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A CONSTRUCTION OF A COMPLETE BOUNDED NULL CURVE IN C3

Leonor Ferrer, Francisco Martín, Masaaki Umehara and Kotaro Yamada

Abstract

We construct a complete bounded immersed null holomorphic curve in C3, which is

a recovery of the previous paper of the last three authors on this subject.

Introduction

The study of global properties of complete complex null-curves is interesting
from di¤erent points of view. Firstly, the real and imaginary part of such a
curve are complete minimal surfaces in R3. Secondly, there exists a close
relationship between null curves in C3 and surfaces of constant mean curvature
H ¼ 1 in hyperbolic 3-space.

An important problem in the global theory of complete null curves is the so
called Calabi-Yau problem, which deals with the existence of complete null-
curves inside a ball of C3. This problem was approached firstly in [5, Theorem
A] using similar ideas to those used by Nadirashvili in [7] to solve the Calabi-Yau
conjecture in R3. Unfortunately, the paper [5] has a mistake, and the first
examples of complete bounded null curves in C3 were provided using other
approach, by Alarcón and López [3]. Very recently, Alarcón and Forstnerič
have got the most general results in this line (see [1, 2]).

The purpose of this paper is to show that similar ideas to those given in [5]
can be used to produce examples of complete bounded null holomorphic disks in
a ball of C3: In [5], Martı́n, Umehara and Yamada tried to construct a bounded
holomorphic curve in SLð2;CÞ and used this example to get the desired bounded
disk in C3. However, in this paper, we construct the bounded null curves
directly in C3. In this aspect, our strategy is similar to that used by Alarcón
and López in [3]. Although, as we mentioned before, these examples have been
generalized in Alarcón and Forstnerič [2] by using di¤erent (and powerful)
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methods, we think that the arguments and techniques exhibited in this paper are
di¤erent from [3, 1, 2], and might be of use in the solution of other questions
related to the Calabi-Yau problem in di¤erent settings.

As applications of Theorem A in [5], the following objects were constructed;
(1) complete bounded minimal surfaces in the Euclidean 3-space R3 ([5,

Theorem A]),
(2) complete bounded holomorphic curves in C2 ([5, Corollary B]),
(3) weakly complete bounded maximal surfaces in the Lorentz-Minkowski

3-space R3
1 ([5, Corollary D]),

(4) complete bounded null curves in SLð2;CÞ ([5, Theorem C]),
(5) complete bounded constant mean curvature one surfaces in the hyper-

bolic 3-space H 3 ([5, Theorem C]).
We also constructed higher genus examples of the first three objects in [6].
All of these applications in [5] and [6] are correct as a consequence.

1. The Main Theorem and the Key Lemma

We denote by ð ; Þ (resp. h ; i) the C-bilinear inner product (resp. the
Hermitian inner product) of C3:

ðx; yÞ :¼ x1 y1 þ x2 y2 þ x3 y3; hx; yi :¼ ðx; yÞ;ð1:1Þ

where x ¼ ðx1; x2; x3Þ, y ¼ ðy1; y2; y3Þ A C3; and y denotes the complex conjugate
of y.

Remark 1.1. In this paper, we identify an element of C3 with a column
vector when the matrix product is used.

The Hermitian norm of C3 is denoted by jxj :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hx; xi

p
for x A C3. In

particular, it holds that

jðx; yÞj ¼ jhx; yija jxj jyj ¼ jxj jyj:ð1:2Þ

Let Mð3;CÞ (resp. Mð3;RÞ) be the set of complex (resp. real) ð3� 3Þ-matrices.
Moreover, we will use the following notation for the set of complex (resp. special)
orthogonal matrices

Oð3;CÞ :¼ fA A Mð3;CÞ;AtA ¼ idg;
ðresp: SOð3Þ :¼ fA A Mð3;RÞ;AtA ¼ id; det A ¼ 1gÞ;

where At means the transposed matrix of A. As usual, we denote Uð3Þ :¼
fA A Mð3;CÞ;A�A ¼ idg, where A� is the conjugate transposed matrix of A.
For each A A Mð3;CÞ, we define the matrix norm as

kAk :¼ sup
x AC3nf0g

jAxj
jxj :ð1:3Þ
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If A A Mð3;CÞ is a non-singular matrix,

1

kA�1k jxja jAxja kAk jxjð1:4Þ

holds. It is well-known that

kAk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
maxfm1; m2; m3g

p
ðA A Mð3;CÞÞð1:5Þ

holds, where mj A R ð j ¼ 1; 2; 3Þ are the eigenvalues of the positive semi-definite
Hermitian matrix A�A.

A holomorphic map F : D ! C3, defined on a domain DHC, is a null
immersion if and only if

ðjF ; jF Þ ¼ 0 and jjF j
2 ¼ hjF ; jFi > 0; where j ¼ jF :¼ dF

dz
;ð1:6Þ

and z is the canonical complex coordinate of C. In this case the pull-back of the
Hermitian metric of C3 by F is expressed as

ds2F :¼ hdF ; dFi ¼ jjF j
2jdzj2;ð1:7Þ

which is called the induced metric of F . For a holomorphic null immersion
F : D ! C3, the first equality of (1.6) implies that there exist a meromorphic
function g and a holomorphic function h such that

jF ¼ 1

2
ð1� g2; ið1þ g2Þ; 2gÞh ði ¼

ffiffiffiffiffiffiffi
�1

p
Þ:ð1:8Þ

We call ðg; hÞ the Weierstrass data of F . Using these data, the induced metric
(1.7) is expressed as

ds2F ¼ 1

2
ð1þ jgj2Þ2jhj2jdzj2:ð1:9Þ

Throughout this paper, we denote the open (resp. closed) disc on C centered
at 0 with radius r by

Dr :¼ fz A C; jzj < rg; ðresp: Dr :¼ fz A C; jzja rgÞ ðr > 0Þ:ð1:10Þ
The goal of this paper is to prove the following

Theorem 1.2 (The Main Theorem). There exists a holomorphic null im-
mersion f : D1 ! C3 such that the induced metric ds2f is complete, and the image
f ðD1Þ is bounded in C3.

Theorem A in [5] is the same statement as our main Theorem 1.2, and the
purpose of this paper is to give a correct proof of it as a recovery of the previous
proof given in [5]. As in [5, (3.1)], the transformation

T : fðx1; x2; x3Þ A C3; x3 0 0g ! fðyijÞ A SLð2;CÞ; y11 0 0g
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defined by

Tðx1; x2; x3Þ :¼
1

x3

1 x1 þ ix2

x1 � ix2 ðx1Þ2 þ ðx2Þ2 þ ðx3Þ2
� �

maps null curves in C3 to null curves in SLð2;CÞ, where a holomorphic map
F : D1 ! SLð2;CÞ is called null if the determinant of the matrix dF=dz vanishes.
By Theorem 1.2, there exists a complete bounded null immersion f : D1 ! C3.
We may assume that the image of f lies in fðx1; x2; x3Þ A C3; x3 0 0g by a
suitable translation. Then T � f gives a bounded null immersed curve in
SLð2;CÞ. Moreover, the pull-back metric of the canonical Hermitian metric
on SLð2;CÞ by T � f is complete by [5, Lemma 3.1], which proves the assertion
(4) in the introduction. Applying the well-known Bryant representation formula
(cf. [5, Page 123]), the projection of T � f into the hyperbolic 3-space
H 3 ¼ SLð2;CÞ=SUð2Þ gives a complete bounded constant mean curvature one
immersed disc in H 3, which proves the assertion (5) in the introduction. The
proofs given in [5, 6] of Assertions (1), (2), (3) in the introduction, as applications
of Theorem 1.2, are all correct without any modifications.

Theorem 1.2 can be proved by the following proposition in the same
way as [7, 4]. So, an iterative application of Proposition 1.3 for an initial
immersion f0 : D1 ! C3, provides us a sequence of bounded null discs whose
intrinsic diameter goes to infinity. The desired immersion f is obtained as a
limit of such a sequence. The initial immersion of such an iteration can be
chosen arbitrarily. In fact, one can choose f0 : D1 C z 7! ðz; iz; 0Þ A C3. If we
choose another initial immersion, one can expect a di¤erent complete null
immersion.

Proposition 1.3. Let X : D1 ! C3 be a holomorphic null immersion of the
closed disc D1 HC into C3. Suppose that there exist positive numbers r and r
such that

(X-1) X ð0Þ ¼ 0,
(X-2) ðD1; ds

2
X Þ contains the geodesic disc centered at 0 and of radius r,

(X-3) and jX ja r holds on D1.
Then, for an arbitrary given positive numbers e and s, there exists a holo-

morphic null immersion Y : D1 ! C3 satisfying
(Y-1) jjY � jX j < e and jY � X j < e hold on D1�e, where jX ¼ dX=dz and

jY ¼ dY=dz,
(Y-2) ðD1; ds

2
Y Þ contains the geodesic disc D centered at 0 with radius rþ s,

(Y-3) and on the boundary qD of the geodesic disc D in (Y-2), it holds that
jY ja

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ e.

This proposition is a consequence of the following Key Lemma. (The proof
of Proposition 1.3 is given in Section 4.) To explain it, we will define three
constants

N ¼ Nðr; r; m; n; s; eÞ; C1 ¼ C1ðnÞ and C2 ¼ C2ðmÞ
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depending on six positive constants r, r, m, n, s, e as follows (cf. (1.11), (1.13)–
(1.15)). Here r and r have been already given in (X-2) and (X-3), and we will
fix m, n in the statement of Lemma 1.4. The remaining two constants s, e are
arbitrary in the statement of Lemma 1.4, but will coincide with the corresponding
constants as in Proposition 1.3.

