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BALLS IN QUATERNIONIC HYPERBOLIC MANIFOLDS
WENSHENG CAO

Abstract

By use of the Zassenhaus neighborhood of Sp(n, 1), we obtain an explicit lower
bound for the radius of the largest inscribed ball in quaternionic hyperbolic n-manifold
M =Hj;/T. As an application, we obtain a lower bound for the volumes of quater-
nionic hyperbolic n-manifolds.

1. Introduction

Let F be real numbers R, complex numbers C or quaternions H, and Hg the
n-dimensional hyperbolic space over F. Let G be the linear groups which act as
the isometries in Hy. For F =R, C and H, G are usually denoted by PO(n, 1),
PU(n, 1) and PSp(n, 1), respectively. The elements of G are classified into three
types: elliptic, parabolic and loxodromic according to the cardinality of their fixed
points and their locations [6]. The quotient Hg/I" of Hy by a discrete subgroup
I' of G is denoted by 2. Such a quotient 2 is called a hyperbolic n-manifold .#
if T contains no elements of finite order, and a hyperbolic n-orbifold ¢ otherwise.
A quotient 2 is closed (or compact) when I" does not contain parabolic elements
and cusped (or noncompact) when it does; and arithmetic when I" can be derived
by a specific number-theoretic construction.

We can descend the volume form from Hg to 2 and integrate it over the
quotient space. This defines the hyperbolic volume of 2. The hyperbolic
volume is an important topological invariant. For example, the famous
Mostow-Prasad rigidity theorem implies that every geometric invariant of a
finite volume hyperbolic n-manifold (or orbifold) of dimension n > 3 is a topo-
logical invariant.

Work by Jergensen and Thurston says that the hyperbolic volumes of
complete real hyperbolic 3-manifolds form a well-ordered subset of R of order
type w® [25]. In the general case, the results of Wang and Gunther imply that
the hyperbolic volumes of 2 form a discrete subset of R [9, 26, 27]. More-
over, for each dimension n >3 the number of the isometry classes of the
quotients with the same volume is finite. These facts ensure the existence of
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the minimal volumes of certain classes of hyperbolic manifolds and orbifolds.
The search of promising candidates for hyperbolic manifolds and orbifolds of
minimal volume has long been a topic of interest. In general speaking, such
works will involve several methods ranging from analytical, combinatorial to
arithmetic techniques.

For a cusp quotient 2, one often involves in finding the maximal horoball
quotient embed in 2 and then approximate the volume of such a quotient. One
of the most important tools is Shimizu’s lemma, which gives a necessary condi-
tion for a subgroup of PSL(2,R) containing a parabolic element to be discrete.
In geometric point of view, it says that the horoball of a parabolic element is
precisely invariant (that is elements of the group either map the horoball to itself
or to a disjoint horoball). Therefore, Shimizu’s lemma may be thought of as an
effective version of the Margulis constant in the case of cusps. There have been
many generalizations in Hgy and H¢. Such generalizations play an important
role in estimating the minimal volumes in [14, 15, 16, 24]. Recently Cao and
Parker [4] obtained a full version of Shimizu’s lemma for any parabolic isometry
of Hg or Hy for all n > 2.

For a compact quotient 2, one often involves in finding a maximal em-
bedded tubular neighborhood of the simple closed geodesic in 2. One of the
most important tools is Jergensen’s inequality, which gives a necessary condition
for a non-elementary two generator subgroup of PSL(2,C) to be discrete.
Shimizu’s lemma is a special case of Jergensen’s inequality. Cao and Parker
[3] obtained analogues of Jergensen’s inequality for non-elementary groups of
isometries of quaternionic hyperbolic n-space generated by two elements, one
of which is loxodromic. They used the quaternionic version of Jergensen’s
inequalities to construct embedded collars about short, simple, closed geodesics in
quaternionic hyperbolic manifolds and showed that these canonical collars are
disjoint from each other.

