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A DECOMPOSITION THEOREM OF THE MÖBIUS ENERGY I:

DECOMPOSITION AND MÖBIUS INVARIANCE

Aya Ishizeki and Takeyuki Nagasawa1

Abstract

The Möbius energy, defined for closed curves embedded in Rn, is decomposed into

three parts. It is called the Möbius energy since it is invariant under Möbius trans-

formations. An alternative proof of the Möbius invariance is given using the decom-

position. Furthermore the invariance of each part of decomposition is discussed.

1. Introduction

Let f : R=LZ C s 7! f ðsÞ A Rn be a closed curve in Rn with total length L,
where s is an arc-length parameter, i.e., k f 0ðsÞkR n 1 1. We denote the distance
between f ðs1Þ and f ðs2Þ along the closed curve by Dð f ðs1Þ; f ðs2ÞÞ.

O’Hara [7] defined the Möbius energy E as

Eð f Þ ¼ p:v:

ðð
1

k f ðs1Þ � f ðs2Þk2R n

� 1

Dð f ðs1Þ; f ðs2ÞÞ2

 !
ds1ds2;ð1Þ

where p:v:
Ð Ð

¼ lime!þ0

Ð Ð
js1�s2j>e

is Cauchy’s principal value.

Remark 1.1. This is the original definition of O’Hara. In fact, the inte-
gration is not a principal value since the integrand is non-negative. However,
many quantities derived from the energy, for example the variational formulae,
contain terms each of which is not absolutely integrable. Therefore, when
deforming the expression of the energy, we always deal with it as Cauchy’s
principal value at first, and investigate its absolute integrability later.

Each term of the integrand in (1) is not integrable on ðR=LZÞ2. The
subtraction of the two terms leads to the integrability, and therefore it is not
easy to find the proper domain of E . Recently, Blatt [1] showed that Eð f Þ < y
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if and only if f A X ¼ H 1;yðR=LZÞVH 3=2ðR=LZÞ and it is bi-Lischitz. In this
paper, we establish a decomposition of E as

Eð f Þ ¼ E1ð f Þ þ E2ð f Þ þ 4;

where

E ið f Þ ¼
ðð

ðR=LZÞ2
Mið f Þ ds1ds2

and Mi is the energy density of E i (see the forthcoming Theorem 2.1). The first
part E1 is a positive definite functional whose form implies the proper domain of
E is X . The second one, E2, has a determinant structure which characterizes the
cancellation of the integrand. Indeed each part E i can be defined as an integral
functional on X , i.e., whose integrand is absolutely integrable for f A X .

The energy E is called the Möbius energy since it is invariant under Möbius
transformations; this fact was shown by Freedman-He-Wang [3]. In section 3 we
give an alternative proof of this, and discuss the Möbius invariance of each E i

in X (Theorems 3.1 and 3.2). After discussing our results with O’Hara, he
informed us that our second energy E2 is the same as the O’Hara-Solanes energy
E

OS
up to multiplication by a constant. The energy E

OS
was first defined in [8]

and they established its Möbius invariance for su‰ciently smooth f . Note that
Cy is not dense in X .

Using our decomposition theorem, we can obtain explicit expressions of
variational formulae of E with applicable estimates, which we will present in a
forthcoming paper.

Acknowledgment. The authors would like to express their gratitude to Pro-
fessor Jun O’Hara and Professor Philipp Reiter for discussions on their results.

2. The decomposition theorem

At a point where f is di¤erentiable, we denote the unit tangent vector by
t ¼ f 0. Similarly k ¼ t 0 stands for the curvature vector at a point where f is
twice di¤erentiable.

Theorem 2.1. Let f A X and suppose that there exists a positive constant
l such that k f ðs1Þ � f ðs2ÞkR n b l�1Dð f ðs1Þ; f ðs2ÞÞ. The energy Eð f Þ may be
decomposed as

Eð f Þ ¼
ðð

ðR=LZÞ2
fM1ð f Þðs1; s2Þ þM2ð f Þðs1; s2Þg ds1ds2 þ 4;

where

M1ð f Þ ¼
ktðs1Þ � tðs2Þk2R n

2k f ðs1Þ � f ðs2Þk2R n

738 aya ishizeki and takeyuki nagasawa



and

M2ð f Þ ¼
2

k f ðs1Þ � f ðs2Þk4R n

det
tðs1Þ � tðs2Þ ð f ðs1Þ � f ðs2ÞÞ � tðs1Þ

ð f ðs1Þ � f ðs2ÞÞ � tðs2Þ k f ðs1Þ � f ðs2Þk2Rn

� �
:

Moreover, each Mið f Þ is absolutely integrable.