The constants C1 and C2 are set as

C1 :¼
n

5
; C2 :¼ 6ðm2 þ 2mþ 2Þ:ð1:11Þ

Next, we set

c1 :¼ 6m2 þ 12mþ 8; c2 :¼ 3mþ 2eðrþ sÞ
C1

;

c3 :¼
saþ a2

2
þ 2reþ 2e2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p ða :¼ c2 þ 5eþ ðrþ 2eÞ
ffiffiffiffiffiffiffiffi
2C2

p
Þ:

ð1:12Þ

We then choose an integer N so that it satisfies the following three inequalities;

Nbmax 36;
2e

n
; e; ð12mÞ2; 25ð3mþ eÞ

n
2þ 6mþ 2e

3n

� �� �4( )
;ð1:13Þ

Nbmax
3

e
;

2e

C1

� �4
;

1

n
eþ C1

2

� �� �4=3
;

2ðrþ sÞ
C1

� �4( )
;ð1:14Þ

Nbmax
c3 þ 2e

e

� �4
;

1þ c2 þ 6mþ 3e

e

� �4( )
:ð1:15Þ

Lemma 1.4 (The Key Lemma). Assume a holomorphic null immersion
X : D1 ! C3 and positive real numbers r and r satisfy (X-1)–(X-3). We set

n :¼ min
D1

jjX j > 0; m :¼ max 1þmax
D1

jjX j;max
D1

jj 0
X j

( )
;ð1:16Þ

where jX :¼ X 0 ¼ dX=dz and j 0
X :¼ djX=dz. For arbitrary positive numbers e

and s, we take positive constants C1, C2 and a positive integer N as in (1.11),
(1.13)–(1.15). Then there exist a sequence fFjgj¼0;...;2N of holomorphic null immer-
sions Fj : D1 ! C3 and a sequence fvjgj¼1;...;2N of unit vectors in C3 which satisfy
the following assertions (K-0)–(K-6), where the compact set oj HC, an open
neighborhood $j of oj and the ‘‘base point’’ zj of $j are as in (A.8) and (A.9) in
Appendix A, and

jl ¼
dFl

dz
ðl ¼ 0; . . . ; 2NÞ:ð1:17Þ

(K-0) F0 ¼ X .
(K-1) Flð0Þ ¼ 0 ðl ¼ 0; . . . ; 2NÞ.

63a bounded null curve



(K-2) jjl � jl�1ja
e

2N 2
holds on D1n$l for each l ¼ 1; . . . ; 2N.

(K-3) The inequality

jjl jb
C1N

9=4 on ol ;

C1N
�3=4 on $l

�

holds for each l ¼ 1; . . . ; 2N, where $l is the closure of the $l , see
Appendix A.

(K-4) jðvl ; vlÞjb 1=N 1=4 holds for each l ¼ 1; . . . ; 2N.
(K-5) jFl�1ðzlÞj < 1=

ffiffiffiffiffi
N

p
, or

Fl�1ðpÞ
jFl�1ðpÞj

; vl

� �				
				b 1� C2ffiffiffiffiffi

N
p ðon $lÞ

holds for each l ¼ 1; . . . ; 2N.
(K-6) hFl�1; vli ¼ hFl ; vli holds on D1 for each l ¼ 1; . . . ; 2N.

In the proof of the Key Lemma 1.4, we use the notion of Gauss maps of
holomorphic null immersions: Let F : D ! C3 be a holomorphic null immersion
of a domain DHC. Then both the real part Re F and the imaginary part Im F
give conformal minimal immersions into R3 with the same Gauss map. So we
call the Gauss map G : D ! S2 of both Re F and Im F the Gauss map of F ,
where S2 HR3 is the unit sphere. Then G is expressed as

G ¼ �iðj� jÞ
jjj2

: D ! S2 HR3 j ¼ dF

dz

� �
;ð1:18Þ

because (1.6) implies that jj� jj ¼ jjj2, where ‘‘�’’ denotes the complexification

of the vector product of R3. Using the Weierstrass data (1.8), G is expressed as

G ¼ 2 Re g

1þ jgj2
;
2 Im g

1þ jgj2
;
jgj2 � 1

1þ jgj2

 !
:ð1:19Þ

That is, g ¼ pS � G, where pS : S2 ! CU fyg is the stereographic projection
from the north pole.

2. Preliminary estimates

Let F0 ¼ X : D1 ! C3 be a holomorphic null immersion as in the assump-
tion of the Key Lemma 1.4. Here, we prepare some basic properties of
fFjgj¼0;...;2N in the conclusion of the Key Lemma 1.4.

Lemma 2.1. If (K-1) and (K-2) in the Key Lemma 1.4 are satisfied for
l A f1; . . . ; 2Ng, then

jFl � Fl�1ja
e

N 2
on D1n$l :
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Proof. Let p A D1n$l . Then there exists a path g in D1n$l joining 0 and

p whose Euclidean length is not greater than 1þ p

N
(see Lemma A.2 in Appendix

A). Thus, we have

jFlðpÞ � Fl�1ðpÞj ¼
ð
g

ðjlðzÞ � jl�1ðzÞÞ dz
				

				 ðby ðK-1ÞÞ

a

ð
g

jjlðzÞ � jl�1ðzÞj jdzjaLengthCðgÞ
e

2N 2
ðby ðK-2ÞÞ

a 1þ p

N

� �
e

2N 2
a 2 � e

2N 2
¼ e

N 2
ðby ð1:13ÞÞ;

where LengthCðgÞ is the length of g with respect to the metric jdzj2 on C.
r

Lemma 2.2. Fix an integer j (1a ja 2N). If F0;F1; . . .Fj�1 satisfy (K-0)
and (K-2) of the Key Lemma 1.4. Then

jjj�1jb
n

2
and jjj�1ja m ðon D1nð$1 U � � �U$j�1ÞÞ;

hold, where m and n are constants defined in (1.16).

Proof. By (K-0), (K-2), (1.16) and (1.13),

jjj�1jb jj0j � jj1 � j0j � � � � � jjj�1 � jj�2j

b min
D1

jj0j �
ð j � 1Þe
2N 2

b n� e

N
b

n

2

holds on D1nð$1 U � � �U$j�1Þ. On the other hand, we have

jjj�1ja jj0j þ jj1 � j0j þ � � � þ jjj�1 � jj�2j

a max
D1

jj0j þ
ð j � 1Þe
2N 2

a max
D1

jj0j þ
e

N
a max

D1

jj0j þ 1a m: r

Lemma 2.3. Fix an integer j (1a ja 2N). If F0;F1; . . .Fj�1 satisfy (K-0)
and (K-2) of the Key Lemma 1.4. Then for each p A $j , it holds that

jFj�1ðpÞ � Fj�1ðzjÞja
6m

N
; jjj�1ðpÞ � jj�1ðzjÞja

6mþ 2e

N
;

where zj is the ‘‘base point’’ of $j given in (A.9) of Appendix A.
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Proof. By Lemma A.3 in Appendix A, there exists a path g in $j

joining zj and p such that LengthCðgÞa 6=N. Since the image of g lies on
D1nð$1 U � � �U$j�1Þ, Lemma 2.2 implies that

jFj�1ðpÞ � Fj�1ðzjÞja
ð
g

jjj�1ðzÞj jdzja m � LengthCðgÞa
6m

N
:

On the other hand,

jjj�1ðpÞ � jj�1ðzjÞj

a jjj�1ðpÞ � jj�2ðpÞj þ � � � þ jj1ðpÞ � j0ðpÞj þ jj0ðpÞ � j0ðzjÞj

þ jjj�1ðzjÞ � jj�2ðzjÞj þ � � � þ jj1ðzjÞ � j0ðzjÞj

a
2ð j � 1Þe

2N 2
þ jj0ðpÞ � j0ðzjÞja

2e

N
þ
ð
g

j 0
0ðzÞ dz

				
				 ðby ðK-2ÞÞ

a
2e

N
þ
ð
g

jj 0
0ðzÞj jdzja

2e

N
þ m LengthCðgÞa

2e

N
þ 6m

N
ðby ð1:16ÞÞ: r

We fix j (1a ja 2N) and assume X ¼ F0;F1; . . .Fj�1 are already con-
structed and satisfy (K-0)–(K-6). From now on, we give a recipe of construction
of Fj and vj as an inductive procedure:

Lemma 2.4. There exists a unit vector u A C3 (i.e. juj ¼ 1) such that
(1) d2 :¼ jðu; uÞjb 1=N 1=4.
(2) If

jFj�1ðzjÞjb
1ffiffiffiffiffi
N

p ;ð2:1Þ

it holds that

Fj�1ðpÞ
jFj�1ðpÞj

; u

� �				
				b 1� c1ffiffiffiffiffi

N
p ðp A $jÞ;

where c1 is the constant given in (1.12).

Proof. When jFj�1ðzjÞj < 1=
ffiffiffiffiffi
N

p
, the unit vector u ¼ ð0; 0; 1Þ satisfies the

conclusions. (Note that the conclusion (2) is empty in this case.)
Now, we assume (2.1), and set

u0 :¼
Fj�1ðzjÞ
jFj�1ðzjÞj

:ð2:2Þ

By Lemma 2.3,

jFj�1ðpÞ � Fj�1ðzjÞja
6m

N
ð2:3Þ

holds for each p A $j. Then, for p A $j, it holds that
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jFj�1ðpÞjb jFj�1ðzjÞj � jFj�1ðpÞ � Fj�1ðzjÞjb jFj�1ðzjÞj �
6m

N
ðby ð2:3ÞÞ

b jFj�1ðzjÞj 1� 6m

NjFj�1ðzjÞj

� �
b jFj�1ðzjÞj 1� 6m

N
1ffiffiffiffiffi
N

p

0
BB@

1
CCA ðby ð2:1ÞÞ

¼ jFj�1ðzjÞj 1� 6mffiffiffiffiffi
N

p
� �

b
1

2
jFj�1ðzjÞj ðby ð1:13ÞÞ:

Thus, using (2.1) again, we have

jFj�1ðpÞjb
1

2
jFj�1ðzjÞjb

1

2
ffiffiffiffiffi
N

p ðp A $jÞ:ð2:4Þ

Then by the relationship of the arithmetic mean and the geometric mean, we have

ð6mÞ2

N 2
b jFj�1ðpÞ � Fj�1ðzjÞj2 ðby ð2:3ÞÞ

¼ jFj�1ðpÞj2 þ jFj�1ðzjÞj2 � 2 RehFj�1ðpÞ;Fj�1ðzjÞi

¼ jFj�1ðpÞj jFj�1ðzjÞj
jFj�1ðpÞj
jFj�1ðzjÞj

þ
jFj�1ðzjÞj
jFj�1ðpÞj

� 2 Re
Fj�1ðpÞ
jFj�1ðpÞj

;
Fj�1ðzjÞ
jFj�1ðzjÞj

� �� �

b 2jFj�1ðpÞj jFj�1ðzjÞj 1�Re
Fj�1ðpÞ
jFj�1ðpÞj

;
Fj�1ðzjÞ
jFj�1ðzjÞj

� �� �

b
1

N
1�Re

Fj�1ðpÞ
jFj�1ðpÞj

;
Fj�1ðzjÞ
jFj�1ðzjÞj

� �� �
ðby ð2:4Þ; ð2:1ÞÞ

b
1

N
1� Fj�1ðpÞ

jFj�1ðpÞj
;
Fj�1ðzjÞ
jFj�1ðzjÞj

� �				
				

� �
:

Hence, by (1.13), we have

Fj�1ðpÞ
jFj�1ðpÞj

; u0

� �				
				 ¼ Fj�1ðpÞ

jFj�1ðpÞj
;
Fj�1ðzjÞ
jFj�1ðzjÞj

� �				
				ð2:5Þ

b 1� ð6mÞ2

N
¼ 1� 6m2ffiffiffiffiffi

N
p 6ffiffiffiffiffi

N
p b 1� 6m2ffiffiffiffiffi

N
p :

Case A. We consider the case jðu0; u0Þjb 1=N 1=4. In this case, we set
u ¼ u0. Then the unit vector u satisfies (1) trivially. Moreover, (2.5) implies the
assertion (2) because c1 in (1.12) satisfies c1 b 6m2.

