
F. JIANG AND J. SHEN
KODAI MATH. J.
35 (2012), 126–137

ASYMPTOTIC BEHAVIORS OF NONLINEAR NEUTRAL IMPULSIVE

DELAY DIFFERENTIAL EQUATIONS WITH FORCED TERM*

Fangfang Jiang and Jianhua Shen
†

Abstract

In this paper, we study the asymptotic behavior of solutions of a class of nonlinear

neutral impulsive delay di¤erential equations with forced term of the form

½xðtÞ þ cðtÞxðt� tÞ� 0 þ pðtÞ f ðxðt� dÞÞ ¼ qðtÞ; tb t0; t0 tk ;

xðtkÞ ¼ bkxðt�k Þ þ ð1� bkÞ
Ð tk
tk�d pðsþ dÞ f ðxðsÞÞ ds

þ ðbk � 1Þ
Ðy
tk
qðsÞ ds; k A Zþ:

8><
>:

Su‰cient conditions are obtained for every solution of the equations that tends to a

constant as t ! y.

1. Introduction and preliminaries

The theory of impulsive di¤erential equations is now being recognized to be
not only richer than the corresponding theory of di¤erential equations without
impulses but also represents a more natural framework for mathematical models
of many real-world phenomena [11]. The number of publications dedicated to
its investigation has grown constantly in the recent years and a well-developed
theory has taken in shape. See monographs [5, 11, 16] and references therein.
However, the theory of impulsive functional di¤erential equations has been less
developed due to numerous theoretical and technical di‰culties caused by their
peculiarities. There are a few publications on qualitative theory. In particular,
oscillation, stability theory and asymptotic behavior of solutions of some im-
pulsive delay di¤erential equations have been studied by several authors (see
[4, 6, 7, 13, 15, 16, 18, 19]). Stability of some impulsive functional di¤erential
equations in more general form also has been studied by some authors (for
example, see [1, 3, 8, 14, 17, 18]). However, by the best knowledge of author,
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there is little in the way of results for the asymptotic behavior of solutions of
impulsive neutral delay di¤erential equations [13, 16]. In particular, on the
asymptotic behavior of solutions of nonlinear impulsive neutral di¤erential
equations with forced term.

On the other hand, it is well known that the asymptotic constancy is widely
investigated for delay di¤erential equations (with or without impulses). For
example, see [2, 16] and reference therein.

In this paper, we consider the asymptotic behavior of solutions of a class
of nonlinear neutral impulsive delay di¤erential equation with forced term of the
form

½xðtÞ þ cðtÞxðt� tÞ�0 þ pðtÞ f ðxðt� dÞÞ ¼ qðtÞ; tb t0; t0 tk;

xðtkÞ ¼ bkxðt�k Þ þ ð1� bkÞ
Ð tk
tk�d

pðsþ dÞ f ðxðsÞÞ ds
þ ðbk � 1Þ

Ðy
tk
qðsÞ ds; k A Zþ;

8><
>:ð1:1Þ

where t > 0, d > 0 cðtÞ; pðtÞ A PCð½t0;yÞ;RÞ, R denotes the set of all real num-
bers, pðtÞb 0, qðtÞb 0 is a continuous function, f : R ! R is also a continuous
function. ftkg, k A Zþ, denotes the impulsive sequence which satisfies 0 < tk <
tkþ1 " y as k ! y, and bk, k A Zþ, are constants, Zþ denotes the set of all
positive integers, PCð½t0;yÞ;RÞ denotes the set of all functions g : ½t0;yÞ ! R
such that g is continuous for tk a t < tkþ1 and limt!t�

k
gðtÞ ¼ gðt�k Þ exists for all

kb 1, k A Zþ.
In system (1.1), the impulsive term is also delayed, that is, it contains an

integral term. When qðtÞ ¼ 0, the corresponding results are obtained by Shen in
[16], and more general form was consider in [12, 17]. Moreover, the existence
and uniqueness of solutions and the stability were studied for the following more
general impulsive di¤erential equation

x 0ðtÞ ¼ f ðt; xtÞ; tb t0; t0 tk;

