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MEASURE-THEORETIC CONSTRUCTION FOR
INFORMATION THEORY

By YaTsukA NAKAMURA

1. Introduction.

In the measure theoretic viewpoints, the information theory originated by
Shannon [13] can be divided into a couple of basic parts, that is, the one is con-
cerned to information source and the other is concerned to information channel.
Kolmogorov [10a, b] and Sinai [14] gave the concept of entropy of measure preserving
transformation, modifying the method of information source, and they classified
certain dynamical systems which belong to the same spectral type.

Halmos introduced a measure theoretic construction of information source in
his lecture note [7]. Under such a measure theoretic form, we can apply the theory
to both the classifications of dynamical systems and the composition of the concrete
information theory constructed on alphabet spaces. In this paper, we shall study
a measure theoretic construction of information channel. For this purpose, main
themes are devoted to define channels, between two abstract measurable spaces,
and ergodic or stationary capacities of such channels, and to find conditions under
which these two capacities coincide.

At first, an integral representation of entropy function will be done for the
latter intention, namely to find the conditions for coincidence of the capacities.
Parthasarathy [12] and Jacobs [9a] proved that the representation is possible when
entropy is defined on alphabet space, and Umegaki [17a] showed that it is also possible
even when the space is a compact totally disconnected topological space. Their
constructions are available for the case of the abstract dynamical system, reducing
to the special cases by certain mappings (see [9b]). But the method employed here
needs only some simple calculations of entropy, and some knowledges of the ergodic
theorem and the martingale convergence theorem.

Seconderly necessary and sufficient conditions for ergodicity of channels will
be researched. Hinchin believed in his paper [8] that finite memory channels are
ergodic, who gave the first mathematical and systematical construction to discrete
information theory originated by Shannon. But, Takano [15] pointed out that finite
memory channels are not always ergodic and it needs a concept so called “ M-
dependence”, in addition to the assumption of finite memory, for ergodicity of
channels.

Adler [1] showed that “weakly mixing” and “strongly mixing” channels in
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134 YATSUKA NAKAMURA

his sense are always ergodic, and M-dependent channels are strongly mixing, (so
the assumption of finite memory is needless). But the necessary and sufficient
conditions for ergodicity of channels were not known. (cf. Billingsley [2], p. 161)
Recently Umegaki [17c] showed some necessary sufficient conditions independently
from the author, by beautiful functional analysis methods. In this paper we also
give some conditions by pure measure theoretic methods.

Lastly a condition of “completeness for ergodicity of a system (X, ¢, II)” will
be studied when X is a completely regular topological space. Alphabet spaces
(even if alphabets are countable) satisfy the topological assumption, so our theory
is applicable to the information theory with countable alphabets.

The author expresses his sincere thanks to Professor Umegaki for many instruc-
tive suggestions and advices in the course of preparing the present paper.

2. Notations and Preliminaries.

In this section, we shall refer to the several notations and functions and funda-
mental notions relative to the amounts of information and entropy which were
given and formulated by Halmos [7].

Let (X, %, p) be a probability measure space, and ./ be any measurable finite
partition of X, or equivalently subfield of finite elements of . Then information
of A is defined by

@1 I()=— 24 log p(A),

where the sum is taken all over the atoms of 4, and y, is a characteristic function
of A. If ¢ is any subfield of ¢, then conditional information of A relative to C
is defined by

2.2) (A1 0)==3 14 log HAIC),

where p(A|C) is a conditional probability of A relative to C, and A also moves on
atoms of 4. If S is a measure preserving transformation on X, then

2.3) I 0)S=I(SA|STC) ae.
If 4cC, then I(A]|C)=0, and if .JC @, then
@49 I O=I(B]0) a.e.

Let 4, @ and C be subfields such that @ are finite, then
2.5) IAVB|IO)=I(B|O)+I(A]| BVC) ae,
and similarly let @, B, -, B be a finite sequence of finite subfields, then

n n k-1
(2. 6) 1(V sic)=1@10+ 5 1(2:] Y 8ve) e
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The conditional entropy of a finite field i relative to a subfield C is defined by
@7 1 o=\1a1c)
which is equal to
2.8) ~\Zaaicyognaiciar.

The entropy of J is defined by

2.9) =\ ap
which is equal to

(2. 10) — 2 H(A) log 2(A).
If #cC, then

2. 11) H( | O)=H( ] D).

