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AUTOMORPHY OF THE PRINCIPAL EISENSTEIN SERIES OF

WEIGHT 1: AN APPLICATION OF THE DOUBLE SINE FUNCTION

Nobushige Kurokawa

Abstract

We calculate cuspidal values of the modular transform of the principal Eisenstein

series of weight 1. We obtain this by looking at derivatives of the double sine function.

Our result is considered to be an explicit calculation of values of a Stirling modular

function.

1. Introduction

For each non-zero complex number k we put

EkðtÞ ¼
zð1� kÞ

2
þ
Xy
n¼1

sk�1ðnÞqn

with

sk�1ðnÞ ¼
X
djn

d k�1;

where t is belonging to the upper half plane and q ¼ e2pit. As is well-known, for
an even integer kb 4, EkðtÞ is the Eisenstein series of weight k with respect to
the modular group SL2ðZÞ. Especially, it satisfies the automorphy

Ek � 1

t

� �
¼ tkEkðtÞ

and the corresponding zeta function is given by

Lðs;EkÞ ¼ zðsÞzðs� k þ 1Þ:
We consider EkðtÞ as the principal Eisenstein series of weight k for k A Cnf0g in
general, where ‘‘principal’’ is indicating the ‘‘principal character.’’ It seems to be
an interesting problem to see the automorphy of EkðtÞ. This means to calculate
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RkðtÞ ¼ Ek � 1

t

� �
� tkEkðtÞ

concretely. We know the result in the following cases:
(1) RkðtÞ ¼ 0 for each even integer kb 4,

(2) R2ðtÞ ¼ � t

4pi
.

From these results we obtain

E6ðiÞ ¼ 0

and

E2ðiÞ ¼ � 1

8p
:

In other words, Xy
n¼1

n5

e2pn � 1
¼ 1

504

and Xy
n¼1

n

e2pn � 1
¼ 1

24
� 1

8p

as noted by Ramanujan. We notice that the case (2) is shown from the
transformation formula

h � 1

t

� �
¼

ffiffiffi
t

i

r
hðtÞ

for the Dedekind h-function by taking the logarithmic derivative, for exam-
ple. It would be a non-trivial problem to investigate RkðtÞ for k A Cnf0g in
general.

In papers [K7] [KK8] we proved

lim
t!1

RkðtÞ ¼
ð�1ÞkBk�1

2pi

and its higher dimensional analogue for each positive integer k, where Bk is the
Bernoulli number.

In this paper we look at the case k ¼ 1, where

E1ðtÞ ¼ � 1

4
þ
Xy
n¼1

dðnÞqn ¼ � 1

4
þ
X

m;nb1

qmn

and

R1ðtÞ ¼ E1 � 1

t

� �
� tE1ðtÞ:

392 nobushige kurokawa



We notice that this k is the only one case when Lðs;EkÞ has the double pole; in
fact Lðs;E1Þ ¼ zðsÞ2 is having the double pole at s ¼ 1. We calculate boundary

values of R1ðtÞ at cusps N and
1

N
for each integer Nb 1.

Theorem 1. Let N be a positive integer. Then R1ðtÞ has the following

transcendental numbers as boundary values at cusps N and
1

N
.

(1) limt!N R1ðtÞ ¼
1

2i

1

N

X½N=2�
k¼1

ðN � 2kÞ cot pk

N

� �
� 1

p

� �
.

(2) limt!1=N R1ðtÞ ¼
1

2Ni

1

N

X½N=2�
k¼1

ðN � 2kÞ cot pk

N

� �
� 1

p

� �
.

Examples (We omit ‘‘lim’’.)