DxðtkÞ ¼ Ikðt; xtÞ; t ¼ tk; k ¼ 1; 2; 3 . . . :

�

We note that in system (1.1), the impulse is a special form of the impulse
term form, the method given in this paper, which comes from the idea of Shen
[16], will mark this impulse term form. We should note that, the case of qðtÞ ¼ 0
is just the paper [16], and note that when all bk ¼ 1, k ¼ 1; 2; . . . ; system (1.1)
change into the following delay di¤erential equation without impulses

½xðtÞ þ cðtÞxðt� tÞ�0 þ pðtÞ f ðxðt� dÞÞ ¼ qðtÞ; tb t0;

whose asymptotic behavior of solutions in some cases (for example, cðtÞ1 0;
cðtÞ ¼ c; f ðxÞ ¼ x; and cðtÞ, pðtÞ are continuous functions) have been investigated
by several authors (see [9, 10]). Noting that, we can apply our theorems to
systems without forced term and without impulses, and moreover, we improve
the results in [9, 16].

With Eq. (1.1), one associates an initial condition of the form

xt0 ¼ jðsÞ; s A ½�r; 0�; r ¼ maxft; dg;ð1:2Þ
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where xt0 ¼ xðt0 þ sÞ for �ra sa 0 and j A PCð½�r; 0�;RÞ ¼: fj : ½�r; 0� ! R, j
is continuous everywhere except at the finite number of points tk and jðt�k Þ ¼
limt!t�

k
jðtÞ and jðtþk Þ ¼ limt!tþ

k
jðtÞ exists with jðtþk Þ ¼ jðtkÞg.

Definition 1.1. A function xðtÞ is said to be a solution of Eq. (1.1)
satisfying the initial condition (1.2), if

(1) xðtÞ ¼ jðt� t0Þ for t0 � ra ta t0; xðtÞ is continuous for tb t0, t0 tk,
k A Zþ;

(2) xðtÞ þ cðtÞxðt� tÞ is continuously di¤erentiable for t > t0, t0 tk, t� t
0 tk, t� d0 tk, k A Zþ and satisfies the first equation of system (1.1);

(3) xðtþk Þ and xðt�k Þ exist and xðtþk Þ ¼ xðtkÞ hold and satisfy the second
equation of system (1.1).

Definition 1.2. A solution of (1.1) is said to be non-oscillatory if it is
eventually positive or eventually negative. Otherwise, it will be called oscillatory.

2. Main results

In connection with the nonlinear function f ðxÞ, the impulsive perturbations
bk and the impulsive points tk in (1.1), we assume that

ðH1Þ there is a constant M > 0 such that

jxja j f ðxÞjaMjxj; x A R; and xf ðxÞ > 0; x0 0;ð2:1Þ
ðH2Þ tk � t is not an impulsive point, and 0 < bk a 1, k A Zþ,

Py
k¼1ð1� bkÞ

< y;

Theorem 2.1. Let ðH1Þ and ðH2Þ hold. Assume that cðtkÞ ¼ bkcðt�k Þ,Ðy
t
qðsÞ ds ! 0 as t ! y and the following inequalities hold

lim
t!y

jcðtÞj ¼ m < 1;ð2:2Þ

lim sup
t!y

m 1þ pðtþ tþ dÞ
pðtþ dÞ

� �
þ
ð tþd

t�d

pðsþ dÞ ds
� �

<
2

M
:ð2:3Þ

Then every solution of ð1:1Þ tends to a constant as t ! y.

