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Abstract

The aim of this paper is to establish the semilocal convergence of a parameter based

continuation method combining the Chebyshev’s and the Super-Halley’s methods for

solving nonlinear equations in Banach spaces. The parameter a A ½0; 1� be such that for

a ¼ 0 it reduces to the Chebyshev’s method and for a ¼ 1 to the Super-Halley’s method.

This convergence is established using recurrence relations under the assumption that the

second order Fréchet derivative satisfies the o-continuity condition. This condition is

milder than the Lipschitz and the Hölder continuity conditions used for this purpose.

A numerical example is given to show that the second order Fréchet derivative satisfies

the o-continuity condition even when it fails to satisfy the Lipschitz and the Hölder

continuity conditions. A number of recurrence relations are derived based on two

parameters. The existence and uniqueness regions along with a closed form of the

error bounds in terms of a real parameter a A ½0; 1� for the solution x� is given. Two

numerical examples are worked out to demonstrate the e‰cacy of the method. It is

observed that our method gives better existence and uniqueness regions of the solution

for both the examples when compared with the results obtained in [4] for both the

Chebyshev’s method (a ¼ 0) and the Super-Halley’s method (a ¼ 1).

1. Introduction

Let X and Y be (real or complex) Banach spaces, WJX an open subset and
let F : WJX ! Y be a nonlinear operator with a second order Fréchet deriv-
ative on W. The problem of approximating a solution x� of nonlinear equation

FðxÞ ¼ 0ð1Þ
is one of the most interesting problems in numerical analysis and scientific
computing. With the development of fast, reliable and e‰cient computers, this
problem has further gained an added importance. There exists a large number
of applications that give rise to thousands of such equations depending on one or
more parameters. For example, dynamical systems are mathematically modeled
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by di¤erence or di¤erential equations and their solutions usually represent the
equilibrium states of the systems obtained by solving nonlinear equations.
Newton’s method is the well known quadratical convergent iterative method
for solving (1). But, recently a lot of research has been carried out to provide
improvements in these methods. As a result, many iterative methods along with
their local, semilocal and global convergence analysis are discussed in [12, 15].
The semilocal convergence analysis use conditions on F and the initial approx-
imation x0. If we use conditions only on F then the convergence analysis is
global. The local convergence analysis uses conditions only on x�. The con-
vergence analysis is done either by using majorizing sequences or recurrence
relations under various continuity conditions on the first/second order Fréchet
derivatives of the involved operator. The well known third order iterative
methods for solving (1) are the Halley’s, the Chebyshev’s and the Super-Halley’s
methods. These methods are useful in solving sti¤ systems of equations, where a
quick convergence is required. The main di‰culties in these third order iterative
methods is to evaluate the second order Fréchet derivative of the operator F . In
fact, a very restrictive condition of one point iteration of order N is that they
depend explicitly on the first N � 1 derivatives of F . This implies that their
informational e‰ciency is less than or equal to unity. Candela and Marquina [2]
discussed the semilocal convergence of the Chebyshev’s method using recurrence
relations under the assumption that the second order Fréchet derivative satisfies
the Lipschitz continuity condition. Hernández and Salanova [9] studied the
semilocal convergence of the Chebyshev’s method under the assumption that
the second order Fréchet derivative satisfies the Hölder continuity condition.
The semilocal convergence analysis of Super-Halley’s method with second order
Fréchet derivative satisfying the Lipschitz continuity condition using recurrence
relations is described in [7]. Prashanth and Gupta [14] established the semilocal
convergence of the Super-Halley’s method using recurrence relations under the
assumption that the second order Fréchet derivative satisfies the Hölder conti-
nuity condition. Xintao and Chong [16] discussed the family of deformed Euler-
Halley iterations with second order Fréchet derivative satisfying the Hölder
condition. However, the Lipschtiz and Hölder continuity conditions on F 00 may
be violated by many problems.

Example. Consider the following nonlinear integral equation of mixed type
[5]:

F ðxÞðsÞ ¼ xðsÞ þ
Xm
i¼1

ð b
a

kiðs; tÞliðxðtÞÞ dt� uðsÞ; s A ½a; b�

where �y < a < b < y, u, li, and ki, for i ¼ 1; 2; . . . ;m are known functions and
x is a continuous function.

If l 00i ðxðtÞÞ is Li-Lipschitz continuous in W, Li b 0, for i ¼ 1; 2; . . . ;m, then
F 00 does not satisfy Lipschitz condition, where sup-norm is considered. In this
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case

kF 00ðxÞ � F 00ðyÞk ¼
Xm
i¼1

Likx� yk; x; y A W:

Similarly, if l 00i ðxðtÞÞ is ðLi; piÞ-Hölder continuous in W, Li b 0, pi A ð0; 1� for
i ¼ 1; 2; . . . ;m, then we have

kF 00ðxÞ � F 00ðyÞk ¼
Xm
i¼1

Likx� ykpi ; x; y A W:

Here also, F 00 is not Hölder continuous, when sup-norm is used.
A continuation method is a parameter based method giving a continuous

connection between two functions f and g. Mathematically, a continuation
method between two functions f ; g : X ! Y , where X and Y are Banach spaces
is defined as a continuous map h : ½0; 1� � X ! Y such that hða; xÞ ¼ af ðxÞ þ
ð1� aÞgðxÞ, a A ½0; 1� and hð0; xÞ ¼ gðxÞ, hð1; xÞ ¼ f ðxÞ. The continuation
method was known as early as 1930s. It was used by Kinemitician in the
1960s for solving mechanism synthesis problems. It also gives a set of certain
answers and a simple iteration process to obtain solutions more exactly. For
further literature survey on it, one can refer to the works of [1, 11]. Recently,
Gupta and Prashanth [6] discussed the semilocal convergence analysis of a con-
tinuation method using recurrence relations under the assumption that the second
order Fréchet derivative satisfies the Hölder continuity condition. Ezquerro and
Hernández [4] have considered the o-continuity condition on F 00 given by

kF 00ðxÞ � F 00ðyÞkaoðkx� ykÞ; x; y A W;ð2Þ
where, oðxÞ is a nondecreasing continuous real function for x > 0, such that
oð0Þb 0, to study the semilocal convergence of a family of third order iterative
method. Parida and Gupta [13] established the convergence analysis using recur-
rence relations of the Chebyshev method under the o-continuity condition on
F 00. The semilocal convergence using recurrence relations of the Super-Halley’s
method under the o-continuity condition on F 00 is also established by them.