Proof. As we said in the Introduction, to deform the energy density, we
first consider the integration in the sense of Cauchy’s principal value, and show
the absolute integrability later. We di¤erentiate

Dð f ðs1Þ; f ðs2ÞÞ2 ¼
ðs1 � s2Þ2 s1 a s2 a s1 þ

L

2
ðmod LÞ

� �
;

ðs1 � s2 þ LÞ2 s1 þ
L

2
a s2 a s1 þ L ðmod LÞ

� �
8>>><
>>>:

with respect to s2. In the sense of distributions,

d

dx
logjxj ¼ p:v:

1

x
;

and therefore

q

qs2
log Dð f ðs1Þ; f ðs2ÞÞ ¼

�p:v:
1

s1 � s2
s1 a s2 < s1 þ

L

2
ðmod LÞ

� �
;

�p:v:
1

s1 � s2 þ L
s1 þ

L

2
< s2 a s1 þ L ðmod LÞ

� �
:

8>>><
>>>:

Here, the distribution p:v:
1

x
is given by

p:v:
1

x
; j

� �
¼ lim

e!þ0

ð
jxjbe

jðxÞ
x

dx

for j A Cy
0 ðRÞ (see [6]). Using the periodicity of Dð f ðs1Þ; f ðs2ÞÞ, this equals

q

qs2
log Dð f ðs1Þ; f ðs2ÞÞ ¼

�p:v:
1

s1 � s2 � L
s2 þ

L

2
< s1 a s2 þ L ðmod LÞ

� �
;

�p:v:
1

s1 � s2
s2 a s1 < s2 þ

L

2
ðmod LÞ

� �
:

8>>><
>>>:

Regarding this as a distribution of s1, it is di¤erentiable for s1 0 s2 þ L=2 in the
weak sense and we obtain
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q2

qs1qs2
log Dð f ðs1Þ; f ðs2ÞÞ

¼
p:v:

1

ðs1 � s2 � LÞ2
s2 þ

L

2
< s1 a s2 þ L ðmod LÞ

� �
;

p:v:
1

ðs1 � s2Þ2
s2 a s1 < s2 þ

L

2
ðmod LÞ

� �
8>>>><
>>>>:

¼ p:v:
1

Dð f ðs1Þ; f ðs2ÞÞ2
:

As a function of s2,
q

qs2
log Dð f ðs1Þ; f ðs2ÞÞ has a jump discontinuity at s2 ¼

s1 þ L=2 with gap �4=L; that is,

lim
s2!s1þL=2þ0

q

qs2
log Dð f ðs1Þ; f ðs2ÞÞ � lim

s2!s1þL=2�0

q

qs2
log Dð f ðs1Þ; f ðs2ÞÞ ¼ � 4

L
:

As functions of s2,
q2

qs1qs2
logk f ðs1Þ � f ðs2ÞkR n is bounded at s2 ¼ s1 G

L

2
, and

q

qs1
logk f ðs1Þ � f ðs2ÞkR n is continuous at the same points. Therefore we get

ð
e<js1�s2jaL=2

1

Dð f ðs1Þ; f ðs2ÞÞ2
ds2

¼ lim
d!þ0

ð
e<js1�s2jaL=2�d

1

Dð f ðs1Þ; f ðs2ÞÞ2
ds2

¼ lim
d!þ0

ð
e<js1�s2jaL=2�d

q2

qs1qs2
log Dð f ðs1Þ; f ðs2ÞÞ ds2

¼ lim
d!þ0

ð
e<js1�s2jaL=2�d

q2

qs1qs2

� logk f ðs1Þ � f ðs2ÞkRn � log
k f ðs1Þ � f ðs2ÞkR n

Dð f ðs1Þ; f ðs2ÞÞ

� �
ds2

¼
ð
e<js1�s2jaL=2

q2

qs1qs2
logk f ðs1Þ � f ðs2ÞkR n ds2

� lim
d!þ0

q

qs1
log

k f ðs1Þ � f ðs2ÞkR n

Dð f ðs1Þ; f ðs2ÞÞ

� �s2¼s1�e

s2¼s1�L=2þd

� lim
d!þ0

q

qs1
log

k f ðs1Þ � f ðs2ÞkR n

Dð f ðs1Þ; f ðs2ÞÞ

� �s2¼s1þL=2�d

s2¼s1þe
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¼
ð
e<js1�s2jaL=2

q2

qs1qs2
logk f ðs1Þ � f ðs2ÞkR n ds2

þ q

qs1
log

k f ðs1Þ � f ðs2ÞkR n

Dð f ðs1Þ; f ðs2ÞÞ

� �s2¼s1þe

s2¼s1�e

� 4

L
:

We integrate this with respect to s1 and firstly note that

ð
R=LZ

q

qs1
log

k f ðs1Þ � f ðs2ÞkR n

Dð f ðs1Þ; f ðs2ÞÞ

� �s2¼s1þe

s2¼s1�e

ds1

¼
ð
R=LZ

ð f ðs1Þ � f ðs2ÞÞ � tðs1Þ
k f ðs1Þ � f ðs2Þk2R n

� 1

s1 � s2

" #s2¼s1þe

s2¼s1�e

ds1

¼
ð
R=LZ

ð f ðs1Þ � f ðs1 þ eÞÞ � tðs1Þ
k f ðs1Þ � f ðs1 þ eÞk2R n

� ð f ðs1Þ � f ðs1 � eÞÞ � tðs1Þ
k f ðs1Þ � f ðs1 � eÞk2R n

þ 2

e

( )
ds1

¼
ð
R=LZ

ð f ðs1Þ � f ðs1 þ eÞÞ � tðs1Þ
k f ðs1Þ � f ðs1 þ eÞk2R n

� ð f ðs1 þ eÞ � f ðs1ÞÞ � tðs1 þ eÞ
k f ðs1 þ eÞ � f ðs1Þk2R n

þ 2

e

( )
ds1

¼
ð
R=LZ

� q

qs1
logk f ðs1Þ� f ðs1 þ eÞkRn þ 2ð f ðs1 þ eÞ� f ðs1ÞÞ � tðs1Þ

k f ðs1 þ eÞ � f ðs1Þk2R n

þ 2

e

( )
ds1

¼
ð
R=LZ

"
�2e

1

k f ðs1 þ eÞ � f ðs1Þk2R n

� 1

e2

 !

