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ON CONFORMALLY FLAT SPACES WITH
DEFINITE RICCI CURVATURE II

BY SAMUEL I. GOLDBERG"

1. Introduction. There is a formal similarity between the theory of hyper-
surfaces and conformally flat d-dimensional spaces of constant scalar curvature
provided d=3. For, then, the symmetric linear transformation field @ defined
by the Ricci tensor satisfies the “Codazzi equation”

(VXQ)Y:(VYQ)X.

This observation together with the technique and results in [2] and [3] yields
the following statement.

THEOREM. Let M be a compact conformally flat manifold with definite Ricci
curvature. If the scalar curvature ris constant and tr Q*<r%*/d—1, d=3, then M
1s a space of constant curvature.

The corresponding result for hypersurfaces is due to M. Okumura [3].

COROLLARY. A 3-dimensional compact conformally flat manifold of constant
scalar curvature whose sectional curvatures are either all negative or all positive
1S a space of constant curvature.

Note that, in general tr Q°=7?%/d with equality, if and only if, M is an Ein-
stein space.

Examples of compact negatively curved space forms are given in the paper
by A. Borel [1].

2. Definitions and formulas. Let (M, g) be a Riemannian manifold with
metric tensor g. The curvature transformation R(X, Y), X, Y M,,— the tangent
space at meM, and g are related by

R(X, Y):VEX,Y]—[VXy Vy],

where V x is the operation of covariant differentiation with respect to X defined
in terms of the Levi-Civita connection. In terms of a basis X, ---, X; of M,,
we set
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R, jin=8(R(X,, X)X, X1),
R,=tr (X,—R(X,, X»)X,),
tpy=tXoy -y Xy,
Vitipg=W x )Xoy -, Xop)

We denote the scalar curvature by 7, that is r=tr @, where Q=(R*,), R*;=
g%*R;;. The manifold (M, g) is conformally flat if g is conformally related to a
locally flat metric. The Weyl conformal curvature tensor defined by

21) Ct =R g (R — R0+ £, R — g R
+W_&T2)(gjkalh_gjhalk)
consequently vanishes, so if (M, g) is conformally flat
(2.2) lekhZﬁ (Rjx0'n—Rn0" e+ &5 R —gnR":)
__(CT__—I;’(T_’f)‘(gjkalh—gjﬁ'k) .

From (2.1) and the second Bianchi identity

(2.3) Vicljkh:(d_g)cjkh s
where
(2.4) Cjkhz—d_l_—z(VhRjk—Vkth)—'W:l‘l)m(gjthr—gjndr) .

For d=3 it can be shown that if (M, g) is conformally flat, then C;;,=0.

3. The Laplacian of the square length of the Ricci tensor. The following
formula may be found in [2]:

(3.1) 54 tr @=g“W uRY7,R, 1+ RVg (7R ;—F (R,,)
+ERITT 4K,

where tr @*=R"R,, and

(3.2) K=R™R’";R;;+R"R, ;) .

If r=const., the third term on the 7. h.s. of (3.1) vanishes. If, furthermore,
M is conformally flat and d=3, then from (2.3) and (2.4), the second term on
the 7. A.s. of (3.1) also vanishes. Substituting (2.2) into the 7. A.s. of (3.2), we
obtain
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4 Q=K+g(Q,7Q),
where
(3.3) (d—1)(d—2)K=d(d—1) tr Q*—7r(2d—1) tr Q*+7*.

4. Proof of Theorem. Put
—0_T_
S=0—1-1,
where [ is the identity. Since tr S?=0,

2
2
tr Q*= 7

equality holding if and only if M is an Einstein space. Since the scalar curva-
ture is constant, the Laplacian 42 of the function f2=tr S?, =0, satisfies

Af*=4trQ*,
so that
(41) SAf=K+gQ,7Q).
From the definition of S, we get
(4.2) tr S=0,
43) tr Q*=tr St+-1,

3
(44) tr Q=tr S*+-0- tr S+
Substituting (4.3) and (4.4) in (3.3), we obtain
3

(45) (d—1)(d—2)K=d(d—1)(tr S*+-37-f4-17)

7,2
—r@d—1)(f*+-" )47
LEMMA. Let a,, 1=1, ---, d be real numbers such that

d
é a;=0, > ai=k*,  k=const. =0.
=1
Then,
—_— __d—_—?,_ k3
Vd(d—1) =1 Vdd-1) "
Applying the lemma to the eigenvalues of S, (4.5) yields the following
inequality

(d—1)Kz=f¥(r—+dd-1)f).
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Thus, since f<r/+/d(d—1), 4/*=0, from which since M is compact, f*=const.,
so tr Q*=const. It follows from (3.1) that FQ=0. Theorem 1 of [2] then gives
the desired result.

In case the sectional curvatures are all positive the corollary is due to M.
Tani [4].

The condition that the Ricci tensor is definite is essential. For, if M=M, XN
where M, has constant curvature and N is 1-dimensional, then M is conformally
flat, r is constant, and tr Q*=r2/d—1.
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