Case B. We next consider the case jðu0; u0Þj < 1=N 1=4. In this case, set

u :¼ ~uu

j~uuj ; where ~uu :¼ u0 þ
2

N 1=4
u0:ð2:6Þ
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To show (1) and (2), we set

d20 :¼ jðu0; u0Þj <
1

N 1=4

� �
:ð2:7Þ

Since u0 is a unit vector, (2.6) yields

jð~uu; ~uuÞj ¼ ðu0; u0Þ þ
4ffiffiffiffiffi
N

p ðu0; u0Þ þ
4

N 1=4
ðu0; u0Þ

				
				ð2:8Þ

b
4

N 1=4
jhu0; u0ij � jðu0; u0Þj �

4ffiffiffiffiffi
N

p jðu0; u0Þj

¼ 4

N 1=4
� d20 1þ 4ffiffiffiffiffi

N
p

� �
b

4

N 1=4
� 5

3
d20 b

7

3N 1=4
ðby ð1:13Þ; ð2:7ÞÞ:

On the other hand, using (2.7) and (1.13) again, we have

j~uuj2 ¼ ju0j2 þ
4ffiffiffiffiffi
N

p ju0j2 þ
4

N 1=4
Reðhu0; u0iÞð2:9Þ

¼ 1þ 4ffiffiffiffiffi
N

p þ 4

N 1=4
Reðu0; u0Þa 1þ 4ffiffiffiffiffi

N
p þ 4

N 1=4
jðu0; u0Þj

¼ 1þ 4ffiffiffiffiffi
N

p þ 4d20
N 1=4

a 1þ 4ffiffiffiffiffi
N

p þ 4ffiffiffiffiffi
N

p a 1þ 8ffiffiffiffiffi
N

p a
7

3
:

Then (1) holds because of (2.8) and (2.9).
Finally, we prove (2). Let p A $j . Then we have

jðFj�1ðpÞ; u0Þj ¼ jðFj�1ðpÞ � Fj�1ðzjÞ; u0Þ þ ðFj�1ðzjÞ; u0Þj
a jðFj�1ðpÞ � Fj�1ðzjÞ; u0Þj þ jðFj�1ðzjÞ; u0Þj
a jFj�1ðpÞ � Fj�1ðzjÞj ju0j þ jðjFj�1ðzjÞju0; u0Þj ðby ð1:2Þ; ð2:2ÞÞ

a
6m

N
þ jFj�1ðzjÞj jðu0; u0Þj ðby ð2:3ÞÞ

a
6m

N
þ d20 jFj�1ðzjÞja

6m

N
þ
jFj�1ðzjÞj
N 1=4

ðby ð2:7ÞÞ

¼ jFj�1ðzjÞj
1

N 1=4
þ 6m

NjFj�1ðzjÞj

� �

a jFj�1ðzjÞj
1

N 1=4
þ 6mffiffiffiffiffi

N
p

� �
ðby ð2:1ÞÞ

¼ jFj�1ðzjÞj
1

N 1=4
1þ 6m

N 1=4

� �

a jFj�1ðzjÞj
1

N 1=4
1þ 6mffiffiffi

6
p

� �
ðby ð1:13ÞÞ:
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Thus we have

jðFj�1ðpÞ; u0Þja
jFj�1ðzjÞj
N 1=4

ð1þ 3mÞ:ð2:10Þ

On the other hand, since

1ffiffiffiffiffiffiffiffiffiffiffi
1þ x

p b 1� x

2
ð0a xa 2Þ;ð2:11Þ

we have

Fj�1ðpÞ
jFj�1ðpÞj

; u

� �				
				

¼ 1

j~uuj
Fj�1ðpÞ
jFj�1ðpÞj

; u0

� �
þ 2

N 1=4

Fj�1ðpÞ
jFj�1ðpÞj

; u0

� �				
				 ðby ð2:6ÞÞ

b
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8ffiffiffiffiffi
N

p
s Fj�1ðpÞ

jFj�1ðpÞj
; u0

� �
þ 2

N 1=4

Fj�1ðpÞ
jFj�1ðpÞj

; u0

� �				
				 ðby ð2:9ÞÞ

b 1� 4ffiffiffiffiffi
N

p
� �

Fj�1ðpÞ
jFj�1ðpÞj

; u0

� �				
				� 2

N 1=4

Fj�1ðpÞ
jFj�1ðpÞj

; u0

� �				
				

� �
ðby ð2:11ÞÞ

b 1� 4ffiffiffiffiffi
N

p
� �

1� 6m2ffiffiffiffiffi
N

p
� �

� 2

N 1=4

Fj�1ðpÞ
jFj�1ðpÞj

; u0

� �				
				

� �
ðby ð2:5ÞÞ

¼ 1� 4ffiffiffiffiffi
N

p
� �

1� 6m2ffiffiffiffiffi
N

p
� �

� 2

N 1=4

Fj�1ðpÞ
jFj�1ðpÞj

; u0

� �				
				

� �

b 1� 4ffiffiffiffiffi
N

p
� �

1� 6m2ffiffiffiffiffi
N

p
� �

�
2jFj�1ðzjÞjffiffiffiffiffi
N

p
jFj�1ðpÞj

ð1þ 3mÞ
" #

ðby ð2:10ÞÞ

b 1� 4ffiffiffiffiffi
N

p
� �

1� 6m2ffiffiffiffiffi
N

p
� �

� 4ffiffiffiffiffi
N

p ð1þ 3mÞ
� �

ðby ð2:4ÞÞ

¼ 1� 4ffiffiffiffiffi
N

p
� �

1� 1ffiffiffiffiffi
N

p ð6m2 þ 12mþ 4Þ
� �

b 1� 1ffiffiffiffiffi
N

p ð6m2 þ 12mþ 8Þ þ 4

N
ð6m2 þ 12mþ 4Þ

b 1� 1ffiffiffiffiffi
N

p ð6m2 þ 12mþ 8Þ ¼ 1� c1ffiffiffiffiffi
N

p : ðby ð1:12ÞÞ

Thus we have the conclusion. r
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3. The proof of the Key Lemma 1.4

To continue the procedure of the iterational construction of Fj, we prepare
the following lemma:

Lemma 3.1. For a unit vector u A C3, there exist P A SOð3Þ and t A R such
that

e�itPu ¼
0

i sin y

cos y

0
B@

1
CA ði ¼

ffiffiffiffiffiffiffi
�1

p
Þ;ð3:1Þ

where we consider elements in C3 as column vectors (cf. Remark 1.1). Here, y is a
real number such that

cos 2y ¼ cos2 y� sin2 y ¼ jðu; uÞj 0a ya
p

4

� �
:

Proof. Write u ¼ xþ iy (x; y A R3), and let t A R be

t ¼
1

2
arctan

2hx; yi

jxj2 � jyj2
ðwhen jxj0 jyjÞ

p

4
ðwhen jxj ¼ jyjÞ:

8>><
>>:

Then ûu :¼ e�itu satisfies hRe ûu; Im ûui ¼ 0. Moreover, replacing t with tþ p

2
if

necessary, we may assume

jRe ûujb jIm ûujð3:2Þ
without loss of generality. In particular, since jûuj ¼ 1, it holds that jRe ûuj > 0.
Hence there exists a matrix P1 A SOð3Þ such that

P1ðRe ûuÞ ¼
0

0

t

0
B@

1
CA ðt > 0Þ:

Since P1 is a real matrix, ImðP1ûuÞ is orthogonal to ReðP1ûuÞ. Hence, we have

P1ðûuÞ ¼
iu1

iu2

t

0
B@

1
CA ðu1; u2; t A R; t > 0; ðu1Þ2 þ ðu2Þ2 þ t2 ¼ 1Þ:

Moreover, tb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu1Þ2 þ ðu2Þ2

q
holds because of (3.2). Next, choose a real number

s such that

cos s �sin s

sin s cos s

� �
u1

u2

� �
¼ 0

u

� �
; where u :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu1Þ2 þ ðu2Þ2

q
b 0:
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Set

P :¼
cos s �sin s 0

sin s cos s 0

0 0 1

0
B@

1
CA � P1 A SOð3Þ:

Then

e�itPu ¼ Pûu ¼
0

iu

t

0
B@

1
CA ðu; t A R; tb ub 0; u2 þ t2 ¼ 1Þ:

Hence there exists y A 0;
p

4

� �
such that u ¼ sin y, t ¼ cos y. In particular,

jðu; uÞj ¼ t2 � u2 ¼ cos2 y� sin2 y ¼ cos 2y

holds and thus we have the conclusion. r

We set

A :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
cos 2x

p
0 0

0 cos x �i sin x

0 i sin x cos x

0
B@

1
CA;ð3:3Þ

where x A 0;
p

4

� �
. Then A is non-singular if and only if x0

p

4
. In this case,

A A
ffiffiffiffiffiffiffiffiffiffiffiffiffi
cos 2x

p
�Oð3;CÞ;ð3:4Þ

and

A�1 ¼ 1

cos 2x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
cos 2x

p
0 0

0 cos x i sin x

0 �i sin x cos x

0
B@

1
CA:ð3:5Þ

Lemma 3.2. Let x A 0;
p

4

� �
be a real number. Then the matrix A in (3.3)

satisfies

kAk ¼ cos xþ sin xa
ffiffiffi
2

p
; kA�1k ¼ cos xþ sin x

cos 2x
a

ffiffiffi
2

p

cos 2x
:

Proof. Since the eigenvalues of the matrix

A�A ¼
cos 2x 0 0

0 1 �i sin 2x

0 i sin 2x 1

0
B@

1
CA
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are ðcos x� sin xÞ2, cos 2x, and ðcos xþ sin xÞ2, (1.5) implies that kAk ¼ cos xþ

sin x ¼
ffiffiffi
2

p
sin xþ p

4

� �
a

ffiffiffi
2

p
. On the other hand, the eigenvalues of ðA�1Þ�A�1

are

ðcos x� sin xÞ2

cos2 2x
;