þ 2

k f ðs1 þ eÞ� f ðs1Þk2R n

ð s1þe

s1

ð1� tðs3Þ � tðs1ÞÞ ds3

#
ds1:

We have

2e
1

k f ðs1 þ eÞ � f ðs1Þk2Rn

� 1

e2

 !�����
�����

¼ 2e

e2k f ðs1 þ eÞ � f ðs1Þk2R n

ð s1þe

s1

ð s1þe

s1

ð1� tðs3Þ � tðs4ÞÞ ds3ds4

¼ 1

ek f ðs1 þ eÞ � f ðs1Þk2R n

ð s1þe

s1

ð s1þe

s1

ktðs3Þ � tðs4Þk2R n ds3ds4

and using estimate k f ðs1 þ eÞ � f ðs1ÞkR n b l�1e, along with a change in the order
of integration, we obtain
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ð
R=LZ

1

ek f ðs1 þ eÞ � f ðs1Þk2Rn

ð s1þe

s1

ð s1þe

s1

ktðs3Þ � tðs4Þk2R n ds3ds4ds1

a
l2

e3

ð
R=LZ

ð s1þe

s1

ð s1þe

s1

ktðs3Þ � tðs4Þk2Rn ds3ds4ds1

a
l2

e3

ð
R=LZ

ð s4þe

s4�e

ð s3
s3�e

ktðs3Þ � tðs4Þk2R n ds1ds3ds4

¼ l2

e2

ð
R=LZ

ð s4þe

s4�e

ktðs3Þ � tðs4Þk2R n ds3ds4

a l2
ð
R=LZ

ð s4þe

s4�e

ktðs3Þ � tðs4Þk2Rn

Dð f ðs3Þ; f ðs4ÞÞ2
ds3ds4:

Since

½ f 0�2H 1=2 ¼
ðð

ðR=LZÞ2
ktðs3Þ � tðs4Þk2R n

Dð f ðs3Þ; f ðs4ÞÞ2
ds3ds4

is finite, the absolute continuity of integration yields

lim
e!þ0

ð
R=LZ

1

ek f ðs1 þ eÞ � f ðs1Þk2R n

ð s1þe

s1

ð s1þe

s1

ktðs3Þ � tðs4Þk2R n ds3ds4ds1 ¼ 0:

Similarly we haveð
R=LZ

2

k f ðs1 þ eÞ � f ðs1Þk2R n

ð s1þe

s1

ð1� tðs3Þ � tðs1ÞÞ ds3ds1

�����
�����

¼
ð
R=LZ

1

k f ðs1 þ eÞ � f ðs1Þk2Rn

ð s1þe

s1

ktðs3Þ � tðs1Þk2R n ds3ds1

a l2
ð
R=LZ

ð s1þe

s1

ktðs3Þ � tðs1Þk2R n

Dð f ðs3Þ; f ðs1ÞÞ2
ds3ds1 ! 0 as e ! þ0:

Hence we obtainð
R=LZ

q

qs1
log

k f ðs1Þ � f ðs2ÞkRn

Dð f ðs1Þ; f ðs2ÞÞ

� �s2¼s1þe

s2¼s1�e

ds1 ! 0 as e ! þ0;

which leads to the expression

Eð f Þ ¼ p:v:

ðð
ðR=LZÞ2

1

k f ðs1Þ � f ðs2Þk2R n

� q2

qs1qs2
logk f ðs1Þ� f ðs2ÞkRn

 !
ds1ds2 þ 4:

Manipulating the above log term, we obtain

742 aya ishizeki and takeyuki nagasawa



Eð f Þ � 4 ¼ p:v:

ðð
ðR=LZÞ2

(
1þ tðs1Þ � tðs2Þ

k f ðs1Þ � f ðs2Þk2R n

ð2Þ

� 2fð f ðs1Þ � f ðs2ÞÞ � tðs1Þgfð f ðs1Þ � f ðs2ÞÞ � tðs2Þg
k f ðs1Þ � f ðs2Þk4Rn

)
ds1ds2:

The density of this integral is expressed as

1þ tðs1Þ � tðs2Þ
k f ðs1Þ � f ðs2Þk2R n

� 2fð f ðs1Þ � f ðs2ÞÞ � tðs1Þgfð f ðs1Þ � f ðs2ÞÞ � tðs2Þg
k f ðs1Þ � f ðs2Þk4R n

¼ 1� tðs1Þ � tðs2Þ
k f ðs1Þ � f ðs2Þk2Rn

þ 2tðs1Þ � tðs2Þk f ðs1Þ � f ðs2Þk2Rn

k f ðs1Þ � f ðs2Þk4R n

� fð f ðs1Þ � f ðs2ÞÞ � tðs1Þgfð f ðs1Þ � f ðs2ÞÞ � tðs2Þg
k f ðs1Þ � f ðs2Þk4R n

