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GENERALIZATIONS OF THE CONNECTION OF TZITZEICA
By KENTARO YANO

Dobrescu [1] has recently studied what he calls the connection of Tzitzéica [4]
on hypersurfaces in a Euclidean space.

The main purpose of the present paper is to define the connection of Tzitzéica
on hypersurfaces in an affinely connected manifold along which a torse-forming [6]
or a concurrent vector field [5] is given and to study the properties of the con-
nection of Tzitzéica thus defined.

§1. The connection of Tzitzéica on a hypersurface in a centro-affine space.

Let A™ be an n-dimensional centro-affine space (#=3), that is, an affine space
in which a point O is specified. Then any point P in A" is represented by the so-
called position vector X =O0OP. This means that with every point P of A", there
is associated a vector X.

We now assume that there is given a hypersurface V™! in A" and denote by

X=X, u?, -+, u™*)

the parametric representation of V™!, where («%) (@, b,¢,--=1,2,3,+--,n—1) are
local parameters on V™! such that vectors

Xb = abX

tangent to V» ' are linearly independent, 9, denoting the differential operators
0p=0/0u.

We assume that the vector X at P on V»! is never tangent to V™%, that is,
the vector X is linearly independent of X,.

We then have, for the vectors 0.X», the equations of the form

a{. 1) 0:.Xp=1"c" Xo+he X,

where I'.%, symmetric in ¢ and b, define an affine connection on V™! called the
connection of Tzitéica [1], [4] and %, symmetric in ¢ and b, define a tensor field'
on V™! called the second fundamental tensor.

The equations (1. 1) are so-called equations of Gauss for the V™%, the pseudo-
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affine normal being the vector X associated with the point P on V»=*. The equa-
tions of Weingarten in this case are

1 2 0. X=X,.

Computing the integrability conditions of (1.1) and (1.2) regarded as a com-
pletely integrable system of partial differential equations with unknown vectors X,
and X, we find

1.3) Raer™ +03hea—08har=0,

and

1.4 V ahes—V chap=0,

where

1.5) Racr®=0al"c"s— 0. ¢+ a% L s—'c% " a%

are components of the curvature tensor of the connection of Tzitzéica and V4
denotes the covariant differentiation with respect to the connection of Tzitzéica.
From (1. 3) we have

(1. 6) Rey+-(n—2)her =0,
where Rg are components of the Ricci tensor
(1- 7) RcbzRacbao

Equation (1. 6) shows that the Ricci tensor of the connection of Tzitzéica is
symmetric:

(1. 8) Rcb = Rbc;

from which we see that the connection of Tzitzéica is volume-preserving.
From (1. 3), (1. 4) and (1. 6), we find, for =3,

1
1.9 Ry — ‘m(5$Rcb—5é‘Rdb)=0
and
1. 10 ViR~V :Raw=0,

which show that the connection of Tzitzéica is projectively flat.

Conversely suppose that there is given, in an (z—1)-dimensional differentiable
manifold V! (#=3), a symmetric affine connection I'.* which is volume-preserving
and projectively flat. We then have equations (1.8), (1. 9) and (1. 10), which show
that the system of partial differential equations
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achzrcabXa’!‘ ‘—1_ Rcbe
n—2

1. 11
2X=X,

is completely integrable. Thus we have

ProrosiTiON 1. 1. A symmelric volume-preserving projectively fiat affine con-
nection is always rvealized as a conmection of Tzitzéica on a hypersurface in a
centro-affine space.

§2. A characterization of projectively flat manifold.

Let M™ be an #n-dimensional differentiable manifold (#=3) with a symmetric
affine connection /' with components I";/;(x), where (z*) are local coordinate system
in M™ and the indices 4, 4,7, --- run over the range {1,2,3, -, n}.