Adeboye obtained an explicit lower bound for the volume of a real hyper-
bolic orbifold depending on the dimension [1]. The main tool is the spectral
radius of the involved matrices. Such a technique was employed by Fu and
Wang to treat the analogous problem in complex hyperbolic spaces [8]. Recently
Adeboye and Wei reconsidered such a question using the theory of Lie group
and Lie algebra [2]. Let G be a semisimple Lie group without compact factor,
let id be the identity of G, let p be the distance function derived from a canonical
metric, and let

B(id, RG) = {x eG: p(id,x) < Rg}.
Wang [26] obtained that for any discrete subgroup I' of G, there exists f € G
such that
B(id,Rg) N fTf ! = {id}.

Adeboye and Wei used the above result to produce an inscribed metric ball
on the fundamental domain of SU(n,1)/T. And then they obtained their main
result in [2] mainly by Gunther’s result [9] and the Riemannian submersion
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IT: SU(n,1)/T — H/T'. One can refer to the last section of [2] for more
current results on complex hyperbolic volume.

We mention that the mechanism of lower bound of the volume of quotient 2
in geometry is mainly attributed to the isolation of the identity in I" in algebra.
Jorgensen’s inequality and Wang’s result are useful tools to describe such
isolation in quantity in different categories. They all provide different types
of quantitative version of the well-known result of Kazhdan-Margulis [18].

For simplicity, we focus on the case of manifolds in what follows. Let %,
be the set of all hyperbolic n-manifolds and define

1 . .
(1) ry =7 inf sup inf p(o, 1(0)),
where p(-,-) is the hyperbolic distance in Hj.

It is obvious that r, is the largest number such that every hyperbolic
n-manifold contains an inscribed ball of that radius. A positive lower bound on
r, will provide geometric information about all hyperbolic n-manifolds, such as
the lower bounds for the volumes of hyperbolic manifolds and the thick and thin
decomposition of such manifolds. We mention that such a ball is contained in a
canonical collar for a compact manifold and it may be contained in a cusp for a
cusp manifold. For example, Parker showed that there is an embedded ball of
a fixed size in any complex hyperbolic orbifold with a pure parabolic cusp [23].

It has long been known that for each dimension there is a lower bound of r,
in real hyperbolic space. This follows from a theorem of Kazdan and Margulis
[18] in their proof of Selberg’s hypothesis, see also in [26, 29]. The method of
proof found by these authors consists of a compactness argument together with
the existence of Zassenhaus neighborhoods.

For the real hyperbolic 3-manifolds, Waterman [28] obtained the bound
ry > 0.04000. Gering and Martin [10] improved this bound to r; > 0.05725. By
use of the generalized Jorgensen’s inequality [20], Martin [21] obtained an explicit
lower bound for r, depending only on the dimension n. Using the Jorgensen’s
inequality for discrete groups in normed algebras, Friedland and Hersonsky [7]
improved this result to

0.0025
n = A

where [n/2] is the integer part of n/2.

As interest in quaternionic hyperbolic space has grown, many of real and
complex hyperbolic problems have been translated into the quaternionic arena, in
which the problems are almost always vastly more complicated [3, 4, 5, 19].

In this paper, we consider the lower bounds of r, in quaternionic hyperbolic
manifolds. Let I' be a discrete non-elementary torsion free subgroup of Sp(n,1).
Motivated by the ideas of Martin, Friedland and Hersonsky [21, 7], we will
obtain in Section 3 that there is an f € Sp(n,1) such that

2) A1 = L || = o,



442 WENSHENG CAO

for all he fTf~!, where w~0.385458. This formula is crucial for our con-
struction of inscribed ball in quaternionic hyperbolic manifolds.
Our main result is the following theorem.

THEOREM 1.1. Let /4 = Hyy/T be a quaternionic hyperbolic n-manifold.  Let
r, be given by (1). Then
0.0114
17n+1 "

ry, >
We will show the following proposition in Section 4.
ProPOSITION 1.1.  The quaternionic hyperbolic volume of a geodesic ball of
radius p is
Vol(B(p)) = M sinh® (2) [1 + 21 cosh?(2) |.
(2n+1)! 2 2

As an application of Theorem 1.1, we obtain a lower bound for the volume
of a quaternionic hyperbolic n-manifold.

