Probab. 28 1666-1679. MR1813838

Da Prato, G. and Zabczyk, J. (1992). Stochastic Equations in Infinite Dimensions. Cambridge Univ.
Press. MR1207136

Fisz, M. and Varadarajan, V.S. (1962/63). A condition for absolute continuity of infinitely divisible
distribution functions. Z. Wahrsch. Verw. Gebiete 1 335-339. MR0149521

Hawkes, J. (1979). Potential theory of Lévy processes. Proc. London Math. Soc. 38 335-352.
MRO0531166

Jakubowski, T. and Szcypkowski, K. (2010). Time-dependent gradient perturbations of fractional
Laplacian. J. Evol. Equ. 10 319-339. MR2643799

Knopova, V. and Schilling, R.L. (2010). A note on the existence of transition probability densities for
Lévy processes. Available at arXiv:1003.1419.


http://www.ams.org/mathscinet-getitem?mr=1198659
http://www.ams.org/mathscinet-getitem?mr=2072890
http://www.ams.org/mathscinet-getitem?mr=1681640
http://www.ams.org/mathscinet-getitem?mr=1406564
http://www.ams.org/mathscinet-getitem?mr=2283957
http://www.ams.org/mathscinet-getitem?mr=2091955
http://www.ams.org/mathscinet-getitem?mr=0972776
http://www.ams.org/mathscinet-getitem?mr=1376804
http://www.ams.org/mathscinet-getitem?mr=1813838
http://www.ams.org/mathscinet-getitem?mr=1207136
http://www.ams.org/mathscinet-getitem?mr=0149521
http://www.ams.org/mathscinet-getitem?mr=0531166
http://www.ams.org/mathscinet-getitem?mr=2643799
http://arxiv.org/abs/1003.1419

1158

[15]
[16]

[17]
[18]
[19]

(20]

(21]
(22]
(23]
(24]
[25]
[26]
(27]
(28]

[29]

F-Y. Wang

Lindvall, T. (1992). Lectures on the Coupling Methods. New York: Wiley. MR1180522

Lindvall, T. and Rogers, C. (1986). Coupling of multidimensional diffusions by reflection. Ann.
Probab. 14 860-872. MR0841588

Mecke, J. (1967). Stationaire Zufillige Maf3e auf lokalkompakten abelschen Gruppen. Z. Wahrsch.
Verw. Gebiete 9 36-58. MR0228027

Priola, E. and Zabczyk, J. (2004). Liouville theorems for non-local operators. J. Funct. Anal. 216
455-490. MR2095690

Priola, E. and Zabczyk, J. (2009). Densities for Ornstein—Uhlenbeck processes with jumps. Bull. Lond.
Math. Soc. 41 41-50. MR2481987

Rockner, M. (1998). Stochastic analysis on configuration spaces: Basic ideas and recent results. In
New Directions in Dirichlet Forms. AMS/IP Stud. Math. 8 157-231. Providence, RI: Amer. Math.
Soc. MR1652281

Rockner, M., Ouyang, S.-X. and Wang, F.-Y. (2009). Harnack inequalities and applications for
Ornstein—Uhlenbeck semigroups with jump. Available at arXiv:0908.2889.

Rockner, M. and Wang, F.-Y. (2003). Harnack and functional inequalities for generalized Mehler
semigroups. J. Funct. Anal. 203 237-261. MR1996872

Shevtsova, 1.G. (2006). A refinement of the upper estimate of the absolute constant in the Berry—
Esseen inequality. Theory Probab. Appl. 51 622-626. MR2325552

Song, R. and Vondracek, Z. (2009). Potential theory of subordinate Brownian motion. In Potential
Analysis of Stable Processes and its Extensions. Lecture Notes in Math. 1980 87—176. Berlin: Springer.
Thorisson, H. (1994). Shift-coupling in continuous time. Probab. Theory Related Fields 99 477-483.
MR 1288066

Tucker, H.G. (1965). On a necessary and sufficient condition that an infinitely divisible distribution
be absolutely continuous. Trans. Amer. Math. Soc 118 316-330. MR0182061

Wang, E.-Y. (1997). Logarithmic Sobolev inequalities on noncompact Riemannian manifolds. Probab.
Theory Related Fields 109 417-424. MR1481127

Wang, F.-Y. and Yuan, C. (2010). Poincaré inequality on the path space of Poisson point processes.
J. Theory Probab. 23 824-833.

Zabczyk, J. (1992). Mathematical Control Theory: An Introduction. Boston, MA: Birkhauser.
MR1193920

Received March 2010 and revised June 2010


http://www.ams.org/mathscinet-getitem?mr=1180522
http://www.ams.org/mathscinet-getitem?mr=0841588
http://www.ams.org/mathscinet-getitem?mr=0228027
http://www.ams.org/mathscinet-getitem?mr=2095690
http://www.ams.org/mathscinet-getitem?mr=2481987
http://www.ams.org/mathscinet-getitem?mr=1652281
http://arxiv.org/abs/0908.2889
http://www.ams.org/mathscinet-getitem?mr=1996872
http://www.ams.org/mathscinet-getitem?mr=2325552
http://www.ams.org/mathscinet-getitem?mr=1288066
http://www.ams.org/mathscinet-getitem?mr=0182061
http://www.ams.org/mathscinet-getitem?mr=1481127
http://www.ams.org/mathscinet-getitem?mr=1193920

	Introduction
	Quasi-invariance and the Girsanov theorem
	The coupling property
	Harnack inequality and ultracontractivity
	Strong Feller property
	Acknowledgements
	References

