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A REMARK ON UNIPOTENT GROUPS OF CHARACTERISTIC >0
By TETsuo NAKAMURA

Borel and Springer [1] deal with a unipotent group U defined over a field of
prime characteristic p and investigate the conditions of the existence of the one
dimensional subgroup to which a given element of the Lie algebra L(U) of U is
tangent. They use the lemma (9. 15) (ii) (p. 493) in the proof of the last theorem
9.16) (i) (p. 495). In this report we shall show that this lemma is not correct
(cf. §2). But a modification of it does not disturb the truth of the theorem.
Moreover we want to show that the theorem (9. 16) (iii) in [1] is still true under a
weaker assumption (cf. §1). The notations in this report are the same as in [1].

§1. In this section we give a modification of the lemma (9.15) (ii) in [1]. It
is given as a corollary of the following lemma. The form of the weight in the
assumption is changed from (p*+pa to pra+pb (a,be¥). The proof proceeds
similarly to that given in [1].

LEMMA. Let U be a unipotent k-group and T a k-torus which acts k-morphically
on U. Let N be a connected central k-subgroup of U, stable under T, such that
UIN is commutative. Let Uy, W and W, be subgroups of U containing N, stable
under T, such that U, and W, arve normal subgroups of U and W, respectively,
and such that UlU, and W|W, are isomorphic to G.. Put O(T, UU)={a} and
O(T, WIW)=1{b}. If O(T, N) does not contain any element of the form p'a-+pib
(,7=0) and the commutator groups (U, W) and (U, W) are trivial, then (U, W) is
also trivial.

Proof. Let
a: UxW—N

be the commutator map, sending (x,y) to z-y-z~!-y~1. Using that (U, W) and
(U, W) are trivial, we see that this induces a T-equivariant morphism

a’s UU X W|/W,—N.
By Chevalley ([2] Exp. 9, lemme 2, p. 1), we may find a composition series
N=NoDN1D"'DNq={e}

of connected subgroups, stable under 7, such that successive quotients are isomorphic
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to G,. Now we want to prove that Im a’CN,,; assuming Ima’c N,. The map o’
defines naturally a T-equivariant morphism of varieties,

‘8: U/le W/Wl—’Nj/N]Jrl.

We see immediately that the restriction of g to U/U,x{y} or to {z}x W/W; is a
group homomorphism (where x and y are fixed elements of UJU, and W|W;,
respectively). Identifying U/U,, W|/W; and N;/N,.; to G,, f is given by a poly-
nomial F(X, Y)ek[X, Y] with the following conditions

(1) FX+X,Y)=FX Y)+F(X",Y),

(2) FX,Y+Y)=FX, Y)+F(XY")

and

(3) F*X, pY)=tF(X,Y) for some ce®(T, N)

(X, XY, Y'eG,, teT).

If F=0, then the above conditions imply that ¢=p'a+p’b (i,7=0), which contradicts
the assumption of the lemma. Hence F=0. By induction on j, this shows that «
is trivial. Therefore (U, W)=/{e}. (Q.ED.)

CorOLLARY. Let U be a unipotent k-group and T a k-torus which acts k-
morphically on U. Let N be a connected central k-subgroup of U, stable under T,
such that T has no fixed point e in U'=U|N. Let ® and ¥ be the sets oy
weights of T in N and U’, respectively. If UIN is commutative and @ does not
contain any element of the form pra+p’b for a,be¥ (i,7=0), then U is commutative.

Proof. By Chevalley ([2] loc. cit.), we may find composition series
U=UnDUp-12-2U=N

of connected subgroups, stable under T, such that successive quotients are isomorphic
to Go. The set of weights of T in U;/N is a subset of ¥. We prove by induction
on 7 that U; is central in U. Since N=U, is cetral, we may assume that U; is
central in U. It suffices to show that (Ui, Uk+1)={e} under the assumption that
(U1, Un)={e} (=k<m). This follows immediately by the lemma. Hence U is
commutative. (Q.ED.)

Now we give a proof of the theorem (9. 16) (ii) in [1]. As in the proof of the
theorem (9.8) ([1], p. 487) we may assume that S is a maximal, Z-split and one
dimensional k-torus. Furthermore we may assume that b€ @(S, G)c Nb={nb; ne N} by
the theorem (9.16) (i) in [1]. We use induction on dim U. Let N be a non-trivial
connected central k-subgroup of U, stable under S. If X does not belong to the Lie
algebra L(N) of N, we apply the induction assumption to G/N and get a com-
mutative &-subgroup W/N of G/N such that Xe L(W/N) and &(S, W/N)C{p’b;je N}
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Then W is commutative by the above corollary and XeL(W). Hence in any case
X is tangent to a commutative k-subgroup of U, stable under S. Then we can find
a desired subgroup V using Prop. (9. 10) ([1], p. 489).

Next we shall prove the following theorem, which is an improvement of the
theorem (9. 16) (iii) in [1], and which covers the case where @(S, G) contains some
element of the form (p*+p9b (i1=0).

THEOREM. Let G be a solvable k-subgroup, U the unipotent vadical of G and
S a k-torus in G. Let b be a non-trivial chavacter of S, and X a non-zero nilpotent
element of L(G) such that Ad s(X)=s*X (seS). If O(T,G) does not contain any
element of the form (p*+p9)b (3,7=0;ix7) or p'b (i=1). Then there exists a connected
k-subgroup of U of dimension one, stable under S, and to which X is tangent.

Proof. We proceed by induction on dim U. Let N be a non-trivial connected
central £-subgroup of U, stable under S. If XeL(N), our result follows immediately
by the theorem (9. 8) in [1]. Let X¢L(N). Applying the induction assumption to
U/N we have a connected k-subgroup W of U, stable under S, such that W/N is
isomorphic to G, and L(W/N)=EX. Let

a: WX W—-N

be the commutator map. As in the proof of the lemma we get the following
polynomial from this map,

F(X, Y)=c, XP'YP 40,XP°YP.  (c1, co€k)

Since F(X, X)=0, we have ¢;=—c,. This implies F=0 if i=j. So W must be
commutative. Then the theorem follows from the theorem (9.8) in [1]. (Q.E.D.)

§2. Here we give a counterexample of the lemma (9.15) (ii) in [1]. Let U
be the unipotent group

1 =z v
01 z|;axvyzek

001

and T the one dimensional torus GL;.
We define an operation of T on U by

1 2z v 1 tox tetdy 1 2 vy
tL10 1 z||—|0 1 £z |, teT, |0 1 z|eU
0 01 0 O 1 001

where @ and b are any fixed non-trivial characters of 7.
Let
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1 0 =«
N=110 1 0/[; z€ky.
0 01
N is the connected central subgroup, stable under 7T, and U/N is commutative.
We have &(T, U/N)={a, b} and &(T, N)={a+b}. We can choose «,b such that a+b
is not of the form (p*+p/)a or (p*+p/)b for any i,j=0. (For example we may

take @¢=1, b=2 if p=3.) Since U is not commutative, this is a counterexample of
the lemma (9. 15) (ii) in [1].
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