CorOLLARY 1.1. Let .4 =Hy/T" be a quaternionic hyperbolic n-manifold.
Then

(4m)*" . 4, (0.0057 ,{0.0057
(3) VOI(%) > m Slnh 17n+1 1 + 2n COSh W .

We would like to mention that although the above formula gives the first
explicit lower bounds for the volumes of quaternionic hyperbolic manifolds that
depend only on dimension, we believe that the lower bounds can be improved
rapidly when we consider the each special cases with more special tool for
involved categories of manifolds. To some extent, this is mainly due to the facts
that the inscribed ball is just a part of the tube or the horoball involved and
general method is not so effective for each special cases.

The paper is organized as follows. Section 2 contains some necessary
background material for quaternionic hyperbolic geometry. In Section 3, we
obtain the Zassenhaus neighborhood of Sp(n,1). From this we obtain the
characteristic (2) of the isolation of the identity in discrete subgroup I'. In
Section 4, we obtain the volume form of ball model of quaternionic hyperbolic
n-space. From this we deduce the volume formula of hyperbolic geodesic ball of
radius p. Section 5 contains the proof of Theorem 1.1. Section 6 contains an
analogue result in complex hyperbolic geometry.

2. Preliminaries

In this section, we give some necessary background materials of quaternionic
hyperbolic geometry. More details can be found in [5, 6, 11, 19].
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Let H"! be the vector space of dimension n+ 1 over H with the unitary
structure defined by the Hermitian form

Z, Wy =W JZ =Wiz| + - +WpZp — Wpr1Znstt,

where z and w are the column vectors in ¥ with entries (zy,...,z,11) and
(wi,...,wuy1) respectively, -* denotes the conjugate transpose and J is the

Hermitian matrix
I, 0
J = .
(s 5)

We define a unitary transformation g to be an automorphism of H™!, that is, a
linear bijection such that {g(z),g(w)) = <z,w) for all z and w in V. We denote
the group of all unitary transformations by Sp(x,1).

Following Section 2 of [6], let

Vo={zeV —{0}:<z,z) =0},
V_={zeV:<{z,z) <0}.
It is obvious that ¥ and V_ are invariant under Sp(n,1). We define 7* to be
VE=V_UV, Let P:V*— P(V*) <« H" be the projection map defined by
P(z1y. o 2pZne) = (212”111, ... ,z,,zn;ll)t,

where -’ denotes the transpose.
We define Hj; = P(V_) and 0Hy; = P(V,). The Bergman metric on Hy is
given by the distance formula

h2 ,D(Z, W) _ <Z,W><W7Z>
2 Lz mdww)]

Alternatively, the Bergman metric [22] is given by

—4 det {z,z) <dz,z)
) e<<z,dz> <dz,dz>)'

The holomorphic isometry group of Hjj with respect to the Bergman metric
is the projective unitary group PSp(n,1) = Sp(n,1)/+1,:, and acts on P(H"!) by
matrix multiplication.

If g e Sp(n, 1), by definition, g preserves the Hermitian form. Hence

4) cos where ze P~!(z), we P~'(w).

(5) ds* =

w'Jz =<z,w)y =<gz,gw) = w'g*Jgz

for all z and w in V. Letting z and w vary over a basis for V' we see that
J =g*Jg. From this we find ¢g~! = Jg*J. That is:

6 ¢'= < * i) for g = (ay); jo1..ns1 = (A ’ )

*
—u Ap1n+1 p Apt1,n+1
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1

Using the identities gg~' = ¢g~'g =1 we obtain:

(7) AA™ —ao” = Im _Aﬁ* + 0dpt1,n+1 = 0, _|ﬂ|2 + |an+1.n+1|2 = 1;
()  AA—B =1, Ao aurn1 =0, —|o + @]’ =1
Following Chen and Greenberg [6], we say that a non-trivial element g of
Sp(n, 1) is:
(i) elliptic if it has a fixed point in Hyy;
(ii) parabolic if it has exactly one fixed point which lies in JHyj;