Proof. Let xðtÞ be any solution of (1.1). We shall prove that the limit
limt!y xðtÞ exists and is finite. For this purpose, we rewrite (1.1) in the form

xðtÞ þ cðtÞxðt� tÞ �
ð t

t�d

pðsþ dÞ f ðxðsÞÞ dsþ
ðy
t

qðsÞ ds
� �0

ð2:4Þ

þ pðtþ dÞ f ðxðtÞÞ ¼ 0; tb t0; t0 tk;

xðtkÞ ¼ bkxðt�k Þ þ ð1� bkÞ
ð tk

tk�d

pðsþ dÞ f ðxðsÞÞ dsð2:5Þ

þ ðbk � 1Þ
ðy
tk

qðsÞ ds; t ¼ tk; k A Zþ:
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From (2.2) and (2.3), we can select an e > 0 su‰ciently small, such that

mþ e < 1;

and

lim sup
t!y

ðmþ eÞ 1þ pðtþ tþ dÞ
pðtþ dÞ

� �
þ
ð tþd

t�d

pðsþ dÞ ds
� �

<
2

M
:ð2:6Þ

On the other hand, we can also select a t� > t0 su‰ciently large, such that

jcðtÞja mþ e for tb t�:ð2:7Þ

From (2.1) and (2.7), we have that

f 2ðxðt� tÞÞ
x2ðt� tÞ b 1b

jcðtÞj
mþ e

; tb t�:

Moreover,

jcðtÞjx2ðt� tÞa ðmþ eÞ f 2ðxðt� tÞÞ; tb t�:ð2:8Þ

In the following part, for the sake of convenience, when we write a func-
tional inequality without specifying its domain of validity, we mean that it holds
for all su‰ciently large t:

Let VðtÞ ¼ V1ðtÞ þ V2ðtÞ, where

V1ðtÞ ¼ xðtÞ þ cðtÞxðt� tÞ �
ð t

t�d

pðsþ dÞ f ðxðsÞÞ dsþ
ðy
t

qðsÞ ds
� �2

;

V2ðtÞ ¼
ð t

t�d

pðsþ 2dÞ
ð t

s

pðuþ dÞ f 2ðxðuÞÞ duds� 2

ðy
t

qðsÞ
ð s

t

pðuþ dÞ

� f ðxðuÞÞ dudsþ ðmþ eÞ
ð t

t�t

pðsþ dþ tÞ f 2ðxðsÞÞ ds:

For t0 tk, calculating, respectively,
dVi

dt
ði ¼ 1; 2Þ along the solution of (1.1)

and using the inequality a2 þ b2 b 2ab; we obtain

dV1

dt
¼ 2 xðtÞ þ cðtÞxðt� tÞ �

ð t

t�d

pðsþ dÞ f ðxðsÞÞ dsþ
ðy
t

qðsÞ ds
� �

� ð�pðtþ dÞ f ðxðtÞÞÞ

¼ �pðtþ dÞ
�
2xðtÞ f ðxðtÞÞ þ 2cðtÞxðt� tÞ f ðxðtÞÞ �

ð t

t�d

pðsþ dÞ

� ð2f ðxðsÞÞ f ðxðtÞÞÞ dsþ 2

ðy
t

qðsÞ f ðxðtÞÞ ds
�
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a�pðtþ dÞ
�
2xðtÞ f ðxðtÞÞ � jcðtÞjx2ðt� tÞ � jcðtÞj f 2ðxðtÞÞ

� f 2ðxðtÞÞ
ð t

t�d

pðsþ dÞ ds�
ð t

t�d

pðsþ dÞ f 2ðxðsÞÞ ds
�

� 2pðtþ dÞ f ðxðtÞÞ
ðy
t

qðsÞ ds;

dV2

dt
¼ �pðtþ dÞ

ð t

t�d

pðsþ dÞ f 2ðxðsÞÞ dsþ pðtþ dÞ f 2ðxðtÞÞ

�
ð t

t�d

pðsþ 2dÞ dsþ 2

ðy
t

qðsÞpðtþ dÞ f ðxðtÞÞ ds

þ ðmþ eÞpðtþ dþ tÞ f 2ðxðtÞÞ � ðmþ eÞpðtþ dÞ f 2ðxðt� tÞÞ:

Therefore, from the above two inequalities and (2.8), we obtain

dV

dt
a�pðtþ dÞ

�
2xðtÞ f ðxðtÞÞ � jcðtÞj f 2ðxðtÞÞ � f 2ðxðtÞÞð2:9Þ

�
ð t

t�d

pðsþ dÞ ds� f 2ðxðtÞÞ
ð t

t�d

pðsþ 2dÞ ds
�

þ ðmþ eÞpðtþ dþ tÞ f 2ðxðtÞÞ

a�pðtþ dÞ f 2ðxðtÞÞ
�

2xðtÞ
f ðxðtÞÞ � jcðtÞj �

ð tþd

t�d

pðsþ dÞ ds

� ðmþ eÞ pðtþ dþ tÞ
pðtþ dÞ

�

a�pðtþ dÞ f 2ðxðtÞÞ
�
2

M
� ðmþ eÞ 1þ pðtþ dþ tÞ

pðtþ dÞ

� �

�
ð tþd

t�d

pðsþ dÞ ds
�
a 0:

While for t ¼ tk, we have

VðtkÞ ¼ xðtkÞ þ cðtkÞxðtk � tÞ �
ð tk

tk�d

pðsþ dÞ f ðxðsÞÞ dsþ
ðy
tk

qðsÞ ds
� �2

ð2:10Þ

þ
ð tk

tk�d

pðsþ 2dÞ
ð tk

s

pðuþ dÞ f 2ðxðuÞÞ dudsþ ðmþ eÞ

�
ð tk

tk�t

pðsþ dþ tÞ f 2ðxðsÞÞ ds� 2

ðy
tk

qðsÞ
ð s

tk

pðuþ dÞ f ðxðuÞÞ duds
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¼ b2k xðt�k Þþ cðt�k Þxðt�k � tÞ �
ð tk

tk�d

pðsþ dÞ f ðxðsÞÞ dsþ
ðy
tk

qðsÞ ds
� �2

þ
ð tk

tk�d

pðsþ 2dÞ
ð tk

s

pðuþ dÞ f 2ðxðuÞÞ duds� 2

ðy
tk

qðsÞ
ð s

tk

pðuþ dÞ

� f ðxðuÞÞ dudsþ ðmþ eÞ
ð tk

tk�t

pðsþ dþ tÞ f 2ðxðsÞÞ ds

aVðt�k Þ:

From (2.6), (2.9) and (2.10), we can get

pðtþ dÞ f 2ððxðtÞÞ A L1ðt0;yÞ:

Hence for any r > 0, we have

lim
t!y

ð t

t�r

pðsþ dÞ f 2ðxðsÞÞ ds ¼ 0:

Since ð t

t�d

pðsþ 2dÞ
ð t

s

pðuþ dÞ f 2ðxðuÞÞ duds

a

ð t

t�d

pðsþ 2dÞ ds
ð t

t�d

pðuþ dÞ f 2ðxðuÞÞ du

a
2

M

ð t

t�d

pðuþ dÞ f 2ðxðuÞÞ du

a 2

ð t

t�d

pðuþ dÞ f 2ðxðuÞÞ du ! 0 as t ! y;

and

ðmþ eÞ
ð t

t�t

pðsþ dþ tÞ f 2ðxðsÞÞ dsa 2

M

ð t

t�t

pðsþ dÞ f 2ðxðsÞÞ ds

! 0 as t ! y;

and ðy
t

qðsÞ
ð s

t

pðuþ dÞ f ðxðuÞÞ dudsa
ðy
t

qðsÞ
ðy
t

pðuþ dÞ f ðxðuÞÞ duds

! 0 as t ! y;

it follows that limt!y V2ðtÞ ¼ 0. On the other hand, by (2.6), (2.9) and (2.10),
we can find that VðtÞ is eventually descreasing. In view of V b 0, we know
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limt!y VðtÞ ¼ b exists and is finite. Thus, limt!y VðtÞ ¼ limt!y V1ðtÞ ¼ b; that
is,