The curvature tensor field R of M™ is given by

R(Z, YV)X=V Wy X—VyV 2X—V 70X

for any vector fields Z, Y, X in M™.
We assume that the vector R(Z, Y)X is always in the three-dimensional linear
space spanned by the vectors Z, Y and X, that is,

RZ, Y)X=r(Y, X)Z+p(Z, X)Y+a(Z, V)X,

where 7, f and « are all tensors of type (0, 2).
Since R(Z, Y)X is skew-symmetric in Z and Y, we see that

(Y, X)+p(Y, X)=0,
aZ, Y)+a(Y, Z)=0
and consequently we have
® R(Z, N X=yY, X)Z—1(Z, X)Y+a(Z, )X,

a(Z, Y) being skew-symmetric.
If (P) is satisfied, then we say that the affine connection has the property (P).
Denoting the local components of R, y and @ by Rxj"*, —7; and aj; respectively,
we find, from (P),

2.1 Ry "+ 0y ji—0lywi— o 0% =0,
from which, by contraction with respect to % and #,
(2. 2) qu;-i—(ﬂ'—l)]’ji—ai]:O,

and, by contraction with respect to i and 4,
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—Rij+Rix+71i5— 65— now;=0,
or
@.3) —Rij+Ri+rii—r—nai=0
by virtue of the first Bianchi identity
Riji*+ Rjur"+ Rixi*=0.

Forming (2. 2)x»n—(2. 3), we find

2. 4) (n—DRji+ R+ —n—1)yji+1.,;=0,
from which
2. 5) n—1DR,j+Rji+m?—n—L)y.+75:=0.

Forming (2. 4) X (n?*—n—1)—(2. 5), we find
[(n—1)(n*—n—1)—11R;+[(n*—n—1)—(n—D] Ry +[(n*~n—1)*—1]7;=0,

or
2. 6) nRji+ Ryj+m*—1)y;:=0,
from which
2.7 Tii=— —Zl— (nRji+Fj)
n*—1
and
2.8 THT V= = (Rji— Ruyp).
n+1
Substituting (2. 8) into (2. 3), we find
1
ai=— T (Rji—Ruj),

that is,
2.9 Aji=7ji T

Thus (2. 1) gives
2.10) Ry ji" 0% ji— 018 — (rrs—713%)0%4=0,

where y; is given by (2. 7), and consequently the manifold M" (»=3) is projectively
flat. Thus we have
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ProrosiTiON 2.1. When a symmetric affine connection in an n(=3)-dimensional
manifold has property (P), the manifold is projectively flat. (See, Ogiue [2])

PrOPOSITION 2. 2. When the curvature tensor of a symmetric affine connection
in an n(=3)-dimensional manifold satisfies an equation of the form (2. 1), the mani-
fold is projectively flat.

§ 3. Fundamental equations of a hypersurface in a manifold with symmetric
affine connection.

We next consider a hypersurface V*! in M™ and let
@B. 1 zh=z"(u")
be its parametric representation. The rank of
By =0,z"

is assumed to be n—1 everywhere along V™%,

We take a vector field C”* defined along V"' such that C"* is linearly inde-
pendent of B,* and consequently the vectors By* and C* form a frame on V7%
We denote by B% and C, the components of covectors which form the dual coframe.

If we put
3.2) I =(0:By"*+1I " i*:Be! Bs*) B %1,

then 7% define a symmetric affine connection induced on the hypersurface with
respect to the pseudo-affine normal C*.
Then the so-called van der Waerden-Bortolotti covariant derivative of By

3.3) Ve Byh=0.By"+1I"j*;B By*—1I"c" Bo™
is written as
3. 4) Vo Byt=hsCh,

where /. is the second fundamental tensor of the hypersurface V"' with respect
to C* The equation (3.4) is that of Gauss of the hypersurface V*!. The equa-
tion of Weingarten of the hypersurface V! is given by

3.5) V.Ch=—hBs*+1C*",

where 4, are components of the second fundamental tensor and /, those of the
third fundamental tensor of V71,
From (3. 4) and (3. 5), we find