1

cos 2x
; and

ðcos xþ sin xÞ2

cos2 2x
:

Hence

kA�1k ¼ cos xþ sin x

cos 2x
a

ffiffiffi
2

p

cos 2x
;

which is the conclusion. r

We return to the construction of Fj: Take u as in Lemma 2.4, and take

P A SOð3Þ and t A R as in Lemma 3.1, where y A 0;
p

4

� �
is given by cos 2y ¼

jðu; uÞj. Observe that by (1) of Lemma 2.4 we have

d :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
cos 2y

p
b

1

N 1=8
ð3:6Þ

and therefore y A 0;
p

4

� �
. We set

F :¼ e itPFj�1; j :¼ jF ¼ dF

dz
¼ e itPjj�1:ð3:7Þ

Since P A SOð3ÞHOð3;CÞ, F is a holomorphic null immersion. On the other
hand, since P A SOð3ÞHUð3Þ, F is congruent to Fj�1 in C3. In particular,

jjj ¼ jjj�1j; jjðqÞ � jðpÞj ¼ jjj�1ðqÞ � jj�1ðpÞjð3:8Þ

hold for p; q A D1.
Taking into account (3.6), we consider the matrix

A ¼ ðað1Þ; að2Þ; að3ÞÞ :¼
d 0 0

0 cos y �i sin y

0 i sin y cos y

0
B@

1
CA A d �Oð3;CÞ:ð3:9Þ

In particular, by (3.1), it holds that

að3Þ ¼ e�itPu ¼ e itPu:ð3:10Þ

By Lemma 3.2 and (3.6), it holds that

kAka
ffiffiffi
2

p
; kA�1ka

ffiffiffi
2

p

d2
a

ffiffiffi
2

p
N 1=4:ð3:11Þ
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Using the matrix A in (3.9), we set

E ¼ ðE ð1Þ;E ð2Þ;E ð3ÞÞ t :¼ A�1F ¼ e itA�1PFj�1;

c :¼ dE

dz
¼ A�1j ¼ e itA�1Pjj�1:

ð3:12Þ

Since A A d �Oð3;CÞ, E is a holomorphic null immersion although it is not
necessarily congruent to Fj�1. Moreover, by (3.12), (1.4), (3.11) and (3.8), we
have

jcj ¼ jA�1jjb 1

kAk jjjb
jjjffiffiffi
2

p ¼
jjj�1jffiffiffi

2
pð3:13Þ

jcðqÞ � cðpÞj ¼ jA�1ðjðqÞ � jðpÞÞja kA�1k jjðqÞ � jðpÞjð3:14Þ

a
ffiffiffi
2

p
N 1=4jjj�1ðqÞ � jj�1ðpÞj:

Lemma 3.3. Let G ¼ GE : D1 ! S2 be the Gauss map of E as in (3.12)
(cf. (1.18)). Then there exists a real matrix Q

Q ¼
1 0 0

0 cos Y �sin Y

0 sin Y cos Y

0
B@

1
CA A SOð3Þ; jYja 4ffiffiffiffiffi

N
pð3:15Þ

such that

distS 2ðQGðpÞ;Ge3Þb
1ffiffiffiffiffi
N

p e3 :¼
0

0

1

0
B@

1
CA

0
B@

1
CAð3:16Þ

holds for each point p A $j, where distS 2 is the canonical distance function of the
unit sphere S2 and GðpÞ A R3 is considered as a column vector (cf. Remark 1.1).
In particular, as in (3.9), one has:

the matrix A commutes with Q�1;ð3:17Þ
and

kQ�1 � idka jYja 4ffiffiffiffiffi
N

pð3:18Þ

holds.

Proof. By (3.9) and (3.15), the equality (3.17) is trivial. Moreover, since

Q�1 � id ¼
0 0 0

0 cos Y� 1 sin Y

0 �sin Y cos Y� 1

0
B@

1
CA¼ �2 sin

Y

2

0 0 0

0 sin
Y

2
�cos

Y

2

0 cos
Y

2
sin

Y

2

0
BBBBB@

1
CCCCCA;
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the maximum eigenvalue of ðQ�1 � idÞ�ðQ�1 � idÞ is 2 sin
Y

2

� �2
. Hence by (1.5),

kQ�1 � idk ¼ 2 sin
Y

2

				
				a jYj:

holds, and thus we have (3.18).
So, to prove Lemma 3.3, it is su‰cient to show (3.16) for suitable Q. The

Euclidean distance between GðpÞ and GðzjÞ in R3 can be estimated as

jGðpÞ � GðzjÞj ¼
cðpÞ � cðpÞ

jcðpÞj2
�
cðzjÞ � cðzjÞ

jcðzjÞj2

					
					 ðby ð1:18ÞÞ

¼ 1

jcðpÞj2jcðzjÞj2
		
cðpÞ � cðpÞ

�
jcðzjÞj2 �



cðzjÞ � cðzjÞ

�
jcðpÞj2

		
¼ 1

jcðpÞj2jcðzjÞj2
		
cðpÞ � cðpÞ

�
jcðzjÞj2 �



cðpÞ � cðpÞ

�
jcðpÞj2

þ


cðpÞ � cðpÞ

�
jcðpÞj2 �



cðzjÞ � cðzjÞ

�
jcðpÞj2

		
¼ 1

jcðpÞj2jcðzjÞj2
		
cðpÞ � cðpÞ

�
ðjcðzjÞj2 � jcðpÞj2Þ

þ jcðpÞj2


cðpÞ � cðpÞ � cðzjÞ � cðzjÞ

�		
a

jcðpÞj2


j jcðzjÞj2 � jcðpÞj2j þ jcðpÞ � cðpÞ � cðzjÞ � cðzjÞj

�
jcðpÞj2jcðzjÞj2

¼ 1

jcðzjÞj2

		 jcðzjÞj � jcðpÞj

		ðjcðzjÞj þ jcðpÞjÞ

þ jcðpÞ � cðpÞ � cðpÞ � cðzjÞ þ cðpÞ � cðzjÞ � cðzjÞ � cðzjÞj
�

a
1

jcðzjÞj2


jcðzjÞ � cðpÞjðjcðzjÞj þ jcðpÞjÞ

þ
		cðpÞ � ðcðpÞ � cðzjÞÞ þ ðcðpÞ � cðzjÞÞ � cðzjÞ

		�
a

2

jcðzjÞj2
jcðpÞ � cðzjÞjðjcðpÞ � cðzjÞj þ 2jcðzjÞjÞ

a
2

jcðzjÞj
jcðpÞ � cðzjÞj 2þ

jcðpÞ � cðzjÞj
jcðzjÞj

� �

a
2
ffiffiffi
2

p

jjj�1ðzjÞj
jcðpÞ � cðzjÞj 2þ

ffiffiffi
2

p
jcðpÞ � cðzjÞj
jjj�1ðzjÞj

 !
ðby ð3:13ÞÞ
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a
4N 1=4jjj�1ðpÞ � jj�1ðzjÞj

jjj�1ðzjÞj
2þ

2N 1=4jjj�1ðpÞ � jj�1ðzjÞj
jjj�1ðzjÞj

 !
ðby ð3:14ÞÞ

a
8N 1=4jjj�1ðpÞ � jj�1ðzjÞj

n
2þ 4N 1=4

n
jjj�1ðpÞ � jj�1ðzjÞj

� �
ðLemma 2:2Þ

a
8N 1=4

n

6mþ 2e

N
2þ 4N 1=4

n

6mþ 2e

N

� �
ðLemma 2:3Þ

¼ 1ffiffiffiffiffi
N

p 1

N 1=4

16ð3mþ eÞ
n

2þ 4ð6mþ 2eÞ
N 3=4n

� �� �

a
1ffiffiffiffiffi
N

p 1

N 1=4

16ð3mþ eÞ
n

2þ 4ð6mþ 2eÞffiffiffi
6

p 3
n

 ! !
ðby ð1:13ÞÞ

a
1ffiffiffiffiffi
N

p 1

N 1=4

16ð3mþ eÞ
n

2þ 6mþ 2e

3n

� �� �
a

1

2
ffiffiffiffiffi
N

p ðby ð1:13ÞÞ:

Then we have

distS 2ðGðpÞ;GðzjÞÞ ¼ 2 arcsin
1

2
jGðpÞ � GðzjÞj

� �
ð3:19Þ

a
p

2
jGðpÞ � GðzjÞja 2jGðpÞ � GðzjÞja

1ffiffiffiffiffi
N

p :

Here we used the inequality arcsin xa px=2 (0a xa 1). In particular, Gð$jÞ is

contained in the geodesic disc in the unit sphere S2 centered at GðzjÞ with radius
1=

ffiffiffiffiffi
N

p
.

Case 1. Assume both distS 2ðGðzjÞ; e3Þb 2=
ffiffiffiffiffi
N

p
and distS 2ðGðzjÞ;�e3Þb

2=
ffiffiffiffiffi
N

p
hold, where e3 ¼ ð0; 0; 1Þ. Then for each p A $j, (3.19) implies that

distS 2ðGðpÞ; e3Þb distS 2ðGðzjÞ; e3Þ � distS 2ðGðpÞ;GðzjÞÞ

b
2ffiffiffiffiffi
N

p � distS2ðGðpÞ;GðzjÞÞb
2ffiffiffiffiffi
N

p � 1ffiffiffiffiffi
N

p ¼ 1ffiffiffiffiffi
N

p :

Similarly distS2ðGðpÞ;�e3Þb 1=
ffiffiffiffiffi
N

p
holds. Then we have the conclusion (3.16)

for Q ¼ id and Y ¼ 0.