¼ ktðs1Þ � tðs2Þk2R n

2k f ðs1Þ � f ðs2Þk2Rn

þ 2

k f ðs1Þ � f ðs2Þk4R n

det
tðs1Þ � tðs2Þ ð f ðs1Þ � f ðs2ÞÞ � tðs1Þ

ð f ðs1Þ � f ðs2ÞÞ � tðs2Þ k f ðs1Þ � f ðs2Þk2R n

� �

¼ M1ð f Þ þM2ð f Þ

and it remains to remove p:v: in front of the double integral in (2). To this end
it is enough to see

M1ð f Þ þM2ð f Þb 0:

For a function v on R=LZ, we define Rv ¼ Rvðs1; s2Þ by

Rv ¼ js1 � s2jðvðs1Þ � vðs2ÞÞ
k f ðs1Þ � f ðs2ÞkR nðs1 � s2Þ

and observe that R f is clearly a unit vector field. In addition, we define

n� ¼ R f � ðR f � tmÞtm:
Here, the vector tm ¼ tmðs1; s2Þ is defined by

tm ¼ tðs1Þ þ tðs2Þ
ktðs1Þ þ tðs2ÞkRn

if tðs1Þ þ tðs2Þ0 o, and otherwise tm is defined to be any unit vector satisfying
tm � tðs1Þ ¼ 0. First, we consider the non-negativity of the numerator of the
right-hand side of

M1ð f Þðs1; s2Þ þM2ð f Þðs1; s2Þ ¼
1þ tðs1Þ � tðs2Þ � 2ðR f � tðs1ÞÞðR f � tðs2ÞÞ

k f ðs1Þ � f ðs2Þk2Rn

:
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Note that we have

tm � tðs1Þ ¼ tm � tðs2Þ ¼
1

2
ktðs1Þ þ tðs2ÞkR n :ð3Þ

Since n� ? ðtðs1Þ þ tðs2ÞÞ, we have

n� � ðtðs1Þ þ tðs2ÞÞ ¼ 0ð4Þ
and squaring both sides, we have

ðn� � tðs1ÞÞ2 þ 2ðn� � tðs1ÞÞðn� � tðs2ÞÞ þ ðn� � tðs2ÞÞ2 ¼ 0:ð5Þ
From (3), it follows that

R f � tðsjÞ ¼ ðR f � tmÞðtm � tðsjÞÞ þ n� � tðsjÞ

¼ 1

2
ktðs1Þ þ tðs2ÞkR nðR f � tmÞ þ n� � tðsjÞ:

Using this equation and (4)–(5), we get

ðR f � tðs1ÞÞðR f � tðs2ÞÞ

¼ 1

4
ktðs1Þ þ tðs2Þk2R nðR f � tmÞ2

þ 1

2
ktðs1Þ þ tðs2ÞkR nðR f � tmÞfn� � ðtðs1Þ þ tðs2ÞÞg

þ ðn� � tðs1ÞÞðn� � tðs2ÞÞ

¼ 1

4
ktðs1Þ þ tðs2Þk2R nðR f � tmÞ2 �

1

2
fðn� � tðs1ÞÞ2 þ ðn� � tðs2ÞÞ2g

and therefore

k f ðs1Þ � f ðs2Þk2R nðM1ð f Þðs1; s2Þ þM2ð f Þðs1; s2ÞÞ

¼ 1

2
ktðs1Þ þ tðs2Þk2R n � 1

2
ktðs1Þ þ tðs2Þk2R nðR f � tmÞ2

þ ðn� � tðs1ÞÞ2 þ ðn� � tðs2ÞÞ2

¼ 1

2
ktðs1Þ þ tðs2Þk2R nkn�k2R n þ ðn� � tðs1ÞÞ2 þ ðn� � tðs2ÞÞ2 b 0

as desired.
Finally we show the absolute integrability of each Mið f Þ. The integrand

M1ð f Þ is non-negative andð
ðR=LZÞ2

M1ð f Þ ds1ds2 a
l2

2

ð
ðR=LZÞ2

ktðs1Þ � tðs2Þk2R n

Dð f ðs1Þ; f ðs2ÞÞ2
ds1ds2

¼ l2

2
½ f 0�2H 1=2 < y;
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which shows the absolute integrability of M1ð f Þ. Both M1ð f Þ and M1ð f Þþ
M2ð f Þ are absolutely integrable, hence so is M2ð f Þ. r

Remark 2.1. O’Hara kindly informed the authors that if f is su‰ciently
smooth, then (2) can be shown by using the cosine formula [5].

3. Möbius invariance

In this section we discuss the invariance of Mi under Möbius transformations.
The invariance under dilation can be easily shown. In subsection 3.1, we

show the invariance of the sum E1 þ E2 under the inversion

f 7! p ¼ cþ r2ð f � cÞ
k f � ck2R n

with respect to the sphere with center c and radius r. Note that we assume
neither the finiteness of energy Eð f Þ < y nor f ðR=LZÞ C c. Indeed we show the
invariance of the sum of measures ðM1 þM2Þ ds1ds2. This fact was shown by
Freedman-He-Wang [3] for f which are parameterized by arc-length, and here
we present an alternative proof. We discuss the invariance of each E i under the
inversion assuming the finiteness of energy and c B f ðR=LZÞ in subsection 3.2.
For the case c B f ðR=LZÞ, see the final remark at the end of this section.

