L. BRASCO AND G. FRANZINA
KODAI MATH. J.
37 (2014), 769-799

CONVEXITY PROPERTIES OF DIRICHLET INTEGRALS
AND PICONE-TYPE INEQUALITIES

LorRENZO BrASCO AND GIOVANNI FRANZINA

Abstract

We focus on three different convexity principles for local and nonlocal variational
integrals. We prove various generalizations of them, as well as their equivalences.
Some applications to nonlinear eigenvalue problems and Hardy-type inequalities are
given. We also prove a measure-theoretic minimum principle for nonlocal and non-
linear positive eigenfunctions.

1. Introduction

1.1. A general overview. The aim of this paper is to study three elementary
convexity principles which have found many applications in eigenvalue problems
and functional inequalities. In particular, we will focus on their mutual relations
and prove that they are indeed equivalent. In order to smoothly introduce the
reader to the subject and clarify the scopes of the paper, we start with the three
basic examples which will serve as a model for the relevant generalizations
considered in the sequel:

+ the first one is the convexity of the Hamiltonian function for a system of

one free massive particle in classical mechanics

14°

’
m

NS

which is jointly convex as a function both of the mass m > 0 and of the
conjugate momentum ¢ € RY;

+ the second one is the convexity of the quantity |Vu|2 along curves of the
type

o = ((1—0u®+02)'? teo,1],
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where u,v > 0 are differentiable functions, i.e.
Vo |* < (1 = 0)|Vu|* + t|Vo|*.

This is also sometimes called hidden convexity;
« the third and last one is the so-called’ Picone identity

U2 2
<Vu,V<—)> <|Vul*,
u

where again u,v > 0 are differentiable functions, this time with u > 0.
As a well-known consequence of the convexity of the previous Hamiltonian, we
get that

Vp()|”

-

p(x)

)

is convex for every x. This in turn implies convexity of the Fisher information
with respect to a reference probability measure? v. For every probability mea-
sure u, this functional is given by

2
. d
/(ﬂ|v)_J|V10gp|2pdv_J@ dv, if u«v and p:d—/:,

and observe that the latter can also be re-written as

. d
f(,u|v):4J|V\/E|2 dv, if u«v and p:d—':l.

From the previous we thus get for p, = (1 —#)p, + tp;
|zl av < =0 [ wyml ave (-0 [ 1wyl av

Thus in particular if

p, = (1 = u* 4 1,

!This formula is called ‘“‘identity” even if it is an inequality, because the difference of the two

terms can be written as
)2 2
() =
u u

which is indeed non positive. The latter is the equality which appears in the original paper [25] by
Mauro Picone, after whom the formula is named. The identity is used there to obtain comparison
principles for ordinary differential equations of Sturm-Liouville type.

2Here u « v means that u is absolutely continuous with respect to v. We denote by du/dv the
Radon-Nykodim derivative of x with respect to v.



CONVEXITY PROPERTIES AND PICONE-TYPE INEQUALITIES 771

we then obtain that the Dirichlet integral is convex along curves of the form

g =+/(1—0u?+n? 1el0,1],

which is the hidden convexity exposed above. This striking convexity property of
the Dirichlet integral seems to have been first noticed by Benguria in his Ph.D.
dissertation (see [5] for example). Note that along the curve of functions g, we
have

2 2 2
lodllze = (1= D)lfullz2 + tlfolz2,

then if u, v belong to the unit sphere of L2, the same holds true for o, The
latter incidentally happens to be a constant speed geodesic for the metric defined
by

dr(u,v) = J|u2 - 02| dx, u,vel?

As one should expect, the geodesic convexity described above is helpful to get
uniqueness results in eigenvalue problems. We recall that eigenvalues of the
Dirichlet-Laplace operator —A on an open set Q = RY such that |Q| < co are
defined as the critical points of the Dirichlet integral on the manifold

7(Q) = {u e W(Q) : JQ

u? dx = 1}.

This constraint naturally introduces Lagrange multipliers, which by homogeneity
are the eigenvalues of the Laplace operator, i.e. any constrained critical point u is
a weak solution of

(L.1) —Au=Ju, in Q, u=0, on 0Q.

)

One says that the function u is an eigenfunction corresponding to the eigenvalue /.

Then the idea is very simple: for a convex minimization problem, critical
points are indeed minimizers. This means that hidden convexity trivializes the
global analysis for the Dirichlet energy on % (Q)N{u > 0} and there cannot be
any constant sign critical point u other than its global minimizer. Since the
strong minimum principle states that any constant sign eigenfunction (up to a
sign) is strictly positive, this imposes any eigenfunction v >0 to be associated
with the least eigenvalue

21(Q) = min {J \Vu\zdx:J |u|2a’x:1}7
Q Q

ue Wy 2(Q)

which turns out to be simple as well.
Another way to prove the same result would be precisely by means of Picone
inequality. Let us call u; a first eigenfunction of Q, i.e. a function achieving
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21(Q). If v > 0 is a nontrivial eigenfunction with eigenvalue 4, then by strong
minimum principle v > 0 and by Picone inequality one would get

up up 2
A=Al v—= Vo, V(=) )dx < | |Vu|” dx = 2,(Q),
o v Q v Q

and thus 4;(Q) =1 since 4;(Q) is the minimal eigenvalue.

Of course, in the case of the Laplace operator —A simplicity of 1;(Q) and
uniqueness of constant sign eigenfunctions are plain consequences of the Hilbertian
structure and of the strong minimum principle for supersolutions of uniformly
elliptic equations. Indeed, any first eigenfunction u; must have constant sign
and can never vanish on the interior of the connected set Q. Then any other
eigenfunction has to be orthogonal in L?*(Q) to u; (i.e. it has to change sign)
unless it is proportional to u; ...

1.2. Aim of the paper. ... nevertheless, the advantage of the hidden con-
vexity exposed above is that it does not involve any orthogonality concept and
applies to general Dirichlet energies of the form

(1.2) JQ H(Vu) dx,

where z+— H(z) is convex, even and positively homogeneous of degree p > 1.
Moreover, we prove in Proposition 2.6 that this remains true for the whole class
of interpolating curves

(1.3) o = ((1=nu + w4 1e0,1].

with 1 < ¢ < p. We point out that ¢ = 1 corresponds to convexity in the usual
sense and that for g > p the property ceases to be true, see Remark 2.8.