The aim of this paper is to establish the semilocal convergence of a
parameter based continuation method combining the Chebyshev’s and the Super-
Halley’s methods for solving nonlinear equations in Banach spaces. The pa-
rameter (a A ½0; 1�) be such that for a ¼ 0 it reduces to the Chebyshev’s method
and for a ¼ 1 to the Super-Halley’s method. This convergence is established
using recurrence relations under the assumption that the second order Fréchet
derivative satisfies the o-continuity condition. This condition is milder than the
Lipschitz and the Hölder continuity conditions used for this purpose. A nu-
merical example is given to show that the second order Fréchet derivative satisfies
the o-continuity condition even when it fails to satisfy the Lipschitz and the
Hölder continuity conditions. A number of recurrence relations are derived
based on two parameters. The existence and uniqueness regions along with a
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closed form of the error bounds in terms of a real parameter a A ½0; 1� for the
solution x� is given. Two numerical examples are worked out to demonstrate
the e‰cacy of the method. It is observed that our method gives better existence
and uniqueness regions of the solution for both the examples when compared
with the results obtained in [4] for both the Chebyshev’s method (a ¼ 0) and the
Super-Halley’s method (a ¼ 1).

This paper is organized in five Sections. Section 1 is the introduction. In
Section 2, the continuation method combining the Chebyshev’s method and the
Super-Halley’s method to solve nonlinear equations in Banach spaces and a
number of recurrence relations based on two parameters are derived. The con-
vergence analysis for the continuation method under the assumption that the
second Fréchet derivative satisfies the o-continuity condition is established in
Section 3. An existence and uniqueness theorem along with the estimation of
a priori error bounds in terms of a real parameter a A ½0; 1� is provided. The
R-order of the method is also analyzed. In Section 4, two numerical examples
are worked out to demonstrate the e‰cacy of our convergence analysis. Finally,
conclusions form the Section 5.

2. Recurrence relations

In this section, we shall first describe the continuation method combining
the Chebyshev’s method and the Super-Halley’s method to solve (1) and then
derive a family of recurrence relations based on two parameters. Let F 0ðx0Þ�1 A
BLðY ;XÞ exist at some point x0 A W, where BLðY ;X Þ be the set of bounded
linear operators from Y into X . The Chebyshev’s method and the Super-
Halley’s method used for solving (1) are defined for n ¼ 0; 1; 2; . . . by

xnþ1 ¼ J0ðxnÞ ¼ xn � I þ 1

2
LF ðxnÞ

� �
F 0ðxnÞ�1

FðxnÞð3Þ

and

xnþ1 ¼ J1ðxnÞ ¼ xn � I þ 1

2
LF ðxnÞðI � LF ðxnÞÞ�1

� �
F 0ðxnÞ�1

F ðxnÞð4Þ

where, I is identity operator and LF ðxnÞ is the linear operator given by

LF ðxnÞ ¼ F 0ðxnÞ�1
F 00ðxnÞF 0ðxnÞ�1

FðxnÞ; xn A X :ð5Þ
If F 0ðxa;0Þ�1 A BLðY ;XÞ for xa;0 A W, a A ½0; 1�, then the continuation method
between (3) and (4) can be defined by

xa;nþ1 ¼ aJ1ðxa;nÞ þ ð1� aÞJ0ðxa;nÞ nb 0:ð6Þ
Replacing xn by xa;n in (3), (4) and (5) and substituting expressions for J0ðxa;nÞ
and J1ðxa;nÞ into (6), we get

xa;nþ1 ¼ xa;n � I þ 1

2
LF ðxa;nÞGaðxa;nÞ

� �
F 0ðxa;nÞ�1

Fðxa;nÞð7Þ
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where,

Gaðxa;nÞ ¼ I þ aLF ðxa;nÞHaðxa;nÞð8Þ
Haðxa;nÞ ¼ ðI � LF ðxa;nÞÞ�1

and

LF ðxa;nÞ ¼ F 0ðxa;nÞ�1
F 00ðxa;nÞF 0ðxa;nÞ�1

Fðxa;nÞ:

Simplifying (7), the continuation method can be given as follows. Starting with
a suitably chosen xa;0, define

ya;n ¼ xa;n � F 0ðxa;nÞ�1
F ðxa;nÞ

xa;nþ1 ¼ ya;n þ
1

2
LF ðxa;nÞGaðxa;nÞðya;n � xa;nÞ

9=
;ð9Þ

for n ¼ 0; 1; 2; . . . and Gaðxa;nÞ given by (8). Let the following assumptions hold.

C1: kF 0ðxa;0Þ�1ka b;

C2: kF 0ðxa;0Þ�1
Fðxa;0Þka h;

C3: kF 00ðxÞkaM; Ex A W;

C4: kF 00ðxÞ � F 00ðyÞkaoðkx� ykÞ; Ex; y A W; where o : Rþ ! Rþ
is a continuous and nondecreasing function such that oð0Þb 0;

C5: There exists a continuous and nondecreasing function
h : ½0; 1� ! Rþ such that; oðtxÞa hðtÞoðxÞ;
with t A ½0; 1� and x A Rþ:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ð10Þ

The condition C4 of (10) is milder than the Lipschitz/Hölder continuity condition
as this condition reduces to the Lipschitz and the Hölder continuity conditions
for oðxÞ ¼ Nx and oðxÞ ¼ Nxp, p A ð0; 1�, respectively. Also, note that the
condition C5 of (10) does not involve any restriction, since, as a consequence
of o be a nondecreasing function, there always exists a function h such that
hðtÞ ¼ 1. We can consider hðtÞ ¼ supx>0 oðtxÞ=oðxÞ to sharpen the error bounds
for a particular case. For n ¼ 0; 1; 2 . . . , define the real sequences fang, fbng and
fcng for

cn ¼ f ðanÞgðan; bnÞ; anþ1 ¼ an f ðanÞcn; bnþ1 ¼ bn f ðanÞcnhðcnÞð11Þ
where,

f ðxÞ ¼ 2ð1� xÞ
2� 4xþ x2 � ða� 1Þx3

ð12Þ

gðx; yÞ ¼ ax2

2ð1� xÞ þ
Ayð1þ ða� 1ÞxÞ

ð1� xÞð13Þ

þ x2ð1þ ða� 1ÞxÞ
2ð1� xÞ þ x3ð1þ ða� 1ÞxÞ2

8ð1� xÞ2
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for A defined by

A ¼
ð1
0

hðtÞð1� tÞ dt:ð14Þ

Let a0 ¼ Mbh and b0 ¼ bhoðhÞ are two parameters and ya;0 A W exists since
Ga;0 ¼ F 0ðxa;0Þ�1 exists. For ya;0 A W, we get

kLF ðxa;0ÞkaMkGa;0k kGa;0F ðxa;0ÞkaMbh ¼ a0 < 1

By Banach Lemma, we get

kHaðxa;0Þka
1

1� a0

and

kGaðxa;0Þka
1þ ða� 1Þa0

1� a0
:ð15Þ

This gives

kxa;1 � xa;0ka
ð2� a0 þ ða� 1Þa20Þ

2ð1� a0Þ
kya;0 � xa;0k

and

kGa;0k kya;0 � xa;0koðkya;0 � xa;0kÞa bhoðhÞ:
Under the assumptions (10), the following inequalities hold for nb 1.