Case 2. Assume

distS 2ðGðzjÞ; e3Þ <
2ffiffiffiffiffi
N

p :ð3:20Þ
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In this case, take the matrix Q as in (3.15) with

Y :¼ 4ffiffiffiffiffi
N

p :ð3:21Þ

Then

distS 2ðQGðpÞ; e3Þ
b distS 2ðQe3; e3Þ � distS 2ðQGðpÞ;QGðzjÞÞ � distS 2ðQGðzjÞ;Qe3Þ

¼ 4ffiffiffiffiffi
N

p � distS 2ðQGðpÞ;QGðzjÞÞ � distS 2ðQGðzjÞ;Qe3Þ ðby ð3:21ÞÞ

¼ 4ffiffiffiffiffi
N

p � distS 2ðGðpÞ;GðzjÞÞ � distS 2ðGðzjÞ; e3Þ ðQ A SOð3ÞÞ

b
4ffiffiffiffiffi
N

p � 1ffiffiffiffiffi
N

p � distS 2ðGðzjÞ; e3Þ >
1ffiffiffiffiffi
N

p ðby ð3:19Þ; ð3:20ÞÞ:

On the other hand,

distS 2ðQGðpÞ; e3Þ
a distS 2ðQGðpÞ;QGðzjÞÞ þ distS 2ðQGðzjÞ;Qe3Þ þ distS 2ðQe3; e3Þ

¼ distS 2ðQGðpÞ;QGðzjÞÞ þ distS 2ðQGðzjÞ;Qe3Þ þ
4ffiffiffiffiffi
N

p ðby ð3:21ÞÞ

¼ distS 2ðGðpÞ;GðzjÞÞ þ distS 2ðGðzjÞ; e3Þ þ
4ffiffiffiffiffi
N

p ðQ A SOð3ÞÞ

a
1ffiffiffiffiffi
N

p þ distS 2ðGðzjÞ; e3Þ þ
4ffiffiffiffiffi
N

p ðby ð3:19ÞÞ

<
1ffiffiffiffiffi
N

p þ 2ffiffiffiffiffi
N

p þ 4ffiffiffiffiffi
N

p ¼ 7ffiffiffiffiffi
N

p ðby ð3:20ÞÞ

and then,

distS 2ðQGðpÞ;�e3Þ ¼ p� distS 2ðQGðpÞ; e3Þb 3� 7

6
b

1ffiffiffiffiffi
N

p

because of (1.13). Thus, we have the conclusion (3.16).

Case 3. If distS 2ðGðzjÞ;�e3Þ < 2=
ffiffiffiffiffi
N

p
holds, then we have the conclusion by

the same way as in the previous case. r

Using P A SOð3Þ, t A R in (3.1), A A d �Oð3;CÞ in (3.9) and Q A SOð3Þ in
(3.15), we define

~EE :¼ QE ¼ B�1Fj�1; ~cc :¼ d ~EE

dz
¼ Qc;ð3:22Þ
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where

B ¼ ðbð1Þ; bð2Þ; bð3ÞÞ :¼ ðe itQA�1PÞ�1 A ðe�itdÞ �Oð3;CÞ:ð3:23Þ
Here, the elements of C3 are considered as column vectors (cf. Remark 1.1).
Then ~EE is a holomorphic null immersion which is congruent to E in (3.12).
Denote by ðg; hÞ the Weierstrass data (cf. (1.8)) of ~EE:

~cc ¼ 1

2
ð1� g2; ið1þ g2Þ; 2gÞh; j ~ccj2 ¼ 1

2
ð1þ jgj2Þ2jhj2:ð3:24Þ

Then we have

Lemma 3.4. The meromorphic function g as in (3.24) satisfies

1

2
ffiffiffiffiffi
N

p a jgja 2
ffiffiffiffiffi
N

p
and

jgj
1þ jgj2

b
2
ffiffiffiffiffi
N

p

1þ 4N
ðon $jÞ:

Proof. The Gauss map ~GG of ~EE is obtained by

~GG ¼ QG ¼ 1

1þ jgj2
2 Re g

2 Im g

jgj2 � 1

0
B@

1
CA:

Here, since ~GG ¼ QG satisfies (3.16) on $j , it holds that

distS 2ð ~GG; e3Þ ¼ arccosð ~GG � e3Þ ¼ arccos
jgj2 � 1

jgj2 þ 1

 !
b

1ffiffiffiffiffi
N

p ;ð3:25Þ

distS 2ð ~GG;�e3Þ ¼ arccosð ~GG � ð�e3ÞÞ ¼ arccos
1� jgj2

jgj2 þ 1

 !
b

1ffiffiffiffiffi
N

pð3:26Þ

on $j, where ‘‘�’’ denotes the canonical inner product of R3. Since (3.25) implies

jgj2 � 1

jgj2 þ 1
a cos

1ffiffiffiffiffi
N

p ;

we have

jgj2 a
1þ cos

1ffiffiffiffiffi
N

p

1� cos
1ffiffiffiffiffi
N

p
¼ cot2

1

2
ffiffiffiffiffi
N

p a ð2
ffiffiffiffiffi
N

p
Þ2:

Similarly, by (3.26), we have

jgj2 b tan2 1

2
ffiffiffiffiffi
N

p b
1

2
ffiffiffiffiffi
N

p
� �2

:

Thus, we have the first inequality of the conclusion. The second inequality is
obtained immediately by the first inequality. r
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We set

vj :¼ bð3Þ;ð3:27Þ

where bð3Þ is the third column of the matrix B as in (3.23).

Lemma 3.5. The vector vj in (3.27) is a unit vector satisfying jðvj; vjÞjb
1=N 1=4. Moreover, when (2.1) holds, that is, jFj�1ðzjÞjb 1=

ffiffiffiffiffi
N

p
, it holds that

Fj�1ðpÞ
jFj�1ðpÞj

; vj

� �				
				b 1� C2ffiffiffiffiffi

N
p for p A $j;

where C2 is the constant in (1.11).

Proof. Let e3 ¼ ð0; 0; 1Þ. Since the matrix A and Q�1 commute (cf. (3.17)),
the third column of the matrix B is obtained as

bð3Þ ¼ Be3 ¼ e�itP�1AQ�1e3 ¼ e�itP�1Q�1Ae3 ðby ð3:23Þ; ð3:17ÞÞ

¼ e�itP�1Q�1að3Þ ¼ e�itP�1Q�1ðe itPuÞ ðby ð3:9Þ; ð3:10ÞÞ

¼ P�1Q�1Pu:

Taking into account that P and Q are real matrices, (3.27) implies that vj ¼
P�1Q�1Pu. Then by Lemma 2.4, we have jvjj ¼ 1, jðvj; vjÞjb 1=N 1=4, because P,
Q A SOð3Þ. Moreover, when jFj�1ðzjÞjb 1=

ffiffiffiffiffi
N

p
(i.e. (2.1) holds),

Fj�1ðpÞ
jFj�1ðpÞj

; vj

� �				
				

¼ Fj�1ðpÞ
jFj�1ðpÞj

;P�1Q�1Pu

� �				
				

¼ Fj�1ðpÞ
jFj�1ðpÞj

; uþ P�1ðQ�1 � idÞPu
� �				

				
b

Fj�1ðpÞ
jFj�1ðpÞj

; u

� �				
				� Fj�1ðpÞ

jFj�1ðpÞj
;P�1ðQ�1 � idÞPu

� �				
				

b
Fj�1ðpÞ
jFj�1ðpÞj

; u

� �				
				� Fj�1ðpÞ

jFj�1ðpÞj

				
				 � kP�1ðQ�1 � idÞPk juj ðby ð1:4ÞÞ

¼ Fj�1ðpÞ
jFj�1ðpÞj

; u

� �				
				� kP�1ðQ�1 � idÞPk

¼ Fj�1ðpÞ
jFj�1ðpÞj

; u

� �				
				� kQ�1 � idk ðP A SOð3ÞÞ
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b
Fj�1ðpÞ
jFj�1ðpÞj

; u

� �				
				� jYjb Fj�1ðpÞ

jFj�1ðpÞj
; u

� �				
				� 4ffiffiffiffiffi

N
p ðLemma 3:3Þ

b 1� c1ffiffiffiffiffi
N

p � 4ffiffiffiffiffi
N

p ¼ 1� C2ffiffiffiffiffi
N

p : ðLemma 2:4; ð1:11ÞÞ:

Thus we have the conclusion. r

Now, we apply the ‘‘López-Ros deformation’’ to the holomorphic null im-
mersion ~EE. The following lemma is the straightforward conclusion of the classical
Runge’s theorem:

Lemma 3.6. There exists a holomorphic function h on C which does not
vanish on C and satisfies

jh� 1ja e1 ðon D1n$jÞ
jh� T ja 1 ðon ojÞ

�
;

where

e1 ¼
e

eþ 4
ffiffiffi
2

p
mj�1N

9=4
; mj�1 ¼ max

D1

jjj�1j; T ¼ 4N 7=2 þ 1:ð3:28Þ

Using the function h in Lemma 3.6 as a López-Ros parameter, we produce
new Weierstrass data as follows:

ĝg :¼ g

h
; ĥh :¼ hh; ĉc :¼ 1

2
ð1� ĝg2; ið1þ ĝg2Þ; 2ĝgÞĥh:ð3:29Þ

We denote

ÊEðzÞ :¼
ð z
0

ĉcðzÞ dz; Fj :¼ BÊE;ð3:30Þ

where B is the matrix as in (3.23). By definition (3.29), gh ¼ ĝgĥh holds. Thus, if
we write

~cc ¼ ð ~ccð1Þ; ~ccð2Þ; ~ccð3ÞÞ and ĉc ¼ ðĉcð1Þ; ĉcð2Þ; ĉcð3ÞÞ;
then

~ccð3Þ ¼ ĉcð3Þð3:31Þ

holds.
By (3.30), the construction procedure of Fj is accomplished. Thus, we

obtain a sequence fFjgj¼0;1;...;2N of holomorphic null immersions and a sequence
fvjgj¼1;...;2N of unit vectors.

Now, we shall prove that fFjg and fvjg satisfy the conclusions (K-0)–(K-6)
of the Key Lemma 1.4.
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Lemma 3.7 ((K-6)). For each j ¼ 1; . . . ; 2N, hFj; vji ¼ hFj�1; vji holds.

Proof. By (3.31), we have

ðÊE; e3Þ ¼
ð z
0

ĉcð3ÞðwÞ dw ¼
ð z
0

~ccð3ÞðwÞ dw ¼ ð ~EE; e3Þ ðe3 ¼ ð0; 0; 1ÞÞ:ð3:32Þ

Let B be as in (3.23). Since B A ðe�itdÞ �Oð3;CÞ,
ðBx;ByÞ ¼ e�2itd2ðx; yÞð3:33Þ

holds. Then

hFj; vji ¼ ðFj; vjÞ

¼ ðBÊE; vjÞ ¼ ðBÊE; bð3ÞÞ ¼ ðBÊE;Be3Þ ðby ð3:30Þ; ð3:27Þ; ð3:23ÞÞ

¼ e�2itd2ðÊE; e3Þ ¼ e�2itd2ð ~EE; e3Þ ¼ hFj�1; vji ðby ð3:33Þ; ð3:32ÞÞ: r

The properties (K-4), (K-5) and (K-6) in the Key Lemma 1.4 for l ¼ j hold
by Lemmas 3.5 and 3.7. The property (K-1) holds trivially because of (3.30).
So we shall prove that Fj ð j ¼ 1; . . . ; 2NÞ satisfies (K-2), (K-3) of the Key Lemma
1.4.