lim
t!y

xðtÞ þ cðtÞxðt� tÞ �
ð t

t�d

pðsþ dÞ f ðxðsÞÞ dsþ
ðy
t

qðsÞ ds
� �2

¼ b:ð2:11Þ

Next, we will show that the limit limt!y xðtÞ exists and is finite. We let

yðtÞ ¼ xðtÞ þ cðtÞxðt� tÞ �
ð t

t�d

pðsþ dÞ f ðxðsÞÞ dsþ
ðy
t

qðsÞ ds;

then, in view of (2.11), we have

lim
t!y

y2ðtÞ ¼ b:ð2:12Þ

Furthermore, we have

yðtkÞ ¼ xðtkÞ þ cðtkÞxðtk � tÞ �
ð tk

tk�d

pðsþ dÞ f ðxðsÞÞ dsþ
ðy
tk

qðsÞ ds

¼ bk xðt�k Þ þ cðt�k Þxðt�k � tÞ �
ð tk

tk�d

pðsþ dÞ f ðxðsÞÞ dsþ
ðy
tk

qðsÞ ds
� �

¼ bk yðt�k Þ:

Then system (2.4)–(2.5) can be rewritten as

_yðtÞyðtÞ þ pðtþ dÞ f ðxðtÞÞ ¼ 0; tb t0; t0 tk;

yðtkÞ ¼ bk yðt�k Þ; t ¼ tk; k A Zþ:

(
ð2:13Þ

If b ¼ 0, then limt!y yðtÞ ¼ 0.
If b > 0, then there exists an enough large T1 such that yðtÞ0 0 for

any t > T1. Therefore for tk > T1, t A ½tk; tkþ1Þ, we have yðtÞ > 0 or yðtÞ < 0,
because yðtÞ is continuous on ½tk; tkþ1Þ; without loss of generally, we assume that
yðtÞ > 0 on ½tk; tkþ1Þ. It follows that yðtkþ1Þ ¼ bkyðt�kþ1Þ > 0 thus yðtÞ > 0 on
½tk; tkþ1�. By simple induction to k, we conclude that yðtÞ > 0 on ½tk;yÞ.
From (2.12), we have that

lim
t!y

yðtÞ ¼ lim
t!y

�
xðtÞ þ cðtÞxðt� tÞ �

ð t

t�d

pðsþ dÞð2:14Þ

� f ðxðsÞÞ dsþ
ðy
t

qðsÞ ds
�
¼ l

must exist and is finite. In view of (2.13), we haveð t

t�d

pðsþ dÞ f ðxðsÞÞ ds ¼ yðt� dÞ � yðtÞ þ
X

t�d<tk<t

½yðtkÞ � yðt�k Þ�

¼ yðt� dÞ � yðtÞ �
X

t�d<tk<t

ð1� bkÞyðt�k Þ:
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Letting t ! y, and noting that
Py

k¼1ð1� bkÞ < y, then we obtain

lim
t!y

ð t

t�d

pðsþ dÞ f ðxðsÞÞ ds ¼ 0:ð2:15Þ

By condition limt!y

Ðy
t

qðsÞ ds ¼ 0 and (2.14), we obtain

lim
t!y

½xðtÞ þ cðtÞxðt� tÞ� ¼ l:ð2:16Þ

Next, we shall prove that

lim
t!y

xðtÞ exists and is finite:ð2:17Þ

To this end, we need to show that jxðtÞj is bounded. In fact, if jxðtÞj is
unbounded, then there exists a sequence fsng such that sn ! y and

jxðs�n Þj ! y as n ! y

and

jxðs�n Þj ¼ sup
t0atasn

jxðtÞj;

where, if sn is not an impulsive point, then xðsnÞ ¼ xðs�n Þ. Thus, we have

jxðs�n Þ þ cðs�n Þxðs�n � tÞjb jxðs�n Þj � jcðs�n Þj jxðs�n � tÞj
b jxðs�n Þjð1� jcðs�n ÞjÞ
b jxðs�n Þjð1� m� eÞ ! y as n ! y:

This is a contradiction with (2.16). So jxðtÞj is bounded.
If m ¼ 0; clearly, limt!y xðtÞ ¼ l; which shows that (2.17) holds.
If 0 < m < 1; it is easily to see that cðtÞ is eventually positive or negative.