ðIÞ kGa;nk ¼ kF 0ðxa;nÞ�1ka f ðan�1ÞkGa;n�1k;
ðIIÞ kya;n � xa;nk ¼ kGa;nF ðxa;nÞka f ðan�1Þgðan�1; bn�1ÞkGa;nF ðxa;nÞk;
ðIIIÞ kLF ðxa;nÞkaMkGa;nk kya;n � xa;nka an;

ðIVÞ kGa;nk kya;n � xa;nkoðkya;n � xa;nkÞa bn

ðVÞ kxa;nþ1 � xa;nka
ð2� an þ ða� 1Þa2nÞ

2ð1� anÞ
kya;n � xa;nk:

9>>>>>>>>=
>>>>>>>>;

ð16Þ

We shall use mathematical induction to prove (I)–(V). Assume that
xa;1 A W and 0 < a0 < r0. From

kI � Ga;0F
0ðxa;1ÞkaMkjGa;0k kxa;0 � xa;1ka

a0ð2� a0 þ ða� 1Þa20Þ
2ð1� a0Þ

< 1:

Using Banach Lemma, Ga;1 ¼ F 0ðxa;1Þ�1 exists and

kGa;1ka
kGa;0k

1�MkGa;0k kxa;0 � xa;1k
ð17Þ

a
2ð1� a0Þ

2� 4a0 þ a20 � ða� 1Þa30
kGa;0k

a f ða0ÞkGa;0k:
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Now, ya;1 exists as Ga;1 exists and

xa;nþ1 � ya;n ¼
1

2
LF ðxa;nÞGaðxa;nÞðya;n � xa;nÞ:

Expanding F ðxa;nþ1Þ by using Taylor’s theorem, we get

Fðxa;nþ1Þ ¼ F ðya;nÞ þ F 0ðya;nÞðxa;nþ1 � ya;nÞ þ
ð xa; nþ1

ya; n

F 00ðxÞðxa;nþ1 � xÞ dx

¼
ð1
0

½F 00ðxa;n þ tðya;n � xa;nÞÞ � F 00ðxa;nÞ�ð1� tÞ dtGaðxa;nÞðya;n � xa;nÞ2

þ
ð1
0

F 00ðxa;n þ tðya;n � xa;nÞÞð1� tÞ dtðI � Gaðxa;nÞÞðya;n � xa;nÞ2

þ
ð1
0

F 00ðxa;n þ tðya;n � xa;nÞÞ dtðya;n � xa;nÞðxa;nþ1 � ya;nÞ

þ
ð1
0

F 00ðya;n þ tðxa;nþ1 � ya;nÞÞð1� tÞ dtðxa;nþ1 � ya;nÞ2:

Taking norm on both sides, this gives

kFðxa;nþ1Þka
M

2
kI � Gaðxa;nÞk kðya;n � xa;nÞk2ð18Þ

þ
ð1
0

oðtðya;n � xa;nÞÞð1� tÞ dtkGaðxa;nÞk kðya;n � xa;nÞk2

þMkðya;n � xa;nÞk kxa;nþ1 � ya;nk

þM

2
kðxa;nþ1 � ya;nÞk2:

From (18) for n ¼ 0, we get

kFðxa;1Þka
Maa0

2ð1� a0Þ
h2 þ AoðhÞ ð1þ ða� 1Þa0Þh2

ð1� a0Þ
ð19Þ

þMh2a0ð1þ ða� 1Þa0Þ
2ð1� a0Þ

þM

8

h2a20ð1þ ða� 1Þa0Þ2

ð1� a0Þ2

and

kGa;1Fðxa;1Þka kGa;1k kFðxa;1Þkð20Þ
a f ða0ÞkGa;0k kFðxa;1Þk
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a f ða0Þ
"

aa20
2ð1� a0Þ

þ Ab0ð1þ ða� 1Þa0Þ
ð1� a0Þ

þ a20ð1þ ða� 1Þa0Þ
2ð1� a0Þ

þ a30ð1þ ða� 1Þa0Þ2

8ð1� a0Þ2

#
h

a f ða0Þgða0; b0Þha c0h:

Also,

kLF ðxa;1ÞkaMkGa;1k kGa;1Fðxa;1Þkð21Þ
aMf ða0ÞkGa;0k f ða0Þgða0; b0ÞkGa;0Fðxa;0Þk
aMbh f ða0Þ f ða0Þgða0; b0Þ ¼ a0 f ða0Þc0 ¼ a1;

kGa;1k kya;1 � xa;1koðkya;1 � xa;1kÞð22Þ
a f ða0ÞkGa;0k f ða0Þgða0; b0Þ

kGa;0Fðxa;0Þkoð f ða0Þgða0; b0ÞÞkGa;0Fðxa;0Þk
a b0 f ða0Þc0hðc0Þ ¼ b1;

and

kGaðxa;1Þka
ð1þ ða� 1Þa1Þ

ð1� a1Þ
:ð23Þ

Now, from (23) we get

kxa;2 � xa;1ka
2� a1 þ ða� 1Þa21Þ

2ð1� a1Þ

� �
kGa;1Fðxa;1Þk:ð24Þ

Using (17) and (20) to (24), the inequalities (I)–(V) hold for n ¼ 1. Assume that
they hold for some n ¼ k. Proceeding similarly as above, we easily prove that
the conditions (I)–(V) also hold for n ¼ k þ 1. Hence by induction they hold for
all nb 1.

3. Convergence analysis

In this section, the convergence analysis of the continuation method (9)
is established. Let r0 ¼ 0:380778 be the smallest positive zero of the polynomial
given by dðxÞ ¼ 2ða� 1Þx6 � ða2 þ 2a� 3Þx5 þ 2ð9a� 8Þx4 � ð8aþ 1Þx3 �
ð4a� 9Þx2 � 32xþ 8, a A ½0; 1�. The following Lemmas will be used to prove
the convergence theorem.