Lemma 3.8. The holomorphic null immersion Fj as in (3.30) satisfies

jjj � jj�1ja
e

2N 2
on D1n$j ;ð3:34Þ

jjjjb
C1

N 3=4
on $j ;ð3:35Þ

jjjjbC1N
9=4 on oj:ð3:36Þ

where C1 is given in (1.11).

Proof. By the definitions (3.12), (3.22), (3.23) and (3.30), and noticing that
Q�1 and A commute (cf. (3.17)), we have

jj�1 ¼ e�itP�1AQ�1 ~cc ¼ e�itP�1Q�1A ~cc;

jj ¼ e�itP�1AQ�1ĉc ¼ e�itP�1Q�1Aĉc:

Then

jjj�1j ¼ jA ~ccj; jjjj ¼ jAĉcj; j ~ccj ¼ jA�1Pjj�1j; jĉcj ¼ jA�1Pjjj;ð3:37Þ

hold because P, Q A SOð3Þ. By (1.4) and (3.11),

jjj � jj�1j ¼ jAðĉc� ~ccÞja kAk jĉc� ~ccja
ffiffiffi
2

p
jĉc� ~ccj;

jjj � jj�1j ¼ jAðĉc� ~ccÞjb 1

kA�1k jĉc� ~ccjb 1ffiffiffi
2

p
N 1=4

jĉc� ~ccj
ð3:38Þ
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hold. Here, by (3.24), (3.29) and (3.31), we have

jĉc� ~ccj ¼ 1

2
ðð1� ĝg2Þĥh� ð1� g2Þh; ið1þ ĝg2Þĥh� ið1þ g2ÞhÞ

				
				

¼ 1

2
1� g2

h2

� �
hh� ð1� g2Þh; i 1þ g2

h2

� �
hh� ið1þ g2Þh

� �				
				

¼ 1

2
ðh� 1Þ 1þ g2

h

� �
; i 1� g2

h

� �� �
h

				
				

¼ 1

2
jh� 1j jhj 1þ g2

h

				
				
2

þ 1� g2

h

				
				
2

 !1=2
a

1

2
jh� 1j jhj 1þ g2

h

				
				þ 1� g2

h

				
				

� �

a jh� 1j jhj 1þ jgj2

jhj

 !
a jh� 1j jhj 1þ jgj2

1� jh� 1j

 !

a jh� 1j ð1þ jgj2Þjhj
1� jh� 1j ¼

ffiffiffi
2

p
j ~ccj jh� 1j

1� jh� 1j :

Since h is taken as in Lemma 3.6 and P A SOð3Þ,

jĉc� ~ccja
ffiffiffi
2

p
j ~ccj e1

1� e1
¼

ffiffiffi
2

p
j ~ccj e

4
ffiffiffi
2

p
mj�1N

9=4
ðLemma 3:6; ð3:28ÞÞ

¼ jA�1Pjj�1j
e

4mj�1N
9=4

a kA�1k jPjj�1j
e

4mj�1N
9=4

ðby ð3:37Þ; ð1:4ÞÞ

a
ffiffiffi
2

p
N 1=4jjj�1j

e

4mj�1N
9=4

ðby ð3:11ÞÞ

a
ffiffiffi
2

p
N 1=4mj�1

e

4mj�1N
9=4

¼ e

2
ffiffiffi
2

p
N 2

ðby ð3:28ÞÞ

holds on D1n$j. Thus, by (3.38) jjj � jj�1ja
ffiffiffi
2

p
jĉc� ~ccja e=ð2N 2Þ, which is

(3.34).
Next, on $j, it holds that

jjjj ¼ jAĉcjb 1

kA�1k jĉcjb
1ffiffiffi

2
p

N 1=4
jĉcj ðby ð3:37Þ; ð1:4Þ; ð3:11ÞÞð3:39Þ

¼ 1ffiffiffi
2

p
N 1=4

1ffiffiffi
2

p ð1þ jĝgj2Þj jĥhj

¼ 1

2N 1=4
ð1þ jĝgj2Þjĥhj ðby ð3:29Þ; ð1:9ÞÞ:

Moreover
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jjjjb
1

N 1=4
jĝgĥhj ¼ 1

N 1=4
jghj ðby ð3:39Þ; ð3:31ÞÞ

¼
ffiffiffi
2

p

N 1=4

1ffiffiffi
2

p ð1þ jgj2Þjhj jgj
1þ jgj2

¼
ffiffiffi
2

p
j ~ccj

N 1=4

jgj
1þ jgj2

ðby ð3:24ÞÞ

¼
ffiffiffi
2

p
jA�1Pjj�1j
N 1=4

jgj
1þ jgj2

b

ffiffiffi
2

p
jjj�1j

N 1=4kAk
jgj

1þ jgj2
ðby ð3:37Þ; ð1:4Þ; P A SOð3ÞÞ

b
jjj�1j
N 1=4

jgj
1þ jgj2

b
jjj�1j
N 1=4

2
ffiffiffiffiffi
N

p

1þ 4N
ðby ð3:11Þ; Lemma 3:4Þ

b
n

2N 1=4

2
ffiffiffiffiffi
N

p

1þ 4N
¼ n

N 3=4

1

4þ 1=N
b

n

5N 3=4
¼ C1

N 3=4
ðLemma 2:2; ð1:11ÞÞ:

Thus, we have (3.35).
Since oj H$j, we have on oj that

jjjjb
1

2N 1=4
ð1þ jĝgj2Þjĥhjb 1

2N 1=4
jĥhj ðby ð3:39ÞÞ

¼ 1

2N 1=4
jhj jhj ¼

ffiffiffi
2

p

2N 1=4

1ffiffiffi
2

p ð1þ jgj2Þjhj jhj
1þ jgj2

ðby ð3:29ÞÞ

¼ jhjffiffiffi
2

p
N 1=4

j ~ccj 1

1þ jgj2
¼ jhjffiffiffi

2
p

N 1=4
jA�1Pjj�1j

1

1þ jgj2
ðby ð3:24Þ; ð3:37ÞÞ

b
jhj

kAk
ffiffiffi
2

p
N 1=4

jPjj�1j
1

1þ jgj2
b

jhj
2N 1=4

jPjj�1j
1

1þ jgj2
ðby ð1:4Þ; ð3:11ÞÞ

b
jhj

2N 1=4
jjj�1j

1

1þ 4N
b

jhj
2N 1=4

n

2

1

1þ 4N
ðP A SOð3Þ; Lemmas 3:4; 2:2Þ

b
jhjn

4N 1=4

1

5N
¼ n

20N 5=4
jhjb n

20N 5=4
ðT � jh� T jÞ

b
n

20N 5=4
4N 7=2 ¼ n

5
N 9=4 ¼ C1N

9=4 ðLemma 3:6; ð1:11ÞÞ:

Hence we have (3.36). r

Thus we have fFjg and fvjg satisfying properties (K-0)–(K-6) in Lemma 1.4.

4. A proof of Proposition 1.3

In this section, we prove Proposition 1.3. We take the sequences fFjg and
fvjg as in the Key Lemma 1.4, and set

Y :¼ F2N :ð4:1Þ
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Recall that X ¼ F0 by (K-0). Then we shall prove (Y-1)–(Y-3) in Proposition
1.3.

Lemma 4.1. It holds that

jjY � jX ja
e

N
; and jY � X ja 2e

N
on D1nð$1 U � � �U$2NÞ;

where jX ¼ dX=dz and jY ¼ dY=dz.

Proof. By (K-2) of the Key Lemma 1.4,

jjY � jX j ¼ jj2N � j0ja jj2N � j2N�1j þ � � � þ jj1 � j0ja 2N � e

2N 2
¼ e

N

holds on D1nð$1 U � � �U$2NÞ. On the other hand, by Lemma 2.1,

jY � X j ¼ jF2N � F0ja jF2N � F2N�1j þ � � � þ jF1 � F0ja 2N � e

N 2
¼ 2e

N

holds on D1nð$1 U � � �U$2NÞ. r

Corollary 4.2 (the conclusion (Y-1)). It holds that

jjY � jX j < e and jY � X j < e on D1�e:

Proof. Note that we take the labyrinth as in Appendix A. Here, by
(1.14),

2

N
þ 1

8N 3
¼ 1

N
2þ 1

8N 2

� �
<

3

N
a e

holds. Then by (2) of Lemma A.1 in Appendix A, we have that

D1�e HD1nð$1 U � � �U$2NÞ:ð4:2Þ

Thus, by Lemma 4.1 and (1.13), it holds on D1�e that

jjY � jX j ¼ jj2N � j0ja
e

N
< e; jY � X j ¼ jF2N � F0ja

2e

N
< e r

Lemma 4.3. The function jY ¼ j2N satisfies

jjY jb

C1

2
N 9=4 on o1 U � � �Uo2N

C1

2N 3=4
on D1:

8>>><
>>>:
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Proof. On oj,

jjY j ¼ jj2N jb jjj j � jj2N � j2N�1j � � � � � jjjþ1 � jj j

bC1N
9=4 � ð2N � j þ 1Þe

2N 2
ðby ðK-3Þ; ðK-2ÞÞ

bC1N
9=4 � e

N
¼ N 9=4 C1 �

e

N 13=4

� �

bN 9=4 C1 �
e

N 1=4

� �
b

C1

2
N 9=4 ðby ð1:14ÞÞ:

On the other hand, on $j , we have

jjY j ¼ jj2N jb jjjj � jj2N � j2N�1j � � � � � jjjþ1 � jjj

b
C1

N 3=4
� ð2N � j þ 1Þe

2N 2
ðby ðK-3Þ; ðK-2ÞÞ

b
C1

N 3=4
� e

N
¼ 1

N 3=4
C1 �

e

N 1=4

� �
b

C1

2N 3=4
ðby ð1:14ÞÞ:

Finally, on D1nð$1 U � � �U$2NÞ,

jjY j ¼ jj2N jb jj0j � jj2N � j2N�1j � � � � � jj1 � j0j

b jj0j � 2N � e

2N 2
b n� e

N
ðby ðK-2Þ; ð1:16ÞÞ

b n� e

N 3=4
b

C1

2N 3=4
ðby ð1:14ÞÞ:

Hence we have the conclusion. r

Corollary 4.4 (the conclusion (Y-2)). The disc ðD1; ds
2
Y Þ contains a geo-

desic disc D centered at 0 with radius rþ s.