(iii) loxodromic if it has exactly two fixed points which lie in 0Hp.
If g eSp(n,1) has fixed point ¢o = (0,...,0)" € H}}, then g has the form

g = diag(4,a),

where 4 € U(n; H) and ae U(1;H). We denote such an isotropy group of ¢o
by Gy. We mention that Gy contains elliptic elements of the form g = al,,1,
ae U(1;H). Such a type of elliptic elements is exclusive in Sp(n,1). For a ¢ R,
the set of fixed points of such an element is a totally geodesic submanfold which
is equivalent to H¢ [6].

3. The Zassenhaus neighborhood of Sp(n,1)

For an element 4 of M, (H), the algebra of (n+ 1) x (n+ 1) quaternion
valued matrices, let g(A) denote the right spectra of 4, i.e., the set of all right
eigenvalues of 4. If Lleo(4) then there exist nonzero vector ve H"™!' such
that Av =vA. Thus Avu~' = vu"'wiu=" for any 0 #ueH, ie., wu' € a(A).
Right eigenvalues are conjugacy invariants for matrices 4 € M,,.;(H) [30]. The
number

(A) = y
rs(A) zrerl;};s)ll

is defined to be the right spectral radius of 4. We denote its spectral norm as

©) [A]| = \/rs(4*A).

As in the complex case [17], we can show that the above norm is a matrix norm
induced by the vector norm on H"'!. That is

(10) | 4| = max{|4v| : ve H"*! and |v] = 1}.
This norm has the following properties:
ro(4) < [l All, | 47]] = 4]l = [[U4V]], YU,V e U(n+1,H).
It is obvious that
lgll =1, Vg € Go.

We mention that this norm isn’t a conjugacy invariant.
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ProposiTION 3.1. Let g€ Sp(n,1). Then
lg™" = Lurll = llg = Loall, Nlg™" I = llgll < 1+ llg = Lusa |-

I'= Jg*J, we have

Proof. Since g~
||971 =Ll = (199" = Ll = [I(g = L) TN = llg — L |
and

g™ "Il = 199" 71 = llgll = 1 + g — Luia|| < 1+ [lg — L] O

Set
Bo(Ly1,1) ={X € Myt (H) : | X = Ly || <1}
and
Bo(Ler,r) = {X & Myt (H) < | X |X = Lt | < 1.
Denote by 7 the positive solution of
2t(1+1)2 =1, 17~0.297156.

We obtain the Zassenhaus neighborhood of Sp(n,1) as follows.

THEOREM 3.1. Let T be discrete subgroup of Sp(n,1). For any 0 <r <,

the group generated by the elements TN By(L,41,r) is nilpotent. That is, there
exists an m so that for any sequence:

(11) ﬁGBo(In+1,r), iZO,l,..., hi:[fi,hifl}; iZl,Z,...,/’lto(),

hw = L. In particular, if the subgroup {f,g)y generated by f,geSp(n,1) is
discrete group and

(12) 1f = Lall <7, Nlg = Lenill <,
then {f,g> is a nilpotent group.

Proof. Let c=r/t<1. We claim that
(13) |hi — L || < ™o, i=0,1,...

We proof this claim by induction. As Ay = fo € Bo(I+1,7). (13) holds trivially.
Assume that (13) holds for i=k. Note that ¢ <1 and 2¢(I+7)*=1. By
Proposition 3.1, we have

st = Lot || = | (freerhe — ucfresn) S|
= [[(firt — Do) (e = Lit) — (e = L) (frest — B LS|

< 20 fiewr = Dusall Vo = Lusa LA 1
<2t = Lo [l = L [ (U4 [Lfierr = Lo DT+ 1k = L)
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< 2ct(1 + et)(1 4 FHlo) ke

< F*221(1 + )7

— Ck+2‘[.