Otherwise, there is a sequence t1; t2; . . . ; tk; . . . ; with tk ! y as k ! y such
that cðtkÞ ¼ 0, so cðtkÞ ! 0, it is a contradiction with m > 0:

By condition (2.2), one can find a su‰ciently large T2 such that

jcðtÞj < 1; for t > T2:

Set

a ¼ lim inf
t!y

xðtÞ; b ¼ lim sup
t!y

xðtÞ;

then we can choose two sequence fung and fvng, such that

un ! y; vn ! y as n ! y;

and

a ¼ lim
t!y

xðunÞ; b ¼ lim
t!y

xðvnÞ:

Now, we consider the following two possible cases
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Case 1. 0 < cðtÞ < 1 for t > T2; we have

l ¼ lim
n!y

½xðunÞ þ cðunÞxðun � tÞ�a aþ mb

and

l ¼ lim
n!y

½xðvnÞ þ cðvnÞxðvn � tÞ�b b þ ma:

Thus, we get b þ maa la aþ mb; that is, bð1� mÞa að1� mÞ:
Since 0 < m < 1 and bb a, it follows that b ¼ a: By (2.16), we obtain

b ¼ a ¼ l=ð1þ mÞ;
which shows that (2.17) holds.

Case 2. �1 < cðtÞ < 0 for t > T2; we have

a ¼ lim
n!y

xðunÞ ¼ lim
n!y

½xðunÞ þ cðunÞxðun � tÞ � cðunÞxðun � tÞ�

¼ lim
n!y

½xðunÞ þ cðunÞxðun � tÞ� � lim
n!y

½cðunÞxðun � tÞ�

¼ lþ lim
n!y

½�cðunÞxðun � tÞ� ¼ lþ ma;

and

b ¼ lim
n!y

xðvnÞ ¼ lim
n!y

½xðvnÞ þ cðvnÞxðvn � tÞ � cðvnÞxðvn � tÞ�

¼ lim
n!y

½xðvnÞ þ cðvnÞxðvn � tÞ� � lim
n!y

½cðvnÞxðvn � tÞ�

¼ lþ lim
n!y

½�cðvnÞxðvn � tÞ� ¼ lþ mb;

therefore, we get a ¼ b ¼ l=ð1� mÞ: This shows that (2.17) holds.
According to the discussion above, we conclude that (2.17) holds, and so the

proof of Theorem 2.1 is complete. r

In the following theorem, we assume that the assumption ðH2Þ� holds
which is di¤erent from the assumption ðH2Þ, in the sense that the conditionPy

k¼1ð1� bkÞ < y is replaced by tk � tk�1 b h for all k; k A Zþ.
ðH2Þ� tk � t is not impulsive point for all k A Zþ and 0 < bk a 1 and there

exists a h > 0 such that tk � tk�1 b h for all k.

Theorem 2.2. Let ðH1Þ and ðH2Þ� hold. Assume that

cðtkÞ ¼ bkcðt�k Þ; lim
t!y

ðy
t

qðsÞ ds ¼ 0

and (2.2), (2.3) hold. Then every solution of (1.1) tends to a constant as t ! y.