Proof. The induced metric ds2Y is expressed as

ds2Y ¼ jjY j
2jdzj2:

Consider a Riemannian metric

ds2 :¼ 2N 3=4

C1

� �2
ds2Y ¼ l2jdzj2; l :¼ 2N 3=4

C1
jjY j

� �
:

Then by Lemma 4.3, ds2 satisfies the assumptions of Lemma A.4 in Appendix A.
Thus, we have

distds2ð0; qD1ÞbN;
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where distds2 denotes the distance function with respect to ds2. Then by (1.14),
we have

distds2
Y
ð0; qD1Þb

C1

2N 3=4
N ¼ C1N

1=4

2
b rþ s:

Hence we have the conclusion. r

By Corollary 4.4, one can take a geodesic disc D of ðD1; ds
2
Y Þ centered at the

origin with radius rþ s. We fix q A qD, and will prove (Y-3) of Proposition 1.3
from now on:

First, we assume q A $j for some j A f1; . . . ; 2Ng (otherwise, the proof of
(Y-3) is rather easy). Since q A qD, there exists a ds2Y -geodesic g joining 0 and q
with length rþ s. Since ds2Y is a Riemannian metric of non-positive Gaussian
curvature,

an arbitrary subarc of g is the shortest geodesic:ð4:3Þ
Hence the image of g is contained in D.

Lemma 4.5. The Euclidean length of g satisfies

LengthCðgÞa
2ðrþ sÞ

C1
N 3=4:

Proof. Since the ds2Y -arclength of g is rþ s, Lemma 4.3 implies that

rþ s ¼
ð
g

jjY j jdzjb
ð
g

C1

2N 3=4
jdzj ¼ C1

2N 3=4
LengthCðgÞ:

Hence we have the conclusion. r

Now, take points �qq; ~qq A D on the arc g such that
� �qq A q$j and the subarc of g joining �qq and q is contained in $j, namely, �qq is
the final point where g meets q$j,

� and the subarc of g joining 0 and ~qq A qD1� 2
N
� 1

8N 3
contained in D1� 2

N
� 1

8N 3
;

namely, ~qq is the first point where g meets qD1� 2
N
� 1

8N 3
.

See Figure 1.

Lemma 4.6. It holds that

jFlð�qqÞja rþ 2e

N
ðl ¼ 0; . . . ; 2NÞ;ð4:4Þ

jFj�1ðqÞja rþ 2e

N
;ð4:5Þ

jF2NðqÞ � FjðqÞja
2e

N
; jF2Nð�qqÞ � Fjð�qqÞja

2e

N
;ð4:6Þ

jF2NðqÞ � F2Nð�qqÞja sþ c2

N 1=4
;ð4:7Þ

where c2 is defined by (1.12).
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Proof. Since �qq B $1 U � � �U$2N , Lemma 2.1 and the assumption (X-3) of
the Proposition 1.3 imply

jFlð�qqÞja jF0ð�qqÞj þ jF1ð�qqÞ � F0ð�qqÞj þ � � � þ jFlð�qqÞ � Fl�1ð�qqÞj

a rþ le

N 2
a rþ 2e

N
:

Hence we have (4.4). A similar reasoning proves (4.5).
If j ¼ 2N, (4.6) is obvious. When ja 2N � 1, since q B $jþ1 U � � �U$2N ,

Lemma 2.1 implies

jF2NðqÞ � FjðqÞja jF2NðqÞ � F2N�1ðqÞj þ � � � þ jFjþ1ðqÞ � FjðqÞj

a
ð2N � jÞe

N 2
<

2e

N
:

Then the first inequality of (4.6) holds. Similarly, we have the second inequality
of (4.6).

Let g1 be the subarc of the geodesic g joining 0 and ~qq, and let g2 be the
line segment joining ~qq and qD1 which is contained in the line ft~qq j t A Rg, see
Figure 1. Since g1 U g2 is a path joining 0 and qD1, the assumption (X-2) and
(K-0) imply that

Lengthds2
X
ðg1 U g2Þ ¼

ð
g1Ug2

jjX ðzÞj jdzjb distds2
X
ð0; qD1Þb r;ð4:8Þ

where Lengthds2
X
ðg1 U g2Þ is the length of the curve g1 U g2 with respect to the

metric ds2X . On the other hand, by (1.16), we have

Figure 1. The curve g and points �qq, ~qq
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Lengthds2
X
ðg2Þ ¼

ð
g2

jjX ðzÞj jdzja m � LengthCðg2Þð4:9Þ

¼ m
2

N
þ 1

8N 3

� �
¼ m

N
2þ 1

8N 2

� �
a

3m

N
:

Hence we haveð
g1

jjX ðzÞj jdzj ¼
ð
g1 U g2

jjX ðzÞj jdzj �
ð
g2

jjX ðzÞj jdzjb r� 3m

N
:ð4:10Þ

Since g1 is contained in the subarc of g joining 0 and �qq, and taking into account
that Y ¼ F2N (cf. (4.1)), we have

distds2
Y
ð0; �qqÞb distds2

Y
ð0; ~qqÞ ¼

ð
g1

jjY ðzÞj jdzj ðby ð4:3ÞÞ

¼
ð
g1

ðjjY ðzÞj � jjX ðzÞjÞjdzj þ
ð
g1

jjX ðzÞj jdzj

b�
ð
g1

jjY ðzÞ � jX ðzÞj jdzj þ
ð
g1

jjX ðzÞj jdzj

b�
ð
g1

jjY ðzÞ � jX ðzÞj jdzj þ r� 3m

N
ðby ð4:10ÞÞ

b�
ð
g1

e

N
jdzj þ r� 3m

N
ðLemma 4:1Þ

b�LengthCðgÞ
e

N
þ r� 3m

N
ðg1 H gÞ

b� 2eðrþ sÞ
C1N 1=4

þ r� 3m

N
b� 2eðrþ sÞ

C1N 1=4
þ r� 3m

N 1=4
ðLemma 4:5Þ

¼ r� 1

N 1=4
3mþ 2eðrþ sÞ

C1

� �
¼ r� c2

N 1=4
ðby ð1:12ÞÞ:

Here, since �qq lies on the geodesic g joining 0 and q, (4.3) implies

jF2NðqÞ � F2Nð�qqÞja distds2
Y
ðq; �qqÞ ¼ distds2

Y
ð0; qÞ � distds2

Y
ð0; �qqÞ

¼ rþ s� distds2
Y
ð0; �qqÞ

a rþ s� r� c2

N 1=4

� �
¼ sþ c2

N 1=4
:

Thus (4.7) is obtained. r

We first consider the case that q A $j and jFj�1ðzjÞj > 1=
ffiffiffiffiffi
N

p
.
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Lemma 4.7. When q A $j and jFj�1ðzjÞj > 1=
ffiffiffiffiffi
N

p
,

jFjðqÞja
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ c3

N 1=4

holds.

Proof. Let vj A C3 be the unit vector as in (K-4)–(K-6), and denote

ðvjÞ? :¼ ðthe orthogonal complement of vj with respect to h ; iÞ:

Then ðvjÞ? is a (complex) 2-dimensional subspace of C3. Denote by Pj the
orthogonal projection

Pj : C
3 C x 7! x� hx; vjivj A ðvjÞ?ð4:11Þ

with respect to the Hermitian inner product h ; i. Then for any vector x A C3,

jxj2 ¼ jhx; vjij2 þ jPjxj2ð4:12Þ
holds. Thus, we have

jPjFjðqÞja jPjFjðqÞ �PjFjð�qqÞj þ jPjFjð�qqÞj
¼ jPjðFjðqÞ � Fjð�qqÞÞj þ jPjFjð�qqÞj
a jFjðqÞ � Fjð�qqÞj þ jPjFjð�qqÞj ðby ð4:12ÞÞ
a jFjðqÞ � Fjð�qqÞj þ jPjðFjð�qqÞ � Fj�1ð�qqÞÞj þ jPjFj�1ð�qqÞj
a jFjðqÞ � Fjð�qqÞj þ jFjð�qqÞ � Fj�1ð�qqÞj þ jPjFj�1ð�qqÞj ðby ð4:12ÞÞ
a jF2NðqÞ � F2Nð�qqÞj þ jF2NðqÞ � FjðqÞj þ jF2Nð�qqÞ � Fjð�qqÞj

þ jFjð�qqÞ � Fj�1ð�qqÞj þ jPjFj�1ð�qqÞj

a sþ c2

N 1=4

� �
þ 2e

N
þ 2e

N

þ jFjð�qqÞ � Fj�1ð�qqÞj þ jPjFj�1ð�qqÞj ðLemma 4:6Þ

a sþ c2

N 1=4

� �
þ 4e

N
þ e

N 2
þ jPjFj�1ð�qqÞj ðLemma 2:1Þ

a sþ 1

N 1=4
c2 þ

4e

N 3=4
þ e

N 7=4

� �
þ jPjFj�1ð�qqÞj

a sþ c2 þ 5e

N 1=4
þ jPjFj�1ð�qqÞj:

Hence we have

jPjFjðqÞja sþ c2 þ 5e

N 1=4
þ jPjFj�1ð�qqÞj:ð4:13Þ
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Here, we assume Fj�1ð�qqÞ0 0. Since �qq A $j, we have

jPjFj�1ð�qqÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jFj�1ð�qqÞj2 � jðFj�1ð�qqÞ; vjÞj2

q
ðby ð4:12ÞÞ

¼ jFj�1ð�qqÞj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Fj�1ð�qqÞ

jFj�1ð�qqÞj
; vj

� �				
				
2

s

a jFj�1ð�qqÞj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� C2ffiffiffiffiffi

N
p

� �2s
ðby ðK-5ÞÞ

¼ jFj�1ð�qqÞj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2C2ffiffiffiffiffi
N

p � ðC2Þ2

N

s
a jFj�1ð�qqÞj

ffiffiffiffiffiffiffiffi
2C2ffiffiffiffiffi
N

p
s

¼ jFj�1ð�qqÞj
ffiffiffiffiffiffiffiffi
2C2

p

N 1=4
a rþ 2e

N

� �
�
ffiffiffiffiffiffiffiffi
2C2

p

N 1=4
ðby ð4:4Þ in Lemma 4:6Þ

a
ðrþ 2eÞ

ffiffiffiffiffiffiffiffi
2C2

p

N 1=4
:

Then by (4.13), we have

jPjFjðqÞja sþ a

N 1=4
ða :¼ c2 þ 5eþ ðrþ 2eÞ

ffiffiffiffiffiffiffiffi
2C2

p
Þð4:14Þ

when Fj�1ð�qqÞ0 0. Otherwise, namely when Fj�1ð�qqÞ ¼ 0, (4.14) holds trivially.
Thus,

jFjðqÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jhFjðqÞ; vjij2 þ jPjFjðqÞj2

q
ðby ð4:12ÞÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jhFj�1ðqÞ; vjij2 þ jPjFjðqÞj2

q
ðby ðK-6ÞÞ

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jFj�1ðqÞj2 þ jPjFjðqÞj2

q

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ 2e

N

� �2
þ sþ a

N 1=4

� �2s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ s2Þ þ 2

N 1=4
b

r
; ðby ð4:5Þ; ð4:14ÞÞ;

where

b :¼ saþ a2

2N 1=4
þ 2re

N 3=4
þ 2e2

N 7=4

� �
a saþ a2

2
þ 2reþ 2e2 ¼ c3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p

and c3 is the constant as in (1.12). Hence by the inequality
ffiffiffiffiffiffiffiffiffiffiffi
1þ x

p
a 1þ ðx=2Þ,
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jFjðqÞja
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

N 1=4

b

r2 þ s2

r
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
1þ 1

N 1=4

b

r2 þ s2

� �

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
1þ 1

N 1=4

c3ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
� �

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ c3

N 1=4

holds, which is the conclusion. r

Corollary 4.8. Under the assumption of Lemma 4.7, we have

jYðqÞj ¼ jF2NðqÞja
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ e for q A ðqDV$jÞ:

Proof.

jF2NðqÞja jFjðqÞj þ jF2NðqÞ � FjðqÞja jFjðqÞj þ
2e

N
ðby ð4:6Þ in Lemma 4:6Þ

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ c3

N 1=4
þ 2e

N
ðLemma 4:7Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ 1

N 1=4
c3 þ

2e

N 3=4

� �

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ 1

N 1=4
ðc3 þ 2eÞa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ e ðby ð1:15ÞÞ: r

Next we consider the case q A $j and jFj�1ðzjÞja 1=
ffiffiffiffiffi
N

p
.

Lemma 4.9. When jFj�1ðzjÞja 1=
ffiffiffiffiffi
N

p
and q A ðqDV$jÞ,

jYðqÞj ¼ jF2NðqÞja
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ e

holds.

Proof. Since �qq A q$j,

jF2NðqÞja jF2NðqÞ � F2Nð�qqÞj þ jF2Nð�qqÞja sþ c2

N 1=4

� �
þ jF2Nð�qqÞj ðby ð4:7ÞÞ

a sþ c2

N 1=4

� �
þ jF2Nð�qqÞ � Fjð�qqÞj þ jFjð�qqÞj

a sþ c2

N 1=4

� �
þ 2e

N
þ jFjð�qqÞj ðby ð4:6ÞÞ

a sþ 1

N 1=4
c2 þ

2e

N 3=4

� �
þ jFjð�qqÞ � Fj�1ð�qqÞj þ jFj�1ð�qqÞj

a sþ 1

N 1=4
c2 þ

2e

N 3=4

� �
þ e

N 2
þ jFj�1ð�qqÞj ðLemma 2:1Þ
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a sþ 1

N 1=4
c2 þ

2e

N 3=4
þ e

N 7=4

� �
þ jFj�1ð�qqÞ � Fj�1ðzjÞj þ jFj�1ðzjÞj

a sþ 1

N 1=4
c2 þ

2e

N 3=4
þ e

N 7=4
þ 6m

N 3=4

� �
þ jFj�1ðzjÞj ðLemma 2:3Þ

a sþ 1

N 1=4
c2 þ

2e

N 3=4
þ e

N 7=4
þ 6m

N 3=4
þ 1

N 1=4

� �

¼ sþ 1þ c2 þ 6mþ 3e

N 1=4
a sþ ea

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ e ðby ð1:15ÞÞ:

Thus we have the conclusion. r

The remaining case is when

q A qDV ðD1nð$1 U � � �U$2NÞÞ:ð4:15Þ

Lemma 4.10. If q satisfies (4.15), then

jF2NðqÞja
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ e

holds.

Proof. By the assumption (X-3), jX ðqÞj ¼ jF0ðqÞja r holds. Then by
Lemma 4.1 and (1.13), we have

jF2NðqÞja jF0ðqÞj þ jF2NðqÞ � F0ðqÞja rþ 2e

N
a rþ ea

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ s2

p
þ e: r

Summing up, Corollary 4.8 and Lemmas 4.9 and 4.10 imply (Y-3) of the
Proposition 1.3.

Appendix A. Labyrinth

For the sake of completeness, we recall Nadirashvili’s labyrinth (for further
details we refer the reader to [7] or [4]).

For each number k ¼ 0; 1; 2; . . . ; 2N 2, we set

rk :¼ 1� k

N 3
r0 ¼ 1; r1 ¼ 1� 1

N 3
; . . . ; r2N 2 ¼ 1� 2

N

� �
;ðA:1Þ

and take a sequence of domains

Drk ¼ fz A C; jzj < rkg ðk ¼ 0; . . . ; 2N 2Þ:ðA:2Þ

Since frkg is decreasing in k, it holds that

D1 ¼ Dr0 IDr1 I � � �IDr
2N 2

¼ D1� 2
N
:
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We denote the boundaries of Drk by

Srk ¼ qDrk ¼ fz A C; jzj ¼ rkg:ðA:3Þ

We set

A :¼ D1nDr
2N 2

¼ D1nD1� 2
N

ðA:4Þ

and

A :¼ 6
N 2�1

k¼0

ðDr2knDr2kþ1
Þ ¼ ðDr0nDr1ÞU ðDr2nDr3ÞU � � �U ðDr

2N 2�2
nDr

2N 2�1
Þ;

~AA :¼ 6
N 2�1

k¼0

ðDr2kþ1
nDr2kþ2

Þ ¼ ðDr1nDr2ÞU ðDr3nDr4ÞU � � �U ðDr
2N 2�1

nDr
2N 2

Þ:

Next, let

L :¼ 6
N�1

j¼0

l2jp=N

 !
VA; ~LL :¼ 6

N�1

j¼0

lð2jþ1Þp=N

 !
V ~AA;ðA:5Þ

where lt :¼ fre it; rb 0g, and set

H :¼ LU ~LLUS S :¼ 6
2N 2

k¼0

qDrk ¼ 6
2N 2

k¼0

Srk

 !
:ðA:6Þ

We define

W :¼ AnU 1

4N 3

� �
ðHÞ;ðA:7Þ

where U ½e�ðBÞ denotes the e-neighborhood of the subset BHC (in the Euclidean
distance). Note that each connected component of W has the width 1=ð2N 3Þ.

For each number j ¼ 1; . . . ; 2N, we set

oj :¼ ðl jp=N VAÞ
U ðthe connected components of W intersecting with l jp=NÞ;

$j :¼ U
1

8N 3

� �
ðojÞ ¼ the

1

8N 3
-neighborhood of oj

� �
;

ðA:8Þ

$j :¼ the closure of $j.
Finally we denote by zj the ‘‘base point’’ of $j:

zj :¼ 1� 2

N
� 1

8N 3

� �
e ipj=N A q$j ð j ¼ 1; . . . ; 2NÞðA:9Þ

(see Figure 3).
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Figure 3. The base point zj

Figure 2. The labyrinth
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By definition, we have

Lemma A.1. (1) For each j ¼ 1; . . . ; 2N, both oj and D1n$j are disjoint
compact subsets of C such that Cnðoj U ðD1n$jÞÞ is connected.

(2) It holds that

D1nD1� 2
N
� 1

8N 3
I$1 U � � �U$2N :

Lemma A.2. Let j A f1; . . . ; 2Ng. Then for each p A D1n$j, there exists a
path g in D1n$j joining 0 and p whose length (with respect to the Euclidean metric
of C) is not greater than 1þ p=N.

Proof. By a rotation and a reflection on C ¼ R2, we assume j ¼ 2N and
p ¼ re iy (0a ra 1, 0a ya p) without loss of generality.

If p=N < y < p, the line segment g joining 0 and p does not intersect with
$2N . Then g is the desired path.

Otherwise, both the line segment g1 joining 0 and p0 :¼ re ip=N and the
circular arc g2 joining p0 and p centered at 0 do not intersect with $2N . Then
the path g :¼ g1 U g2 is the desired one. r

Lemma A.3. Let j A f1; . . . ; 2Ng. Then for each p A $j , there exists a path
g in $j joining the base point zj and p whose length (with respect to the Euclidean
metric of C) is not greater than 6=N.

Proof. We write p ¼ re iy A $j, where

1� 2

N
� 1

8N 3
a ra 1;

pð j � 1Þ
N

a ya
pð j þ 1Þ

N
:

Then the line segment g1 joining zj and p1 :¼ re ipj=N lies in $j , and its Euclidean

length does not exceed
2

N
þ 1

8N 3
. On the other hand, the length of the circular

arc g2 centered at the origin joining p1 and p does not exceed p=N. Then the
path g ¼ g1 U g2 joins zj and p in $j, whose length does not exceed

2

N
þ 1

8N 3
þ p

N
¼ 1

N
2þ 1

8N 2
þ p

� �
a

1

N
2þ 1

8
þ p

� �
a

6

N
:

Hence we have the conclusion. r

Lemma A.4. Assume Nb 4, and let WHD1 be the set as in (A.7). Note
that

WHo1 U � � �Uo2N :
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Consider a Riemannian metric ds2 ¼ l2jdzj2 on D1 such that

lb 1 ðon D1Þ
lbN 3 ðon WÞ:

�

Then for an arbitrary path s in D1 joining 0 and qD1, it holds that
Ð
s
dsbN.

Proof. For k ¼ 0; . . . ;N 2 � 1, let gk be a subarc of s joining qDr2k and

qDr2kþ2
contained in Dr2knDr2kþ2

. It su‰ces to prove that Lengthds2ðgkÞb
1

N
. In

this case, since the path s contains at least N 2 such paths, we have

Lengthds2ðsÞ ¼
ð
s

dsbN 2 � 1
N

¼ N;

In order to prove that Lengthds2ðgkÞb
1

N
, we distinguish two cases. First we

assume that LengthCðgkÞb
1

N
. In this case by the assumption lb 1 we have

Lengthds2ðgkÞ ¼
ð
gk

ds ¼
ð
gk

lðzÞjdzjb
ð
gk

jdzjb 1

N

On the contrary, if LengthCðgkÞ <
1

N
it is not di‰cult to see that gk must be

contained in a sector of D1 of angle bounded by
p

N
� 2

N 2
. Taking into account

the shape of the labyrinth, this implies that gk crosses a connected component
of W transversely, and therefore the Euclidean length of gk VW is greater than
1=ð2N 3Þ. Hence by the assumption,

Lengthds2ðgkÞ ¼
ð
gk

dsb

ð
gk VW

ds ¼
ð
gk VW

ljdzjbN 3 � 1

2N 3
¼ 1

2
>

1

N
: r
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