
Y. NAITO
KODAI MATH. J.
37 (2014), 646–667

CONVERGENCE RATE IN THE WEIGHTED NORM FOR A SEMILINEAR

HEAT EQUATION WITH SUPERCRITICAL NONLINEARITY

Yūki Naito

Abstract

We study the behavior of solutions to the Cauchy problem for a semilinear heat

equation with supercritical nonlinearity. It is known that two solutions approach each

other if these initial data are close enough near the spatial infinity. In this paper, we

give its sharp convergence rate in the weighted norms for a class of initial data. Proofs

are given by a comparison method based on matched asymptotics expansion.

1. Introduction

We consider the Cauchy problem

ut ¼ Duþ jujp�1
u; x A RN ; t > 0;

uðx; 0Þ ¼ u0ðxÞ; x A RN ;

(
(1.1)

where u ¼ uðx; tÞ, D is the Laplacian, p > 1 and u0 is a given continuous function
on RN that decays to zero as jxj ! y.

We first recall some known facts concerning positive solutions of the elliptic
equation

Dfþ fp ¼ 0 in RNð1:2Þ

with Nb 3. It is well known that there exists a classical positive radial solution
of (1.2) if and only if pb ðN þ 2Þ=ðN � 2Þ. (See, e.g., [1, 4].) We denote by fa
a solution of the problem

frr þ
N � 1

r
fr þ fp ¼ 0 for r > 0;

fð0Þ ¼ a and frð0Þ ¼ 0:
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If pb ðN þ 2Þ=ðN � 2Þ then, for each a > 0, faðrÞ is positive and strictly
decreasing for rb 0, and satisfies faðrÞ ! 0 as r ! y.

Define the exponent pc by

pc ¼
ðN � 2Þ2 � 4N þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffi
N � 1

p

ðN � 2ÞðN � 10Þ ; Nb 11;

y; 3aNa 10:

8><
>:

The exponent pc has appeared in several di¤erent studies of (1.1) and related
problems, see, e.g., [8, 11, 5, 6]. It was shown by Wang [11] that, for ðN þ 2Þ=
ðN � 2Þa p < pc, each pair of positive radial solutions of (1.2) intersect each
other, and that, for pb pc, these solutions are strictly ordered such that faðrÞ is
strictly increasing in a for each r and satisfies

lim
a!y

faðrÞ ¼ fyðrÞ for r > 0;

where fy a singular solution given by

fyðrÞ ¼ Lr�m for r > 0

with

m ¼ 2

p� 1
and L ¼ mðN � 2�mÞð Þ1=ðp�1Þ:

It was also shown in [5] that, for p > pc, the solution fa has the expansion

faðjxjÞ ¼ Ljxj�m þ aðaÞjxj�m�l1 þ oðjxj�m�l1Þ as jxj ! y;ð1:3Þ
where l1 is a positive constant given by

l1 ¼ l1ðN; pÞ ¼
N � 2� 2m�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN � 2�mÞ2 � 8ðN � 2�mÞ

q
2

;

and aðaÞ is a positive number. Note that l1 is a smaller root of the quadratic
polynomial

l2 � ðN � 2� 2mÞlþ 2ðN � 2�mÞ ¼ 0:

We denote by

l2 ¼ l2ðN; pÞ ¼
N � 2� 2mþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN � 2�mÞ2 � 8ðN � 2�mÞ

q
2

a larger root of the quadratic polynomial.
For lb 0, we define the weighted norm

kckl ¼ sup
x ARN

ð1þ jxjÞljcðxÞj;

where c be a continuous function on RN . It is clear that k � kl ¼ k � kLyðRN Þ if
l ¼ 0.
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The following results have been proved by [5, Theorem 1.15] and [6,
Theorem 2].

Theorem A. Let p > pc and a > 0.
(i) The stationary solution fa is stable with respect to k � kmþl1

, that is, for
any e > 0 there is d > 0 such that, if ku0 � fakmþl1

< d, then the solution
u of (1.1) satisfies kuð�; tÞ � fakmþl1

< e for all t > 0.
(ii) Let l A ðmþ l1;mþ l2�. Then fa is stable with respect to k � kl and

there exists d > 0 such that, if ku0 � fakl < d, then the solution u of (1.1)
satisfies kuð�; tÞ � fakl 0 ! 0 as t ! y for any l 0 A ð0; lÞ.

Poláčik and Yanagida [10] improved the above results and proved that the
solutions approach a set of stationary solutions for a wide class of initial data.
Later, Fila, Winkler and Yanagida [3] and Hoshino and Yanagida [7] studied
more general problem. Denote by u and ~uu solutions of (1.1) with initial data
u0 and ~uu0, respectively. In [3, 7] they showed that how fast two solutions u and
~uu approach each other as t ! y if u0 and ~uu0 are close enough near the spatial
infinity. Clearly, in the case ~uu0ðxÞ ¼ faðjxjÞ, the rate of approach of these
solutions corresponds to the convergence rate to the steady state. Precisely, the
following results were shown by [3, 7].

Theorem B. Let p > pc and mþ l1 < l < mþ l2 þ 2. Assume that u0 and
~uu0 satisfy

�faðjxjÞa u0ðxÞ; ~uu0ðxÞa faðjxjÞ for x A RNð1:4Þ

with some a > 0. If

lim sup
jxj!y

jxjlju0ðxÞ � ~uu0ðxÞj < y;ð1:5Þ

then the solutions u and ~uu of (1.1) satisfy

lim sup
t!y

tðl�m�l1Þ=2kuð�; tÞ � ~uuð�; tÞkLyðRN Þ < y:

In this paper, we consider the optimal rate of approach of these solutions in
the weighted norm k � kl, and verify that the rate depends on the order l. We
also show the stability of solutions with respect to the norm k � kl for mþ l1 <
l < mþ l2 þ 2.

Our first result is the following.

Theorem 1.1. Let p > pc and l A ðmþ l1;mþ l2 þ 2Þ. Assume that
u0; ~uu0 A CðRNÞ satisfy ð1:4Þ with some a > 0. If ð1:5Þ holds, then, for
l 0 A ½0; lÞ, the solutions u and ~uu of (1.1) satisfy

lim sup
t!y

tnkuð�; tÞ � ~uuð�; tÞkl 0 < y;ð1:6Þ
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where

n ¼ ðl�m� l1Þ=2 if 0a l 0
amþ l1;

ðl� l 0Þ=2 if mþ l1 < l 0 < l:

�
(1.7)

Furthermore, for any constants c > 0 and mb 1=2, the solutions u and ~uu satisfy

lim sup
t!y

tðl�l 0Þm sup
jxjbctm

ð1þ jxjÞl
0
juðx; tÞ � ~uuðx; tÞj

 !
< y:ð1:8Þ

The next result shows that the upper estimates given in Theorem 1.1 are
optimal.

