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HYPERSURFACES IN EUCLIDEAN SPACES WITH

FINITE TOTAL CURVATURE

Peng Zhu

Abstract

We discuss complete noncompact hypersurfaces in the Euclidean space Rnþ1

with finite total curvature. We obtain vanishing result and finiteness theorem for

the space of L2 harmonic 2-forms. These results are generalized versions of results for

L2 harmonic 1-forms.

1. Introduction

Shen and Zhu [10] showed that a complete stable immersed minimal hyper-
surface M in the Euclidean space Rnþ1 with finite total curvature is hyperplane.
Cheng, Cheung and Zhou [4] proved that a complete weakly stable immersed
minimal hypersurface M in Rnþ1 with finite total curvature is hyperplane. Fu
and Xu [6] discussed a complete submanifold in Rnþp and obtained the dimension
of the space of the L2 harmonic 1-forms on M is finite if M has finite total
curvature (i.e., kFkLn < þy) and finite total mean curvature (i.e., kHkLn < þy).
Carron [2] obtained the dimension of the space of all L2 harmonic p-forms is
finite if M has finite total curvature and finite total mean curvature. Cavalcante,
Mirandola and Vitório [3] proved that if a complete noncompact submanifold
Mn ðnb 3Þ isometric immersed in Rnþp has finite total curvature, then the
dimension of the space of the L2 harmonic 1-forms on M is finite. Furthermore,
they also proved that there exists a positive constant dðnÞ, depending only on n,
such that if kFkLn < dðnÞ, then there admits no non-trivial L2 harmonic 1-form
on M. It was showed in [1] that the space of L2 harmonic p-forms is related
with reduced L2 cohomology H

p
2 ðMÞ. The author [12] studied the existence of

the symplectic structure and L2 harmonic 2-forms on complete manifolds by use
of the Bochner formula.

In this paper, we discuss a complete noncompact hypersurface Mn in the
Euclidean space Rnþ1 with finite total curvature. We obtain vanishing theorem
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and finiteness theorem for hypersurfaces in the Euclidean space with finite total
curvature as follows:

Theorem 1.1. Suppose that Mn ðnb 3Þ is an n-dimensional complete non-
compact hypersurface isometrically immersed in Rnþ1. There exists a positive
constant dðnÞ depending only on n such that if the total curvature kFkLnðMÞ is less

than dðnÞ, then there admits no non-trivial L2 harmonic 2-form on M and the
second space of reduced L2 cohomology of M is trivial.

Theorem 1.2. Let Mn ðnb 3Þ be an n-dimensional complete noncompact
hypersurface isometrically immersed in Rnþ1. If the total curvature is finite, then
the dimension of the space of all L2 harmonic 2-forms and the dimension of the
second space of reduced L2 cohomology of M are both finite.

2. Preliminaries

We recall several definitions. Let Mn be an n-dimensional Riemannian
manifold. The Hodge operator � : 5pðMÞ ! 5n�pðMÞ is defined as follows:

�ei15� � �5eip ¼ sgn sði1; i2; . . . ; inÞeipþ15� � �5ein ;

where sði1; i2; . . . ; inÞ denotes a permutation of the set ði1; i2; . . . ; inÞ and sgn s is
the sign of s. The operator d � : 5pðMÞ ! 5p�1ðMÞ is given by

d �o ¼ ð�1Þðnpþpþ1Þ � d � o:

The Laplacian operator is defined by

so ¼ �dd �o� d � do:

A p-form o is called L2-harmonic if so ¼ 0 andð
M

o5�o < þy:

We denote HpðL2ðMÞÞ by the space of all L2 harmonic p-forms on M.
Suppose that x : Mn ! Rnþ1 is an isometric immersion of an n-dimensional

hypersurface M in an ðnþ 1Þ-dimensional Euclidean space. Let A denote the
second fundamental form and H the mean curvature of the immersion x. Let

FðX ;YÞ ¼ AðX ;Y Þ �HhX ;Yi;

for all vector fields X and Y , where h ; i is the induced metric of M. We say the
immersion x has finite total curvature if

kFkLnðMÞ < þy:

We state several results which will be used later.
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Lemma 2.1 [8]. If ðMn; gÞ is a Riemannian manifold and o ¼ aIoI A 5pðMÞ,
then

sjoj2 ¼ 2hso;oiþ 2j‘oj2 þ 2hEðoÞ;oi;

where EðoÞ ¼ Rkb ib jaiaai1���kb ���ip e
ip5� � �5e ja5� � �5ei1 .