Like in the previous model case p = ¢ =2 and H(z) = |z|*, this permits to
infer (see Theorem 5.1) that the only constant sign critical points of (1.2) on the
manifold

S(Q) :{ue Wol"p(Q):J lul? dx = 1}, 1 <q<p,
Q

are indeed the global minimizers, which are unique up to a sign. Observe that
these critical points yield the following nonlinear version of Helmoltz equation
(1.1), ie.

—div VH(Vu) = A

u||£;<qg)|u|"72u, in Q, u=0 on 0Q.

We refer the reader to [18] for a detailed account on this nonlinear eigenvalue
problem in the case H(z) = |z|.
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The previous general version of the hidden convexity can be seen again as a
consequence of the joint convexity of the generalized Hamiltonian?

H(9)

mb

(1.4) (m,¢) —

for 0<f<p-1,

which in turn gives the convexity of the information functional

S uly) = [V tog pyp? ¥ dv, it v and p =<,

where the latter can also be written as

I a(uy) = . pJH(Vp(Pﬂ)/P) dv, if u<vand p :@.
n.p p—B ’ dv
Finally, hidden convexity is in turn equivalent (see Section 3) to the validity of the
following generalized Picone inequality

(1.5) <VH(Vu),V<uZ—q1)> < H(Vv)q/pH(Vu)(q*P>/P,

for all differentiable functions u,v > 0 with u > 0, which is proved in Proposition
2.9. Here again we consider 1 < ¢ < p.

We point out that equivalence between Picone-type inequalities and the
hidden convexity property secemed to be unknown: indeed, one of the main scopes
of this paper is to precise the relation between these two properties.

Up to now, we have discussed applications of these convexity principles to
uniqueness issues in linear and nonlinear eigenvalue problems. But Picone-type
inequalities can be used to prove a variety of different results. Without any
attempt of completeness (we refer to the seminal paper of Allegretto and Huang
[2] and to the recent paper [21] for a significant account on the topic), we focus
on applications to Hardy-type functional inequalities.

The idea is that when u solves a quasilinear equation with principal part
given by

—div VH (Vu),

by integrating (1.5) and using the equation one can get a lower bound on | H(Vv)
which does not depend on derivatives of u. This procedure is now well under-
stood, see the recent paper [12].

In Theorem 5.4 this is applied to get a sharp anisotropic version of the
Hardy inequality which reads as follows

3The parameters f and ¢ are linked through the relation

£,

1
—+-=1
P 9
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(1.6) (Wﬂw (0[P F, (x)77 dx

< J . F(Vo)’F,(x)" dx, ve Cy(RM\{0}),
RN
for 1< p< N and y>p—N. Here F is any C! strictly convex norm and F,
denotes the corresponding dual norm, see Section 5.2. For the case y =0 a
different proof, based on symmetrization arguments, can be found in [29].

The same method can be used to get, for example, the following nonlocal
version of the Hardy inequality

P _ p
(1.7) CJ ‘UL, dx < J J M dxdy, for all ve W;?(RY)\{0},
R[] RYJRY [ — p[ T

by means of the following discrete version of Picone inequality

» »
(18)  Ju(x) — w2 (u(x) — () |22~ Py — o,
u(x) u(y)

with the choice u(x) = |x| ”. The constant C = C(N,s, p) > 0 is sharp and for
the sake of completeness we provide details about its computation in Appendix B.
We point out that (1.7) was proved by this same method by Frank and Seiringer
in [17], which is there called ground state substitution. Other fractional Hardy
inequalities have appeared in the literature, see [6, 16]. In particular, in the
recent paper [11] Davila, del Pino and Wei observed that a suitable fractional
Hardy inequality on surfaces plays a role in the stability of nonlocal minimal
cones, see [11, Corollary 11.1].

Noteworthy, not only does the Picone inequality (1.5) have its discrete
counterpart (1.8), but also the hidden convexity of the Dirichlet integral has a
nonlocal version. Indeed, the Gagliardo seminorm

[ [ =t

|x o y| N+sp

turns out to be convex along curves of the type (1.3), whenever u, v are positive.
Correspondingly, fractional Picone inequalities (or equivalently hidden convexity)
are used to get uniqueness results for positive eigenfunctions of the integro-
differential operator defined by the following principal value integral

Ju(x) — u(y)l”fzgvu(X) —u)

(=Ap)'u(x) =2 p.v. JRN —

We point out that in order to get uniqueness results for constant sign nonlocal
eigenfunctions, i.e. for solutions of

(=A)'u=2u"" inQ  u=0, in RN\Q,
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as in the local case, one needs to know that non-negative eigenfunctions are
indeed strictly positive, at least for Q connected. A proof of this strong minimum
principle for nonlocal eigenfunctions is provided in the appendix and seems to
be new. The proof is based on a logarithmic lemma recently established in [13].
After the acceptance of the present paper, we were informed about the interesting
manuscript [14] which contains the proof of a weak Harnack’s inequality for
supersolutions (as well as a proper Harnack’s inequality for solutions) of the
operator (—A,)*. The interested reader may find in that article a more detailed
account about nonlocal Harnack’s inequalities. Nevertheless, those results are
not used in this paper.

1.3. Plan of the paper. In Section 2 we present and prove some general-
izations of the three convexity principles discussed above, then Section 3 is
devoted to discuss their equivalences. Section 4 deals with the nonlocal/discrete
versions of these convexities. Applications are then given in Sections 5 and 6.
The paper is concluded by two Appendices: one contains a new strong minimum
principle for positive nonlocal eigenfunctions (Theorem A.l), while the second
contains some computations related to the determination of the sharp constant
in (1.7).

Acknowledgements. We thank Agnese Di Castro, Tuomo Kuusi and Giam-
piero Palatucci for having kindly provided us a copy of their work [13], as well
as Enea Parini for pointing out a flaw in a preliminary version of the proof of
Theorem A.1. Part of this work has been done during the conferences *‘Linear
and Nonlinear Hyperbolic Equations” and “Workshop on Partial Differential
Equations and Applications”, both held in Pisa and hosted by Centro De Giorgi
and the Departement of Mathematics of the University of Pisa. We acknowl-
edge the two institutions as well as the organizers for the nice atmosphere and
the excellent working environment. The second author has been supported by
the ERC Starting Grant No. 258685 “AnOptSetCon”.

2. Three convexity principles

We start with a couple of classical results, which will be useful in order to
prove some of the results of the paper. We give a proof for the reader’s
convenience.

LemMa 2.1. Let F:RY — [0,+x) be a positively 1-homogeneous function,

F(Jz) = JF(z), zeRY 1>0,
which is level-convex, i.e.
(2.1) F((1 =)z 4 tw) <max{F(z), F(w)}, z,weRY rel0,1].