Theorem 1.2. Let p > pc and l A ðmþ l1;mþ l2 þ 2Þ. Assume that
u0; ~uu0 A CðRNÞ satisfy

faðjxjÞa ~uu0ðxÞ < u0ðxÞa fyðjxjÞ for x A RNnf0gð1:9Þ

with some a > 0. If

lim inf
jxj!y

jxjlðu0ðxÞ � ~uu0ðxÞÞ > 0;ð1:10Þ

then, for l 0 A ½0; lÞ, the solutions u and ~uu of (1.1) satisfy

lim inf
t!y

tnkuð�; tÞ � ~uuð�; tÞkl 0 > 0;ð1:11Þ

where n is the constant defined by (1.7). Furthermore, the following (i) and (ii)
hold.

(i) For any constant c > 0, the solutions u and ~uu satisfy

lim inf
t!y

tðl�m�l1Þ=2 inf
jxjact1=2

ð1þ jxjÞmþl1 juðx; tÞ � ~uuðx; tÞj
� �

> 0:ð1:12Þ

(ii) Let l 0 A ½0; lÞ. For any constants c > 0 and mb 1=2, the solutions u and
~uu satisfy

lim inf
t!y

tðl�l 0Þm sup
jxjbctm

ð1þ jxjÞl
0
juðx; tÞ � ~uuðx; tÞj

 !
> 0:ð1:13Þ

Remark 1.1. In Theorem 1.2, we also assume that u0ðxÞ; ~uu0ðxÞa f~aaðjxjÞ for
x A RN with some ~aa > a, and that (1.5) holds. Then, by applying Theorem 1.1
with a ¼ ~aa, we obtain (1.6) with (1.7) and (1.8). Thus, from (1.6) with l 0 ¼
mþ l1, we obtain, for any constant c > 0,

lim sup
t!y

tðl�m�l1Þ=2 sup
jxjact1=2

ð1þ jxjÞmþl1ðuðx; tÞ � ~uuðx; tÞÞ
 !

< y:ð1:14Þ
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Thus, in the range jxja ct1=2, the solutions u and ~uu approach uniformly in the
senses (1.12) and (1.14). In particular, for any constant c > 0, we have

0 < lim inf
t!y

tðl�m�l1Þ=2 inf
jxjac

ðuðx; tÞ � ~uuðx; tÞÞ
� �

a lim sup
t!y

tðl�m�l1Þ=2 sup
jxjac

ðuðx; tÞ � ~uuðx; tÞÞ
 !

< y:

On the other hand, in the range jxjb ctm with m > 1=2, the solutions approaches
each other in the di¤erent rate by (1.8) and (1.13). In particular, for any constant
c > 0, we obtain

0 < lim inf
t!y

tðl�l 0Þ=2 sup
jxjbct1=2

ð1þ jxjÞl
0
ðuðx; tÞ � ~uuðx; tÞÞ

 !

a lim sup
t!y

tðl�l 0Þ=2 sup
jxjbct1=2

ð1þ jxjÞl
0
ðuðx; tÞ � ~uuðx; tÞÞ

 !
< y:

Note here that the constant n defined by (1.7) fulfills the property that n ¼
minfðl�m� l1Þ=2; ðl� l 0Þ=2g.

We consider the stability of solutions with respect to the norm k � kl.

Theorem 1.3. Let p > pc and l A ðmþ l1;mþ l2 þ 2Þ.
(i) Assume that u0; ~uu0 A CðRNÞ satisfy ð1:4Þ with some a > 0. For any e > 0

there exists d > 0 such that, if ku0ð�Þ � ~uu0ð�Þkl < d, then the solutions u
and ~uu of (1.1) satisfy kuð�; tÞ � ~uuð�; tÞkl < e for all tb 0.

(ii) Assume that u0 and ~uu0 satisfy ð1:9Þ with some a > 0. If ð1:10Þ holds,
then the solutions u and ~uu satisfy

lim inf
t!y

kuð�; tÞ � ~uuð�; tÞkl > 0:ð1:15Þ

Let us consider the convergence rate of solutions to the steady state.
Assume that u0 A CðRNÞ satisfies

�fyðxÞ < u0ðxÞ < fyðxÞ for x A RNnf0g:ð1:16Þ

and

lim sup
jxj!y

jxjlju0ðxÞ � faðjxjÞj < yð1:17Þ

with some a > 0. Then there exists b > a such that �fbðxÞa u0ðxÞa fbðxÞ for
x A RN . Applying Theorem 1.1 with a ¼ b and ~uu0 ¼ fa, and Theorem 1.2 with
~uu0 ¼ fa, we obtain the following
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Corollary 1.1. Let p > pc and l A ðmþ l1;mþ l2 þ 2Þ. Assume that
u0 A CðRNÞ satisfies ð1:16Þ and ð1:17Þ with some a > 0. Then the solution u
of (1.1) satisfies

kuð�; tÞ � faðj � jÞkl 0 ! 0 as t ! yð1:18Þ

for any l 0 A ½0; lÞ. Precisely, the solution u satisfies

lim sup
t!y

tnkuð�; tÞ � faðj � jÞkl 0 < y;

where n is the constant defined by (1.7). Furthermore, if u0 satisfies u0ðxÞ >
faðjxjÞ for x A RN and

lim inf
jxj!y

jxjlðu0ðxÞ � faðjxjÞÞ > 0;ð1:19Þ

then the solution u satisfies

lim inf
t!y

tnkuð�; tÞ � faðj � jÞkl 0 > 0

for l 0 A ½0; lÞ with the constant n defined by (1.7).

We consider the stability of the steady state with respect to the norm k � kl
by applying Theorem 1.3. Let p > pc and a > 0. Put b > a. Then there exists
~dd ¼ ~ddðbÞ > 0 such that, if ku0ð�Þ � faðj � jÞkl < ~dd, then �fbðjxjÞa u0ðxÞa fbðjxjÞ
for x A RN . Applying Theorem 1.3 (i) with a ¼ b, ~uu0 ¼ fa, and minfd; ~ddg instead
of d, and Theorem 1.3 (ii) with ~uu0 ¼ fa, we obtain the following

Corollary 1.2. Let p > pc, a > 0, and let l A ðmþ l1;mþ l2 þ 2Þ. For
any e > 0 there exists d > 0 such that, if ku0ð�Þ � faðj � jÞkl < d, then the solution
u of (1.1) satisfy kuð�; tÞ � faðj � jÞkl < e for all tb 0. Furthermore, if u0 satisfies
u0ðxÞ > faðjxjÞ for x A RN and ð1:19Þ, then the solution u satisfy

lim inf
t!y

kuð�; tÞ � faðj � jÞkl > 0:ð1:20Þ

Remark 1.2. (i) By (1.20) we can not expect that (1.18) holds with l 0 ¼ l.
(ii) It was shown in [9] that, for any e > 0, there exists d > 0 such that, if

lim sup
jxj!y

jxjmþl1 ju0ðxÞ � faðjxjÞj < d;

then the solution u of (1.1) satisfies lim supt!ykuð�; tÞ � faðj � jÞkmþl1
a e. In the

case l > mþ l1, it is an open and interesting question, for any e > 0, whether
there exists d > 0 such that, if

lim sup
jxj!y

jxjlju0ðxÞ � faðjxjÞj < d;

then lim supt!ykuð�; tÞ � faðj � jÞkl < e holds.
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For the attractivity property of steady states and its convergence rate in the
norm k � kl with l ¼ mþ l1, we refer to [9].