Proposition 2.2 [1]. Let ðM; gÞ is a complete Riemannian manifold, then
the space of L2 harmonic p-forms H pðL2ðMÞÞ is isomorphic to the p-th space of
reduced L2 cohomology H

p
2 ðMÞ.

Proposition 2.3 [7]. Let Mn ðnb 3Þ be a complete noncompact hypersurface
isometrically immersed in Rnþ1. Thenð

M

j f j2n=ðn�2Þ
� �ðn�2Þ=n

aC0

ð
M

j‘f j2 þ n2
ð
M

H 2f 2

� �
for each f A C1

0 ðMÞ, where C0 depends only on n and H is the mean curvature of
M in Rnþ1.

3. An inequality for L2 harmonic 2-forms

We initially prove an inequality for L2 harmonic 2-forms on hypersurfaces
in Rnþ1. Suppose o A H 2ðL2ðMÞÞ and h ¼ joj.

Proposition 3.1. If Mn ðnb 3Þ is an n-dimensional complete noncompact
hypersurface isometrically immersed in Rnþ1, then

hshb
j‘hj2 � jFj2h2 þ 3

2
H 2h2 for n ¼ 3;

1

n� 2
j‘hj2 � n� 2

2
jFj2h2 þ nH 2h2 for nb 4:

8>>><>>>:
Proof. Since o A H 2ðL2ðMÞÞ, we get that

sjoj2 ¼ 2j‘joj j2 þ 2jojsjoj:ð3:1Þ

Lemma 2.1 implies that

sjoj2 ¼ 2j‘oj2 þ 2hEðoÞ;oi:ð3:2Þ

Combining (3.1) with (3.2), we get that

jojsjoj ¼ j‘oj2 � j‘joj j2 þ hEðoÞ;oi:ð3:3Þ
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Note that there is the Kato inequality for L2 harmonic 2-forms [5, 11]:

j‘oj2 b n� 1

n� 2
j‘joj j2:ð3:4Þ

By (3.3) and (3.4), we get that

jojsjojb 1

n� 2
j‘joj j2 þ hEðoÞ;oi:ð3:5Þ

Now, we give the estimate of the term hEðoÞ;oi. Let o ¼ ai1i2e
i25ei1 A 52ðMÞ,

where ai1i2 ¼ �ai2i1 . By Lemma 2.1, we obtain that

EðoÞ ¼ Rk1i1 j1i1ak1i2e
i25e j1 þ Rk2i2 j2i2ai1k2e

j25ei1

þ Rk2i2 j1i1ai1k2e
i25e j1 þ Rk1i1 j2i2ak1i2e

j25ei1

¼ Rick1 j1ak1i2e
i25e j1 þ Rick2 j2ai1k2e

j25ei1

þ Rk2i2 j1i1ai1k2e
i25e j1 þ Rk1i1 j2i2ak1i2e

j25ei1 :

So, we have that

hEðoÞ;oi ¼ Rick1 j1ak1i2aj1i2 þ Rick2 j2ai1k2ai1 j2ð3:6Þ
þ Rk2i2 j1i1ai1k2aj1i2 þ Rk1i1 j2i2ak1i2ai1 j2 :

By Gauss equation, we have that

Rijkl ¼ hikhjl � hilhjk:

A direct computation shows that

Rick1 j1 ¼ nHhk1 j1 � hk1ihij1 ;ð3:7Þ
Rick2 j2 ¼ nHhk2 j2 � hk2ihij2 ;ð3:8Þ
Rk2i2 j1i1 ¼ hk2 j1hi2i1 � hk2i1hi2 j1ð3:9Þ

and

Rk1i1 j2i2 ¼ hk1 j2hi1i2 � hk1i2hi1 j2 :ð3:10Þ

Since the operator is linear hEðoÞ;oi and zero-th order di¤erential operator, it is
su‰cient to compute hEðoÞ;oi at a point p. We can choose an orthonormal
frame feig such that

hij ¼ lidij

at p. Note that

nH ¼ l1 þ � � � þ ln:
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By (3.6)–(3.10), we obtain that

hEðoÞ;oi ¼
X

nHlk1ðak1i2Þ
2 �

X
l2k1ðak1i2Þ

2

þ
X

nHlk2ðai1k2Þ
2 �

X
l2k2ðai1k2Þ

2

�
X

lk2li2 ðak2i2Þ
2 �

X
lj2li2 ðaj2i2Þ

2

¼ 2
X
i0j

ððl1 þ � � � þ lnÞli � l2i � liljÞðaijÞ2:

Note that

jAj2 ¼ jFj2 þ nH 2:

For n ¼ 3, we get that

hEðoÞ;oi ¼ 2
X
i0j

ððl1 þ l2 þ l3Þli � l2i � liljÞðaijÞ2ð3:11Þ

¼
X
i0j

ððl1 þ l2 þ l3Þðli þ ljÞ � ðl2i þ l2j Þ � 2liljÞðaijÞ2

¼
X
i0j

1

2
ð3HÞ2 � 1

2

X3
k¼1;k0i; j

l2k �
1

2
ðli þ ljÞ2

 !
ðaijÞ2

b
X
i0j

1

2
ð3HÞ2 � 1

2

X3
k¼1;k0i; j

l2k � ðl2i þ l2j Þ
 !

ðaijÞ2

b
X
i0j

9

2
H 2 � jAj2

� �
ðaijÞ2 ¼

3

2
H 2 � jFj2

� �
joj2:

For nb 4, we have that

hEðoÞ;oi ¼ 2
X
i0j

ððl1 þ � � � þ lnÞli � l2i � liljÞðaijÞ2ð3:12Þ

¼
X
i0j

ððl1 þ � � � þ lnÞðli þ ljÞ � ðl2i þ l2j Þ � 2liljÞðaijÞ2

¼
X
i0j

ððl1 þ � � � þ blili þ � � � þ bljlj þ � � � þ lnÞðli þ ljÞÞðaijÞ2

¼
X
i0j

1

2
ðnHÞ2 � 1

2

Xn
k¼1;k0i; j

lk

 !2
� 1

2
ðli þ ljÞ2

0@ 1AðaijÞ2
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b
X
i0j

1

2
ðnHÞ2 � n� 2

2

Xn
k¼1;k0i; j

l2k

 !
� ðl2i þ l2j Þ

 !
ðaijÞ2

b
X
i0j

1

2
ðnHÞ2 � n� 2

2
jAj2

� �
ðaijÞ2

¼ nH 2 � n� 2

2
jFj2

� �
joj2:

By (3.5), (3.11) and (3.12), we obtain the desired result. r

4. Vanishing theorem on hypersurfaces in Rnþ1

In this section, we give the proof of Theorem 1.1. If h is a compactly
supported piecewise smooth function on M, then

divðh2h‘hÞ ¼ h2hshþ h2j‘hj2 þ 2hhh‘h;‘hi:

Integrating by parts on M, we have thatð
M

h2hshþ
ð
M

h2j‘hj2 þ 2

ð
M

hhh‘h;‘hi ¼ 0:ð4:1Þ

Case I: n ¼ 3. By Proposition 3.1 and (4.1), we obtain that

�2

ð
M

hhh‘h;‘hi� 2

ð
M

h2j‘hj2 þ
ð
M

jFj2h2h2 � 3

2

ð
M

H 2h2h2 b 0:ð4:2Þ

Note that

�2

ð
M

hhh‘h;‘hia a1

ð
M

h2j‘hj2 þ 1

a1

ð
M

h2j‘hj2;ð4:3Þ

for any positive real number a1. Set f1ðhÞ :¼
�Ð

Supp h
jFj3

�1=3
. Thenð

M

jFj2h2h2 a
ð
Supp h

ðjFj2Þ3=2
� �2=3

�
ð
M

h2h2
� �3� �1=3

ð4:4Þ

¼ f1ðhÞ
2 �

ð
M

hhð Þ6
� �1=3

aC0f1ðhÞ
2 �

ð
M

j‘ðhhÞj2 þ 9

ð
M

H 2ðhhÞ2
� �

aC0f1ðhÞ
2 �
�

1þ 1

b1

� �ð
M

h2j‘hj2

þ ð1þ b1Þ
ð
M

h2j‘hj2 þ 9

ð
M

H 2ðhhÞ2
�
;
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for any positive real number b1, where the second inequality holds because of
Proposition 2.3. By (4.2)–(4.4), we obtain that