We now introduce the new symbol D which represents the di¤erence between
the function value for s1 and that for s2; that is,

D f ¼ f ðs1Þ � f ðs2Þ; Dt ¼ tðs1Þ � tðs2Þ; Ds ¼ s1 � s2:

3.1. The invariance of the sum of energies
In this section we show the invariance of ðM1 þM2Þ ds1ds2 and as a

consequence the invariance of the sum of energies follows. First we note

M1ð f Þ þM2ð f Þ ¼
1þ tðs1Þ � tðs2Þ

kD f k2R n

� 2ðD f � tðs1ÞÞðD f � tðs2ÞÞ
kD f k4Rn

:

Even if s is an arc-length parameter for f , it is not necessarily so for p.
Therefore we use a general parameter y instead of s, and the energy density with
respect to dy1dy2 is

ðM1ð f Þ þM2ð f ÞÞk _ff ðy1ÞkR nk _ff ðy2ÞkRn

¼ k _ff ðy1ÞkR nk _ff ðy2ÞkR n þ _ff ðy1Þ � _ff ðy2Þ
k f ðy1Þ � f ðy2Þk2R n

þ 1

2

q

qy1
logk f ðy1Þ � f ðy2Þk2R n

� �
q

qy2
logk f ðy1Þ � f ðy2Þk2R n

� �
:

Here _ff means the di¤erentiation of f with respect to the general parameter, and
similarly for other functions.
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Theorem 3.1. Let

f 7! p ¼ cþ r2ð f � cÞ
k f � ck2R n

be an inversion with respect to the sphere with center c and radius r. Then,

ðM1ð f Þ þM2ð f ÞÞk _ff ðy1ÞkRnk _ff ðy2ÞkR nð6Þ
� ðM1ðpÞ þM2ðpÞÞk _ppðy1ÞkRnk _ppðy2ÞkRn ¼ 0

holds for y1 and y2 such that

f ðy1Þ0 f ðy2Þ; f ðyiÞ0 c ði ¼ 1; 2Þ:

Proof. We decompose the di¤erence between the density for f and that for
p as follows:

ðM1ð f Þ þM2ð f ÞÞk _ff ðy1ÞkRnk _ff ðy2ÞkR n

� ðM1ðpÞ þM2ðpÞÞk _ppðy1ÞkR nk _ppðy2ÞkR n

¼ J1 þ J2 þ J3;

where

J1 ¼
k _ff ðy1ÞkR nk _ff ðy2ÞkR n

k f ðy1Þ � f ðy2Þk2R n

� k _ppðy1ÞkR nk _ppðy2ÞkR n

kpðy1Þ � pðy2Þk2Rn

;

J2 ¼
_ff ðy1Þ � _ff ðy2Þ

k f ðy1Þ � f ðy2Þk2Rn

� _ppðy1Þ � _ppðy2Þ
kpðy1Þ � pðy2Þk2R n

;

J3 ¼
1

2

�
q

qy1
logk f ðy1Þ � f ðy2Þk2R n

� �
q

qy2
logk f ðy1Þ � f ðy2Þk2R n

� �

� q

qy1
logkpðy1Þ � pðy2Þk2R n

� �
q

qy2
logkpðy1Þ � pðy2Þk2R n

� �	
:

It holds that

kpðy1Þ � pðy2Þk2Rn

¼ r2ð f ðy1Þ � cÞ
k f ðy1Þ � ck2R n

� r2ð f ðy2Þ � cÞ
k f ðy2Þ � ck2R n













2

R n

¼ r4
1

k f ðy1Þ � ck2R n

� 2ð f ðy1Þ � cÞ � ð f ðy2Þ � cÞ
k f ðy1Þ � ck2R nk f ðy2Þ � ck2R n

þ 1

k f ðy2Þ � ck2R n

( )

¼ r4k f ðy1Þ � f ðy2Þk2R n

k f ðy1Þ � ck2Rnk f ðy2Þ � ck2R n

:
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If we define the projection PcðyÞ and P?
c ðyÞ for a vector v by

PcðyÞv ¼ v � f ðyÞ � c

k f ðyÞ � ckR n

� �
f ðyÞ � c

k f ðyÞ � ckR n

; P?
c ðyÞ ¼ I � PcðyÞ;

then the derivative of pðyÞ may be expressed as

_ppðyÞ ¼ r2
_ff ðyÞ

k f ðyÞ � ck2R n

� 2f _ff ðyÞ � ð f ðyÞ � cÞgð f ðyÞ � cÞ
k f ðyÞ � ck4R n

" #

¼ r2

k f ðyÞ � ck2R n

ðP?
c ðyÞ � PcðyÞÞ _ff ðyÞ;

and therefore

k _ppðyÞk2R n ¼ r4

k f ðyÞ � ck4Rn

ðkP?
c ðyÞ _ff ðyÞk2R n þ kPcðyÞ _ff ðyÞk2R nÞ

¼ r4k _ff ðyÞk2Rn

k f ðyÞ � ck4Rn

:

Using straightforward considerations,

k _ppðy1ÞkR nk _ppðy2ÞkRn

kpðy1Þ � pðy2Þk2R n

¼ r2k _ff ðy1ÞkR n

k f ðy1Þ � ck2R n

r2k _ff ðy2ÞkRn

k f ðy2Þ � ck2Rn

k f ðy1Þ � ck2R nk f ðy2Þ � ck2R n

r4k f ðy1Þ � f ðy2Þk2R n

¼ k _ff ðy1ÞkR nk _ff ðy2ÞkRn

k f ðy1Þ � f ðy2Þk2Rn

and this demonstrates that J1 ¼ 0. By a similar calculation

_ppðy1Þ � _ppðy2Þ
kpðy1Þ � pðy2Þk2Rn

¼ fðI � 2Pcðy1ÞÞ _ff ðy1Þg � fðI � 2Pcðy2ÞÞ _ff ðy2Þg
k f ðy1Þ � f ðy2Þk2R n

holds. Observing that

ðI � 2PcðyiÞÞ _ff ðyiÞ ¼ _ff ðyiÞ � 2
f ðyiÞ � c

k f ðyiÞ � ckR n

� _ff ðyiÞ
� �

f ðyiÞ � c

k f ðyiÞ � ckR n

¼ _ff ðyiÞ �
q

qyi
logk f ðyiÞ � ck2R n

� �
ð f ðyiÞ � cÞ;

we may write
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J2 ¼
1

k f ðy1Þ � f ðy2Þk2R n

�
�
_ff ðy1Þ � _ff ðy2Þ � _ff ðy1Þ �

q

qy1
logk f ðy1Þ � ck2R n

� �
ð f ðy1Þ � cÞ

� 	

� _ff ðy2Þ �
q

qy1
logk f ðy2Þ � ck2Rn

� �
ð f ðy2Þ � cÞ

� 	�

¼ 1

k f ðy1Þ � f ðy2Þk2R n

�
q

qy1
logk f ðy1Þ � ck2R n

� �
fð f ðy1Þ � cÞ � _ff ðy2Þg

þ q

qy2
logk f ðy2Þ � ck2R n

� �
fð f ðy2Þ � cÞ � _ff ðy1Þg

� q

qy1
logk f ðy1Þ � ck2R n

� �
q

qy2
logk f ðy2Þ � ck2Rn

� �

� fð f ðy1Þ � cÞ � ð f ðy2Þ � cÞg
�
:

Using

ð f ðy1Þ � cÞ � _ff ðy2Þ ¼ ð f ðy1Þ � f ðy2Þ þ f ðy2Þ � cÞ � _ff ðy2Þ

¼ 1

2

q

qy2
ð�k f ðy1Þ � f ðy2Þk2R n þ k f ðy2Þ � ck2R nÞ

and

ð f ðy2Þ � cÞ � _ff ðy1Þ ¼ ð f ðy2Þ � f ðy1Þ þ f ðy1Þ � cÞ � _ff ðy1Þ

¼ 1

2

q

qy1
ð�k f ðy1Þ � f ðy2Þk2R n þ k f ðy1Þ � ck2R nÞ;

we arrive at

ð f ðy1Þ � cÞ � _ff ðy2Þ
k f ðy1Þ � f ðy2Þk2R n

¼ � 1

2

q

qy2
logk f ðy1Þ � f ðy2Þk2R n

þ 1

2

k f ðy2Þ � ck2R n

k f ðy1Þ � f ðy2Þk2R n

q

qy2
logk f ðy2Þ � ck2R n ;

ð f ðy2Þ � cÞ � _ff ðy1Þ
k f ðy1Þ � f ðy2Þk2R n

¼ � 1

2

q

qy1
logk f ðy1Þ � f ðy2Þk2R n

þ 1

2

k f ðy1Þ � ck2R n

k f ðy1Þ � f ðy2Þk2R n

q

qy1
logk f ðy1Þ � ck2R n

upon which our previous expression for J2 becomes
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J2 ¼ � 1

2

q

qy1
logk f ðy1Þ � ck2R n

� �
q

qy2
logk f ðy1Þ � f ðy2Þk2R n

� �

� 1

2

q

qy1
logk f ðy1Þ � f ðy2Þk2R n

� �
q

qy2
logk f ðy2Þ � ck2R n

� �

þ 1

2

q

qy1
logk f ðy1Þ � ck2Rn

� �
q

qy2
logk f ðy2Þ � ck2R n

� �

� k f ðy2Þ � ck2R n þ k f ðy1Þ � ck2R n � 2ð f ðy1Þ � cÞ � ð f ðy2Þ � cÞ
k f ðy1Þ � f ðy2Þk2R n

¼ � 1

2

q

qy1
logk f ðy1Þ � ck2R n

� �
q

qy2
logk f ðy1Þ � f ðy2Þk2R n

� �

� 1

2

q

qy1
logk f ðy1Þ � f ðy2Þk2R n

� �
q

qy2
logk f ðy2Þ � ck2R n

� �

þ 1

2

q

qy1
logk f ðy1Þ � ck2Rn

� �
q

qy2
logk f ðy2Þ � ck2R n

� �
:

Finally,

q

qyi
logkpðy1Þ � pðy2Þk2R n ¼ q

qyi
ðlogk f ðy1Þ � f ðy2Þk2R n � logk f ðyiÞ � ck2R nÞ;

and therefore

J3 ¼
1

2

q

qy1
logk f ðy1Þ � ck2Rn

� �
q

qy2
logk f ðy1Þ � f ðy2Þk2R n

� �

þ 1

2

q

qy1
logk f ðy1Þ � f ðy2Þk2R n

� �
q

qy2
logk f ðy2Þ � ck2Rn

� �

� 1

2

q

qy1
logk f ðy1Þ � ck2R n

� �
q

qy2
logk f ðy2Þ � ck2R n

� �

¼ �J2: r

Corollary 3.1. Let f A H 1;1ðR=2pZÞ. Then it holds that

E1ð f Þ þ E2ð f Þ ¼ E1ðpÞ þ E2ðpÞ:

Remark 3.1. The corollary does not exclude that both sides are infinite.