Since T' is discrete, there exists a ¢ such that I'N By(L,41,¢) = I,+1. Let m be
the smallest positive integer so that ¢”*!t <& Then (13) implies that h, €
By(I,41,¢). Hence hy, = I,;; and this implies that the group generated by the

elements I'N By(I,41,r) is nilpotent.
Suppose that (12) holds. Consider the sequence (11) with fi=f, i=
0,1,.... We can get h, = I,.; and this implies that {f,g) is a nilpotent group.
]

Denote by w the positive solution of
202w> +1) =1, = 0.385458.

Since the norm of all right eigenvalue of g € Sp(n, 1) is bagger that 1, we have
that |[g]| > 1. Hence [lg — L1l < |lglllg — Zns1ll, we get

Bo(ln+17”) < Bo(Lnt1,7)-

We need the following theorem for our purpose.

Tueorem 3.2, Let T be discrete subgroup of Sp(n,1). For any 0 <r < w,
the group generated by the elements T'N By(I,41,7) is nilpotent.

Proof. Consider the following sequence

(14)  fie By(L1,7), i=0,1,..., hi=[fihic], i=1,2,..., hg= fo.
Let c=r/w < 1. We claim that
(15) Aill Vi = Losr || < ¢, i=0,1,...

As hy = fo € Bo(Ips1, r). (15) holds trivially. Assume that (15) holds for
i=k. Note that fii1 € Boy(Ly11,7). As in the proof of Theorem 3.1, we get

it = Bust | < 20 fiesr = Dot || 1w = Lo LA 1 A
= 2| fierr [ | fiesr = Tnea [l il [Pk = D |
<2202,

Therefore
Vel s = Tocall < (14 et — Lo I — T
< (1425202 20?

< (1420725 20* = ¢+ 2w,
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Since T is discrete, there exists a ¢ such that T'N By(f,41,¢6) = L,+1. Let m be
the smallest positive integer so that ¢""'w <& Then (15) implies that A, €
By(1,41,¢). Hence h,, = I, and this implies that the group generated by the
elements I'N By(1,41,7) is nilpotent. O

By Theorem 3.2, we have the following corollary, which is the crucial result
in our construction of inscribed geodesic ball.

COROLLARY 3.1. Let T be a discrete non-elementary torsion free subgroup of
Sp(n,1). Then there is an f € Sp(n,1) such that

Al lh = L || = o,
for all he fTf 1.

4. The volume form of ball model

In this section, we will obtain the volume form of ball model in quaternionic
hyperbolic n-space. Using this volume form, we obtain a volume formula of
geodesic balls. The volume form of Siegel domain in quaternionic hyperbolic
n-space can be found in [19].

PROPOSITION 4.1. In the ball model of W}y, let r* =3I, |z:|*>. Then the
volume form is given by
42n
dVol = W dUOl,

where dvol = r*"' drde and o is the Euclidean volume of the unit (4n — 1) real
sphere.
Proof. Let z=(z1,22,...,z,) € Hfj and r = |z|. Substituting in (5), we get
A1 =) (jdz1)* + - ldzal®) + 47T d21 + -+ T ezl
(r2 = 1)
Let z; = x; + yii + v;j + wk, where x;, y;,v;, w; € R and

(16) ds* =

iP= =Kk’>=ijk=—1.
Note that |dz|* + - - - |dz,|* = SO0, (dx? + dy? + dv? + dw?) and

) 2
E Z; dz;
=1

n

2
Z(xi dx; + yi dy; + v; dv; + w; dw,)]
i=1

n

2
E (x; dyi — yi dx; +w; dv; — v; dwi)]
i=1
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2
Z(Xl’ dUl' — Ui dxi + Vi dWl' — Wi dyl)‘|

2
Z(xi dw; — w; dx; + v; dy; — p; dvi)] .

Then we can rewrite the metric (16) as

(17) ds?® = (dxy,dyy,dvy,dwy, ... dx,,dy,, dv,,dw,)gr
(dx1,dyy, dvy,dwy, . .. dXy, dyy, do,, dw,) "

At the point P = (0,...,r) € Hfj, we have

4 .
grlp = =y diag(1 —r2,...,1 =72 1,1,1,1).
By computation, we can get
44n
det ggr = —(1 - r2)4(”+1) .
Hence the volume form is
42n
dVol = VIR dvol = W dvol. O

With this volume form, we are ready to prove Proposition 1.1.

