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NOTES ON SOME 3- AND 4-DIMENSIONAL

RIEMANNIAN MANIFOLDS

BY KOUEI SEKIGAWA

1. Introduction. The Riemannian curvature tensor R of a locally symmetric
Riemannian manifold (M, g] satisfies

(*) R(X, Y) R=0 for all tangent vectors X and F,

where R(X, F) operates on R as a derivation operator of the tensor algebra at
each point of M. Conversely, does this algebraic condition (*) on the curvature
tensor field R imply that PR=Q? Let R^ be the Ricci tensor of (M, g). Then (*)
implies in particular

(**) R(X, F) jRι=0 for all tangent vectors X and Y.

In the present paper, we shall show that if the covariant derivative of the
curvature tensor satisfies some algebraic conditions at each point, then the Rieman-
nian manifold is locally symmetric.

In general, according to [4], we have

PROPOSITION A. Let (M, g) be an m(^3)-dimensional real analytic Riemannian
manifold. Assume that

(1.1) the restricted holonomy group is irreducible,

(1.2) R(X, Y) R=0, that is (*),

(1.3) R(X, F) Γ*Λ=0> for k=I, 2, -

Then (M, g) is locally symmetric.

In this note, we shall prove

THEOREM B. Let (M, g) be a ^-dimensional real analytic Riemannian manifold.
Assume (1.1), (1. 2) and

(1.4) R(X, F) ΓΛ=0 (or R(X, Y) PZR=G).

Then (M, g) is a space of constant curvature.
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THEOREM C. Let (M, g) be a 4--dimensional real analytic Riemannian manifold.
Assume (1.1), (1. 2) and (1. 4). Then (M, g) is locally symmetric.

2. 3-dimensional cases. Let (M, g) be a 3-dimensional real analytic Riemannian
manifold. R (resp. R±] denotes the curvature tensor (resp. the Ricci tensor) of
(M, g). R1 denotes a field of symmetric endomorphism satisfying Rι(X, Y)
=g(R1X, F). It is known that the curvature tensor R of (M, g) is given by

(2.1) R(X, Y}=RlX/\ Y+XAR1 Y-

for all tangent vectors J^Γ and Y.
At each point p^M, we may choose an orthonormal basis {βt} such that

R1ei=Xiei, l^i,j, k, ••• ^3. Then, from (*) (or equivalently (**)) and (2.1), we see
that essentially only the following cases are possible:

( I ) i=^=^=^,

(II) λ^λ^λ, Λ3=0,

(III) ^=^=^=0.

For (I), according to [3], we have

PROPOSITION 2.1. If the rank of the Ricci tensor Rι is 3 at least at one point
of M, then (M, g) is a space of constant curvature.

Next, we assume that the rank of Ri is at most 2 on M. Then (II) or (III)
is valid on M. If the rank of R! is 2 at some point of M", then the rank of R! is
also 2 near the point. Thus, let W={p€M; the rank of Rι is 2 at p], which is an
open set of M. For any pQ€W, let W0 be the connected component of p0 in W.
Then non-zero eigenvalue of R1, say, λ, is a real analytic function on W0 and
furthermore, we may take two real analytic distributions TΊ and TO corresponding
to λ and 0 respectively on WQ. Thus, for a n y p s W o , we may choose a real analytic
field of orthonormal basis {£*} near p in such a way that {Ea} and {£3} are bases
for Ti and TQ respectively. Here a,b,cy •••=!, 2. From (2.1) and (II), we have

LEMMA 2. 2. PFiYA respect to the above basis {£*},

(2.2) R(E1,E2)=λE1ΛE2,

all the others being zero.

In general, for a local real analytic field of orthonormal basis {Ei} on an open
set U in a real analytic Riemannian manifold (M, g), we may put

m

(2. 3) rXlEf= Σ BijkEk,
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where m=άimManά Bijk (i,j,k, =l,2,~-,m) are real analytic functions on U
satisfying Bijk=-BikJ.

