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ON RIEMANNIAN MANIFOLDS WITH SASAKIAN
3-STRUCTURE OF CONSTANT HORIZONTAL
SECTIONAL CURVATURE

By MARIKO KONISHI AND SHOICHI FUNABASHI

§0. Introduction.

In 1970 Kuo [4] introduced differentiable manifolds with normal contact
(Sasakian) 3-structure and discussed about its associated metric, dimension,
structure group of the tangent bundle and so on. Moreover, these differentiable
manifolds have been studied from various viewpoints by Ishihara, Kashiwada,
Tachibana, Tanno, Yu, one of the authors and others (See, for example [1], [2],

£5], [7], [8D).

In 1964, Ogiue [6] has studied Riemannian manifolds with normal contact
(Sasakian) structure (@, &, g), when the sectional curvature of the two plane
orthogonal to & (so-called, C-holomorphic sectional curvature) does not depend
on the C-holomorphic section, and given the form of the curvature tensor and
obtained results on the problems of admitting the axiom of planes and the free
mobility.

In the present note, we consider the condition on the sectional curvature
of a Riemannian manifold with Sasakian 3-structure, corresponding to [6].

That is we shall prove

THEOREM. Let M be an n-dimensional Riemannian manifold with Sasakian
3-structure (n=7). Assume that M 1s of constant horizontal sectional curvature,
then M 1s necessarily of constant curvature.

In §1, we give definitions of horizontal sections, horizontal sectional cur-
vatures, and some formulas on the curvature tensors. §2 will be devoted to
the proof of the theorem above.

§1. Preliminaries.

Let (M, g) be a Riemannian manifold with Sasakian 3-structure (See, Ishihara
and Konishi [1]). That is, &), &, and &, are mutually orthogonal unit Killing
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vectors satisfying
(1.1 KX, &) Y=8&w, V)X—g(X, V) (A=123),

where K denotes the Riemannian curvature tensor. Denoting by V the Rieman-
nian connection formed with g and defining a (1,1)-tensor field @4, by =V & 1,
we have

(1.2) k=0,

(13 PP X=—X+g(6 ), X)éw,

(14) (X, dnY)=8(X,Y)—2(€u, X)&8(€w, ¥,

for A=1,2,3, and

(1.5) En=0cEm=—PmElw

(1.6) S X=0 b X—8(Ewy, X)ér=—PmPcr X+ 8(Eccr, X)écms

for any even permutation (A. B, C) of (1,2, 3).

We denote by T,(M) the tangent space at p in M, and by T,”(M) the sub-
space of all tangent vectors which are orthogonal to &, &, and &, at p. Each
element of T,#(M) is called a horizontal vector at p. For any horizontal vector
X at p, we consider the 4-dimensional subspace H(X), which are spanned by
X, ¢(1>Xy ¢<2)X and ¢<3>X: ie,

HX)={Y|Y=aX+bp , X+ o, X+ddX, a,b, c, dER} .

We call H(X) the horizontal section determined by X. If the sectional curvature
for each two vectors belonging to H(X) is a constant k(X) depending only upon
the horizontal vector X at p, then k(X) is said to be the horizontal sectional
curvature with respect to X at p. Especially, if each horizontal section H(X) at
each point p in M, X being an arbitrary horizontal vector at p, has a horizontal
sectional curvature whose value k(X) is independent of X, we say that the
manifold M is of constant horizontal sectional curvature at p. It is easily seen
that M is of constant horizontal sectional curvature, if and only if the sectional
curvature o satisfies

o(X, dnsX)=k(p) (A=1,2,3)
for any horizontal vector X, at each point p in M, k(p) being independent of X.

Remark. If for a fixed A, o(X, ¢»nX)=Fk(p) for any tangent vector X
orthogonal to &4 is constant, then M is of constant curvature (Kashiwada [2]).
This situation is a little different from ours.

Now we define (1, 1)-tensor fields ¢ (A=1,2,3) with
(1.7) S X=p s X—8(&wy, X)émyt+8(Ery, XD,
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X being arbitrary tangent vector, where (4, B,C) is an even permutation of
(1,2,3). Then each vector ¢.4,”X is horizontal and satisfies

g(¢(A)IIX7 Y)+g(X; ¢(A)HY):O ’ (A:1, 27 3)
for any tangent vector X and Y. Particularly, we can get
(1.8) da"6m=0, (A4,B=L23).