A1

ð
M

h2j‘hj2 þB1

ð
M

H 2h2h2 aC1

ð
M

h2j‘hj2;ð4:5Þ

where

A1 :¼ ð2� C0f1ðhÞ
2Þ � ða1 þ b1C0f1ðhÞ

2Þ;

B1 :¼
3

2
� 9C0f1ðhÞ

2

and

C1 :¼
1

a1
þ C0f1ðhÞ

2 1þ 1

b1

� �
:

Since the total curvature kFkL3ðMÞ is less than dð3Þ ¼
ffiffiffiffiffiffiffiffi
1

6C0

r
, B1 and C1 are

positive. Choose a1 and b1 small enough such that A1 is positive. Suppose
Br is a geodesic ball of radius r on M centered at a fixed point p0. Choose
h A Cy

0 ðMÞ such that

0a ha 1;

h1 1 on B
r

2

� �
;

h1 0 on MnBðrÞ;

j‘hja 2

r
:

8>>>>>>><>>>>>>>:
So (4.5) reduces to

A1

ð
M

h2j‘hj2 þB1

ð
M

H 2h2h2 a
4C1

r

ð
M

h2:

Since
Ð
M
h2 is finite, taking r ! þy, we obtain that h is constant and H 2h2 ¼ 0.

If h0 0, then H ¼ 0. Hence, M has infinite volume, contracting the finiteness ofÐ
M
h2. Therefore, h ¼ 0.

Case II: nb 4. By Proposition 3.1 and (4.1), we get that

�2

ð
M

hhh‘h;‘hi� n� 1

n� 2

ð
M

h2j‘hj2ð4:6Þ

þ n� 2

2

ð
M

jFj2h2h2 � n

ð
M

H 2h2h2 b 0:
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Note that

�2

ð
M

hhh‘h;‘hia a2

ð
M

h2j‘hj2 þ 1

a2

ð
M

h2j‘hj2;ð4:7Þ

for any positive real number a2. We set f2ðhÞ :¼
�Ð

Supp h
jFjn

�1=n
and getð

M

jFj2h2h2 a
ð
Supp h

ðjFj2Þn=2
� �2=n

�
ð
M

ðh2h2Þn=ðn�2Þ
� �ðn�2Þ=n

ð4:8Þ

¼ f2ðhÞ
2 �

ð
M

hhð Þ2n=ðn�2Þ
� �ðn�2Þ=n

aC0f2ðhÞ
2 �

ð
M

j‘ðhhÞj2 þ n2
ð
M

H 2ðhhÞ2
� �

aC0f2ðhÞ
2 �
�ð

M

1þ 1

b2

� �
h2j‘hj2

þ ð1þ b2Þh2j‘hj2 þ n2
ð
M

H 2ðhhÞ2
�
;

for any positive real number b2, where the second inequality holds because of
Proposition 2.3. By (4.6)–(4.8), we have that

A2

ð
M

h2j‘hj2 þB2

ð
M

H 2h2h2 aC2

ð
M

h2j‘hj2;ð4:9Þ

where

A2 :¼
n� 1

n� 2
� n� 2

2
C0f2ðhÞ

2

� �
� a2 þ

n� 2

2
b2C0f2ðhÞ

2

� �
;

B2 :¼ n� n2ðn� 2Þ
2

C0f2ðhÞ
2

and

C2 :¼
1

a2
þ n� 2

2
1þ 1

b2

� �
C0f2ðhÞ

2:

Since the total curvature kFkLnðMÞ is less than dðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

nðn� 2ÞC0

s
, we have B2

and C2 are positive. Choose a2 and b2 small enough such that A2 is positive.
Let Br be a geodesic ball of radius r on M centered at a fixed point p0. Choose
h A Cy

0 ðMÞ such that
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0a ha 1;

h1 1 on B
r

2

� �
;

h1 0 on MnBðrÞ;

j‘hja 2

r
:

8>>>>>>><>>>>>>>:
Let r ! þy in (4.9). We obtain that h ¼ 0, which is similar to Case I.

Therefore, there admits no nontrivial L2-harmonic 2-form on M. By
Corollary 1.6 in [1], we get that the second space of reduced L2 cohomology
of M is trivial.