The proof of Proposition 1.1. Since the Euclidean distance r from 0 is
related to the hyperbolic distance p by

_ P
r= tanh<2>.

By Proposition 4.1, we have
42n

Vol(B(p)) = J ———— " drdo
( ( )) 21anh"(r)5/)(1 _ rz)Z(nH)
3 tanh(p/2) an—1
_ A2n
=4 O4p—1 J QT)Z(”“) .
) J 1 ) n
Let » = tanh <§> = Zéﬁ . Note that O4p—1 = ﬁ . We have

p
Vol(B(p)) = %42” L cosh? (g) sinh*"~! (g) do

r 0 0 0
_A2n s dntl (¢ s o1dn-1(9 . o
=47 64,1 L [smh (2) + sinh < 2)} d sinh ( 2)
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5\ . N1
sinh*+2 <§> sinh*" (§>

= 4%gy,_
R P s

2

sinh? (E>
= 42n0'4n,1 sinh4” (p> 72 !

2) | Tanr2 T

_ 1 2n . 4n g 2 /_)
_—(2n+1)!(4n) sinh <2> {1+2ncosh )|

Remark 4.1. Recently the author came across the fact that Gray has
obtained the volume formula of quaternionic hyperbolic geodesic ball in [12,
page 341].

Similarly we can work in complex hyperbolic space and obtain the follow-
ing proposition. One can also find such a result in [13, Lemma 6.18 and
Corollary A.3].

PROPOSITION 4.2. In the ball model of W}y, let r* =3I, |z:|*>. Then the
volume form is given by
4n
dVol = ———— dvol,
(1=ry"

where dvol = r*"~! drdo and o is the Euclidean volume of the unit (2n — 1) real
sphere. The complex hyperbolic volume of a geodesic ball of radius p is

Vol(B(p)) = % (47)" sinh®" (g) .

5. The proof of main theorem

In order to prove Theorem 1.1, we need the following three lemmas.

Lemma 5.1. Let geSp(n,1). Then
dist(g, Go) = inf{||lg — U[|, U € Go} < e'(e’ — 1),

where t = M
2
Proof. Let g be given by (6). Then

- 0,9(0
g(0) = aanil’nﬂ, cosh? w = |@ni1,n41 ?
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By (8), we may assume without loss of generality that ¢g(0) = (0,...,0,tanh 7).
Let
Infl
h= cosht sinhz | eSp(n,1).
sinh z cosh ¢

Then /(0) = g(0) and 2~ 'g e Gy. Note that ||h|| = e’ and ||h~! — L, 1| = e’ — 1.
Hence we have ||g]| = [lhh~"g|| < ||l A" g|| < [|A]| and

dist(g, Go) < |lg = h~"gll < |h~" = Luctll lgll < 17" = Bl |4l = e'(e" = 1). O
LemmA 5.2. Let geSp(n,1) and he Gy. Then for each j> 1,

eV —1

el —1

lg” = ]| < llg = All-

r(0,9(0))

where t =
2

Proof. We recall the expansion
g/ =h = (g =g +hlg—mg' 7+ + g — g+ (g—h).
Note that ||g|| <e’. Hence we have
lg” =471l < llg = Allllg”~ 1+ 1Al g2 - -+ A7)
llg = Al llg” "+ llg” 2 +--- +1)
eV —1
el —1

IA

lg = All- O

Lemma 5.3. Let ge Gy. Then for each Q > 1 there is h e Gy such that for
some 1 <q< Q"' hi=1,, and

2n
lg -l < 2.
qQ
Proof. Without loss of generality, we assume that g = diag(el”, ... eif1),

0; € 0,27]. Use the pigeon-hole principle, for any Q, there exists some 1 < g <
0" and p; such that