From (2. 2) and (2. 3), we have

) - (E2λ}El/\E2-λB2 13E2/\E3-λB2

From above equations, we have the following:

(2.4)

(2.5)

Furthermore, we have

(2. 6) - [R(E19 Eύ, (rSlR)(El9 E2)] - (rElR)(R(El9 EΛ)El9 E2) - (ΓElR}(Ely R(Eί9

and similarly

(R(E19 Eύ

Thus, from (1. 4) and (2. 6), we have

(2. 7) BI 31 = ̂ 132 = B2 31 = B2 32 — 0.

From (2. 7), we see that Ti and T0 are parallel on TF0 and hence the open subspace
(Wo, g\Wo) is reducible. Since (M, g) is real analytic, we can conclude that (M, 0)
is reducible. Therefore, we have theorem B.

3. 4-dimensional cases. Let (M, g) be a 4-dimensional real analytic Riemannian
manifold satisfying the condition (*). At each point p€M, we may choose an
orthonormal basis fe} such that R1ei=λίei, l^/,y, k, ••• ^4. From (**), by the
similar arguments as in §2, we see that essentially only the following cases are
possible:

( I ) λ=

(II) λ! =

(III) *!=
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(IV) λ! = λ* = λ, λ3=λ* = Q,

(V) λ=λ=i=^=0.

First, for (I), according to [2], we have

PROPOSITION 3. 1. If (M, g) is a ^-dimensional Einstein space satisfying the
condition (*), then it is locally symmetric.

Secondly, we assume that (II) is valid at some point of M. Then, (II) is also
valid near the point. Thus, let W={p€M; (II) is valid at />}, which is an open set
of M For any pΌ€W, let Wo be the connected component of p0 in W. Then non-
zero eigenvalues of R1, say, λ and μ, are real analytic functions on Wo and we
may take two real analytic distributions Ti and T2 corresponding to λ and μ
respectively on W0. Thus, for any />€ TF0, we may choose a real analytic field of
orthonormal basis {Ei} near p in such a way that {Ea} and {Eu} are bases for 7\
and Γ2 respectively. Here a,b,c, =1, 2 and #, 0, w, ••• =3, 4. From (*) and (II),
we have

LEMMA 3. 2. 1/FjY/z respect to the above basis {£*},

(3. 1) R(E19 E2)=λE1/\E2> R(E3, E,}=μ

all the other components being zero.

From (2. 3) and (3. 1), we have

V=3

Σ
υ=3

BulυEv/\E2+λ Σ BwE^E*

Thus, by the second Bianchi identity, we have

(3.2) Buaυ=0, 0=1,2, w, 0=3,4.

Similarly we have

(3.3) Bauι>=Q, a,b=l,2, «=3,4.

From (3. 2) and (3. 3), we see that TΊ and T2 are parallel on W0 and hence the
open subspace (Wo, g\w0} is reducible. Since (M, g) is real analytic, we can concludee
that (M, g) is reducible. Thus we have

PROPOSITION 3. 3. If (II) is valid at some point of M, then (M, g) is a local
product space of two 2-dimensional Riemannian manifolds.
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Thirdly, we assume that the rank of Ri is at most 3 on M and 3 at some
point of M. Then (III) is valid at the point and furthermore (III) is also valid
near the point. Thus, let W={pzM] (III) is valid at p}, which is an open set of M.
For any pQGW, let W0 be the connected component of pϋ in W. Then non-zero
eigenvalue of Rl, say, λ, is a real analytic function on W0 and we may take two
real analytic distributions 7Ί and T0 corresponding to λ and 0 respectively on W0.
Thus, for any p€ W0, we may choose a real analytic field of orthonormal basis
{Ei} near p in such a way that {Ea} and {£4} are bases for 7\ and Γ0 respectively.
Here a,b,c, =1, 2, 3. From (*), (2.1) and (III), we have

LEMMA 3. 4. With respect to the above basis

(3.4) R(Ea, Eb)=

all the others being zero, where K=λ/2.