Proofs of the above theorems are obtained by a comparison technique for
the linearized equation. Our approach is mainly based on the ideas of [3, 7], we
however need some additional ingredients to obtain the convergence properties in
the weighted norms.

This paper is organized as follows. In Section 2 we recall some results of
[11, 3] concerning super and sub-solution methods and certain linearized problems.
In Sections 3 and 4, we give the proof of Theorems 1.1 and 1.2, respectively,
by deriving suitable upper and lower bound for solutions of these linearized
problems. Finally, in Section 5, we prove Theorem 1.3.

2. Preliminary results

We first recall the definition of continuous weak super and sub-solutions to
the following general problem

ut ¼ Duþ f ðjxj; uÞ; x A RN ; t > 0;

uðx; 0Þ ¼ u0ðxÞ; x A RN ;

�
ð2:1Þ

where f ðr; uÞ is continuous on ð½0;yÞ � RÞ, locally Hölder continuous in r A ½0;yÞ
locally uniformly with respect to u A R, and locally Lipschitz continuous in u
locally uniformly with respect to r. We say that u is a continuous weak super-
solution of (2.1) for 0a taT if u is continuous on RN � ½0;T �, uðx; 0Þb u0ðxÞ
and satisfies, for any x A C2;1ðRN � ½0;T �Þ with xb 0 and supp xð�; tÞ being
compact in RN for all t A ½0;T �,ð

RN

uðx; tÞxðx; tÞ dx
����
t¼T 0

t¼0

b

ðT 0

0

ð
RN

uðx; tÞðxt þ DxÞðx; tÞ þ f ðjxj; uÞxðx; tÞ dxdt

for all T 0 A ½0;T �. Continuous weak subsolutions are defined in a similar way by
reversing the inequalities. Consider the corresponding elliptic equation

Duþ f ðjxj; uÞ ¼ 0 in RN :ð2:2Þ
We call a function u a continuous weak supersolution of (2.2) in RN if u is
continuous in RN and satisfies, for any nonnegative function h A Cy

0 ðRNÞ,ð
RN

uðxÞDhðxÞ þ f ðjxj; uÞhðxÞ dxa 0:ð2:3Þ

Continuous weak sub-solutions are defined in a similar way by reversing the
inequality in (2.3).

The following results are shown by Wang [11].

Lemma 2.1. Let u and u be bounded continuous weak super and sub-solutions
of ð2:1Þ, respectively. Then ð2:1Þ has a unique classical solution u with ua ua u
in RN � ð0;yÞ.
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We say that u is a classical supersolution of (2.1) if u satisfies

ut bDuþ f ðjxj; uÞ for x A RN ; t > 0

and uðx; 0Þb u0ðxÞ for x A RN . Classical subsolutions are defined in a similar
way by reversing the inequalities.

By the similar argument as in [11, Proposition 3.8], we obtain the following
result.

Lemma 2.2. Let rðtÞ A ð0;yÞ be a continuous function for tb 0, and define
D1 ¼ fðx; tÞ A RN � ½0;yÞ : jxj < rðtÞ; tb 0g and D2 ¼ fðx; tÞ A RN � ½0;yÞ : jxj
> rðtÞ; tb 0g.

(i) Suppose that u1ðr; tÞ and u2ðr; tÞ, with r ¼ jxj, are classical supersolutions
of ð2:1Þ in D1 and D2, respectively. Assume that u1 ¼ u2 and qu1=qrb
qu2=qr at ðr; tÞ ¼ ðrðtÞ; tÞ for all tb 0. For each tb 0, put

uðr; tÞ ¼ u1ðr; tÞ; for 0a ra rðtÞ;
u2ðr; tÞ; for r > rðtÞ:

�

Then uðjxj; tÞ is a continuous weak supersolution to ð2:1Þ in RN � ½0;yÞ.
(ii) Suppose that v1ðr; tÞ and v2ðr; tÞ, with r ¼ jxj, are classical sub-solutions of

ð2:1Þ in D1 and D2, respectively. Assume that v1 ¼ v2 and qv1=qra
qv2=qr at ðr; tÞ ¼ ðrðtÞ; tÞ for all tb 0. For each tb 0, put

uðr; tÞ ¼ v1ðr; tÞ; for 0a ra rðtÞ;
v2ðr; tÞ; for r > rðtÞ:

�

Then uðjxj; tÞ is a continuous weak subsolution to ð2:1Þ in RN � ð0;yÞ.

Proof. Since the proof of (ii) is similar to (i), we will show (i) only. Take
any x A C2;1ðRN � ½0;T �Þ with xb 0 and supp xð�; tÞ being compact in RN for all
t A ½0;T �. For each i ¼ 1; 2, ui ¼ uiðx; tÞ satisfies

ðuiÞt bDui þ f ðjxj; uiÞ; ðx; tÞ A Di:ð2:4Þi
Fix t A ð0;TÞ arbitrarily. Multiplying ð2:4Þ1 by xðx; tÞ, and integrating it on
fx : jxj < rðrÞg, we obtainð

jxj<rðtÞ
ðu1Þtx dxb

ð
jxj<rðtÞ

ðDu1Þx dxþ
ð
jxj<rðtÞ

f ðjxj; u1Þx dx:

By using of the integration by parts, we haveð
jxj<rðtÞ

ðDu1Þx dx ¼
ð
jxj¼rðtÞ

x
qu1

qn
� u1

qx

qn

� �
dS þ

ð
jxj<rðtÞ

u1ðDxÞ dx;

where n is the outward unit normal vector to jxj ¼ rðtÞ and dS denotes the
surface measure on jxj ¼ rðtÞ. Thus we obtain
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ð
jxj<rðtÞ

ðu1Þtx dxb

ð
jxj¼rðtÞ

x
qu1

qn
� u1

qx

qn

� �
dSð2:5Þ

þ
ð
jxj<rðtÞ

u1ðDxÞ þ f ðjxj; u1Þxð Þ dx:

Multiplying ð2:4Þ2 by x, and integrating by parts on fx : jxj > rðtÞg, we obtainð
jxj>rðtÞ

ðu2Þtx dxb

ð
jxj¼rðtÞ

�x
qu2

qn
þ u2

qx

qn

� �
dSð2:6Þ

þ
ð
jxj>rðtÞ

u2ðDxÞ þ f ðjxj; u2Þxð Þ dx:

Adding (2.5) and (2.6), we obtainð
RN

ðuÞtx dxb

ð
jxj¼rðtÞ

x
qu1

qn
� qu2

qn

� �
dS þ

ð
RN

uðDxÞ þ f ðjxj; uÞxð Þ dx:

Since qu1=qrb qu2=qr on r ¼ rðtÞ, we have qu1=qn� qu2=qnb 0 on jxj ¼ rðtÞ.
Thus we obtain ð

RN

ðuÞtx dxb

ð
RN

uðDxÞ þ f ðjxj; uÞxð Þ dx:

Integrating by parts on t A ½0;T 0�, we obtainð
RN

uðjxj; tÞxðx; tÞ dx
����
t¼T 0

t¼0

b

ðT 0

0

ð
RN

uðjxj; tÞðxt þ DxÞðx; tÞ þ f ðjxj; uÞxðx; tÞð Þ dxdt:

Since u1 and u2 are classical supersolution of (2.1), we have uðjxj; tÞb u0ðxÞ for
x A RN . Thus u is a continuous weak supersolution of (2.1). r

We next summarize previous results of [3] on the problem for a linearized
equation of (1.1) at a steady state fa. For a > 0 we define the linear operator Pa

by

PaU ¼ Urr þ
N � 1

r
Ur þ pfaðrÞ

p�1
U

and consider the solutions U ¼ Uðr; tÞ of the problem

Ut ¼ PaU for r > 0; t > 0;

Urð0; tÞ ¼ 0 for t > 0;

Uðr; 0Þ ¼ U0ðrÞ for rb 0;

8<
:ð2:7Þ

where U0ðrÞ is a continuous function decaying to zero as r ! y. By the
maximum principle, we see that Uð�; tÞ > 0 for all t > 0 if U0 b 0 and U0 2 0.
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Let cðrÞ satisfy

Pac ¼ 0 for r > 0;

cð0Þ ¼ 1 and crð0Þ ¼ 0;

�
ð2:8Þ

and let C denote the solution to

PaC ¼ c for r > 0;

Cð0Þ ¼ 0 and Crð0Þ ¼ 0:

�
ð2:9Þ

We state some useful properties of c, which were proved in [3, Lemma 2.3].

Lemma 2.3. Let p > pc and a > 0. Then the solution c of ð2:8Þ is given by
cðrÞ ¼ qfaðrÞ=qa for rb 0, cðrÞ is positive for all rb 0, and the solution CðrÞ of
ð2:9Þ is positive for all r > 0. Moreover, cðrÞ is decreasing for r > 0 and satisfies

lim
r!y

rmþl1cðrÞ ¼ cað2:10Þ

for some positive constant ca.

We recall comparison results in [3, Lemmas 2.1 and 2.2]. Let u and ~uu
denote solutions of (1.1) with initial data u0, ~uu0, respectively.

Lemma 2.4. Let pb pc and a > 0.
(i) Assume that u0 and ~uu0 satisfy

�faðxÞa u0ðxÞ; ~uu0ðxÞa faðxÞ for x A RN :

If ju0ðxÞ � ~uu0ðxÞjaU0ðjxjÞ for x A RN , then the solutions U of ð2:7Þ and
u, ~uu of (1.1) satisfy

juðx; tÞ � ~uuðx; tÞjaUðjxj; tÞ for all x A RN ; t > 0:ð2:11Þ

(ii) Assume that u0 and ~uu0 satisfy

faðjxjÞa ~uu0ðxÞa u0ðxÞa fyðjxjÞ for x A RNnf0g:

If u0ðxÞ � ~uu0ðxÞbU0ðjxjÞb 0 for x A RN , then the solutions U of ð2:7Þ
and u, ~uu of (1.1) satisfy

uðx; tÞ � ~uuðx; tÞbUðjxj; tÞb 0 for all x A RN ; t > 0:ð2:12Þ

3. Proof of Theorem 1.1

In the proof of Theorem 1.1, we construct suitable super- and subsolutions of
(2.7). We use the ideas presented in [3, 7], and this section is similar to Section 3
in [7]. But in order to obtain the convergence rate in the weighted norms, we
need some additional ideas.

We first construct a supersolution of (2.7). We recall the result by
[2, Lemma 3.1].
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Lemma 3.1. If mþ l1 < l < mþ l2 þ 2, then there exists a positive solution
F of

Fhh þ
N � 1

h
Fh þ

h

2
Fh þ

l

2
F þ pLp�1

h2
F ¼ 0 for h > 0

satisfying

lim
h!0

hmþl1FðhÞ ¼ a0 > 0ð3:1Þ

and

0 < lim inf
h!y

hlFðhÞa lim sup
h!y

hlFðhÞ < y:ð3:2Þ

We construct an outer supersolution in the same manner as [7, Lemma 3.1].

Lemma 3.2. Let mþ l1 < l < mþ l2 þ 2. Put

Uoutðr; tÞ ¼ ðtþ tÞ�l=2
FðhÞ with h ¼ r

ðtþ tÞ1=2
;ð3:3Þ

where t > 0 is a constant and F is the positive solution obtained in Lemma 3.1.
Then Uout satisfies ðUoutÞt bPaUout for all t > 0 and r > 0.

Recall that c and C denote the solutions of (2.8) and (2.9), respectively.

Lemma 3.3. Let mþ l1 < l < mþ l2 þ 2, and set

Uinðr; tÞ ¼ ðtþ tÞ�qcðrÞ � qðtþ tÞ�q�1CðrÞ;ð3:4Þ

where q ¼ ðl�m� l1Þ=2 and t > 0 is a constant. Define Uout by ð3:3Þ. Then
there are positive constants B, C0, t0 and R0 with R0 < Bt

1=2
0 such that, for tb t0,

the following inequalities hold:
(i) ðUinÞt bPaUin for all t > 0 and r > 0.
(ii) Uinðr; tÞ > 0 for all tb 0 and r A ½0;Bðtþ tÞ1=2�.
(iii) Uinðr; tÞ > C0Uoutðr; tÞ at r ¼ Bðtþ tÞ1=2 for all tb 0.
(iv) Uinðr; tÞ < C0Uoutðr; tÞ for all tb 0 and r A ½0;R0�.

Proof. For the proof of (i)–(iii), see [3, Lemma 3.2] and [7, Lemma 3.2].
We will show (iv). Put

CB ¼ inffhmþl1F ðhÞ : 0 < haBg:

From (3.1) we have CB > 0. For all tb 0 and r A ½0;Bðtþ tÞ1=2�, we have

C0Uoutðr; tÞ ¼ C0ðtþ tÞ�ðl�m�l1Þ=2r�m�l1hmþl1FðhÞ

bC0CBðtþ tÞ�ðl�m�l1Þ=2r�m�l1 :
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Choose R0 A ð0;Bt1=2� such that C0CBR
�m�l1
0 > cð0Þ. Then, for all tb 0 and

r A ½0;R0�, we have

C0Uoutðr; tÞ > ðtþ tÞ�ðl�m�l1Þ=2cð0Þ:

Since cðrÞ is decreasing and CðrÞ is positive for r > 0 by Lemma 2.3, we obtain

ðtþ tÞ�ðl�m�l1Þ=2cð0Þb ðtþ tÞ�ðl�m�l1Þ=2cðrÞbUinðr; tÞ

for rb 0. Thus (iv) holds. r

Assume that B, C0, t0 and R0 are constants given in Lemma 3.3. Let
tb t0, and define Uout and Uin by (3.3) and (3.4), respectively. Put

r�ðtÞ ¼ supfr > 0 : Uinðr; tÞ < C0Uoutðr; tÞ for r A ½0; rÞg:

By Lemma 3.3, the function r�ðtÞ is well-defined and satisfies

r�ðtÞ A ðR0;Bðtþ tÞ1=2Þ for all tb 0:ð3:5Þ
For each tb 0, define

Uþðr; tÞ ¼ Uinðr; tÞ for 0a ra r�ðtÞ;
C0Uoutðr; tÞ for r > r�ðtÞ:

�
ð3:6Þ

We will show the following results.