R1ð1Þ ¼ � 1

2pi
:

R1ð2Þ ¼ � 1

2pi
:

R1
1

2

� �
¼ � 1

4pi
:

R1ð3Þ ¼ � 1

2pi
þ 1

6
ffiffiffi
3

p
i
:

R1
1

3

� �
¼ � 1

6pi
þ 1

18
ffiffiffi
3

p
i
:

R1ð4Þ ¼ � 1

2pi
þ 1

4i
:

R1
1

4

� �
¼ � 1

8pi
þ 1

16i
:

R1ð5Þ ¼ � 1

2pi
þ 1

10i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ffiffiffi

5
p

s
þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ffiffiffi

5
p

s !
:

R1
1

5

� �
¼ � 1

10pi
þ 1

50i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ffiffiffi

5
p

s
þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ffiffiffi

5
p

s !
:

R1ð6Þ ¼ � 1

2pi
þ 7

6
ffiffiffi
3

p
i
:

R1
1

6

� �
¼ � 1

12pi
þ 7

36
ffiffiffi
3

p
i
:
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We notice that it would be di‰cult to say something about the nature of the
interior value such as

R1ðiÞ ¼ ð1� iÞ � 1

4
þ
Xy
n¼1

dðnÞe�2pn

 !

¼ ð1� iÞ � 1

4
þ
Xy
n¼1

1

e2pn � 1

 !

for example.
Our result is obtained by using the theory of the double sine function. This

theory was originated by Shintani [S1] to investigate Kronecker’s Jugendtraum
for a real quadratic field. We refer to [K1]–[K7] and [KK1]–[KK8] for detailed
studies of multiple sine functions including the double sine function. We
recommend to read the excellent survey [M1] of Manin. Here we need the
double sine function

S2ðx; ðo1;o2ÞÞ ¼
G2ðo1 þ o2 � x; ðo1;o2ÞÞ

G2ðx; ðo1;o2ÞÞ
where

G2ðx; ðo1;o2ÞÞ ¼ exp
q

qs
z2ðs; x; ðo1;o2ÞÞ

����
s¼0

� �

is the normalized double gamma function of Barnes [B] and

z2ðs; x; ðo1;o2ÞÞ ¼
X

n1;n2b0

ðn1o1 þ n2o2 þ xÞ�s

is the double Hurwitz zeta function. By using the regularized product notationQ‘
of Deninger [D] S2ðx; ðo1;o2ÞÞ is neatly written as

S2ðx; ðo1;o2ÞÞ ¼

Ya
n1;n2b0

ðn1o1 þ n2o2 þ xÞ
Ya

m1;m2b1

ðm1o1 þm2o2 � xÞ
;

where Yay
n¼1

an ¼ exp � d

ds

Xy
n¼1

a�s
n

 !�����
s¼0

 !
:

We prove Theorem 1 from the following three theorems.

Theorem 2. For ImðtÞ > 0

R1ðtÞ ¼
t3=2

8p2i
S 00
2 ð0; ð1; tÞÞ:
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Theorem 3. For each positive real number a

lim
t!a

R1ðtÞ ¼
a3=2

8p2i
S 00
2 ð0; ð1; aÞÞ:

Theorem 4. For each integer Nb 1

S 00
2 ð0; ð1;NÞÞ ¼ 4p2

N 3=2

1

N

X½N=2�

k¼1

ðN � 2kÞ cot pk

N

� �
� 1

p

 !
:

In the proof it is important to proceed from the view point of the Stirling
modular function suggested by Barnes [B]. We notice that ‘‘boundary values’’
are interesting from the study of Shintani [S1] and also from the view point of
‘‘real multiplication’’ of Manin [M2].

We notice that our method is applicable also to calculate limt!M=N R1ðtÞ for
positive integers M and N in exactly the same way. Thus we will have
boundary values at all the positive rational numbers. Since the full treatment
would make the calculation a bit complicated, we will treat it in another paper.

2. Multiple sine functions

We recall the theory of the multiple sine function for our use in this
paper. Let

Srðx; ðo1; . . . ;orÞÞ ¼
Ya
nb0

ðn � oþ xÞ
Ya
mb1

ðm � o� xÞ
 !ð�1Þ r�1

¼ Grðx;oÞ�1Grðjoj � x;oÞð�1Þ r

be the multiple sine function, where

Grðx;oÞ ¼ exp
q

qs
zrðs; x;oÞ

����
s¼0

� �

is the normalized multiple gamma function obtained from the multiple Hurwitz
zeta function

zrðs; x;oÞ ¼
X
nb0

ðn � oþ xÞ�s:

Here we use notation o ¼ ðo1; . . . ;orÞ and joj ¼ o1 þ � � � þ or. It is obvious
that Srðx; ðo1; . . . ;orÞÞ is symmetric with respect to o1; . . . ;or.