Moreover under the same assumption as (2. 5),

2.12) 1(V s1c)=m@l0+ 3 #( 3,

k-1
1\=/1 .%VC).
The entropy of a measure preserving transformation S relative to a finite sub-
field A is defined by
@.13) W, S)=H(uq| les-u),

which is equal to

(2. 14) lim %H ("\7‘ S"'Jl>,

=0

where the limit always exists. The entropy of @ measure presevving transformation
S is defined by

(2.15) lz(S)=sL1{p I A, S),
where the supremum is taken over all finite subfields of .

3. Integral Representation of Entropy.

The following is a reformation of a theorem of Tulcea [16], which is a key
point for our integral representation of entropy, and the proof is similar to that of
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Tulcea. (X, %, P) and S are the same as in §2.

THEOREM 3. 1.2 Let G be a subfield of X wilh the property
CY) STg=g7

then the sequence of functions
1 (1.
(3.2 f)=1(Y 571 2)

converges to some S-invariant function §(x) in L-mean and in almost everywhere
sense. Moreover if GCN 7.1 ST A, then

3.3) o, S)=Sﬁ(x)dp-

Proof. Putting

go(x)=I(A| G)(x)
and

gn(x)=I<JL\Z/IS_’JV g)(x), n=1) 2) Tt
then the function fx(x) defined by (3. 2) is expressed by

fol)= 5 T 057 Va),

because

n—1 n
1(\_/os-uz| g>=I<Vls“<"‘f>JZ| g )

7=

n k—1
=I(S~ "D | @)+ X I<S“"‘""’J ]\/1 N AV/ g) by (2. 6),
k=2 =

n k-1
=I(S~0D ]S~ @)+ 3, 1<s-<n—kuz‘ Vsmomnvs=ar ) by 6.1
k=2 J=
n—1
=1l @57+ 5 1(U|V, SV @)st by (2.3,
i=1 1=

n—1
=2, 9(S" ).
i=0

By the martingale convergence theorem, for any atom Ae.i,

1) If @ is trivial, ie. §=2=[¢, X], then Theorem 3.1 is just the McMillan’s theorem.
2) It means {S-'E; Fe §}y={F;Fe G}.
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\n/s—iJ\/g)—»p(A \7S—UZVQ’> a.e. as n—oo,
=1

1=1

#(4

So because of the continuity of log# on (0, o),

gn(x)=l<u4|;’\:/ls—u v g)—»I(Jl

\oj/S ANV g) =g(x) say, a.e. as #—co,
=1
and by (2.11),

Sg(x)dpz H( A

\75-uv.cz>§Hu),
=1

hence ¢(x) is integrable. By the ergodic theorem, (1/x) > 7= 9(S™ % 'x) converges
a.e. to an S-invariant integrable function §(x). Putting

Ey= {x; max ¢j(x) =A< gw(x) ]
1=j<k
and

F®= {x; max f§(x) =2 <f,<j’(x)}

1=j<k

where f&(z)=—log p(A.| Vi S AV @) and A, is an atom in i, then
ME)=% HANE)=T HANFLP).

Since the set F® is V%, S~ ]V &-measurable,
k .
sanrer={  o(a|Vstava)i=|  ewwipzepr
b2 =1 F{P
Let » be the number of atoms in 4, then
?% PEY=Y e ! ZklP(Fii’)ére“,
because FPNFP=¢ for kxk’. It follows that
Dl sup gilx) > 2t <re~?*—0 as A—oo,
k

which shows sup g«(x) is integrable. And so

Gw(x)=sup | g;(x)—9(x) |
=N
is also integrable. Hence the Cesaro mean exists a.e., say Gw(x):

. n—1
Gy(z)=lim £l 1 Gy(S™ ) ae.
n M k=0
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and by the monotone convergence theorem,
EGw=EGm |0 as N—oo.
Since Gu(x) is decreasing, limy Gw(x)=0 a.e.. Moreover
lim | f(2)—9(@)]

n—1

n—1
ém l:‘_l_ Z {gk(Sn—k—lx)_ g(Sn—k—lx)} ’ + ’_1_ Z‘ g(Sn—k—lx)_g(x)
n n k=0 7 k=0

}

which implies that fu(x) converges to §(x) in the both of the a.e. sense and the

L'-mean sense.®
If we assume ¢ C VS~ A, then

]

n—1 n—1
Tm {l S Ga(S™+1a) +‘l 5 9(S™ ) —g(a)
n =) n ;=0

A

=G x(z)—0 a.e. as N—co,

\/’S“uvg>:H(Jl VS7)=hh, S).
1=1 1=1

k
lim H(Jl /Sy g) =H<uzz
1=1
Hence
. ]_ n—1
Sg(w)dp=lim S ful@)dp = lim ;[{<\/ S| g)
n n 1=0

k
Vsav )| =mu,s)
QED.