Lemma 3.4. Let l 0 A ½0; lÞ. Then the following (i) and (ii) hold.
(i) The function Uþ satisfies

kUþðj � j; tÞkl 0 ¼ Oðt�nÞ as t ! y;ð3:7Þ

where n is the constant defined by (1.7).
(ii) For any constants c > 0 and mb 1=2, the function Uþ satisfies

lim sup
t!y

tðl�l 0Þm sup
jxjbctm

ð1þ jxjÞl
0
jUþðjxj; tÞj

 !
< y:ð3:8Þ

Proof. (i) First, we consider the case l 0 A ð0;mþ l1�. We will show that

sup
rbr�ðtÞ

ð1þ rÞl
0
Uþðr; tÞ ¼ Oðt�ðl�m�l1Þ=2Þ as t ! yð3:9Þ

and

sup
0<rar �ðtÞ

ð1þ rÞl
0
Uþðr; tÞ ¼ Oðt�ðl�m�l1Þ=2Þ as t ! y:ð3:10Þ

For each fixed t > 0, from (3.5) we have,

sup
rbr�ðtÞ

ð1þ rÞl
0
Uþðr; tÞa sup

rbR0

ð1þ rÞmþl1C0Uoutðr; tÞa sup
rbR0

Crmþl1Uoutðr; tÞ
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with some constant C > 0. Observe that

rmþl1Uoutðr; tÞ ¼ ðtþ tÞ�ðl�m�l1Þ=2hmþl1F ðhÞ with h ¼ r

ðtþ tÞ1=2
:

It follows from (3.1) and (3.2) that suph>0 h
mþl1FðhÞ < y. Then we obtain

(3.9). For each t > 0, we have,

sup
0arar�ðtÞ

ð1þ rÞl
0
Uþðr; tÞa sup

rb0
ð1þ rÞl

0
Uinðr; tÞ

a sup
rb0

ðtþ tÞ�ðl�m�l1Þ=2ð1þ rÞl
0
cðrÞ:

Since ð1þ rÞl
0
cðrÞ is bounded for rb 0 by (2.10), we obtain (3.10). Combining

(3.9) and (3.10), we obtain (3.7) with n ¼ ðl�m� l1Þ=2.
Next, we consider the case l 0 A ðmþ l1; lÞ. For each fixed t > 0, we have

sup
rbr�ðtÞ

ð1þ rÞl
0
Uþðr; tÞa sup

rbR0

ð1þ rÞl
0
C0Uoutðr; tÞa sup

rbR0

Crl
0
Uoutðr; tÞ

with some constant C > 0. Observe that

rl
0
Uoutðr; tÞ ¼ ðtþ tÞ�ðl�l 0Þ=2hl 0

FðhÞ with h ¼ r

ðtþ tÞ1=2
:

It follows from (3.2) that suph>0 h
l 0
F ðhÞ < y. Then

sup
rbr �ðtÞ

ð1þ rÞl
0
Uþðr; tÞ ¼ Oðt�ðl�l 0Þ=2Þ as t ! y:ð3:11Þ

On the other hand, for each t > 0, we have

sup
0arar�ðtÞ

ð1þ rÞl
0
Uþðr; tÞa sup

0araBðtþtÞ1=2
ð1þ rÞl

0
Uinðr; tÞð3:12Þ

a sup
0araBðtþtÞ1=2

ðtþ tÞ�ðl�m�l1Þ=2ð1þ rÞl
0
cðrÞ:

By virtue of (2.10), there exist a positive constant C satisfying

ð1þ rÞl
0
cðrÞaCð1þ rl

0�m�l1Þ for rb 0:

Then it follows that

sup
0araBðtþtÞ1=2

ð1þ rÞl
0
cðrÞaC sup

0araBðtþtÞ1=2
ð1þ rl

0�m�l1Þ ¼ Oððtþ tÞðl
0�m�l1Þ=2Þ

as t ! y. Thus, from (3.12), we obtain

sup
0<rar�ðtÞ

ð1þ rÞl
0
Uþðr; tÞ ¼ Oðt�ðl�l 0Þ=2Þ as t ! y:ð3:13Þ

Combining (3.11) and (3.13), we obtain (3.7) with n ¼ ðl� l 0Þ=2.
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(ii) First we show that

sup
rbctm

ð1þ rÞl
0
Uoutðr; tÞ ¼ Oðt�ðl�l 0ÞmÞ as t ! yð3:14Þ

for any constants c > 0 and mb 1=2. For rb 1, we have

ð1þ rÞl
0
Uoutðr; tÞaCrl

0 ðtþ tÞ�l=2
F ðhÞ ¼ Cr�ðl�l 0ÞhlF ðhÞ

with some constant C > 1. Note here that r�ðl�l 0Þ a c�ðl�l 0Þt�ðl�l 0Þm for rb ctm.
Thus, from (3.2), we obtain (3.14).

In the case m > 1=2, from (3.5), there exists t0 b 0 such that ctm > r�ðtÞ for
tb t0. Thus, from (3.14), we obtain

sup
rbctm

ð1þ rÞl
0
Uþðr; tÞ ¼ sup

rbctm
ð1þ rÞl

0
C0Uoutðr; tÞ ¼ Oðt�ðl�l 0ÞmÞ as t ! y:

In the case m ¼ 1=2, we observe that

sup
rbctm

ð1þ rÞl
0
Uþðr; tÞð3:15Þ

¼ max sup
ctmarar�ðtÞ

ð1þ rÞl
0
Uinðr; tÞ; sup

rbr �ðtÞ
ð1þ rÞl

0
C0Uoutðr; tÞ

( )
;

if ctm < r�ðtÞ, and that

sup
rbctm

ð1þ rÞl
0
Uþðr; tÞa sup

rbr �ðtÞ
ð1þ rÞl

0
C0Uoutðr; tÞ;

if ctm b r�ðtÞ. Thus, in the case m ¼ 1=2, we may assume that ctm < r�ðtÞ for
tb t0 with some t0 b 0. From ctm < r�ðtÞ, we have

sup
rbr�ðtÞ

ð1þ rÞl
0
Uoutðr; tÞa sup

rbctm
ð1þ rÞl

0
Uoutðr; tÞ for tb t0:

Thus, from (3.14), we obtain

sup
rbr�ðtÞ

ð1þ rÞl
0
Uoutðr; tÞ ¼ Oðt�ðl�l 0ÞmÞ as t ! y:ð3:16Þ

From (3.5) it follows that

sup
ctmarar�ðtÞ

ð1þ rÞl
0
Uinðr; tÞa sup

ctmaraBðtþtÞ1=2
ð1þ rÞl

0
ðtþ tÞ�ðl�m�l1Þ=2cðrÞð3:17Þ

for tb t0. Since cðrÞ is decreasing and satisfies (2.10) by Lemma 2.3, we have
cðrÞacðctmÞ for rb ctm and

cðctmÞ ¼ Oðt�ðmþl1ÞmÞ as t ! y:

Recall that m ¼ 1=2. Then it follows that

sup
ctmaraBðtþtÞ1=2

ð1þ rÞl
0
ðtþ tÞ�ðl�m�l1Þ=2cðrÞ ¼ Oðt�ðl�l 0ÞmÞ as t ! y:
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Thus, from (3.17), we obtain

sup
ctmarar�ðtÞ

ð1þ rÞl
0
Uinðr; tÞ ¼ Oðt�ðl�l 0ÞmÞ as t ! y:ð3:18Þ

From (3.15) with (3.16) and (3.18), we obtain

sup
rbctm

ð1þ rÞl
0
Uþðr; tÞ ¼ Oðt�ðl�l 0ÞmÞ as t ! y:

Thus we obtain (3.8). r

Proof of Theorem 1.1. Put U0ðrÞ ¼ maxr¼jxj ju0ðxÞ � ~uu0ðxÞj for rb 0, and let
U be a solution of (2.7). Then, by Lemma 2.4 (i), we obtain (2.11).

Define Uþ by (3.6). By the definition of r�ðtÞ, we see that Uin ¼ C0Uout

and qUin=qrb qðC0UoutÞ=qr at ðr; tÞ ¼ ðr�ðtÞ; tÞ for all tb 0. Thus, if there
exists a constant C > 0 such that CUþðjxj; 0ÞbU0ðxÞ for x A RN , then CUþ is
a continuous weak supersolution to (2.7) by Lemma 2.2 (i).

Observe that rlUoutðr; 0Þ ¼ hlFðhÞ with h ¼ r=t1=2. Then, by (3.2), we see
that

lim inf
r!y

rlUþðr; 0Þ ¼ C0 lim inf
h!y

hlFðhÞ > 0:ð3:19Þ

From (1.5) the function U0 satisfies lim supr!y rlU0ðrÞ < y. Since Uþðr; 0Þ > 0
for rb 0, there exists a constant C1 > 0 such that U0ðrÞaC1U

þðr; 0Þ for rb 0.
Thus C1U

þðr; tÞ is a continuous weak supersolution to (2.7). Then, by applying
Lemma 2.1 with f ðr; uÞ ¼ pfp�1

a ðrÞu, we obtain 0aUðjxj; tÞaC1U
þðjxj; tÞ for

x A R and t > 0. Thus, from (2.11), we obtain

juðx; tÞ � ~uuðx; tÞjaUðjxj; tÞaC1U
þðjxj; tÞ for all x A RN ; tb 0:ð3:20Þ

By Lemma 3.4 (i) and (ii), we obtain (1.6) and (1.8), respectively. r

4. Proof of Theorem 1.2

In the proof of Theorem 1.2, we construct a subsolution of (2.7) by con-
necting inner and outer solutions. We give an inner solution Uin in the same
way as [3, Lemma 4.1].

Lemma 4.1. Let l > mþ l1, and put

Uinðr; tÞ ¼ ðtþ tÞ�ðl�m�l1Þ=2cðrÞ:ð4:1Þ

Then Uin satisfies ðUinÞt aPaUin for all t > 0 and r > 0.

We construct an outer solution by following the idea presented in
[3, Lemma 4.2].
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Lemma 4.2. Let 0 < l < N � 2, and define Uin by ð4:1Þ. Assume that k is a
constant satisfying

0 < k < min 1;
N � 2� l

2

� �
:ð4:2Þ

Put

Uoutðr; tÞ ¼ maxf0; r�l � b2kðtþ tÞkr�l�2kg with b ¼ lðN � 2� lÞ
k

� �1=2
:ð4:3Þ

Then the following (i) and (ii) hold.
(i) In the range r > bðtþ tÞ1=2, Uoutðr; tÞ is positive and satisfies ðUoutÞt a

PaUout.
(ii) Let B > b. Then there exist positive constants C0 and t0 such that, for

tb t0, Uinðr; tÞ < C0Uoutðr; tÞ at r ¼ Bðtþ tÞ1=2 for all tb 0.

Remark 4.1. We see that mþ l2 þ 2 < N � 2 if pb pc. In fact, we have

mþ l2 þ 2 ¼
N þ 2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN � 2�mÞ2 � 8ðN � 2�mÞ

q
2

:

Recall that Nb 11, mþ l1 a ðN � 2Þ=2 and l1 > 0. Then we have m <
ðN � 2Þ=2 and N � 2�m > ðN � 2Þ=2 > 4. Since the function x2 � 8x is
increasing for x > 4, it follows that

ðN � 2�mÞ2 � 8ðN � 2�mÞ < ðN � 2Þ2 � 8ðN � 2Þ < ðN � 6Þ2:
Thus we obtain mþ l2 þ 2 < N � 2.

Proof. (i) In the range r > bðtþ tÞ1=2, we compute

ðUoutÞt � PaUout a ðUoutÞt � ðUoutÞrr �
N � 1

r
ðUoutÞr

¼ �kb2kðtþ tÞk�1
r�l�2k þ lðN � 2� lÞr�l�2

� b2kðlþ 2kÞðN � 2� l� 2kÞðtþ tÞkr�l�2�2k:

From (4.2) and r=ðtþ tÞ1=2 > b, it follows that

ðUoutÞt � PaUout a�kb2kðtþ tÞk�1
r�l�2k þ lðN � 2� lÞr�l�2

¼ ð�kb2kðr=ðtþ tÞ1=2Þ2�2k þ lðN � 2� lÞÞr�l�2

a ð�kb2 þ lðN � 2� lÞÞr�l�2 ¼ 0:

Thus we obtain ðUoutÞt aPaUout.