0i_27fpi < zl
q qQ
Let h = diag(el®™/0) . ¢i?ww1/9)) Then h? = I, and
2t
i0 i27p1 /q) ! q 2n
llg — 7| = max |e"" — "™V | = 2 max|sin ————| < —. O
1 1

2 q0
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THEOREM 5.1. Let T = Sp(n, 1) be discrete torsion free non-elementary group.
Then there exists o € Hyy such that for any geT,

(18) p(0,9(0)) =4,

0.0228
where 0 = W
Proof. By Corollary 3.1, we know that there exists an f € Sp(n, 1) such that
for any I, #he fTf1,

(19) ||l |1 — Lita]] = @ > 0.38545

We show that this theorem holds with 0 = f~'(¢o). Assume to the contrary that
oy 0,9(0

(18) does not hold for some geT. Set g= fgf ' and IZW' Then

e! < e’?. By Lemma 5.1, there exists /iy € Gy such that

lg = holl < e'(e" = 1).

. . 2
By Lemma 5.3, there exists A € Gy with A{ =1, such that || — ho|| < i

and

g = Lt || = [|hd = BY|| = ||(ho — ha)hd™" + By (ho — hy)hd ™

_ _ 2
b BT By — h)ho + B (o — )| < 5”.

By Lemma 5.2, we have
lg? = hgll < e'(e" —1),

gl = llg? — hg + hll < e(e — 1) +1

and
9% = Dall = g = K+ B = Dyl < e = 1)+ 5.
Noting that ¢ < Q"' and e’ < ¢%?, we have
@) lgllg* - ol < 't = ) + 1] el - 1) + 7
(1) <[22 — 1) +1] [eé‘/z(eﬁQ”“ﬁ —1) +25} .

2 . . . .
Let f(x) = (x+ 1)(x+§n). Then f(x) is increasing in the interview [0, c0).
Let u be the positive solution of the equation

(x4 D(x+27/17) = w.
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1 2m\? 2n 2n
u=1 \/(”ﬁ) +4<w—ﬁ>—l—ﬁ > 0.011483

0.0228
177+1

eOA0114/172(60.01]4 _ 1) <0.01147 < u.

Then

Using the assumption that Q =17, § = and n > 1, we know that

This implies that

||qu ||gq _ In+1|| < [60'0114/172(60‘0“4 — 1)+ 1][60‘0”4/172(6’0'0“4 _ 1) _’_?_7;
< 0.385434 < w.
The above inequality contradicts (19). O

By Theorem 5.1, we have the following corollary.

CoROLLARY 5.1. Let .4 =Hyy/T be a quaternionic hyperbolic n-manifold.
Then any fundamental domain corresponding to M contains a hyperbolic ball of
radius

0.0114
= 17n+1 :

Since Theorem 1.1 is just the restatement of Corollary 5.1, the proof of
Theorem 1.1 is complete.

6. An analogue result in complex hyperbolic geometry

We will obtain an analogue result in complex hyperbolic geometry in this
section.

Working on the complex hyperbolic geometry, one has the privilege to
improve 1 <¢< Q™' to 1<¢<Q" in Lemma 5.3 because of PU(n,1) =
U(n,1)/U(1) [6, 11]. Thus we can reformulate (20) in complex hyperbolic
geometry as

gl lg? — Ll < [e' (e 1) + 1] {< - ﬁg]

< [er5/2(e(5Q”/2 _ 1) + 1] |:ef5/2(e(5Q"/2 _ 1) +2§7Z:| .

Note that
OO 1) < 0.011473 < u.

As in Section 5, we obtain the following lemma.
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LemMa 6.1. Let T = PU(n, 1) be discrete torsion free non-elementary group.
Then there exists o € H¢ such that for any geT,

p(0,9(0)) =9,
where

0.0228
0=

Similarly as in quaternionic hyperbolic geometry, we obtain the following
theorem.

THEOREM 6.1. Let .4 = H¢ /T be a complex hyperbolic n-manifold and r, be
given by (1). Then
0.0114
1711

r, >

and

(4n)" . 5,(0.0057
Vol(#) > pr sinh 7 )
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