Then F is convex.
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Proof. Let xo,x; € RY, if F(xy) = F(x;) =0 then by (2.1)
F((1—=16)xo+1tx1)=0, te]0,1].
Let us now suppose for example that F(xo) > 0 and take ¢ > 0, we define

X0 w al and ¢
Z:—7 = = .
F(XO) F(X1)+8 F(Xo)+F(X1)+8

By using the 1-homogeneity of F, we then obtain

F(x0+x1)
F(xo) + F(x1) +¢’

F(1—t)z+1tw)=
while
F(x
max{F(z),F(w)} = max{l,ﬁ} =1
Then (2.1) implies
F(xo+ x1) < F(xo) + F(x1) +¢, xo,x; € RY,
and since ¢ > 0 is arbitrary, we get
F(xo+x1) < F(x0) + F(x1), xo,x € RY,
i.e. F is subadditive. This in turn implies the desired result, as
F((1—t)xo+tx1) < F((1 — t)x0) + F(tx1) = (1 — £)F(x0) + tF(x1),

which concludes the proof. O

LEMMA 2.2. Let 1 < p< oo and let H:RY — [0,+0) be a C' positively
p-homogeneous convex function. If H(z) =0 then we have VH(z) =0 as well.

Proof. The statement is evident if z =0, thus let us suppose that z # 0.

Assume on the contrary that VH(z) # 0, then there exists # € R with unit norm
such that <VH(z),h) = |VH(z)|. The function g(¢) = H(z 4 th) has the follow-
ing properties

geC'(R), ¢()=0, ¢'(0)=|VH(2)| >0 =g(0).

This gives a contradiction, thus VH(z) = 0. O

2.1. Convexity of generalized kinetic energies. The first convexity principle
we consider is the following.
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PROPOSITION 2.3. Let 1 < p< oo and let H:RY —[0,4+0) be a convex
positively p-homogeneous function. For every 0 < f < p—1 the function

om )= O ) (0.40) x RY,

is convex.

Proof. For f=p—1, it is sufficient to observe that

02 D wpimi eyt HUO =0 m> 0 geRY,
(t,€)

where H* denotes the Legendre-Fenchel transform of H. This would give the
desired result, since the supremum of affine functions is a convex function.
For completeness, we verify formula (2.2): since for every m > 0 the map
t — tm is increasing, the maximization in (2.2) is unchanged if we replace the
inequality constraint by the condition ¢+ H*(¢) = 0. Then the right-hand side

of (2.2) is equivalent to

sup <&y H'(@m=m| sup (e.2) — 1r7(&) | =t~ (£,

feRY ZeRY m m
which gives the desired conclusion, by using that A*™* = H and the positive
homogeneity of H. For 0 < f < p—1, let us set for simplicity

O(m, p) = Zp(gi) and y(m)=m®, m>0,peR",

where 3= f/(p —1) < 1, then we can rewrite

T wim).g),

where @ is jointly convex thanks to the first part of the proof and decreasing
in its first argument, while \/ is concave, then it is standard to see that their
composition is a convex function. Indeed, for every 7€ [0,1], mgo,m; >0 and
do, b1 € RV, we get

QW ((1 = )mo + tmy), (1 — 1)¢y + thy) < @((1 — 1)(mo) + t(m1), (1 — 1)y + 1))
< (1= 0)®(mo, ¢y) + 1®(m1, $y),
which gives the desired result. O

A couple of comments on the previous result are in order.

Remark 2.4. As already recalled in the Introduction, the main instance of
functions considered in Proposition 2.3 is the following one

2
(2.3) (m, @) % peRY m>0.
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If one regards the scalar quantity m as a mass and the vector quantity ¢ as the
moment of this mass, i.e. if we decompose ¢ as ¢ = vm with v € RV (the velocity
of the mass particle), then we would have

lo1*
m

= [v]*m.

This simple remark is the crucial ingredient of the so-called Benamou-Brenier
Sformula for the 2-Wasserstein distance (see [4, 9]). The latter is a distance on the
space of probability measures 2(Q) over Q, defined by

wapup ) = intd e TP s Tupo = .

xQ
for every py,p; € 2(Q). Here Typ, denotes the push-forward of the measure pj,.
The Benamou-Brenier formula asserts that we have

ity + div(vep,) =0 }

1
2. 2
wa(pos P1) mf{J J |v]"p, dxdt
o 0Ja ' to = po and py = p,

The latter consists in minimizing the integral of the total kinetic energy (the
action), under a conservation of mass constraint. Thanks to the previous discus-
sion, this dynamical problem can be transformed in a convex variational problem
under linear constraint, once we introduce the variable

¢, = vilt;.
For generalizations of this transport problem involving functions of the form
H(¢)m™F the reader can consult [10] and [15].

Remark 2.5 (Sharpness of the condition on f). The previous convexity
property fails to be true in general for f > p— 1. Let us fix ¢, € R¥\{0} and
my > 0. We take ¢, =c¢, and m; = cmp with ¢ > 1, then we consider the
convex combination

(my; ¢,) = (1 = )mo + tmy, (1 = 1)y + 1)

For every p—1 < < p by strict concavity of the function 7 ”# we have

P P P P
|¢l‘/j _ (1 — 14+ Z‘c)pfﬁ’ |¢0/L > (1 _ [) ‘¢0/|5 + lcpfﬁ|¢0/|j
my my my mg

P P
_ (1 _ t) ‘¢0/|3 + |¢l/|§ )
my n

2.2. Hidden convexity. The next convexity principle has been probably
first identified by Benguria in his Ph.D. dissertation in the case p = ¢ =2 and
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H(z) = |z|?, see [5]. See also [3] and [27] for some generalizations in the case
q=7p.

PROPOSITION 2.6 (General hidden convexity). Let 1 < p < oo and 1< g < p.
Let H:RY — [0,400) be a positively p-homogeneous convex function. For every
pair of differentiable functions uy,u; >0, we define

o,(x) = [(1 = Duo(x)? + tuy (x)9]"/7 1€[0,1], xe Q.
Then there holds
(2.4) H(Vo,) < (1 — 0)H(Vug) + tH(Vuy), 1€[0,1].