5. Finiteness theorem on hypersurfaces in Rnþ1

In this section, we prove Theorem 1.2.
Suppose n ¼ 3. By (4.5), we obtain that

A1

ð
M

h2j‘hj2 þB1

ð
M

H 2h2h2 aC1

ð
M

h2j‘hj2;ð5:1Þ

where

A1 :¼ ð2� C0f1ðhÞ
2Þ � ða1 þ b1C0f1ðhÞ

2Þ;

B1 :¼
3

2
� 9C0f1ðhÞ

2

and

C1 :¼
1

a1
þ C0f1ðhÞ

2 1þ 1

b1

� �
:

Since the total curvature kFkL3ðMÞ is finite, we can choose a fixed r0 such that

kFkL3ðM�Br0
Þ < d1 ¼

ffiffiffiffiffiffiffiffiffiffiffi
1

12C0

s
:

Set

~AA1 :¼ ð2� C0d
2
1Þ � ða1 þ b1C0d

2
1Þ;

~BB1 :¼
3

2
� 9C0d

2
1

and

~CC1 :¼
1

a1
þ C0d

2
1 1þ 1

b1

� �
:
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Thus,

~AA1

ð
M

h2j‘hj2 þ ~BB1

ð
M

H 2h2h2 a ~CC1

ð
M

h2j‘hj2;ð5:2Þ

for any h A Cy
0 ðM � Br0Þ, where ~AA1, ~BB1 and ~CC1 are positive. By Proposition

2.3, we have

1

C0

ð
M

hhð Þ6
� �1=3

a

ð
M

j‘ðhhÞj2 þ 9

ð
M

H 2ðhhÞ2ð5:3Þ

a 1þ 1

c1

� �ð
M

h2j‘hj2

þ ð1þ c1Þ
ð
M

h2j‘hj2 þ 9

ð
M

H 2ðhhÞ2;

for any positive real number c1. By (5.2) and (5.3), we have

1

C0

ð
M

hhð Þ6
� �1=3

ð5:4Þ

a 1þ 1

c1

� �ð
M

h2j‘hj2 þ ð1þ c1Þ
ð
M

h2j‘hj2 þ 9

ð
M

H 2ðhhÞ2

a 1þ 1

c1
þ ð1þ c1Þ

~CC1

~AA1

� �ð
M

h2j‘hj2 þ 9� ð1þ c1Þ
~BB1

~AA1

� �ð
M

H 2h2h2:

Choose a su‰cient large c1 such that

9� ð1þ c1Þ
~BB1

~AA1

< 0:

Then (5.4) implies that ð
M

ðhhÞ6
� �1=3

a ~AA

ð
M

h2j‘hj2;ð5:5Þ

for any h A Cy
0 ðM � Br0Þ, where ~AA is a positive constant.

Suppose nb 4. By (4.9), we get

A2

ð
M

h2j‘hj2 þB2

ð
M

H 2h2h2 aC2

ð
M

h2j‘hj2;ð5:6Þ

where

A2 :¼
n� 1

n� 2
� n� 2

2
C0f2ðhÞ

2

� �
� a2 þ

n� 2

2
b2C0f2ðhÞ

2

� �
;

B2 :¼ n� n2ðn� 2Þ
2

C0f2ðhÞ
2
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and

C2 :¼
1

a2
þ n� 2

2
1þ 1

b2

� �
C0f2ðhÞ

2:

Since the total curvature kFkLnðMÞ is finite, we can choose a fixed r0 such that

kFkLnðM�Br0
Þ < d2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

nðn� 2ÞC0

s
:

~AA2 :¼
n� 1

n� 2
� n� 2

2
C0d

2
2

� �
� a2 þ

n� 2

2
b2C0d

2
2

� �
;

~BB2 :¼ n� n2ðn� 2Þ
2

C0d
2
2

and

~CC2 :¼
1

a2
þ n� 2

2
1þ 1

b2

� �
C0d

2
2 :