Lemma 1. Let a A ½0; 1� and the real functions f and g be given by (12) and
(13) respectively. Then, for x A ð0; r0Þ,
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(i) f is a increasing function and f ðxÞ > 1 in ð0; r0�.
(ii) g is a increasing in both arguments for y > 0.
(iii) f ðgxÞ < f ðxÞ and gðgx; gyÞa ggðx; yÞ.

Proof. The proof is simple and hence omitted here.

Lemma 2. Let f and g given by (12) and (13) and hðtÞa 1 Et A ½0; 1�:
Define

ð25Þ
FðxÞ ¼ 2ða�1Þx6�ða2þ2a�3Þx5þ2ð9a�8Þx4�ð8aþ1Þx3�ð4a�9Þx2�32xþ8

8Að1þða�1ÞxÞð1�xÞ

If a0 A ð0; r0� and 0a b0 aFða0Þ, then
(i) cn f ðanÞa 1,
(ii) fang, fbng, and fcng are decreasing and an < 1, cn < 1 En.

Proof. This Lemma can be proved by induction. From f and g, we
get

cn f ðanÞ ¼ f ðanÞ2gðan; bnÞa 1

i¤

4ð1� anÞ2

ð2� 4an þ a2n � ða� 1Þa3nÞ
2

" #
�
"

aa2n
2ð1� anÞ

þ Abnð1þ ða� 1ÞanÞ
ð1� anÞ

þ a2nð1þ ða� 1ÞanÞ
2ð1� anÞ

þ a3nð1þ ða� 1ÞanÞ2

8ð1� anÞ2

#
a 1

or,

bn a
2ða�1Þ2a6n �ða2þ2a�3Þa5n þ2ð9a�8Þa4n �ð8aþ1Þa3n �ð4a�9Þa2n �32anþ8

8Að1þða�1ÞanÞð1�anÞ

or,

bn aFðanÞ

Thus, c0 f ða0Þa 1 for 0a a0 a r0 and 0a b0 aFða0Þ. Using (11), we get

a1 ¼ a0 f ða0Þc0 a a0 < 1

Now, for f ðxÞ > 1 in ð0; r0� and hðtÞa 1 we get

b1 ¼ b0 f ða0Þc0hðc0Þa b0 f ða0Þc0 a b0

and

c1 ¼ f ða1Þgða1; b1Þa f ða0Þgða0; b0Þ ¼ c0 < c0 f ða0Þa 1

220 maroju prashanth and dharmendra k. gupta



Thus, the lemma holds for n ¼ 1. Assume that (i) and (ii) hold for some
n ¼ k. Proceeding similarly as above, we can easily prove that (i) and (ii) hold
for n ¼ k þ 1.

Lemma 3. Let a0 A ð0; r0Þ, 0 < b0 < Fða0Þ, and hðtÞa 1 Et A ½0; 1�. If
g ¼ a1=a0 then for nb 1, we have

(i) an a g2
n�1
an�1 a g2

n�1a0, where, inequality strictly hold for nb 2,
(ii) bn < g2

n�1

bn�1 < g2
n�1b0,

(iii) cn < g2
n

=f ða0Þ

Proof. The induction will be used to prove (i) and (ii). From a1 ¼ ga0 and
a1 < a0 from Lemma (ii), we get g < 1. Hence,

b1 ¼ b0 f ða0Þc0hðc0Þ ¼ b0 f ða0Þ2gða0; b0Þhðc0Þa f ða0Þ2gða0; b0Þb0 ¼ gb0

Thus, (i) and (ii) hold for n ¼ 1. Assume that (i) and (ii) hold for some n ¼ k.
Then, by Lemma 1 we get

akþ1 ¼ ak f ðakÞck ¼ ak f ðakÞ2gðak; bkÞ

< g2
k�1

ak�1 f ðg2
k�1

ak�1Þ2gðg2
k�1

ak�1; g
2k�1

bk�1Þ

< g2
k�1

ak�1 f ðak�1Þ2g2
k�1

gðak�1; bk�1Þ ¼ g2
k

ak

Also, from f ðxÞ > 1 in ð0; r0Þ, we get

bkþ1 ¼ bk f ðakÞckhðckÞa bk f ðakÞck ¼ bk
akþ1

ak
< g2

k

bk

This leads to

akþ1 < g2
k

ak < g2
k

g2
k�1 � � � g20a0 ¼ g2

kþ1�1a0:

and

bkþ1 < g2
k

bk < g2
k

g2
k�1 � � � g20b0 ¼ g2

kþ1�1b0:

Hence, (i) and (ii) hold for nb 1. From g ¼ a1=a0 ¼ f ða0Þ2gða0; b0Þ, we
get

cn ¼ f ðanÞgðan; bnÞ < f ðg2n�1a0Þgðg2
n�1a0; g

2 n�1b0Þ

< g2
n�1f ða0Þgða0; b0Þ ¼ g2

n

=f ða0Þ

Hence, (iii) holds. Thus the Lemma 3 is proved.

Let g ¼ a1=a0, D ¼ 1=f ða0Þ, R ¼ 2� a0 þ ða� 1Þa20
2ð1� a0Þð1� gDÞ and Bðxa;0;RhÞ ¼

fx A X ; kx� xa;0kaRhgJW and Bðxa;0;RhÞ ¼ fx A X ; kx� xa;0k < RhgJW
are closed and open ball with center xa;0 and radius Rh.
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Theorem 1. Let X and Y be two Banach spaces and F : WJX ! Y be a
twice Fréchet di¤erentiable nonlinear operator on a nonempty open convex domain
W. Let us assume that Ga;0 exist at some xa;0 and the assumptions (C1)–(C5) are
satisfied. Suppose 0 < a0 a r0 and 0a b0 aFða0Þ. Then, the sequence fxa;ng
defined in (9) and starting with initial approximation xa;0 has at least, R-order two
and converges to a solution x� of FðxÞ ¼ 0. In that case, the solution x� and the
iterates xa;n and ya;n belong to Bðxa;0;RhÞ and x� is the only solution of FðxÞ ¼ 0

in B xa;0;
2

Mb
� Rh

� �
VW. Furthermore, a priori error bounds are given by

kx� � xa;nka
2� a0g

2 n�1 þ ða� 1Þg2 n�1

2ð1� g2
n�1a0Þ

Dng2
n�1h

ð1� g2
n
DÞð26Þ

Proof. To prove that fxa;ng is convergent, it is su‰cient to prove that the
sequence fxa;ng is a Cauchy sequence. We have b0 ¼ Fða0Þ ¼ 0 and c0 f ða0Þ ¼ 1
for a0 ¼ r0. Hence, from (11), an ¼ an�1 ¼ � � � ¼ a0, cn ¼ cn�1 ¼ � � � ¼ c0 and
bn ¼ bn�1 � � � ¼ b0 ¼ 0: Now, from (16), we have