Proof. The proof for the case p = ¢ can be found for example in [7]. In
order to consider the case g < p, we observe that by Lemma 2.1, the function
F = H%7 is a positively g-homogeneous convex function. Then the first part of
the proof implies

F(Vo,) < (1 = )F(Vup) + tF(Vuy),

and by raising to the power p/q and using the convexity of 7+ 77/9, we end up
with (2.4). ]

Remark 2.7. We remark that neither strict convexity of H nor strict
positivity of the functions is needed in the previous result, unless one is interested
in identification of equality cases in (2.4). Moreover, H is only required to be
only positively homogeneous, i.e. it is not necessarily even.

Remark 2.8 (Sharpness of the condition on ¢). Again, the condition ¢ < p
is vital. Indeed, by taking a non-constant uy # 0 and u; = cuy for ¢ > 1, then
we have

oi(x) = ((1 = H)ug + tuf)l/" =((1-1)+ th)l/qu07
and
H(Va,) = (1 = 1) + te!)" " H(Vug) > (1 — 0)H (Vuo) + tH(Vuy),

by strict concavity of 7+ t//4.

2.3. Picone inequalities. We now prove a general version of the so-called
Picone inequality. The usual one, i.e.

p
<|Vu|p_2Vu,V(%>> <|Vu|’; v>0,u>0,

proved by Allegretto and Huang, see [2, Theorem 1.1] corresponds to taking
p=gq and H(z) = |z|” in (2.5) below.
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PROPOSITION 2.9 (General Picone inequality). Let 1 < ¢ < p and let H : RY
— [0,400) be a C! positively p-homogeneous convex function. For every pair of
positive differentiable functions u, v with u > 0, we have

2.5) % <VH(Vu), V<uz—ql> > < H(V0) 7 H (V) -7,

Proof. Let us start with the case p =¢. We use the convexity inequality
H(z) > H(w)+<VH(w),z — w),

with the choices

z=Vv and w:Vu<£>.

By using the p-homogeneity of H we then get
p—1

H(VD) > <§>pH(Vu) + (VH(Va), Vi) @  (VH(Vu),Vu) G)p

= (VH(Vu),Vv) (§>,,_1 —~ (1 - %) (VH(Vu), Vu) <£>p

-S{omman())

which concludes the proof of (2.5) for ¢ = p.
We now take 1 < ¢ < p and set

F(z) = H(z)"?, zeR",

which is convex and positively g-homogeneous*, then the first part of the proof

implies
1 v? -
'1('1’1)7~ q—1 —1('0)

Observe that if H(Vu) =0, then we have VH(Vu) = 0 as well (see Lemma 2.2)
and (2.5) holds true. Thus we can assume H(Vu) # 0. The previous inequality
is equivalent to

%H(Vu)(qp)/p<VH(Vu), v (;;_:) > < H(Vv)*?.

If we multiply the previous by H(V)” /7 we eventually attains the conclusion.
Ul

*Also observe that F e C'(RY). Tt is sufficient to check that F is differentiable at the origin and
that its differential vanishes at z=0. Indeed, by using homogeneity we have
h

q/p
F(h)— F(0) = H(h)”/" = |h\"H(m> =o(lh)), he RN\{O} such that |A| « 1.
h
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Remark 2.10 (Equivalent form of the Picone inequality). For p #g¢, as a
plain consequence of Young inequality, (2.5) implies

(2.6) % <VH(Vu), v (;;:) > < %H(VU) + %H(Vu).

Observe that for ¢ = 1, the previous inequality reduces to
H(Vu) + {VH(Vu),Vv — Vu) < H(Vv),

which just follows from the convexity of z+— H(z). On the other hand, by
applying (2.6) with the choices (here ¢ > 0)

U= (e+H(Vu) Pu and V = (e+ H(Vv)) /v,
we get

;(SJFH(V“))("pW(SJFH(V”))q/p<VH(Vu),V<ul:]:)> <1

By multiplying the previous by (& + H(Vu))"" 97 (¢ + H(Vv))?” and then letting
¢ goes to 0, we get (2.5).

Remark 2.11 (Non-homogeneous functions). All the convexity principles
considered in this section have been proven under the assumption that H is
positively p-homogeneous. Nevertheless, the results are still true for some H
violating this condition. This is the case for example of the anisotropic function

N
z) = ZH,-(Z,-)7 where H;(t) = |t|"",

and 1 < p; <--- < py. Namely, by applying (2.5) to each H; and then sum-
ming up, we get

N i N
>l () = D
1
Xi

i=1 i=1

for every ¢qp,...,qy such that 1 < ¢; < p;. In the very same way from (2.4) we get

> o), | < 1—t2|u¥|”‘+12|vm|1" te0,1],

where o, = ((1 — H)u? + lv")l/q and 1 < ¢ < p;. From Proposition 2.3 we can
infer the convexity of the function

|g]”" N
Z € (0,4+0) x RY,

mbi’

for every f,,...,fBy such that 0 < f, < p; — 1.
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3. Equivalences

In this section we will show that the three convexity principles proved in the
previous section are indeed equivalent. In other words, they are just three
different ways to look at the same principle.

3.1. Kinetic energies and Hidden convexity. Let u# be a differentiable
function on an open set Q — R", which is everywhere positive. We first observe
that if in the generalized kinetic energy of Proposition 2.3 we make the choice

m=u and ¢=Vu,
then we obtain the functional

H(Vu)
ub -

Uur—

which is convex in the usual sense, provided that 0 < f < p — 1, thanks to
Proposition 2.3. This convexity is indeed equivalent to (2.4), as we now show.

Indeed, let us pick two differentiable functions u, v which are everywhere
positive. We observe that by setting U =uf, V=07 and y,=(1 —6)U + tV,
we get by Proposition 2.3

H(Vy,) H(VU) H(VV)
Tﬁyg(l—t) e

By using the homogeneity of H, the previous is equivalent to
H(VyP=Piry < (1 =) H(VUP=PIPy 4 tH (VY (P=P)ip),

If we now choose f in such a way that®

p=F_ 1 e ﬁ:p(1—1>,
P q q

we see that the previous inequality becomes
H(Vo,) < (1 —t)H(u) + tH(v),

where g, = y,l/q = ((1 = u? + )" as always.

3.2. Hidden convexity and Picone. We first show that
(Hidden convexity) = (Picone).
As before, given u, v positive differentiable functions with u > 0, we set
(3.1) o(x) = [(1 = Du(x)? + w(x)1" 1e[0,1], xe Q.

SObserve that such a choice is feasible, since
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Then by using the convexity of ¢+— H(Vo,), we easily get

H(Vo,) — H(Vu)

; < H(Vv) — H(Vu).