Obviously, ~AA2, ~BB2 and ~CC2 are positive. Thus,

~AA2

ð
M

h2j‘hj2 þ ~BB2

ð
M

H 2h2h2 a ~CC2

ð
M

h2j‘hj2;ð5:7Þ

for any h A Cy
0 ðM � Br0Þ. Combining with Proposition 2.3, we get that

1

C0

ð
M

jhhj2n=ðn�2Þ
� �ðn�2Þ=n

ð5:8Þ

a

ð
M

j‘ðhhÞj2 þ n2
ð
M

H 2ðhhÞ2

a ð1þ c2Þ
ð
M

h2j‘hj2 þ 1þ 1

c2

� �ð
M

h2j‘hj2 þ n2
ð
M

H 2h2h2;

for any positive real number c2. By (5.7) and (5.8), we have

1

C0

ð
M

jhhj2n=ðn�2Þ
� �ðn�2Þ=n

a 1þ 1

c2
þ ð1þ c2Þ

~DD2

~AA2

� �ð
M

h2j‘hj2ð5:9Þ

þ n2 � ð1þ c2Þ
~BB2

~AA2

� �ð
M

H 2h2h2:

We choose a su‰cient large c2 such that

n2 � ð1þ c2Þ
~BB2

~AA2

< 0:
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Then (5.9) implies thatð
M

ðhhÞ2n=ðn�2Þ
� �ðn�2Þ=n

a ~AA

ð
M

h2j‘hj2;ð5:10Þ

for any h A Cy
0 ðM � Br0Þ, where ~AA is a positive constant depending only on n.

Therefore, we show thatð
M

ðhhÞ2n=ðn�2Þ
� �ðn�2Þ=n

a ~AA

ð
M

h2j‘hj2;ð5:11Þ

for any h A Cy
0 ðM � Br0Þ, where ~AA is a positive constant depending only on n

ðnb 3Þ.
Next, the proof follows standard techniques (after inequality (33) in [3]) and

uses a Moser iteration argument (lemma 11 in [9]). We include a proof here for
the sake of completeness. Choose r > r0 þ 1 and h A Cy

0 ðM � Br0Þ such that

h ¼ 0 on Br0 [ ðM � B2rÞ;
h ¼ 1 on Br � Br0þ1;

j‘hj < ~cc on Br0þ1 � Br0 ;

j‘hja ~ccr�1 on B2r � Br;

8>>><>>>:
for some positive constant ~cc. Then (5.11) becomes thatð

Br�Br0þ1

h2n=ðn�2Þ

 !ðn�2Þ=n

a ~AA

ð
Br0þ1�Br0

h2 þ
~AA

r2

ð
B2r�Br

h2:

Letting r ! y and noting that h A L2ðMÞ, we obtain thatð
M�Br0þ1

h2n=ðn�2Þ

 !ðn�2Þ=n

a ~AA

ð
Br0þ1�Br0

h2:ð5:12Þ

By Hölder inequalityð
Br0þ2�Br0þ1

h2 a

ð
Br0þ2�Br0þ1

h2n=ðn�2Þ

 !ðn�2Þ=n

�
ð
Br0þ2�Br0þ1

1n=2

 !2=n
;

we have that ð
Br0þ2

h2 a ð1þ ~AA VolðBr0þ2Þ2=nÞ
ð
Br0þ1

h2:ð5:13Þ

Set

C ¼
jFj2 � 3

2
H 2

���� ����; for n ¼ 3;

n� 2

2
jFj2 � nH 2

���� ����; for nb 4:

8>>><>>>:
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Fix x A M and take t A C1
0 ðB1ðxÞÞ. By Proposition 3.1, we have

hshb aj‘hj2 �Ch2;

where

a ¼
1

2
; for n ¼ 3;

1

n� 2
; for nb 4:

8>>><>>>:
Then, for p > 2, there exsitsð

M

t2hp�1shb a

ð
M

t2hp�2j‘hj2 �
ð
M

t2Chp:

That is,

�2

ð
B1ðxÞ

thp�1h‘t;‘hib ðaþ ðp� 1ÞÞ
ð
B1ðxÞ

t2hp�2j‘hj2ð5:14Þ

�
ð
B1ðxÞ

t2Chp:

Note that

�2thp�1h‘t;‘hi ¼ �2hhp=2‘t; thp=2�1‘hi

a
1

a
hpj‘tj2 þ at2hp�2j‘hj2:

By (5.14), we have that

ðp� 1Þ
ð
B1ðxÞ

t2hp�2j‘hj2 a
ð
B1ðxÞ

Ct2hp þ 1

a

ð
B1ðxÞ

j‘tj2hp:ð5:15Þ

Combining Cauchy-Schwarz inequality with (5.15), we get thatð
B1ðxÞ

j‘ðthp=2Þj2 a
ð
B1ðxÞ

ACt2hp þBj‘tj2hp;ð5:16Þ

where A ¼ 1

p� 1

p2

4
þ p

2

� �
and B ¼ 1þ p

2

� �
þ 1

aðp� 1Þ
p2

4
þ p

2

� �
. Choose

f ¼ th p=2 in Proposition 2.3. By (5.16), we obtain thatð
B1ðxÞ

ðth p=2Þ2n=ðn�2Þ
 !ðn�2Þ=2

a pC

ð
B1ðxÞ

ðt2 þ j‘tj2Þhp;ð5:17Þ

where C depends on n and supB1ðxÞ C. Set pk ¼ 2nk

ðn� 2Þk
and rk ¼

1

2
þ 1

2kþ1
for

k ¼ 0; 1; 2; . . . . Take a function tk A Cy
0 ðBrkðxÞÞ satisfying:
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0a tk a 1;

tk ¼ 1 on Brkþ1
ðxÞ;

j‘tkja 2kþ3:

8><>:
Choosing p ¼ pk and t ¼ tk in (5.17), we obtain thatð

Brkþ1
ðxÞ

hpkþ1

 !1=ðpkþ1Þ

a ðCpk4kþ4Þ1=pk
ð
Brk

ðxÞ
hpk

 !1=pk
:ð5:18Þ

By recurrence, we have

khkLpkþ1 ðB1=2ðxÞÞ a
Yk
i¼0

p
1=pi
i 4i=piðC44Þ1=pikhkL2ðB1ðxÞÞ aDkhkL2ðB1ðxÞÞ;ð5:19Þ

where D is a positive constant depending only on n, VolðBr0þ2Þ and supBr0þ2
C.

Letting k ! y, we get

khkLyðB1=2ðxÞÞ aDkhkL2ðB1ðxÞÞ:ð5:20Þ

Now, choose y A Br0þ1 such that supBr0þ1
h2 ¼ hðyÞ2. Note that B1ðyÞ � Br0þ2.

(5.20) implies that

sup
Br0þ1

h2 aDkhk2L2ðB1ðyÞÞ aDkhk2L2ðBr0þ2Þ:ð5:21Þ

By (5.13), we have

sup
Br0þ1

h2 aFkhk2L2ðBr0þ1Þ;ð5:22Þ

where F depends only on n, VolðBr0þ2Þ and supBr0þ2
C. In order to show the

finiteness of the dimension of H 2ðL2ðMÞÞ, it su‰ces to prove that the dimen-
sion of any finite dimensional subspaces of H 2ðL2ðMÞÞ is bounded above
by a fixed constant. Combining (5.22) with Lemma 11 in [9], we show that
dim H 2ðL2ðMÞÞ < þy. By Proposition 2.2, we have that the dimension of
the second space of reduced L2 cohomology of M is finite.
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with finite total curvature, J. Geom. Anal. 24 (2014), 205–222.

[ 4 ] X. Cheng, L. F. Cheung and D. T. Zhou, The structure of weakly stable constant mean

curature hypersurfaces, Tohoku Math. J. 60 (2008), 101–121.

565hypersurfaces in euclidean spaces with finite total curvature



[ 5 ] D. Cibotaru and P. Zhu, Refined Kato inequalities for harmonic fields on Kähler manifolds,

Pacific J. Math. 256 (2012), 51–66.

[ 6 ] H. P. Fu and H. W. Xu, Total curvature and L2 harmonic 1-forms on complete sub-

manifolds in space forms, Geom. Dedicata 144 (2010), 129–140.

[ 7 ] D. Hoffman and J. Spruck, Sobolev and isoperimetric inequalities for Riemannian sub-

manifolds, Comm. Pure Appl. Math. 27 (1974), 715–727.

[ 8 ] P. Li, Lecture notes on geometric analysis, Lecture notes series 6, Research Institute of

Mathematics and Global Analysis Reseach Center, Seoul National University, Seoul, 1993.

[ 9 ] P. Li, On the Sobolev constant and the p-spectrum of a compact Riemannian manifold,
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