kya;n � xa;nka cn�1kya;n�1 � xa;n�1k ¼ c0kya;n�1 � xa;n�1k
a � � �a cn0kya;0 � xa;0k ¼ Dnh

and

kxa;nþ1 � xa;nka
2� an þ ða� 1Þa2n

2ð1� anÞ
kya;n � xa;nka

2� a0 þ ða� 1Þa20
2ð1� a0Þ

Dnh

Thus,

kxa;mþn � xa;mka kxa;mþn � xa;mþn�1k þ � � � þ kxa;mþ1 � xa;mkð27Þ

a
2� a0 þ ða� 1Þa20

2ð1� a0Þ
½Dmþn�1 þ � � � þ Dm�h

¼ 2� a0 þ ða� 1Þa20
2ð1� a0Þ

Dm 1� Dn

1� D

� �
h

For m ¼ 0, this gives xa;n A Bðxa;0;RhÞ. Similarly, it can be proved that ya;n A
Bðxa;0;RhÞ. Hence, fxa;ng is a Cauchy sequence from D ¼ 1=f ða0Þ < 1 and
(27). Let 0 < a0 < r0 and b0 < Fða0Þ. Now, from (16) and Lemma 3(iii) for
nb 1, we get

kya;n � xa;nka cn�1kya;n�1 � xa;n�1k

a � � �a kya;0 � xa;0k
Yn�1

j¼0

cj <
Yn�1

j¼0

ðg2 j

DÞh ¼ g2
n�1Dnh;

where, g ¼ a1=a0 < 1 and D ¼ 1=f ða0Þ < 1. Hence,

222 maroju prashanth and dharmendra k. gupta



kxa;mþn � xa;mk
a kxa;mþn � xa;mþn�1k þ � � � þ kxa;mþ1 � xa;mk

a
2� amþn�1 þ ða� 1Þa2mþn�1

2ð1� amþn�1Þ
kya;mþn�1 � xa;mþn�1k

þ � � � þ 2� am þ ða� 1Þa2m
2ð1� amÞ

kya;m � xa;mk

<
2� amþn�1 þ ða� 1Þa2mþn�1

2ð1� amþn�1Þ
g2

mþn�1�1Dmþn�1h

þ � � � þ 2� am þ ða� 1Þa2m
2ð1� amÞ

g2
m�1Dmh

<
2� am þ ða� 1Þa2m

2ð1� amÞ

� �
Dm½g2mþn�1�1Dn�1 þ � � � þ g2

m�1�h

<
2� am þ ða� 1Þa2m

2ð1� amÞ

� �
g2

m�1Dm½g2m½2 n�1�1�Dn�1 þ � � � þ g2
m½2�1�Dþ 1�h

By Bernoulli’s inequality, for every real number x > �1 and every integer kb 0,
we have ð1þ xÞk � 1b kx. Thus,

kxa;mþn � xa;mk <
2� a0g

2m�1 þ ða� 1Þa20g2
m�1

2ð1� a0g2
m�1Þ

� �
g2

m�1Dm 1� g2
mnDn

ð1� g2
m
DÞ hð28Þ

For m ¼ 0, we obtain

kxa;n � xa;0k <
2� a0 þ ða� 1Þa20

2ð1� a0Þ
1� gnDn

1� gD
h < Rhð29Þ

Hence xa;n A Bðxa;0;RhÞ. Also ya;n A Bðxa;0;RhÞ, is evident from

kya;nþ1 � xa;0ka kya;nþ1 � xa;nþ1k þ kxa;nþ1 � xa;nk þ � � � þ kxa;1 � xa;0k

a kya;nþ1 � xa;nþ1k þ
2� an þ ða� 1Þa2n

2ð1� anÞ
kya;n � xa;nk

þ � � � þ 2� a0 þ ða� 1Þa20
2ð1� a0Þ

kya;0 � xa;0k

<
2� anþ1 þ ða� 1Þa2nþ1

2ð1� anþ1Þ
kya;nþ1 � xa;nþ1k

þ � � � þ 2� a0 þ ða� 1Þa20
2ð1� a0Þ

kya;0 � xa;0k

< � � � < 2� a0 þ ða� 1Þa20
2ð1� a0Þ

1� gnþ1Dnþ1

1� gD
h < Rh
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Taking limit as n ! y in (27) and (29), we get x� A Bðxa;0;RhÞ. Now we
have to show that x� is a solution of F ðxÞ ¼ 0. We have kF ðxa;nÞka
kF 0ðxa;nÞk kGa;nF ðxa;nÞk and the sequence fkF 0ðxa;nÞkg is bounded as

kF 0ðxa;nÞka kF 0ðxa;0Þk þMkxn � x0k < kF 0ðx0Þk þMRh:

Now taking limit as n ! y, we get Fðx�Þ ¼ 0 as F is continuous. To show
the uniqueness of the x�, let us consider y� be another root of (1) in
Bðxa;0; 2=Mb � RhÞVW. Then

0 ¼ Fðy�Þ � Fðx�Þ ¼
ð 1
0

F 0ðx� þ tðy� � x�ÞÞ dtðy� � x�Þ

We have y� ¼ x�, if the operator P ¼
Ð 1
0 F

0ðx� þ tðy� � x�ÞÞ dt is invertible.
From

kI � G0Pk ¼ kG0ðF 0ðx0Þ � PÞk ¼ G0

ð1
0

½F 0ðx� þ tðy� � x�ÞÞ � F 0ðx0Þ� dt
����

����
aMb

ð1
0

kx� þ tðy� � x�Þ � x0k dt

aMb

ð1
0

ðð1� tÞkx� � x0k þ tky� � x0kÞ dt

<
Mb

2
Rhþ 2

Mb
� Rh

� �
¼ 1;

and by Banach’s theorem [10], P is invertible. r

3.1. On ð2þ pÞ R-order convergence of the method
We shall establish the R-order convergence of the method equals to ð2þ pÞ

as the method is itself of third-order. For hðtÞ ¼ tp, p A ð0; 1�, we get from (14)

A ¼
ð1
0

hðtÞð1� tÞ dt ¼ 1

ð1þ pÞð2þ pÞ

Hence, from (11), the sequence fbng satisfies

bnþ1 ¼ bn f ðanÞ2þp
gðan; bnÞ1þpð30Þ

with

gðx; yÞ ¼ ax2

2ð1� xÞ þ
yð1þ ða� 1ÞxÞ

ð1� xÞðpþ 1Þðpþ 2Þ þ
x2ð1þ ða� 1ÞxÞ

2ð1� xÞð31Þ

þ x3ð1þ ða� 1ÞxÞ2

8ð1� xÞ2
:

This gives gðdx; dpþ1yÞ < dpþ1gðx; yÞ, for x A ð0; r0� and d A ð0; 1Þ:
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Lemma 4. Let 0 < a0 < r0, 0 < b0 < Fpða0Þ, hðtÞa tp a 1 and g ¼ a1=a0.
For nb 1 we get

(i) an a gð2þpÞ n�1

an�1 a gðð2þpÞ n�1Þ=ð1þpÞa0 for nb 2
(ii) bn a ðgð2þpÞ n�1Þ1þp

bn�1 a gð2þpÞ n�1b0 for nb 2

(iii) cn a
gð2þpÞn

f ða0Þ
, nb 0

Proof. We can prove (i) and (ii) by using induction. Since a1 ¼ ga0 and
a1 < a0, we get g < 1. Using (i) of Lemma 1, we get,

b1 ¼ b0 f ða0Þpþ2
gða0; b0Þpþ1 < ð f ða0Þ2gða0; b0ÞÞ1þp

b0 ¼
a1

a0

� �1þp

b0 ¼ g1þpb0

Thus, (i) and (ii) hold for n ¼ 1. Suppose (i) and (ii) hold for some n ¼ k,
then

akþ1 ¼ ak f ðakÞ2gðak; bkÞa gðpþ2Þk�1

ak�1 f ðak�1Þ2gðgð2þpÞk�1

ak�1; ðgð2þpÞk�1

Þ1þp
bk�1Þ

a gðpþ2Þk�1

ak�1 f ðak�1Þ2ðgð2þpÞk�1

Þ1þp
gðak�1; bk�1Þ ¼ gð2þpÞk ak

Hence,

akþ1 a gð2þpÞk ak a gð2þpÞkgð2þpÞk�1

ak�1 a gð2þpÞkgð2þpÞk�1

� � � gð2þpÞ0a0

¼ gððpþ2Þkþ1�1Þ=ðpþ1Þa0

From f ðxÞ > 1 in ð0; r0�, we get

bkþ1 ¼ bk f ðakÞpþ2
gðak; bkÞpþ1

a bkð f ðakÞ2gðak; bkÞÞpþ1

¼ bk
akþ1

ak

� �pþ1

a ðgðpþ2Þk Þpþ1
bk

Hence,

bkþ1 ¼ ðgðpþ2Þk Þpþ1
bk < ðgðpþ2Þk Þpþ1ðgðpþ2Þk�1

Þpþ1 � � � ðgðpþ2Þ0Þpþ1
b0 ¼ gðpþ2Þkþ1�1b0

Thus, (i) and (ii) hold for nb 1. (iii) follows from

cn ¼ f ðanÞgðan; bnÞa f ðgððpþ2Þn�1Þ=ðpþ1Þa0Þgðgððpþ2Þ n�1Þ=ðpþ1Þa0; g
ð pþ2Þn�1b0Þ

a gðpþ2Þ n f ða0Þgða0; b0Þ
g

¼ gðpþ2Þ n=f ða0Þ

as g ¼ a1=a0 ¼ f ða0Þ2gða0; b0Þ: Now,

kya;n � xa;nka
Yn�1

j¼0

f ðajÞgðaj; bjÞ
 !

ha
Yn�1

j¼0

ðgð2þpÞ j

DÞh ¼ gðð2þpÞ n�1Þ=ð1þpÞDn

and
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kxa;mþn � xa;mk

a
2� am þ ða� 1Þa2m

2ð1� amÞ
Ymþn�2

j¼0

f ðajÞgðaj ; bjÞ þ � � � þ
Ym�1

j¼0

f ðajÞgðaj; bjÞ
" #

h

<
2� am þ ða� 1Þa2m

2ð1� amÞ
½gðð2þpÞmþn�1�1Þ=ð1þpÞDmþn�1 þ � � � þ gðð2þpÞm�1Þ=ð1þpÞDm�

<
ð2� am þ ða� 1Þa2mÞD

m

2ð1� amÞ
½gðð2þpÞmþn�1�1Þ=ð1þpÞDn�1 þ � � � þ gðð2þpÞm�1Þ=ð1þpÞ�h

<
ð2� amg

ðð2þpÞm�1Þ=ð1þpÞ þ ða� 1Þa2mgðð2þpÞm�1Þ=ð1þpÞÞDm

2ð1� amgðð2þpÞm�1Þ=ð1þpÞÞ

� gðð2þpÞm�1Þ=ð1þpÞ½gð2þpÞm½ð2þpÞ n�1�1�=ð1þpÞDn�1

þ � � � þ gð2þpÞm½ð2þpÞ�1�=ð1þpÞDþ1�h

By Bernoulli’s inequality, we get

kxa;mþn � xa;mk <
ð2� amg

ðð2þpÞm�1Þ=ð1þpÞ þ ða� 1Þa2mgðð2þpÞm�1Þ=ð1þpÞÞDm

2ð1� amgðð2þpÞm�1Þ=ð1þpÞÞ
ð32Þ

� 1� gð2þpÞmnDn

1� gð2þpÞmD

� �
h

Now, a priori error bounds for fxa;ng are given by

kx� � xa;nka
ð2� gðð2þpÞn�1Þ=ð1þpÞa0 þ ða� 1Þgðð2þpÞ n�1Þ=ð1þpÞa20Þ

2ð1� gðð2þpÞ n�1Þ=ð1þpÞa0Þ
ð33Þ

� gðð2þpÞ n�1Þ=ð1þpÞDnh

1� gð2þpÞnD

4. Numerical examples

In this section, two numerical examples are worked out for demonstrating
the e‰cacy of the continuation method used to solve (1).