Observe that again by convexity, the incremental ratio on the left-hand side is
monotone, then there exists the limit for # monotonically converging to 0, i.e. we
obtain

d
(3.2) (EH(VO',))IO < H(Vv) — H(Vu).

The previous is indeed equivalent to (2.5). To see this, it is sufficient to compute
the derivative on the left-hand side. We have
- d |
Vo, = a; [(1 — )Vuu?™" + (Vov?~'] and P ~a, (v —uf),
q
so that we can compute

d _ ~ . d
Vo= (1-4q)s, N = O Vuut™" + tVou? I}Ea,

+ o, Vor?" — Vuut).

Finally, we get

d Vu [ d o\ !
(av‘”)to == (%"’)o v @ -V

()]

We can now compute the left-hand side of (3.2) and obtain

(2H(VU,)>,_O = <VH(VJ,),5IVGI>M)

= (VH (Vu), Vv) (g)ql - WH(V@ (g)q = sH(Vu).

By inserting this in (3.2), observing that

é <VH(Vu), v (ulj:l> > — (VH(Vu), Vo) (Z)q_l - p(qq_l)H (Vu) (:j)q

and multiplying everything by ¢/p, we eventually get

;_)<VH<w>,v(u§—fl>> < Tr(v) + 7L (v,
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For p = ¢ this is exactly Picone inequality (2.5), while for ¢ < p we just have to
observe that by Remark 2.10 the previous is equivalent to (2.5).
Let us now show that

(Picone) = (Hidden convexity).

As we said, inequality (2.5) is actually equivalent to (3.2), for every v, u and o,
curve of the form (3.1) connecting them. We now fix u, v and g,, then by (3.2)
we get

H(Vv) — H(Vo,) > %H(V&S)‘S:O,
and

H(Vu) — H(Vo,) > %H(Va's)p:o’

where s+ &, and s — &, are the curves of the form (3.1) connecting o, to v and
o, to u respectively. In other words, we have

G =[(1—t—s(1—0)ul +(t+s(1 -0 =g, 0, sel0,1],
and
Gy =[(1 =1+ su? +(t — st =6,_g, s€(0,1].
Thus we get

d

d -
H(VU) — H(VO';) > $H<VO'S)|S:0 = %

H(VUtJrs(lft)\x:O

d
= %H(VUS)‘S:)‘(I -1

and similarly
d
H(Vu) — H(Vo,) > —%H(VGS)‘S:,I.

Keeping the two informations together, we finally get

H(Vo,) — H(Vu) _ H(Vv) — H(Vo))

t 1—1¢

b

which is equivalent to H(Ve,) < (1 — )H(Vu) + tH(Vv).

4. The discrete case

We now prove analogous results for functions which are not necessarily
differentiable. Roughly speaking, we are going to replace derivatives by finite
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differences. For 1 < p < oo and 0 < s < 1, the resulting convexity properties
have applications to nonlocal integrals of the type

_ »
J J M dxdy, (Gagliardo seminorm),
RN RN

|x - y|N+sp
or
h) — P
0<[h| JRY

and more generally

; /p
°° h) — r \"ar
J sup J Juloe + B) = u()| dx | —, p<r<o, (Besov seminorm).
0 \o<|h<tJRY R t

ProposITION 4.1 (Discrete hidden convexity). Let 1 < p < oo and 1 < q < p.
For every up,u; =0, we define

o(x) = [(1 = Duo(x)? + 1y (x)]"7 1€[0,1], xe RV,
Then we have

(4.1) lo:(x) = a: (V)" < (1= D)]uo(x) = uo(»)[”
+tlur (x) —u (»)I”, 1€[0,1], x, ye RV,
Proof. The proof is as in [19], which deals with the case p=g¢. We

observe that

a0 = [1((1 = )/ ug, 1/9uy) |,

where we set ||zl,o = (21|74 |22/9)"/¢ for zeR> The triangular inequality
implies that

o= Il < 2= wllf, zwe R,

||z
and by using this with the choices
2= (1= 0 up(x), 14wy (x)) and w = (1= 1) (), /%1 (1)),
we get
lo:(x) = o (V)" < (1 = Duo(x) = uo ()| + thur (x) — wr (¥)]*.

By raising both sides to the power p/q and using the convexity of 7+ 72/9, we
get (4.1). O

ProposITION 4.2 (Discrete Picone inequality). Let l < p < ocwand1 < q < p.
Let u, v be two measurable functions with v >0 and u > 0, then



786 LORENZO BRASCO AND GIOVANNI FRANZINA

o(x)* wwq]

u(x) T u(y) !

< [o(x) = v(P)*fu(x) = u(p)"*.

(4.2) Ju(x) = ()| (ulx) = u(y)) l

Proof. We notice at first that is sufficient to prove

v(x)? v(y)?
u()(c)()ll - u(i))gl] = ol el

since (4.2) then follows by multiplying the previous inequality by |u(x) — u(y)|”“.
At this aim, let us start by observing that if u(x) = u(y), inequality (4.3) is
trivially satisfied. We take then u(x) # u(y) and we can always suppose that
u(x) < u(y), up to exchanging the role of x and y. We further observe that if
v(y) =0, inequality (4.3) is again trivially satisfied, since
W',
(D) u(y)

We can thus suppose that v(y) # 0, then we rewrite the left-hand side of (4.3) as

wwq_vuq]
()" u(y)”!

-G |- (G5 28

while the right-hand side of (4.3) rewrites as

- —wor(2)(22) -2

(4.3)  Ju(x) — u(y)| " (u(x) — u(y)) [

Ju(x) = ()| (ulx) = u(y)) l
u

lu(x) — u(p)| 77 (u(x) — u(y)) l

Then if we set

o) )
v(y)u(x) u(x)
the previous manipulations show that (4.2) is equivalent to the following
(1=0""49—1)<|A—1|, for0<t<]1,

The previous elementary inequality is true (see [17, Lemma 2.6]), thus we get the
desired conclusion. O

5. Some applications: local integrals

5.1. Positive eigenfunctions. In what follows, we denote by Q < RY an
open connected set such that |Q] < co. For 1 < p < o0, as it is customary we
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denote by WOl 7(Q) the closure of Ci°(Q) with respect to the L? norm of the
gradient. We also take H:RY — [0,00) to be a C' convex p-homogeneous
function such that

1
E|z\p < H(z) < Clz]’, zeRY,
for some C > 1. Then for 1 <g¢g < p, we set

(5.1) Jpg(@) = min {J H(Vu)dx:|u||Lq(Q):1}.
ue W' (Q) LJQ

THEOREM 5.1 (Uniqueness of positive eigenfunctions). Let 1 < p < oo and
1<g<p Let A>0 be such that there exists a non trivial function u e WO1 Q)

verifying
—% div VH(Vu) = Ju'™', u>0, in Q.
Then we have

(4-p)/q
(5.2) i(J |ul? dx> =1,4(Q),
Q
and v = u||u||qu(g) is a minimizer of the variational problem in (5.1).