Ryji* Bd* B Byt
3.6)
=[Kaer"— (ha" ey — he"han)) Ba" + [V ahey—V chav+lahco—lehas]C*
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and
Ryji*Ba*BC*
3.7
=—[PalV *—V cha®—lah’+lcha® 1B+ [V abe—V cba— haahc® +heahid®1C*
by virtue of the Ricci identities
Val eBy*—V oF 4 Bo™ = Ry " Ba* Be? By — Kaes” Ba
and
Vi CP* =V 4C*= Ry ;i* Ba* B C*.
We now assume that the hypersurface V»~! has the property that
®" RZNYNX'=r(Y" X"NZ'—(Z', X"NY'+a(Z", Y )X’

is satisfied for any vector fields Z’, Y/, X’ tangent to the hypersurface. Denoting
the local components of y and « on the hypersurface by —7ye and ae respectively,
we find

@G-8 Riji" Ba*Bo? By + (04 7e0—0¢ 1 av— @ac0p ) Ba" =0.
Substituting (3. 8) into (3. 6), we find
[Kaco® +057e0—087as— acOsy — (a"heo— R han)] B+ [V ahey—V chav+Laheo—lohas] C* =0,

from which

3.9 Kaeo® +057c6— 02700 — achy — (Bahes— e has) =0
and

(3.10) V aheo—V chay~+lahes—Lehay=0.

§4. Generalizations of the connection of Tzitzéica.
Suppose that a vector field C*(x) is given in M™ and satisfies
4.1 Vi Cr=adt+pCH,

where « is a scalar field and B; a covector field in M".

We then say that the vector field C* is torse-forming because if we develop
the vetor field C* along a curve in the manifold M™", we obtain a field of vectors
along the curve whose prolongations are tangent to another curve. (See, [5], [6]).

When a vector field C*(x) is given along the hypersurface V™! and satisfies

“.2) Vo Cr=aB+BLCH,
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where « is a scalar field and f. a covector field of the hypersurface, we say that
the vector field C*(u) is torse-forming along the hypersurface.

In this Section, we assume that there is given a torse-forming vector field C*
along V™! which is not tangent to the hypersurface and take this vector field as
the pseudo-affine normal to the hypersurface V».

We induce an affine connection on the hypersurface with respect to this torse-
forming vector field C* and call the connection of this kind the connection of
Tzitzéica on the hypersurface.

When the vector field C* satisfies

4.3) Ve Cr=aBM

with a non-zero constant «, we say that the vector field C* is concurrent along
V71 because when we develop the vector field along a curve on the hypersurface,
we obtain a field of vectors along the curve whose prolongations pass through a
fixed points. (See [3], [6]). In a centro-affine space with a fixed point O, the vector
field X=OP attached to a point P is concurrent on any hypersurface in the sense
above.

When the pseudo-affine normal C* is torse-forming, comparing (3. 5) and (4. 2),
we find

4. 4) he®=—ad?
and
4.5) le=pe.

Thus if moreover the hypersurface has the property (P’), we have, from (3. 9)
and (3. 10),

(4. 6) Kaer® +05(rev+ahes) — 08 (rao+ ahap) — agedy =0
and
4.7 V aheo—V chav—+ Baltes— Behar=0.

Thus from Proposition 2.2 and (4. 6), we see that, if »—1=3, then the con-
nection of Tzitzéica is projectively flat. Thus we have

THEOREM 4. 1. The connection of Tzitzéica induced on a hypersurface V7!
with the property (P') in M"™ (n=4) with respect to a torse-forming pseudo-affine
normal is projectively flat.

As a corollary to Theorem 4.1, we have

THEOREM 4. 2. The connection of Tzitzéica induced on a hypersurface V™!
with the property (P) in M™ (n=4) with respect to q concurrvent pseudo-affine normal
is projectively flat.
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