Proof. First let f A H 3=2ðR=2pZÞ. If the 2-dimensional Lebesgue measure
of

fðy1; y2Þ A ðR=2pZÞ2 j f ðy1Þ ¼ f ðy2Þg
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is positive, then so is that of

fðy1; y2Þ A ðR=2pZÞ2 j pðy1Þ ¼ pðy2Þg:

Therefore Eð f Þ ¼ EðpÞ ¼ y and we have

E1ð f Þ þ E2ð f Þ ¼ E1ðpÞ þ E2ðpÞ ¼ y:

Thus, we assume that the 2-dimensional Lebesgue measure of

fðy1; y2Þ A ðR=2pZÞ2 j f ðy1Þ ¼ f ðy2Þg

is 0, and we claim that the measure of

fðy1; y2Þ A ðR=2pZÞ2 j f ðy1Þ ¼ f ðy2Þ or f ðy1Þ ¼ c or f ðy2Þ ¼ cg

is also 0. In order to see this, considering f as a function of s on R=LZ, we
need to prove that

S ¼ fs A R=LZ j f ðsÞ ¼ cg

is a finite set. Arguing by contradiction, we suppose that S is not a finite set and
using the compactness of R=LZ, there exists a sequence such that f ðsjÞ ¼ c and
limj!y sj ¼ s�. From

0 ¼ k f ðsjþ1Þ � f ðsjÞk2R n ¼
ð sjþ1

sj

ð sjþ1

sj

tðsÞ � tðs 0Þ dsds 0

¼ ðsjþ1 � sjÞ2 �
1

2

ð sjþ1

sj

ð sjþ1

sj

ktðsÞ � tðs 0Þk2Rn dsds 0;

it holds that

ð sjþ1

sj

ð sjþ1

sj

ktðsÞ � tðs 0Þk2R n

ðs� s 0Þ2
dsds 0 b

ð sjþ1

sj

ð sjþ1

sj

ktðsÞ � tðs 0Þk2R n

ðsjþ1 � sjÞ2
dsds 0 ¼ 2:

However, using that t A H 1=2ðR=LZÞ and the absolute continuity of integral, this
leads to

2a lim
j!y

ð sjþ1

sj

ð sjþ1

sj

ktðsÞ � tðs 0Þk2R n

ðs� s 0Þ2
dsds 0 ¼ 0;

which is obviously a contradiction. By these arguments we find that (6) holds
for L2-a.e. ðy1; y2Þ and the desired conclusion follows by integrating this.

Finally, we consider the case of f B H 3=2ðR=2pZÞ which implies Eð f Þ ¼ y,
and we will show EðpÞ ¼ y. Again, arguing by contradiction, we suppose that
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EðpÞ < y from which we know that p does not have self-intersections. Fur-
thermore p A H

3=2
loc and we remark that p A H 3=2 if p does not pass through the

point at infinity. If we turn p back by the inversion with respect to the sphere
with center c and radius r, then it returns to f . Since f does not pass through
the point at infinity, p does not pass through c. Thereby the 2-dimensional
Lebesgue measure of

fðy1; y2Þ j pðy1Þ ¼ pðy2Þ; or pðy1Þ ¼ c or pðy2Þ ¼ cg

is 0. This implies that (6) holds for L2-a.e. ðy1; y2Þ and integrating this, we
get

E1ð f Þ þ E2ð f Þ ¼ E1ðpÞ þ E2ðpÞ ¼ EðpÞ � 4 < y:

However, from this we obtain y ¼ Eð f Þ ¼ E1ð f Þ þ E2ð f Þ þ 4 < y which is
obviously a contradiction. As a conclusion, EðpÞ ¼ y holds and therefore
E1ð f Þ þ E2ð f Þ ¼ E1ðpÞ þ E2ðpÞ ¼ y as desired. r

3.2. The invariance of each energy
We discuss here the invariance of each energy E i under the inversion f 7! p.

Theorem 3.2. Assume that the center c of the inversion is not in the image
of f . We also assume the finiteness of energy Eð f Þ < y. Then

E1ð f Þ ¼ E1ðpÞ; E2ð f Þ ¼ E2ðpÞ
holds.

Proof. In view of Corollary 3.1, it is enough to prove E1ð f Þ ¼ E1ðpÞ. Let
J1 and J2 be as defined in the proof of Theorem 3.1. It follows that

M1ð f Þk _ff ðy1ÞkR nk _ff ðy2ÞkR n �M1ðpÞk _ppðy1ÞkRnk _ppðy2ÞkR n ¼ J1 � J2 ¼ �J2:

We need to prove that the integration of this goes to 0. From now on, we use
the arc-length variable sj.