We need the following properties proved in [KK1].
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Proposition 1.
(1) ( periodicity)

Srðxþ oi;oÞ ¼ Srðx;oÞSr�1ðx;oðiÞÞ�1;

where oðiÞ ¼ ðo1; . . . ;oi�1;oiþ1; . . . ;orÞ.
(2) (homogeneity)

Srðcx; coÞ ¼ Srðx;oÞ
for c > 0.

(3) (di¤erential equation)

S 0
r

Sr

ðx; ð1; . . . ; 1ÞÞ ¼ ð�1Þr�1p
x� 1

r� 1

� �
cotðpxÞ:

(4)

S1ðx;oÞ ¼ 2 sin
px

o

� �
:

(5)

S2ðo1; ðo1;o2ÞÞ ¼
ffiffiffiffiffiffi
o2

o1

r
;

S2ðo2; ðo1;o2ÞÞ ¼
ffiffiffiffiffiffi
o1

o2

r
:

We notice that these properties are at first proved for o1; . . . ;or > 0 (or
Reðo1Þ > 0; . . . ;ReðorÞ > 0), but the same proofs are applicable to the general
case where o1; . . .or A C are belonging to one side with respect to a line crossing
the origin 0.

3. Proof of Theorem 4

We use the following result.

Proposition 2.

(1) S 00
2 ð0; ðo1;o2ÞÞ ¼

4p

o2
S 0
2ðo1; ðo1;o2ÞÞ.

(2) For an integer Nb 1

S2ðx; ð1;NÞÞ ¼
YN�1

k¼0

S2
xþ k

N
; ð1; 1Þ

� �
:

Proof. We refer (1) to [K4] and (2) to [KK3]. For convenience we sketch
the proof here. To see (1) we start from the periodicity (Proposition 1(1))

S2ðx; ðo1;o2ÞÞ ¼ S2ðxþ o1; ðo1;o2ÞÞS1ðx;o2Þ:

396 nobushige kurokawa



Then the di¤erentiation gives

S 00
2 ð0; ðo1;o2ÞÞ ¼ S 00

2 ðo1; ðo1;o2ÞÞS1ð0;o2Þ þ 2S 0
2ðo1; ðo1;o2ÞÞS 0

1ð0;o2Þ
þ S2ðo1; ðo1;o2ÞÞS 00

1 ð0;o2Þ:

Hence, using Proposition 1(4)

S1ðx;o2Þ ¼ 2 sin
px

o2

� �
we have

S 00
2 ð0; ðo1;o2ÞÞ ¼

4p

o2
S 0
2ðo1; ðo1;o2ÞÞ:

This proves (1). Concerning (2) we notice that

z2ðs; x; ð1;NÞÞ ¼
X

n;mb0

ðnþmN þ xÞ�s

¼
XN�1

k¼0

X
l;mb0

ððlN þ kÞ þmN þ xÞ�s

¼ N�s
XN�1

k¼0

X
l;mb0

ðl þmÞ þ xþ k

N

� ��s

¼ N�s
XN�1

k¼0

z2 s;
xþ k

N
; ð1; 1Þ

� �
:

Hence, by di¤erentiating with respect to s we have

z 02ð0; x; ð1;NÞÞ ¼
XN�1

k¼0

z 02 0;
xþ k

N
; ð1; 1Þ

� �
� ðlog NÞ

XN�1

k¼0

z2 0;
xþ k

N
; ð1; 1Þ

� �

¼
XN�1

k¼0

z 02 0;
xþ k

N
; ð1; 1Þ

� �
� ðlog NÞz2ð0; x; ð1;NÞÞ:

This gives

G2ðx; ð1;NÞÞ ¼
YN�1

k¼0

G2
xþ k

N
; ð1; 1Þ

� �
N�z2ð0;x; ð1;NÞÞ

and

G2ðN þ 1� x; ð1;NÞÞ ¼
YN�1

k¼0

G2
N þ 1� xþ k

N
; ð1; 1Þ

� �
N�z2ð0;Nþ1�x; ð1;NÞÞ

¼
YN�1

k¼0

G2 2� xþ k

N
; ð1; 1Þ

� �
N�z2ð0;Nþ1�x; ð1;NÞÞ;