From (2. 3) and (3. 4), we have

(3. 5) (

(3.6)

3

C=l

C=l

From (3. 5) and (3. 6), we have the following:

(3.7) EaK=0, a=1,2, 3,

(3.8) £α4δ=0, a^b, and £44α=0, 0=1,2,3,

(3.9) E,K+K(Ba,

And furthermore, we have

(3.10) (R(Ea, Eb).PEc

Thus, from (1. 4) and (3.10), we have

(3.11) #αδ4=0, 0,6=1,2,3.

From (3. 7), (3. 8), (3. 9) and (3.11), we have

PROPOSITION 3. 5. Assume that the rank of the Ricci tensor R^ of (M, g) is at
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most 3 on M and actually 3 at least at one point of M. If (M, g) satisfies (*)
and (1. 4), then (M, g) is a local product space of a ^-dimensional space of constant
curvature and a \-dimensional space.

Forthly, we assume that the rank of R! is at most 2 on M. Then (IV) or (V)
is valid on M. If the rank of Ri is 2 at some point of M, then the rank of Ri
is also 2 near the point. Thus, let W={pζM; the rank of jf?ι is 2 at p}> which is
an open set of M For any p^Wt let Wo be the connected component of p0 in W.
Then non-zero eigenvalue of R1, say, λ, is a real analytic function on W0 and we
may take two real analytic distributions 7\ and T0 corresponding to λ and 0 res-
pectively on WQ. Thus, for any p£WQ, we may choose a real analytic field of
orthonormal basis {Eι} near p in such a way that {Ea} and {£M} are bases for Ti
and To respectively. Here #, &, c, ••• =1, 2 and u,v,w, ~ =3, 4. Then, we have

LEMMA 3. 6. With respect to the above basis {Et},

(3.12) R(ElfE2)=λE1/\E2ί

all the others being zero.

From (2. 3) and (3. 12), we have

(3. 13) (rSvR)(Eί9 E2} = (Euλ}E^Ez-{-λ Σ BuυlE2/\Ev+λ Σ AΣ
v=3

v, E1)=λB2u2E1/\E2,

(3. 14) (Fj^ΛXEi, E2) = (E1λ)E1AE2+λ Σ BlvlE2/\EΌ+λ Σ
υ=3 υ=3

(PE2R)(Eίy E^^E^E^E^λ Σ B2υlE2/\Ev+λ
v=3 v=3

From (3. 13), we have

(3. 15) Buva=Q, u, v=3, 4,

(3.16) Eut+λ(Blul+B2u2)=0, w=3,4.

From (3. 15), we see that T0 is involutive and from lemma 3. 6, each maximal
integral submanifold of TO in W0 is locally flat with respect to the induced metric.
And, from (1.4), (3.14) and (3.15), considering (R(El9 E2) PSlR)(Eί9 E2) = 0 and
(R(Eι, Eύ PS2R)(El9 β)=0, we have

PROPOSITION 3. 7. Assume that the rank of the Ricci tensor Ri of (M, g) is at
most 2 on M and actually 2 at least at one point of M. If (M, g) satisfies (*) and
(1. 4), then (M, g) is a local product space of ^-dimensional Riemannian manifold
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and a ^-dimensional locally flat space.

Thus, from Propositions 3.1, 3. 3, 3. 5, 3. 7, we have theorem C. Furthermore,
from (3. 7), (3. 8) and (3. 9), by the similar arguments as in [3], we have

PROPOSITION 3. 8. Assume that the rank of the Ricci tensor Rι of (M, g) is
at most 3 on M and actually 3 at least at one point of M. If (M, g) satisfies (*)
and is complete, then (M, g) is a local product space of a ^-dimensional space of
of constant curvature and a ^-dimensional space.

Thus, from Propositions 3.1, 3. 3, 3. 8, we have

THEOREM 3. 9. Let (M, g) be a ^-dimensional complete and irreducible real
analytic Riemannian manifold and the rank of the Ricci tensor Rι of (M, g) is 3
or 4 on M. If (M, g) satisfies (*), then (M, g) is locally symmetric.

REMARK. In 3-dimensional cases, we see that the condition (*) is equivalent
to (**) and the condition (1. 4) is equivalent to

(1.4)' R(X, Γ) ΓzjRι=0.
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