Example 1. Let X ¼ C½a; b� be the space of continuous functions on ½a; b�
and consider the problem of finding the solutions of nonlinear integral equations
FðxÞ ¼ 0 of mixed type [5], given by

F ðxÞðsÞ ¼ xðsÞ � f ðsÞ � l

ð b
a

Gðs; tÞ½xðtÞ2þp þ xðtÞ3� dt; p A ð0; 1�; l A Rð34Þ

where f , x are continuous functions such that f ðsÞ > 0, s A ½a; b�, and the Kernel
G is continuous and nonnegative in ½a; b� � ½a; b�.
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Solution. Using norm as sup-norm and Gðs; tÞ as the Green’s function

Gðs; tÞ ¼ ðb� sÞðt� aÞ=ðb� aÞ; ta s;

ðs� aÞðb� tÞ=ðb� aÞ; sa t;

�

we compute the scalars M, b, h and the function oðxÞ. The first and second
derivatives of F can easily be obtained and given by

F 0ðxÞuðsÞ ¼ uðsÞ � l

ð b
a

Gðs; tÞ½ð2þ pÞxðtÞ1þp þ 3xðtÞ2�uðtÞ dt; u A W

F 00ðxÞðuvÞðsÞ ¼ �l

ð b
a

Gðs; tÞ½ð1þ pÞð2þ pÞxðtÞp þ 6xðtÞ�ðuvÞðtÞ dt; u; v A W

For p A ð0; 1Þ, we must note here that the second derivative F 00 does not satisfy
the Lipschitz/Hölder continuity conditions as

kF 00ðxÞ � F 00ðyÞk

¼ l

ð b
a

Gðs; tÞ½ð1þ pÞð2þ pÞðxðtÞp � yðtÞpÞ þ 6ðxðtÞ � yðtÞÞ� dt
����

����
a jlj max

s A ½a;b�

ð b
a

Gðs; tÞ dt
����

����½ð1þ pÞð2þ pÞkxðtÞp � yðtÞpk þ 6kxðtÞ � yðtÞk�

a jlj klk½ð1þ pÞð2þ pÞkx� ykp þ 6kx� yk�; Ex; y A W;

where

klk ¼ max
s A ½a;b�

ð b
a

Gðs; tÞ dt
����

����
However, it satisfies the o-continuity condition given by

kF 00ðxÞ � F 00ðyÞkaoðkx� ykÞ; Ex; y A W;

where, oðxÞ ¼ jlj klk½ð1þ pÞð2þ pÞxp þ 6x�. This leads to oðtxÞa tpoðxÞ, for

p A ð0; 1Þ and t A ½0; 1�. Hence, hðtÞ ¼ tp, and K ¼
Ð 1
0 hðtÞð1� tÞ dtþ 1

2

Ð 1
0 hðtÞ dt

¼ pþ 4

2ðpþ 1Þðpþ 2Þ . It is easy to compute

kF ðxa;0Þka kxa;0 � f k þ jlj klk½kxa;0k2þp þ kxa;0k3�
and

kF 00ðxÞka jlj klk½ð1þ pÞð2þ pÞkxkp þ 6kxk�

This gives M ¼ jlj klk½ð1þ pÞð2þ pÞkxkp þ 6kxk�. Also

kI � F 0ðxa;0Þka jlj klk½ð2þ pÞkxa;0k1þp þ 3kxa;0k2�
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Now, if jlj klk½ð2þ pÞkxa;0k1þp þ 3kxa;0k2� < 1, then by Banach’s theorem [10],
we obtain

kGa;0k ¼ kF 0ðxa;0Þ�1ka 1

1� jlj klk½ð2þ pÞkxa;0k1þp þ 3kxa;0k2�
¼ b

and

kGa;0Fðxa;0Þka
kxa;0 � f k þ jlj klk½kxa;0k2þp þ kxa;0k3�
1� jlj klk½ð2þ pÞkxa;0k1þp þ 3kxa;0k2�

¼ h

For a ¼ 0 and b ¼ 1, we get

klk ¼ max
s A ½0;1�

ð1
0

Gðs; tÞ dt
����

����¼ 1=8

For l ¼ 1=3, p ¼ 1=2, f ðsÞ ¼ 1, and initial point xa;0 ¼ x0ðsÞ ¼ 1 in ½0; 1�, we
get kGa;0ka b ¼ 1:2973, kGa;0Fðxa;0Þka h ¼ 0:108108, oðhÞ ¼ 0:0784017 and
b0 ¼ bhoðhÞ ¼ 0:0109957. The conditions of Theorem 1 requires to find the
values of a parameter S such that S A Bðxa;0;RhÞJW: The values of S A
ð1:11205; 6:06526Þ are obtained from Figure 1 for a ¼ 0 such that
S � ðRðSÞhþ 1Þ > 0 and Fða0ðSÞÞ � b0 a 0: Also, a0ðSÞa r0 ¼ 0:380778 if
and only if S < 8:98651. Hence, if we choose S ¼ 5, then we have
W ¼ Bð1; 5Þ, M ¼ 1:59939, a0 ¼ 0:224311 and b0 ¼ 0:0109957 < Fð0:224311Þ.
Thus, the conditions of the Theorem 1 are satisfied. Hence, a solution of
equation (34) exists in the ball Bð1; 0:128752ÞJW and unique in the ball
Bð1; 0:950051ÞVW: Now, for a ¼ 1 we get S A ð1:11205; 6:06256Þ from Figure
2. Again for S ¼ 5, we get a0 ¼ 0:321311 < 0:380778 and b0 < Fða0Þ and a

Figure 1. Conditions on the parameter S for a ¼ 0
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solution of (34) exists in Bð1; 0:141648ÞJW and is unique in the ball
Bð1; 0:948604ÞVW: On the other hand from [4], we get A and CðxÞ as A ¼Ð 1
0 ð1� tÞtp ¼ 1

ð1þ pÞð2þ pÞ , CðxÞ ¼ 2ðx2 � 3xþ 1Þ
Að2� xÞ . Now, to get S from The-

orem 2.6 [4], it is necessary that Bðx0;RhÞJW. For this, it is su‰cient to check
S � ðRðSÞhþ 1Þ > 0 and Cða0ðSÞÞ � b0 > 0. This gives S A ð1:4689; 11:9076Þ as
is evident from Figure 3. Also, a0ðSÞ < ð3�

ffiffiffi
5

p
Þ=2 if and only if S < 9:0172.

Hence, if we choose S ¼ 5 then we get W ¼ Bð1; 5Þ, M ¼ 1:599385, a0 ¼ 0:22431
and b0 ¼ 0:0109957 < Cða0Þ. Thus, in this case also, the conditions of
the Theorem 1 are satisfied. Hence, a solution of (34) exists in the ball
Bð1; 0:12862ÞJW and unique in the ball Bð1; 0:8529ÞVW: From this, we
observe that our convergence analysis gives better existence and uniqueness
ball than that of [4].

Figure 2. Conditions on the parameter S for a ¼ 1

Figure 3. Conditions on the parameter S
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Example 2. Let X ¼ C½0; 1� be the space of continuous functions on ½0; 1�
and let us consider the integral equations F ðxÞ ¼ 0 on X, where

F ðxÞðsÞ ¼ xðsÞ � f ðsÞ � l

ð1
0

s

sþ t
xðtÞ2þp

dt;ð35Þ

with s A ½0; 1�, x; f A X , p A ð0; 1Þ and l is a real number. These types of integral
equations are known as Fredholm type (cf. Davis [3]).