397automorphy of the principal eisenstein series of weight 1



in the latter product the correspondence k $ N � 1� k is used. Thus

S2ðx; ð1;NÞÞ ¼
YN�1

k¼0

S2
xþ k

N
; ð1; 1Þ

� �
N z2ð0;x; ð1;NÞÞ�z2ð0;Nþ1�x; ð1;NÞÞ:

Hence the vanishing

z2ð0; x; ð1;NÞÞ � z2ð0;N þ 1� x; ð1;NÞÞ ¼ 0

(see [KK1, Theorem 2.1 and the proof ]) implies (2). This proves Proposition 2.
9

Now we prove Theorem 4. From Proposition 2 we see that

S 00
2 ð0; ð1;NÞÞ ¼ 4p

N
S 0
2ð1; ð1;NÞÞ

and

S 0
2

S2
ðx; ð1;NÞÞ ¼ 1

N

XN�1

k¼0

S 0
2

S2

xþ k

N
; ð1; 1Þ

� �
:

Hence we have

S 00
2 ð0; ð1;NÞÞ ¼ 4p

N
S2ð1; ð1;NÞÞ � 1

N

XN�1

k¼0

S 0
2

S2

k þ 1

N
; ð1; 1Þ

� �

¼ 4p

N 3=2

XN
k¼1

S 0
2

S2

k

N
; ð1; 1Þ

� �

from

S2ð1; ð1;NÞÞ ¼
ffiffiffiffiffi
N

p

contained in Proposition 1(5). Then using the di¤erential equation Proposition
1(3) for S2ðx; ð1; 1ÞÞ we obtain

S 00
2 ð0; ð1;NÞÞ ¼ 4p

N 3=2
� p
XN
k¼1

1� k

N

� �
cot

pk

N

� �

¼ 4p2

N 3=2
� 1

p
�
XN�1

k¼1

k

N
cot

pk

N

� � !

¼ 4p2

N 3=2
� 1

p
þ
X½N=2�

k¼1

N � 2k

N
cot

pk

N

� � !
:

Thus we have Theorem 4.
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4. Proof of Theorem 2

This is contained in Theorem 3(1) of [K4]. We sketch the proof. Exactly
as in the proof of Proposition 2(1) above (after interchanging under o1 $ o2) we
have

S 00
2 ð0; ð1; tÞÞ ¼ 4pS 0

2ðt; ð1; tÞÞ

¼ 4pffiffiffi
t

p � S
0
2

S2
ðt; ð1; tÞÞ

since

S2ðt; ð1; tÞÞ ¼
1ffiffiffi
t

p :

Then, using Shintani’s product expression (Proposition 5 of [S1])

S2ðx; ð1; tÞÞ ¼
Qy

n¼0ð1� e2pixe2pintÞQy
n¼1ð1� e2pix=te�2pin=tÞ exp

pi

2

x2

t
� 1þ 1

t

� �
xþ 1

6
ðtþ 1Þ þ 1

2

� �� �

we have

S 0
2

S2
ðt; ð1; tÞÞ ¼ pi

2
1� 1

t

� �
� 2pi

Xy
n¼0

Xy
m¼1

e2pinmte2pimt þ 2pi

t

Xy
n¼1

Xy
m¼1

e�2pinm=t

¼ pi

2
1� 1

t

� �
� 2pi E1ðtÞ þ

1

4

� �
þ 2pi

t
E1 � 1

t

� �
þ 1

4

� �

¼ 2pi

t
R1ðtÞ:

Thus

S 00
2 ð0; ð1; tÞÞ ¼

8p2i

t3=2
R1ðtÞ: 9

5. Proofs of Theorems 3 and 1

From the continuity of S 00
2 ð0; ð1;oÞÞ in o A Cnð�y; 0�, Theorem 3 follows

from Theorem 2. Consequently, Theorems 3 and 4 give (1) of Theorem 1. To
see (2) of Theorem 1 it is su‰cient to use the relation

S 00
2 0; 1;

1

N

� �� �
¼ N 2S 00

2 ð0; ð1;NÞÞ:

In fact, combining with Theorem 3, we have
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R1
1

N

� �
¼ N�3=2

8p2i
S 00
2 0; 1;