Proof. We first observe that u > 0 almost everywhere® in Q, by the strong
minimum principle (see for example [28, Theorem 1.2]). We also notice that the
case p =gq is now well-established (see for example [2, 7, 21, 27]), we limit
ourselves to consider the case ¢ < p.

The proof is just based on an application of Proposition 2.9. We observe
that v is a solution of

1
> div VH (Vv) = ||u|

q—pr ,.q-1 :
IO LA v>0, in Q.

Moreover, v is admissible for the variational problems defining 4, ,(Q), thus by
testing the previous equation with v itself and using the homogeneity of H, we
get

A|u|

Z;(pg) = 7p.4(Q).

° Actually, the much stronger result
. 1
inf u> —, for every compact K € Q,
K Ck

holds. Here we want to point out that the weaker information “u > 0 almost everywhere” suffices for
this argument to work.
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Let u; € WOl (Q) be a function achieving the minimum in the right-hand side of
(5.1). Then we have

o uf
4-p q-
uHLq(Q)J LA dx
Q

L] fors()

< J H (Vi)Y H(Vo) P07 gy,
Q

Al oy = Al |t v =

If we now apply Hélder’s and Young’s inequality and use the equation solved by
v, the previous gives the desired result. O

Remark 5.2. Of course, a completely equivalent proof of the previous result
could use Proposition 2.6, as in [7]. As remarked in the Introduction, we believe
that a direct application of hidden convexity provides a cleaner justification of
the result, while on the other hand Picone inequality offers a quicker proof. An
alternative proof can be found in [24], later refined by Kawohl and Lindqvist
in [20].

Remark 5.3 (Sharpness of the condition ¢ < p). For a general open set Q
with finite measure, the previous result can not hold true for ¢ > p. Indeed, let
us consider an annular domain 7 = {x e R" : 1 < |x| < r} and take H(z) = |z|",
then the problem

rad . . .
A (T) = min {J |Vu|” dx : u radial function, |jul/,.) = 1}7
whrr) Ut

admits a minimizer ug € WOI’I7 (T), which is a positive solution of
—Apu = (T, in T, with J u|? dx = 1.
T

On the other hand, Nazarov in [23, Proposition 1.2] has proved that if ¢ > p one
can always take r sufficiently close to 1 such that minimizers of (5.1) are not
radial. This clearly means that

/I;f‘f]’(T) > Jp.o(T).

5.2. Hardy-type inequalities. As another application of the general Picone
inequality (2.5), we have the following family of sharp inequalities.

THEOREM 5.4 (Weighted Hardy inequalities with general norms). Let
F:RY = [0,+00) be a C' strictly convex norm. Let 1< p <N, for every
y>p— N we have
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(5.3) (W)pjw 0[P . (x)7" dx

SJ F(Vo)’F.(x)" dx, ve CLRM\{0}),
RY

where F, is the dual norm defined by

X
F.(2) = A RY.
) i£<FurZ> 2e

Proof.  We start proving (5.3) for positive Cj(RY\{0}) functions. We take
f >0 and set

u(x) = F*(x)fﬁ7 x e RM\{0}.
Observe that u is a C' function in RY\{0} such that
(54)  —div(F.(x)"F(Vu)" 'VF(Vu))
=" N =p—=Bp— 1) +9Ju" ' F(x)"", in RM\{0}.

Indeed, we recall the following relations between F' and F, (see [26] for example)

(5.5) F(VF,(x))=1 and VF(VF,(x)) = O’

Of course
Vu=—pF.(x) " 'VF.(x), x#0,
by using (5.5) and the homogeneity of F we get
F(Vu)”—l :ﬂple*(x)—(/)’H)(p—l) — Bpflp*(x)—/f/Prﬂ—p7

and still by (5.5) and the fact that VF is 0-homogeneous, we also have

VF(Vu) = —VF(VF.(x)) = —

F:(Cx) , x#0.
Thus we get

—div(F,(x)"F(Vu)? 'VF(Vu)) = 7~ div(F, (x) PrHHriy)

=B IN = fp+ B —p +F ()T,
as desired, where we used that
(VF.(x),x) = F.(x), x#0,
again by homogeneity. Finally, by using the definition of u, we get
F.(x) “Blp=Dr=p _ yp-1p (x)777.
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Then u verifies
BN < ppB-pi) | w R e dy
R

= JRN F.(x)"F(Vu)? "(VF(Vu), Vo) dx, ¢ e C}(R¥\{0}).

We test the previous equation with ¢ = v”u'~?, where v e C}(RV\{0}) is positive.
We get

BN~ Bptf—pt y}j VPF,(x)"" dx
R

N

—

ub

_ L F.(x) F(Vu)"™! <VF(vu), v (i) > dx.

We can now use Proposition 2.9 with the choice H(z) = F(z)”, so to obtain
BN < ppBop i) | PR dvs | PR dr
RN RJV

In order to conclude, it is now sufficient to observe that the function

B BN = Bp+B—p 7,
is maximal for f=(N+y—p)/p. The previous argument gives (5.3) for a
positive ve CJ(RY\{0}). Of course, the previous proof is still valid for posi-
tive Lipschitz functions supported in R™\{0}. The result for a general ve
CJ(RM\{0}) then follows by writing v = v, — v_ and observing that v;, v_ are
positive Lipschitz functions with support in RV\{0}. O

Remark 5.5. By taking y =0 in (5.3), we have the usual Hardy inequality
on the whole space with respect to a general norm, i.e.

N N

A different proof of (5.6) (based on symmetrization techniques) can be found in
[29, Proposition 7.5]. For y #0 and F being the Euclidean norm, a related
inequality can be found in [1].