Solution. Here, norm is taken as the sup-norm. Now, it is easy to find the
first and second Fréchet derivatives of F as

F 0ðxÞuðsÞ ¼ uðsÞ � lð2þ pÞ
ð1
0

s

sþ t
xðtÞ1þp

uðtÞ dt; u A W

F 00ðxÞðuvÞðsÞ ¼ �lð1þ pÞð2þ pÞ
ð1
0

s

sþ t
xðtÞpðuvÞðtÞ dt; u; v A W

Clearly, F 00 does not satisfies the Lipschitz continuity condition as for p A ð0; 1Þ
and for all x; y A W

kF 00ðxÞ � F 00ðyÞk ¼ lð2þ pÞð1þ pÞ
ð1
0

s

sþ t
½xðtÞp � yðtÞp� dt

����
����

a jljð2þ pÞð1þ pÞ max
s A ½0;1�

ð1
0

s

sþ t
dt

����
����kxðtÞp � yðtÞpk

a jljð2þ pÞð1þ pÞ log 2kx� ykp

However, it satisfies the Hölder continuity condition for p A ð0; 1� and N ¼
jljð2þ pÞð1þ pÞ log 2: To obtain a bound for Ga;0, we find

kF ðxa;0Þka kxa;0 � f k þ jlj log 2kxa;0kp

and

kI � F 0ðxa;0Þka jljð2þ pÞ log 2kxa;0k1þp

Now, if jljð2þ pÞ log 2kxa;0k1þp < 1, then by Banach Lemma, we get

kGa;0k ¼ kF 0ðxa;0Þ�1ka 1

1� jljð2þ pÞ log 2kxa;0k1þp
¼ b

Also,

kF 00ðxÞka jljð2þ pÞð1þ pÞ log 2kxkp

Hence,

kGa;0Fðxa;0Þka
kxa;0 � f k þ jlj log 2kxa;0kp

1� jljð2þ pÞ log 2kxa;0k1þp
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Now, for l ¼ 1=10, p ¼ 1=2, f ðsÞ ¼ 1, and initial point x0 ¼ x0ðsÞ ¼ 1 in the
interval ½0; 1�, we get kGa;0ka b ¼ 1:20961, kG0Fðx0Þka h ¼ 0:0838437, N ¼
0:25993 and b0 ¼ bhoðhÞ ¼ 0:00763322. The conditions of Theorem 1 requires
to find the values of a parameter S such that S A Bðxa;0;RhÞJW: The values
of S A ð1:08521; 102:403Þ are obtained from Figure 4 for a ¼ 0 such that
S � ðRðSÞhþ 1Þ > 0 and Fða0ðSÞÞ � b0 a 0: Also, a0ðSÞa r0 ¼ 0:380778 if
and only if S < 208:651. From M ¼ MðSÞ ¼ 0:25993Sp, a0 ¼ a0ðSÞ ¼ MðSÞbh
¼ 0:0263616Sp for S ¼ 90, we get W ¼ Bð1; 90Þ, M ¼ 2:46591, a0 ¼ 0:250088,
b0 ¼ 0:0076332 < 0:404481 ¼ Fð0:250088Þ. Thus, the conditions of Theorem 1
are satisfied. Hence, a solution of (35) exists in Bð1; 0:1091953ÞJW and is unique
in the ball Bð1; 0:662196ÞVW: Now, for a ¼ 1, we get S A ð1:08521; 102:403Þ from
Figure 5. Again taking S ¼ 90 then a0 ¼ 0:250088 < 0:380778 and b0 ¼
0:0076332 < 0:404481 ¼ Fð0:250088Þ, we find that a solution of (35) exists in
Bð1; 0:111992ÞJW and unique in the ball Bð1; 0:661123ÞVW: On the other hand

from [4], we get A and CðxÞ as A ¼
Ð 1
0 ð1� tÞtp ¼ 1

ð1þ pÞð2þ pÞ , CðxÞ ¼

Figure 4. Conditions on the parameter S for a ¼ 0

Figure 5. Conditions on the parameter S for a ¼ 1
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2ðx2 � 3xþ 1Þ
Að2� xÞ . Now, to get S from Theorem 2.6 [4], it is necessary that

Bðx0;RhÞJW. For this, it is su‰cient to check S � ðRðSÞhþ 1Þ > 0 and
Cða0ðSÞÞ � b0 > 0. This gives S A ð1:08523; 198:695Þ as is evident from Figure
6. Also, a0ðSÞ < ð3�

ffiffiffi
5

p
Þ=2 if and only if S < 209:955. Hence, if we choose

S ¼ 90 then we get W ¼ Bð1; 90Þ, M ¼ 2:46591, a0 ¼ 0:250088 and b0 ¼
0:0076332 < Cða0Þ. Thus, in this case also, the conditions of the Theorem 1
are satisfied. Hence, a solution of equation (35) exists in the ball Bð1; 0:103038Þ
JW and unique in the ball Bð1; 0:661874ÞVW: From this, we observe that our
convergence analysis gives better existence ball but not good uniqueness ball than
that of [4].

5. Conclusions

In this paper, the semilocal convergence of a parameter based continuation
method combining the Chebyshev’s and the Super-Halley’s methods for solving
nonlinear equations in Banach spaces is described. The parameter a A ½0; 1� be
such that for a ¼ 0 it reduces to the Chebyshev’s method and for a ¼ 1 to the
Super-Halley’s method. This convergence is established using recurrence rela-
tions under the assumption that the second order Fréchet derivative satisfies the
o-continuity condition. This condition is milder than the Lipschitz and the
Hölder continuity conditions used for this purpose. A numerical example is
given to show that the second order Fréchet derivative satisfies the o-continuity
condition even when it fails to satisfy the Lipschitz and the Hölder continuity
conditions. A number of recurrence relations are derived based on two param-
eters. An existence-uniqueness theorem is also established to show that the
R-order convergence of the method is ð2þ pÞ, p A ð0; 1� along with the estimation
of a priori error bounds. Two numerical examples are worked out to demon-
strate the e‰cacy of the method. It is observed that our method gives better

Figure 6. Conditions on the parameter S
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existence and uniqueness regions of the solution for both the examples when
compared with the results obtained in [4] for both the Chebyshev’s method
(a ¼ 0) and the Super-Halley’s method (a ¼ 1).
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