Proof. From the proof of Theorem 2.1, we can also prove that (2.14) holds
by using the conditions of Theorem 2.2. We also note that in the proof of
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Theorem 2.1, the assumption
Py

k¼1ð1� bkÞ < y in ðH2Þ was used only in the
proof of (2.15). Therefore, to complete the proof of Theorem 2.2, we only need
to prove that (2.15) holds by using assumption ðH2Þ�. In fact, since tk � tk�1 b

h > 0, it follows that the number of impulsive points in ðt� d; tÞ for tb t0 þ d

is at most
d

h

� �
¼ q. Without loss of generality, we set t� d < ti < tiþ1 < � � � <

tiþq < t, i ¼ iðtÞ. Then, in view of (2.14), we have

lim
t!y

X
t�d<tk<t

yðtkÞ � yðt�k Þ
� �

¼ lim
t!y

½yðtiÞ � yðt�i Þ þ � � � þ yðtiþqÞ � yðt�iþqÞ� ¼ 0:

Due toð t

t�d

pðsþ dÞ f ðxðsÞÞ ds ¼ yðt� dÞ � yðtÞ þ
X

t�d<tk<t

yðtkÞ � yðt�k Þ
� �

;

it follows that by passing to the limit both sides as t ! y, we conclude that
(2.15) holds, the remaining proof of Theorem 2.2 follows from that of the
Theorem 2.1, thus the proof of Theorem 2.2 is complete. r

By Theorem 2.1 and Theorem 2.2, we have the following asymptotic
behavior results immediately.

Theorem 2.3. Either the conditions of Theorem 2.1 or the conditions of
Theorem 2.2 imply that every oscillatory solution of (1.1) tends to zero as t ! y.

Corollary 2.1. Assume that

lim sup
t!y

ð tþd

t�d

pðsþ dÞ ds < 2; and lim
t!y

ðy
t

qðsÞ ds ¼ 0

hold, then every oscillatory solution of x 0ðtÞ þ pðtÞxðt� dÞ ¼ qðtÞ tends to zero as
t ! y.

Theorem 2.4. The conditions in Theorem 1.1 together withðy
t0

pðtÞ dt ¼ y;ð2:18Þ

imply that every solution of (1.1) tends to zero as t ! y.

Proof. By Theorem 2.3, we only have to prove that every non-oscillatory
solution of (1.1) tends to zero as t ! y: Without loss of generality, let xðtÞ be
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an eventually positive solution of (1.1), we shall prove limt!y xðtÞ ¼ 0. As in
the proof of Theorem 2.1, we can rewrite (1.1) in the form (2.13). Integrating
from t0 to t both sides of (2.13) yieldsð t

t0

pðsþ dÞ f ðxðsÞÞ ds ¼ yðt0Þ � yðtÞ �
X

t0<tk<t

ð1� bkÞyðt�k Þ:

By using (2.14) and
Py

k¼1ð1� bkÞ < y; we haveðy
t0

pðsþ dÞ f ðxðsÞÞ ds < y:

Which, together with (2.18) yields lim inf t!y f ðxðtÞÞ ds ¼ 0. We claim that

lim inf
t!y

xðtÞ ¼ 0:ð2:19Þ

To this end, we let fSmg be a sequence, such that Sm ! y as m ! y
and limm!y f ðxðSmÞÞ ¼ 0. We must have lim infm!y xðSmÞ ¼ c ¼ 0. In fact,

if c > 0, then there exists a subsequence fSmk
g of fSmg such that xðSmk

Þb c

2
for

k su‰ciently large. By ðH1Þ, we have that f ðxðSmk
ÞÞb x for some x > 0 and

su‰ciently large k, which yields a contradiction because of limk!y f ðxðSmk
ÞÞ

¼ 0. Therefore, (2.19) holds.
On the other hand, by Theorem 2.1, we have that limt!y xðtÞ exists. There-

fore, limt!y xðtÞ ¼ 0: The proof of Theorem 2.4 is then complete. r

References

[ 1 ] A. V. Anokhin, L. Berezansky and E. Braverman, Exponential stability of linear delay

impulsive di¤erential equations, J. Math. Anal. Appl. 193 (1995), 923–941.