6. Some applications: nonlocal integrals

6.1. Positive eigenfunctions. We denote by Q = RY an open connected set,
which is now supposed to be bounded. Let 1 < p < o0 and 0 < s < 1, in what
follows we denote by W;*”(€Q) the completion of Cg°(Q) with respect to the norm

1/p
_ |u(x) — u(y)|”
||uHWO»<m(Q) = <JRN JRN e — VY dxdy | .
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As before, for 1 < ¢ < p we introduce the first eigenvalue

(61) @)= min gy Biliey = 1)

the reader is referred to [8, 19, 22] for a more detailed account about the case
g =p. We notice that a minimizer u of the previous problem is a weak solution of

(—Ap)’u=2 (Q)u??u, inQ,
which means that

J , J ) u(y”p_zz%:;) mLie) (p(x) = p(»)) dxdy = l;,q(Q)J |u|**ugp dx,
RY JRY |x — | Q

for every ¢ e Wy’ (Q).

THEOREM 6.1 (Uniqueness of positive eigenfunctions). Let 1< p < oo,
0<s<l and 1<q<p. Let >0 be such that there exists a non trivial
Sunction ue Wyt (Q) verifying

(A u=2u|"u, u=0, inQ.

Then we have

(a-p)/a )
(6.2) A(JQ |u| dx) =7, ,(Q),

and v = u||u||z,l(Q) is a minimizer of the problem in (6.1).

Proof. At first, it is again crucial to observe that u > 0 almost everywhere
in Q, thanks to the minimum principle of Theorem A.l. Then the result for the
case p = ¢ follows by using [19, Theorem 4.1]. We now consider the case ¢ < p.

Again, we observe that v solves

(=Ap) v = Alull {4{qv! U u>0, in Q.
and since v is admissible for the var1at10na1 problems defining /1;7 q(Q) we get

4 (€2)-

Let u; € W,?(Q) be a function achlevmg the minimum in the right-hand side of
(6.1). Then again we have

ul
qul ldx
Q

AullZolq) =

_ o) = o) 2 00) = o) [0~ )]

‘LJw o= Lmqlwwﬁd@
|t (x) —un(P)[* o(x) — o)

< JRA’ JRN |xl_ y|N(ql/11)+Sq Ix — | ((p=q)/p)+s(p—q) dxdy
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where we used Proposition 4.2. If we now apply Holder’s and Young’s
inequalities with exponents p/q and p/(p — ¢q), the previous gives the desired
result. O

6.2. Hardy-type inequalities. As in the local case, by means of the discrete
Picone inequality (4.2) we can prove a nonlocal Hardy inequality, like in [17].
The idea is still to look at power-type positive solutions of

(=A,)’u=2u""" in RM\{0}.
The latter is the content of the next technical result.

LEmMMA 6.2. Let 1 < p< oo and f,r > 0. Then the function

— —Bip=2 — —
el 7 = Il 2120 7 = 1)
N+r

f(x):J dy, xeRY,

=l

is radial and B(1 — p) —r homogeneous.

Proof. Let us pick x| # x, such that |x;| = |x»|. Letussetcall R: RY —RY
the linear isometry defined by the reflection in the hyperplan

n={xeR":{x,x; —x) =0}
Then by changing variables we have

— — ) — —
x| 7 — [Re| 1772 (x| P — Rz F)

'Xl = dz
fx) RY |x1—Rz|N+r
L L VR
JRY |RXZ — RZ|N+V
-B —Bp—2 -B -B
X2 — |z X2 — |z
O R R
RY |x2 — 2]

where we used that Rx; = xi, that |Rz| = |z| and the linearity of R. This shows
that f is radial.
For the second part, it is sufficient to observe that

[*ﬁ 7ﬁ _ 7ﬁ 1772 t*ﬂ 7/3 _ 7ﬁ
g = | I L
RY |tx —
_ —Bip=2 _ _
e A N s G R
- N+r z
RY |x — z]

= Pr=U7f(x), xeRY,

for all ¢ > 0, which gives the desired conclusion. O
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We then have the following sharp Hardy inequality for the fractional Sobolev
space W2 first proved in [17].

THEOREM 6.3 (Fractional Hardy inequality). Let se€ (0,1) and 1 < p < w0
such that sp < N. Then there exists a constant C = C(N,s, p) > 0 (see equation
(B.2) below) such that

(6.3) CJR " e < JRJ o) = e e,

v x| RY |x— y‘Nﬂp
for all ve CFRN\{0}).
Proof. We recall that a positively a-homogeneous function u which is
radially simmetric, that is
u(x) = p(lx]) xeRY,
is uniquely determined modulo a multiplicative constant, namely u(x) = ¢(1)|x|".

By this elementary observation, we can deduce from Lemma 6.2 that the function
u(x) = |x| ™ is a solution of

J— 72 J—
J J v\u(X) u(y)l” %f) u(y))(gp(x)—gp(y)) dxdy
RV JR Ix =yl

= ()| ur il o) . for all pe G (R¥\(0))

where

_ _Bip—2 _ _
e ™ = |y 12 (" = [y ﬁ)d
o — M .

xeSN1

cp=2|

and the previous integral is constant for x € S¥~!, thanks to Lemma 6.2. Then,
if one picks v e C*(RV\{0}) positive and plugs in ¢ = v”u' as a test function
in the previous equation, it turns out that

_ P
(6.4) () JRN o] x| dx < JR JR % dxdy.

An optimization over f leads to the desired result, sece Appendix B for more
details. ]

Appendix A. A minimum principle for positive nonlocal eigenfunctions

In the following, we provide a proof of a minimum principle for positive
weak supersolutions to equation

(=A)’u=0, inQ,  u=0 in R\Q.
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i.e. for functions u e W;”(Q) such that

J J | lu(x) — M(Y)|p_2§v”£:;) —u(y)) (p(x) — @(y)) dxdy = 0,
RY JRY X =yl

for all p e C°(Q), ¢ = 0.

Let xo be any fixed point in Q, and for every r > 0 let B,(xy) denote the ball of
radius r centered at xy. The main ingredient of our result is the following
lemma, which is a consequence of a more general logarithmic estimate recently
established by Di Castro, Kuusi and Palatucci in [13].

DKP LOGARITHMIC LEMMA. Let 1 < p < o0, s€ (0,1) and ue W' (Q) be a
supersolution such that u >0 in By (xo) € Q. Then for every 0 <9 there holds

o +u(x)\ |
A.l J J lo ( ) dxd
(A1) B, JB, s d+u(y))| |x— y/N*tr 4
p—1
SCVNin 517PVSPJ %dy+l R
R¥\By, |y — Xol ’

where u_ = max{—u,0} and C = C(N,p,s) >0 is a constant.
We then have the following minimum principle.

THEOREM A.l. Let Q < RN be an open bounded set, which is connected.
Let s (0,1), 1 < p < o0 and u e Wy"(Q) be a weak supersolution such that u >0
in Q. Let us suppose that

(A.2) u#z0 in Q.