Let {U, x*} be a local chart of M with local coordinates {x"}*®. Denoting
by ¢=¢q, in {U, x*} and taking account of Ogiue [6], we have

1.9) Kai®™ 9% — Ko ,ard™ 9™,
=g, 8in— 88— P 1 DT 1n ™ i
(1.10) Kbaih¢Hkb¢HJa:Kbiah¢Hkb¢HJa_Kbtah¢H]b¢Hka
=Kjint8u8in—8umn&si— P i int+ T P i -

where we have put

(L.11) 8" =85~ B bwkban,  $u=gmug™’.
Besides, we obtain

(1.12) BT =0, 2 Ensben’

(1.13) o7t g =g .

§2. Proof of Theorem.

Suppose that the Riemannian manifold M is of constant horizontal sectional
curvature k=k(p) at a point p in M. The sectional curvature for the horizontal
section determined by ¢”X and ¢(¢7X) is given by

Kaera( 7 X) (P37 X)) (7 X)($(¢" X))*
8an(@ X)) (9" X)'8.o($(9" X)) (P($7 X))*

for any tangent vector X at p. Taking account of (1.1), (1.3), (1.11) and (1.13),
we have from (2.1)

[debn¢de¢sz+ngzgjn+(k”“l)gymgHjn]XkaXtXh:O .

1.2) k=

Since X being arbitrary at p, we have

(*) The Latin indices a, b, c -+, h, 1,7, --- run over the range {1, 2, ---, n} and, the
components of geometrical objects and the summation convention will be used with
respect to this system of indices throughout this paper.
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Koyond™ i 97+ Koy o™ 070+ Konas ™ 7 )+ Ko™ L 70
F Koyt 0T i+ Ky 0t 9™ P Kings ™ 7 i+ Kinas® ) 970
+ Kinsi" i 07+ Ko ysn ™ 7 '+ Kinsi a7+ Koy ™ 0
+2(8" 1 gint 8" in e+ 8 w8t 87 i8-8k, Gin 87 51 8kn)
+4(k—1)(g" k8" jnt+ 8"k, 8 int+ 8" kng" 11)=0
from which we get
Kiyn "'+ Koy ™0’ 07+ Kinei0™ 9% )
+8" 8t 8 in g8k, 8in— 9" ki in T in ™ s+ B, in
(k=188 int 8" in g™ s 8%k, 87:10)=0
by virtue of (1.9). Moreover, we have from (1.9) and (1.10)
3K 1 ' " — Kpnji— Komisn
+ Zmn 81+ Zin Bmi—28m; Gin-+38 " mi 8in— 30" mnd™ 1,
+(e—1Ng 8 8" mn 8" i+ 8" m; 87 1n)=0.

where we have used the indices m and / instead of % and i respectively. Trans-
vecting this with ¢, ™¢”,' and using (1.1), (1.8), (1.9), (1.11), (1.12) and (1.13),
we find

Kmhlj¢H'Lm¢Hkl: —3Kkhu-ijh‘|‘gkngji_gk; 8in
“3gmgjh_ngzgjh—3ng1 gin+¢Hkh¢H1,J
—(k— 1)(ngngjn+ ¢Hkh¢H1]+¢Hk;¢Hih) .

Taking the skew-symmetric part of this equation with respect to 2 and 7, and
using the first Bianchi identities, we obtain

(2.2) 4Kkjih:4(gkhg]i_gk1,gjh)
+(k_l)(ngthji—ngngjh>
+(k—=1)(¢"end” ji— 710" s —20" ;0" n)

by virtue of (1.9).
As for another structure ¢=¢,, taking account of (1.7), we can get, by
similar devices,

(2.3) 4K ;in=4(8xn8ji—8r. &jn)
+(k_1)(ngthji_ngz gHjh)
+(k—1)(¢Hkn¢Hji —¢Hki¢Hjh_2¢ij¢Hih) .
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Compare with (2.2) and (2.3), we have =1 because of independency of ¢¥
and ¢¥ in the tensor algebra over M. This means that M is of constant cur-
vature 1. Consequently our theorem is completely proved.

Since the distribution D spanned by &, &, and &; is involutive, for a suffi-
ciently small neighborhood V, we have a local fibering = ; V—V/D, where V/D
is a quaternion Kidhler manifold. Each horizontal section is projected by 7 to
a @-section, and hence the condition in our theorem is equivalent to that V/D
is of constant @-sectional curvature (See Konishi [3] and Tanno [8]). A 4-
dimensional quaternion Kihler manifold of constant Q-sectional curvature is
necessarily of constant curvature. So, if we adopt the above fibering, the case
of dim M=7 is specially treated.
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