(ii) At r ¼ Bðtþ tÞ1=2, we have

Uoutðr; tÞ ¼ B�l�2kðB2k � b2kÞðtþ tÞ�l=2 > 0ð4:4Þ
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and

Uinðr; tÞ ¼ ðtþ tÞ�ðl�m�l1Þ=2cðBðtþ tÞ1=2Þ

for all tb 0. From (2.10) there exist r0 > 0 and c > 0 such that

cðrÞa cr�m�l1 for rb r0:

Then there exists t0 > 0 such that, for tb t0, we have Bt1=2 > r0 and

Uinðr; tÞa cB�m�l1ðtþ tÞ�l=2 at r ¼ Bðtþ tÞ1=2 for all tb 0:ð4:5Þ

From (4.4) and (4.5), there exists C0 > 0 such that Uinðr; tÞ < C0Uoutðr; tÞ at
r ¼ Bðtþ tÞ1=2 for all tb 0. r

Assume that B, C0 and t0 are constants given in Lemma 4.2. Let tb t0,
and define Uin and Uout by (4.1) and (4.3), respectively. Put

r�ðtÞ ¼ supfr > 0 : Uinðr; tÞ < C0Uoutðr; tÞ for r A ½0; rÞg:

By Lemma 4.2, the function r�ðtÞ is well-defined and satisfies

r�ðtÞ A ðbðtþ tÞ1=2;Bðtþ tÞ1=2Þ for all tb 0:ð4:6Þ

For each tb 0, define

U�ðr; tÞ ¼ Uinðr; tÞ for 0a ra r�ðtÞ;
C0Uoutðr; tÞ for r > r�ðtÞ:

�
ð4:7Þ

We will show the following results.

Lemma 4.3. Let l 0 A ½0; lÞ. Then the following (i)–(iii) hold.
(i) There exists some constant c > 0 such that

kU�ðj � j; tÞkl 0 b ct�n for all t > 0;ð4:8Þ

where n is the constant defined by (1.7).
(ii) For any constants c > 0 and mb 1=2, the function U� satisfies

lim inf
t!y

tðl�l 0Þm sup
rbctm

ð1þ rÞl
0
U�ðr; tÞ

� �
> 0:ð4:9Þ

(iii) For any constant c > 0, the function U� satisfies

lim inf
t!y

tðl�m�l1Þ=2 inf
ract1=2

ð1þ rÞmþl1U�ðr; tÞ
� �

> 0:ð4:10Þ

Proof. (i) We see that

sup
0arar�ðtÞ

ð1þ rÞl
0
U�ðr; tÞ ¼ sup

0arar�ðtÞ
ð1þ rÞl

0
Uinðr; tÞb ðtþ tÞ�ðl�m�l1Þ=2cð0Þ:
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From (4.6) we have, for each t > 0,

sup
rbr�ðtÞ

ð1þ rÞl
0
U�ðr; tÞbC0 sup

rbBðtþtÞ1=2
rl

0
Uoutðr; tÞ:

Recall that (4.4) holds at r ¼ Bðtþ tÞ1=2. Then it follows that

sup
rbr �ðtÞ

ð1þ rÞl
0
U�ðr; tÞbC0B

l 0�l�2kðB2k � b2kÞðtþ tÞ�ðl�l 0Þ=2:

Thus, if l 0 A ½0;mþ l1�, we have

sup
r>0

ð1þ rÞl
0
U�ðr; tÞb sup

0<rar �ðtÞ
ð1þ rÞl

0
U�ðr; tÞb ðtþ tÞ�ðl�m�l1Þ=2cð0Þ;

and, if l 0 A ðmþ l1; lÞ, we have

sup
r>0

ð1þ rÞl
0
U�ðr; tÞb sup

rbr �ðtÞ
ð1þ rÞl

0
U�ðr; tÞb cðtþ tÞ�ðl�l 0Þ=2

with c ¼ C0B
l 0�l�2kðB2k � b2kÞ. We therefore obtain (4.8) with the constant n

defined by (1.7).
(ii) Let mb 1=2. From (4.6), we see that

sup
rbctm

ð1þ rÞl
0
U�ðr; tÞb sup

rbBðtþtÞ1=2
ð1þ rÞl

0
C0Uoutðr; tÞ;

if ctm < Bðtþ tÞ1=2, and that

sup
rbctm

ð1þ rÞl
0
U�ðr; tÞ ¼ sup

rbctm
ð1þ rÞl

0
C0Uoutðr; tÞ;ð4:11Þ

if ctm bBðtþ tÞ1=2. Thus, we may assume that there exists t0 b 0 such that

ctm bBðtþ tÞ1=2 for tb t0. Observe that Uout can be written by

Uoutðr; tÞ ¼ r�l 1� b2k
tþ t

r2

� �k !
ð4:12Þ

for r > bðtþ tÞ1=2. Then, for rbBðtþ tÞ1=2, we have Uoutðr; tÞb c1r
�l with

c1 ¼ ð1� ðb=BÞÞ2k > 0. Thus we obtain

sup
rbctm

ð1þ rÞl
0
Uoutðr; tÞb sup

rbctm
c1r

�ðl�l 0Þ ¼ c1c
�ðl�l 0Þt�ðl�l 0Þm:

From (4.11) we obtain (4.9).
(iii) Put

b� ¼ lim inf
t!y

r�ðtÞðtþ tÞ�1=2:ð4:13Þ
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Then b� b b by (4.6). We will verify that b� > b. Assume to the contrary that
b� ¼ b. Then there exists a sequence ftng such that tn ! y and

r�ðtnÞðtn þ tÞ�1=2 ! b as n ! y:ð4:14Þ
By the definition of r�ðtÞ, we have Uinðr�ðtÞ; tÞ ¼ C0Uoutðr�ðtÞ; tÞ for all tb 0.
We see that

r�ðtnÞlUinðr�ðtnÞ; tnÞ ¼
r�ðtnÞ

ðtn þ tÞ1=2

 !l�m�l1

r�ðtnÞmþl1cðr�ðtnÞÞ:

Then, it follows from (2.10) and (4.14) that

r�ðtnÞlUinðr�ðtnÞ; tnÞ ! bl�m�l1ca > 0 as n ! y:

On the other hand, it follows from (4.12) and (4.14) that

r�ðtnÞlUoutðr�ðtnÞ; tnÞ ¼ 1� b2k
ðtn þ tÞ1=2

r�ðtnÞ

 !2k
! 0 as n ! y:

This is a contradiction. Thus we obtain b� > b.
We observe that

inf
ract1=2

ð1þ rÞmþl1U�ðr; tÞ

¼ min inf
rar�ðtÞ

ð1þ rÞmþl1Uinðr; tÞ; inf
r�ðtÞaract1=2

ð1þ rÞmþl1C0Uoutðr; tÞ
� �

;

if ct1=2 > r�ðtÞ, and that

inf
ract1=2

ð1þ rÞmþl1U�ðr; tÞb inf
rar�ðtÞ

ð1þ rÞmþl1Uinðr; tÞ;

if ct1=2 a r�ðtÞ. Thus we may assume that ct1=2 > r�ðtÞ for tb t0 with some
t0 b 0. We will show that

inf
rar �ðtÞ

ð1þ rÞmþl1Uinðr; tÞb c0ðtþ tÞ�ðl�m�l1Þ=2 for tb t0ð4:15Þ

and

inf
r �ðtÞaract1=2

ð1þ rÞmþl1Uoutðr; tÞb c1t
�ðl�m�l1Þ=2 for tb t1ð4:16Þ

with some constants c0; c1 > 0 and t1 b t0. Combining (4.15) and (4.16), we
obtain (4.10). For each t > 0, we have

inf
rar�ðtÞ

ð1þ rÞmþl1Uinðr; tÞb inf
rb0

ðtþ tÞ�ðl�m�l1Þ=2ð1þ rÞmþl1cðrÞ:

From (2.10) we obtain (4.15) with some constant c0 > 0. From (4.12) we see
that

ð1þ rÞmþl1Uoutðr; tÞb rmþl1Uoutðr; tÞ ¼ r�ðl�m�l1Þ 1� b2k
ðtþ tÞ1=2

r

 !2k
0
@

1
A:
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Thus, for each t > 0, we have

inf
r �ðtÞaract1=2

ð1þ rÞmþl1Uoutðr; tÞð4:17Þ

b inf
r �ðtÞaract1=2

r�ðl�m�l1Þ 1� b2k
ðtþ tÞ1=2

r�ðtÞ

 !2k0
@

1
A:

From (4.13) with b� > b, it follows that

lim inf
t!y

1� b2k
ðtþ tÞ1=2

r�ðtÞ

 !2k0
@

1
A¼ ð1� ðb=b�Þ2kÞ > 0:

Thus there exist constants c2 > 0 and t1 b t0 such that

1� b2k
ðtþ tÞ1=2

r�ðtÞ

 !2k0
@

1
Ab c2 for tb t1:

Then, from (4.17) we obtain, for tb t1,

inf
r�ðtÞaract1=2

ð1þ rÞmþl1Uoutðr; tÞb inf
r�ðtÞaract1=2

c2r
�ðl�m�l1Þ b c1t

�ðl�m�l1Þ=2

with c1 ¼ c2c
�ðl�m�l1Þ. Thus (4.16) holds. r

Proof of Theorem 1.2. Put U0ðrÞ ¼ minr¼jxj ðu0ðxÞ � ~uu0ðxÞÞ > 0 for rb 0,
and let U be a solution of (2.7). Then, by Lemma 2.4 (ii), we obtain (2.12).

Define U� by (4.7). By Lemma 2.2 (ii) we see that, if there exists a
constant C > 0 such that CU�ðjxj; 0ÞaU0ðxÞ for x A RN , then CU� is a
continuous weak subsolution to (2.7). From (1.10), the function U0 satisfies
lim inf r!y rlU0ðrÞ > 0. Since U0ðrÞ > 0 for rb 0 and

lim sup
r!y

rlU�ðr; 0Þ ¼ lim sup
r!y

rlUoutðr; 0Þ ¼ 1;

there exists a constant C2 > 0 such that C2U
�ðr; 0ÞaU0ðrÞ for rb 0. Then

C2U
�ðr; tÞ is a continuous weak subsolution to (2.7). Then, by Lemma 2.1, we

have Uðr; tÞbC2U
�ðr; tÞ for rb 0 and t > 0. Thus, from (2.12), we obtain

uðx; tÞ � ~uuðx; tÞbUðjxj; tÞbC2U
�ðjxj; tÞ for all x A RN ; tb 0:

By Lemma 4.3, we obtain (1.11), (1.12) and (1.13). r

5. Proof of Theorem 1.3

Define Uþðr; tÞ as in the proof of Theorem 1.1, that is, Uþðr; tÞ is defined by
(3.6), where Uout and Uin are given by (3.3) and (3.4), respectively. Note here
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that r�ðtÞ satisfies (3.5). By the similar arguments as in the proof of Lemma 3.4,
we see that (3.11) and (3.13) hold even if l 0 ¼ l, that is,

sup
rbr�ðtÞ

ð1þ rÞlUþðr; tÞ ¼ Oð1Þ and sup
0<rar�ðtÞ

ð1þ rÞlUþðr; tÞ ¼ Oð1Þ as t ! y:

Then it follows that

sup
tb0

sup
rb0

ð1þ rÞlUþðr; tÞ
� �

< y:

Put c1 and c2, respectively, by

c1 ¼ sup
tb0

sup
rb0

ð1þ rÞlUþðr; tÞ
� �

and c2 ¼ inf
rb0

ð1þ rÞlUþðr; 0Þ:

Then, by (3.19), we have c2 > 0.

Lemma 5.1. For any e > 0, put d ¼ c2e=c > 0 with c > c1. Let U be a
solution of ð2:7Þ. If U0 satisfies kU0ðj � jÞkl < d, then U satisfies kUðj � j; tÞkl < e
for tb 0.

Proof. If kU0ðj � jÞkl < d, then it follow that

ð1þ rÞlU0ðrÞ < da
e

c
ð1þ rÞlUþðr; 0Þ for rb 0:

This implies that U0ðrÞa ðe=cÞUþðr; 0Þ for rb 0. Then ðe=cÞUþðr; tÞ is a
continuous weak supersolution of (2.7). By Lemma 2.1 we obtain Uðr; tÞa
ðe=cÞUþðr; tÞ for all rb 0 and tb 0. Hence,

ð1þ rÞlUðr; tÞa e

c
ð1þ rÞlUþðr; tÞ < e for all rb 0; tb 0:

Thus we obtain kUðj � j; tÞkl < e for tb 0. r

Proof of Theorem 1.3. (i) Put U0ðrÞ ¼ maxr¼jxj ðu0ðxÞ � ~uu0ðxÞÞ for rb 0,
and let U be a solution of (2.7). Then, by Lemma 2.4 (i), we obtain (2.11).

For any e > 0, put d ¼ c2e=c1 > 0. Assume that ku0ð�Þ � ~uu0ð�Þkl < d. This
implies that kU0ðj � jÞkl < d. By Lemma 5.1 we obtain kUðj � j; tÞkl < e for tb 0.
From (2.11) we conclude that kuð�; tÞ � ~uuð�; tÞkl < e for tb 0.

(ii) Define U�ðr; tÞ as in the proof of Theorem 1.2, that is, U�ðr; tÞ is
defined by (4.7), where Uin and Uout are given by (4.1) and (4.3), respectively.
For each fixed t > 0, observe that limr!y rlUoutðr; tÞ ¼ 1. Then it follows that

sup
r>0

ð1þ rÞlU�ðr; tÞbC0 for all tb 0:

Thus we obtain kU�ðj � j; tÞkl bC0 > 0 for each tb 0.
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Put U0ðrÞ ¼ minr¼jxj ðu0ðxÞ � ~uu0ðxÞÞ > 0 for rb 0, and let U be a solution of
(2.7). Then, by Lemma 2.4 (ii), we obtain (2.12). By the similar argument as in
the proof of Theorem 1.2, there exists a constant C2 > 0 such that C2U

�ðr; 0Þa
U0ðrÞ for rb 0. Then C2U

�ðr; tÞ is a continuous weak subsolution to (2.7).
Then, by Lemma 2.1, we have Uðr; tÞbC2U

�ðr; tÞ for rb 0 and t > 0. Thus,
from (2.11) we obtain

kuð�; tÞ � ~uuð�; tÞkl b kUðj � j; tÞkl bC2kU�ðj � j; tÞkl bC2C0 > 0

for each fixed t > 0. This implies that (1.15) holds. r
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