[ 2 ] F. V. Atkinson and J. R. Haddock, Criteria for asymptotic constancy of functional

di¤erential equations, J. Math. Anal. Appl. 91 (1983), 410–423.

[ 3 ] D. D. Bainov, V. Covachev and I. Stamova, Stability under persistent disturbances of

impulsive di¤erential-di¤erence equations of neutral type, J. Math. Anal. Appl. 187 (1994),

790–808.

[ 4 ] D. D. Bainov and M. B. Dimitrova, Oscillatory properties of the solutions of impulsive

di¤erential equations with a deviating argument and nonconstant coe‰cients, Rocky

Mountain J. Math. 27 (1997), 1027–1040.

[ 5 ] D. D. Bainov and P. S. Simeonov, Systems with impulse e¤ect: stability theory and

applications, Ellis Horwood Limited, New York, 1989.

[ 6 ] Y. S. Chen and W. Z. Feng, Oscillations of second order nonlinear ODE with impulses, J.

Math. Anal. Appl. 210 (1997), 150–169.

[ 7 ] J. R. Graef, J. H. Shen and I. P. Stavroulakis, Oscillation of impulsive neutral delay

di¤erential equations, J. Math. Anal. Appl. 268 (2002), 310–333.

[ 8 ] N. N. Krasovskii, Some problems in the theory of stability of motion (in Russian), Gosu-

darstv. Izdat. Fiz. Mat. Lit., Moscow, 1959.

[ 9 ] G. Ladas, et al., Asymptotic behavior of solutions of retarded di¤erential equations, Proc.

Amer. Math. Soc. 88 (1983), 247–253.

136 fangfang jiang and jianhua shen



[10] G. Ladas and Y. G. Sficas, Asymptotic behavior of oscillatory solutions, Hiroshima Math.

J. 18 (1988), 351–359.

[11] V. Lakshmikantham, D. D. Bainov and P. S. Simeonov, Theory of impulsive di¤erential

equations, World Scientific, Singapore, 1989.

[12] X. Z. Liu and G. Ballinger, Existence and continuability of solutions for di¤erential

equations with delays and state-dependent impulses, Nonlinear Anal. 51 (2002), 633–647.

[13] X. Z. Liu and J. H. Shen, Asymptotic behavior of solutions of impulsive neutral di¤erential

equations, Appl. Math. Lett. 12 (1999), 51–58.

[14] Z. G. Luo and J. H. Shen, Stability and boundedness for impulsive di¤erential equations with

infinite delays, Nonlinear Anal. 46 (2001), 475–493.

[15] J. H. Shen, Global existence and uniqueness, oscillation and nonoscillation of impulsive delay

di¤erential equations, Acta Math. Sinica 40 (1997), 53–59.

[16] J. H. Shen, Y. J. Liu and J. L. Li, Asymptotic behavior of solutions of nonlinear neutral

di¤erential equations with impulses, J. Math. Anal. Appl. 322 (2007), 179–189.

[17] J. H. Shen, Z. G. Luo and X. Z. Liu, Impulsive stabilization for di¤erential equations via

Liapunov functionals, J. Math. Anal. Appl. 240 (1999), 1–15.

[18] J. S. Yu and B. G. Zhang, Stability theorem delay di¤erential equations with impulses, J.

Math. Anal. Appl. 199 (1996), 162–175.

[19] A. M. Zhan and J. R. Yan, Asymptotic behavior of solutions of impulsive delay di¤erential

equations, J. Math. Anal. Appl. 201 (1996), 943–954.

Fangfang Jiang

Department of Mathematics

Hangzhou Normal University

Hangzhou Zhejiang 310036

China

E-mail: jiangfangfang87@126.com

Jianhua Shen

Department of Mathematics

Hangzhou Normal University

Hangzhou Zhejiang 310036

China

E-mail: jhshen2ca@yahoo.com

137impulsive delay differential equations