Then u >0 almost everywhere in Q.

Proof. We first prove that for every K € Q compact connected, if
(A.3) u#®0 in K,

then u > 0 almost everywhere in K.

Let K € Q be a connected compact set, then K < {x € Q : dist(x, 0Q) > 2r}
for some » > 0. We then observe that K can be covered by a finite number of
balls B,/(x1),...,B,2(xx) such that x; € K and

(A4> |B,./2(x,j)ﬂB,./2(x,-+1)| >0, i=1,...,k—1.

Let us now suppose that # = 0 on a subset of K with positive measure. Then for
some i€ {l,...,k—1}, we have that the set

Z = {x € B,(x;) : u(x) = 0},



CONVEXITY PROPERTIES AND PICONE-TYPE INEQUALITIES 795

has positive measure. We define

F5(x) = log(l +@>, x € Bypp(xi),

for 0 > 0 and claim that the following Poincaré inequality holds true

N+sp Fs _ F( 14
(A.5) J 5|7 dx < J J M dxdy.
B, /> (xi) |Z| B, j2(xi) J Byja(xi) |x - y|

Indeed, observe that

Fs(x) =0 for every xe Z,
hence for every x € B,>(x;) and y # x with ye Z, we get

P _ ‘Fé(x) _Ft;(y)|p |X— y|N+sp.

|F()(X)| |X— y|N+sp

Now integrating with respect to y e Z gives

5] F5(x) — Fs Jy ’
ZlE@) < max fx- o) | 500 = L IE g,
x,y€ By (x;) Bpa() |x— ]

which proves (A.5) up to an integration with respect to x € B,>(x;).
We now observe that

o+ u(x)\1|”
log( )| = |Fy(x) — Fs(»)|?
hoe (540 | = ) - B,
thus if we combine (A.5), (A.l1) and observe that u_ =0, we get
W\ 1P 2N
(A.6) J log(l + —) dx < C—-,
Bs(x) g 2]

with C independent of . By letting 6 go to 0 in (A.6), we can then infer
u=0 almost everywhere in B,/ (x;).

By using property (A.4), we can repeat the previous argument for the balls
B./>(x;-1) and B,/>(x;;1) and so on, up to obtain that u =0 almost everywhere
on K. This clearly contradicts (A.3), thus u > 0 almost everywhere in K.

Let us now assume (A.2). Since Q is connected, there exists a sequence of
connected compact sets K, € Q such that

1
|Q\K,,|<Z and u#0 in K,.

Then, by the first part of the proof u > 0 almost everywhere on each K,. By
letting n go to oo, we get the conclusion. O
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Appendix B. Optimal constant for the fractional Hardy inequality

In Section 6 we used that u(x) = |x| ™ is a solution of

p—1

(~Ay)'u = cwﬁ‘W, in RV\{0}.

In this appendix we discuss some features of the constant

_ _Bip—2 _ _
e ™ = |yl P2 (7 = 1y ﬂ)d
x — M .

and determines the best constant in (6.3), see equation (B.2) below. Compu-
tations are very much the same as in the paper [17] by Frank and Seiringer, up to
some simplifications. For simplicity we focus on the case N >2 and sp < N.

xeSV!

cp=2|

LeMMa B.l. Let N>2,0<s<land1 < p< oo. Forevery0<p<1 the
function

G(p) = (L= PVl p> 0,
is maximal for = (N —sp)/p.
Proof. We just have to differentiate the function ¥. Indeed, we have
G'(B) = (p— 1) log oo™ 7PV [1 — o
— (p—1)o" log o[l = o= F=I)[1 — P72,
so that
9P =0 < QN—Sp—/f(p—U[l — Qﬁ} — Q/f[l _ QN—Sp—ﬁ(p—l)] <0
that is if and only if f is such that
NP1 < of
By passing to the logarithm, we obtain the assertion. O

We can then determine the maximal values of C(f).

Lemma B2, Let N>2, 0<s<landl < p < oo. Forevery f >0 we have

0< C(B) < c(N;sP).

Proof.  We recall that

—Bip=2 _ _
2 (™ = 1)

N-1
N1y dy, for every xeS" ™,

N
= ZJ =y
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and the right-hand side is independent of x € S¥~!. Thus we have
2 |l = P20 = 1) N1
c(p) = dyd # x).
#) ,%”NI(SNI)JSN‘ JRN |x — y| VTP 4 )

We observe that for every y e RV\{0} we can write
SN?I = U Et(y)a

te[—1,1]
where

3, = {x SN, <x|—j}/|> - t} ~V1—28V2,

By using this and exchanging the order of integration, we then obtain

2 R L e L O N
Cp)=———— ds# x) d
# %NI(SNI)JRN LN*‘ |x — y| VT () dy
%Nfz SN72 . 7
= N—l( N_I)J ‘1_|y| ﬁ‘p 2(1_|y| ﬁ)
AHNTH(SYT) IR

1 (1 . [2)(N73)/2
X dt| dy
L (1= 2t]y| + ||}V TP/

where we used that

|x —y|=+/1 -2ty + |y|2, for every x e X;.

L (1= W
S (1 =20 + 2) VT2

then by using polar coordinates we get

We now set

(B.1) () = nyfz(sN-z)J dt,

c(p) = 2[0 VUL = o PP — g (o) do
1
= —ZJ oV = o7F 1P (o) do
0
+2J oV = o PP () do.
1

We now perform the change of variable o = r~!

observe that

in the second integral and

O(1/r) = rNPD(r).

Thus we obtain
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1

1
C(m:—zj oV — o7 (o) do + 2 j 071 - oF 1P () do
0 0

1

1
— _2J QN—I—ﬂ(p—1)|Q/? _ 1|p71(D(Q) dg+2j Q—l+w|1 _ gﬁ|p71d)(g) do
0 0

1
_ zj o7 11— oV FD) 1 = oF P00 (g) dp.
0

We now observe that the term into square brackets is positive if
N —sp

< .
p< 1
Moreover, thanks to Lemma B.1 the integrand is maximal for
N —sp

ﬁ:—v
p

and thus we get the conclusion.

Remark B.3. Observe that we have

_ 1
(B.2) C(¥> = ZJ Qsp—l[l _ Q(N—sp)/p]liq)(g) do,
0

where the function ® is defined in (B.1). Thus this is the best constant in the

Hardy inequality (6.3) (see [17, Section 3.3] for more details).
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