Since we are assuming Eð f Þ < y, we know that M1ð f Þ A L1ððR=LZÞ2Þ
holds. Since M1ðpÞb 0, we may write

E1ð f Þ � E1ðpÞ ¼ � lim
e!þ0

ðð
js1�s2jbe

J2

k _ff ðy1ÞkR nk _ff ðy2ÞkR n

ds1ds2;

where js1 � s2jb e is in the sense of mod L. Remarking that

1

k _ff ðyjÞkR n

q

qyj
ð� � �Þ ¼ q

qsj
ð� � �Þ;

we get
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� lim
e!þ0

ðð
js1�s2jbe

J2

k _ff ðy1ÞkR nk _ff ðy2ÞkR n

ds1ds2

¼ lim
e!þ0

1

2

ðð
js1�s2jbe

�
q

qs1
logk f ðs1Þ � ck2R n

� �
q

qs2
logk f ðs1Þ � f ðs2Þk2R n

� �

þ q

qs1
logk f ðs1Þ � f ðs2Þk2R n

� �
q

qs2
logk f ðs2Þ � ck2R n

� �

� q

qs1
logk f ðs1Þ � ck2R n

� �
q

qy2
logk f ðs2Þ � ck2Rn

� �	
ds1ds2

¼ lim
e!þ0

1

2

ðL
0

q

qs1
logk f ðs1Þ � ck2R n

ð s1þL�e

s1þe

q

qs2
logk f ðs1Þ � f ðs2Þk2Rn ds2ds1

þ lim
e!þ0

1

2

ðL
0

q

qs2
logk f ðs2Þ � ck2R n

ð s2þL�e

s2þe

q

qs1
logk f ðs1Þ � f ðs2Þk2R n ds1ds2

� 1

2

ðL
0

q

qs1
logk f ðs1Þ � ck2Rn ds1

ðL
0

q

qy2
logk f ðs2Þ � ck2R n ds2:

It holds thatð s1þL�e

s1þe

q

qs2
logk f ðs1Þ � f ðs2Þk2Rn ds2 ¼ log

k f ðs1Þ � f ðs1 � eÞk2Rn

k f ðs1Þ � f ðs1 þ eÞk2Rn

:

Moreover, Eð f Þ < y implies that f A H 3=2ðR=LZÞ and thus

k f ðs1Þ � f ðs1 G eÞk2R n ¼ e2 þ oðe2Þ

uniformly with regard to s1 as e ! þ0. Thereforeð s1þL�e

s1þe

q

qs2
logk f ðs1Þ � f ðs2Þk2Rn ds2 ¼ logð1þ oð1ÞÞ ¼ oð1Þ

holds uniformly with regard to s1. From this and the fact that f does not pass
through c,ðL

0

q

qs1
logk f ðs1Þ � ck2R n

ð s1þL�e

s1þe

q

qs2
logk f ðs1Þ � f ðs2Þk2R n ds2ds1

����
����

¼ oð1Þ
ðL
0

q

qs1
logk f ðs1Þ � ck2Rn

����
���� ds1

¼ oð1Þ

holds. Then we arrive at

lim
e!þ0

ðL
0

q

qs1
logk f ðs1Þ � ck2R n

ð s1þL�e

s1þe

q

qs2
logk f ðs1Þ � f ðs2Þk2Rn ds2ds1 ¼ 0;
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and similarly we find that

lim
e!þ0

ðL
0

q

qs2
logk f ðs2Þ � ck2R n

ð s2þL�e

s2þe

q

qs1
logk f ðs1Þ � f ðs2Þk2Rn ds1ds2 ¼ 0:

Finally, since f does not pass through c, we haveðL
0

q

qs1
logk f ðs1Þ � ck2R n ds1

ðL
0

q

qy2
logk f ðs2Þ � ck2R n ds2 ¼ 0

from which the desired conclusion E1ð f Þ ¼ EðpÞ follows. r

Remark 3.2. If f passes through c, then E1ð f Þ ¼ E1ðpÞ does not hold. For
example, when f is a circle passing through c, then p is a straight line. If r
denotes the radius of f , then

rktðs1Þ � tðs2ÞkR n ¼ k f ðs1Þ � f ðs2ÞkRn

and

E1ð f Þ ¼
ðð

ðR=LZÞ2
k f ðs1Þ � f ðs2Þk2R n

2r2k f ðs1Þ � f ðs2Þk2R n

ds1ds2 ¼
ð2prÞ2

2r2
¼ 2p2

hold. On the other hand, the unit tangent vector of p is a constant vector.
This means M1ðpÞ1 0 and consequently E1ðpÞ ¼ 0:

Remark 3.3. In general, if c is in the image of f , then

E1ðpÞ ¼ E1ð f Þ � 2p2; E2ðpÞ ¼ E2ð f Þ þ 2p2

seem to hold. Indeed we can show this fact if f A C 1;1ðR=LZÞ and k f ðs1Þ�
f ðs2ÞkR n b l�1Dð f ðs1Þ; f ðs2ÞÞ for some positive constant l independent of s1 and
s2. The proof, however, needs quite long calculations, and therefore we present
it elsewhere.
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