1

N

� �� �

¼
ffiffiffiffiffi
N

p

8p2i
S 00
2 ð0; ð1;NÞÞ

¼ 1

N
R1ðNÞ;

where we simply write R1ðaÞ for limt!a R1ðtÞ. Lastly, the needed relation for S 00
2

is a special case of a bit general relation

SðkÞ
r ð0; coÞ ¼ c�kSðkÞ

r ð0;oÞ;
which in turn is obtained from di¤erentiating k-times the homogeneity identity

Srðcx; coÞ ¼ Srðx;oÞ:
For our case, put r ¼ 2, k ¼ 2, ðo1;o2Þ ¼ ð1;NÞ, and c ¼ 1=N. This completes
the proof of Theorem 1. 9

6. Stirling modular functions

We add a brief explanation of our calculation from the view point of Stirling
modular functions. Stirling modular functions were first suggested by Barnes
[B]. His example is

rrðo1; . . . ;orÞ ¼
Ya

n1;...;nrb0

0 ðn1o1 þ � � � þ nrorÞ:

For example

r1ðoÞ ¼
Yay
n¼1

ðnoÞ ¼
ffiffiffiffiffiffi
2p

o

r
:

We notice the name ‘‘Stirling’’ comes from the famous Stirling’s formula

ffiffiffiffiffiffi
2p

p
¼ lim

n!y

n!

nnþ1=2e�n

since the regularized product

ffiffiffiffiffiffi
2p

p
¼
Yay
n¼1

n

explains the constant term via the Euler-Maclaurin summation formula; see
Hardy [H] for details. The idea of the Stirling modular function is to consider a
function of the semi-lattice Zb0o ¼ Zb0o1 þ � � � þ Zb0or instead of the lattice
Zo ¼ Zo1 þ � � � þ Zor used in the usual theory of modular functions.
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We put

Cr
þ ¼ ðo1; . . . ;orÞ A Cr

����o1; . . . ;or are belonging to one side
with respect to a line crossing 0

�
g

We say that a function

f : Rr
>0 ! C

or

f : Cr
þ ! C

is a Stirling modular function if it satisfies the following two conditions:
(1) f is symmetric, i.e.

f ðosð1Þ; . . . ;osðrÞÞ ¼ f ðo1; . . . ;orÞ
for all s A Sr,

(2) f is homogeneous, i.e.

f ðcor; . . . ; corÞ ¼ f ðo1; . . . ;orÞ
for all c > 0 (or c A Cnf0g).

There exist many interesting examples of (real analytic) Stirling modular
functions associated to multiple sine functions. We notice two of them:

(A) For an integer Nb 2, the N-division value

Hr;Nðo1; . . . ;orÞ ¼ Sr

o1 þ � � � þ or

N
; ðo1; . . . ;orÞ

� �

is a Stirling modular function.
(B) Let

Srðxþ y;oÞ ¼ Srðx;oÞ þ Srðy;oÞ þ c11ðoÞSrðx;oÞSrðy;oÞ

þ
X
i; jb1
iþjb3

cijðoÞSrðx;oÞ iSrðy;oÞ j

be a local addition relation around x ¼ y ¼ 0. For example

c11ðoÞ ¼
S 00
r ð0;oÞ

S 0
rð0;oÞ

2

and

c12ðoÞ ¼ c21ðoÞ ¼
S 000
r ð0;oÞS 0

rð0;oÞ � S 00
r ð0;oÞ

2

2S 0
rð0;oÞ

4
:

Then, the coe‰cients cijðo1; . . . ;orÞ are Stirling modular functions.
Example (A) is important for Kronecker’s Jugendtraum as indicated by Shintani
[S1] in case of r ¼ 2 leading to interesting algebraic values. We notice an
example of special value in r ¼ 3:
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H3;2ð1; 1; 1Þ ¼ S3
3

2
; ð1; 1; 1Þ

� �
¼ 2�1=8 exp � 3zð3Þ

16p2

� �
:

Example (B) is directly related to the theme of this paper. From this view point,
our result is expressed as the calculation of the special value

c11ð1;NÞ ¼ c11 1;
1

N

� �
¼ 1ffiffiffiffiffi

N
p 1

N

X½N=2�

k¼1

ðN � 2kÞ cot kp

N

� �
� 1

p

 !

for an integer Nb 1. 9
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