=lim%(H(Jll g)+:z:H<Jz

Let (X, £,S) be a measurable space with measurable transformation S and I/
be a class of some S-invariant probability measures on . (We assume that I/
is not empty.) If we fix a p in /I, then we can consider (X, ¥, p, S) being a
probability measure space with measure preserving transformation S. Over this
space, we can also construct the entropy #(.4, S), of S relative to a finite partition
JA C %, which depends on pell. Hence it should be denoted by

ho( A, S)=h(A, S).
Now we prove the following

THEOREM 3. 2. There exists an S-invariant X -measuvable function h(zx) on X,
which does not depend on pell, and for every pell

3) The Ll-mean convergence of fu(x) 1s similarly proved as the McMillan’s theorem.
(See, e.g. [7], p. 28)
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Ik, )= o) .
Proof. If we put,
Q’={Be§£’15‘"dl;5“‘B=B}

then the preceding theorem is applicable; since g is a o-subfield of ¥, S-'¢=¢
and moreover, ¢ C V-1 S ™ 4. Hence, with the notations in the theorem,

o, S)= \a(@)ap= {lim fiz)ap.
But §(x) and fa(x) depend on pell. Now, for any atom Ae\V7?ziS~* A
— 1k
3.4) PA| @)= liin " ZIXA(S ') a.e.

since the right hand side of (3.4) is ¢-measurable, and
xp(@)=yxs-i g(x)=725(S'x)  for any Be g

implies
S lim — 3, 24(5"2) pldw) = SXB(x) lim — 2 14(S"2) p(dz)
B k =1 k =1
{1 4 2 wooma(S 009 (@) = (T - 3 anslS'0) )= AN,
k 1=1 k =1

where the last equality follows from y,.z(x) being an integrable function and
from the ergodic theorem. Putting

1k
Sfa(z)=Tim 7 2. 4(Sx),
k =1
(3. 4) implies
1 1 .
fa@=—— 2  za@logpA|@)=—— 2 @) logfalz) ae.
7 sevizls—ia % aevitis-ia

But fu(x) converges to §(x) a.e., therefore
N — 1
(3.5) §(x)= —lim ppd xa(x)log fa(x)  ae.

We write Z(x) the right hand side of (3.5). Then the function /4(x) is defined
universally over X and does not depend on pell, and
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i, )= \otap= .

Evidently §(x) is an S-invariant function with mod p, hence #(x) is also an S-
invariant function with mod p. If we make non-essential alterations on a set
{z; A(x) % A(Sxz)}, then A(x) becomes strictily S-invariant. Q.E.D.

4. Classification of Channels.

Let us consider two measurable spaces (X, &), (Y, Y). A channel v from X
to Y is a real valued function vx(B) on XX (xeX, Bey) which satisfies the

following conditions:
(i) If we fix xeX, then v,(-) is a probobility measure on ¥;
(ii) If we fix BedY, then v.(B) is an ¥ -measurable function on X.
Let S and T be measurable transformations on X and Y respectively. A

channel v is called stationary iff
(iii) vgx(B)=vx(T'B) for all zeX and Be.

We put I" as a set of all stationary channels from X to Y. As in §3, IT is a set
of some S-invariant probability measures on ¥. Then for every pell we can
construct a T-invariant probability measure ¢ on 4 and a SX T-invariant probability
measure ¥ on ¥ XY as follows:

q(B):Sux(B) pdz)  for every Bedj,

7(C)= Sux(Cx) pdx) for every Ce ¥ X4,

where C, is a section of C with xeX. Obviously ¢ and » depend on a probability
pell and a channel vel’, therefore sometimes we write as

q=q(p,v),  r=1(p,v).

DerFINITION 4.1. v'e€l’ and ?el’ are equivalent with mod II iff r'=r(p.')
and 7?=r(p,v?) coincide as probabilities on ¥ XU for every measure pell. In this
case we write

=2 (1),

Let II,cIl be a set of all ergodic measures in I/ with respect to S. Then we
can introduce an equivalence relation with mod 7. in I.

DEFINITION 4.2. A system (X, 2¢,1II) is complete for ergodicity iff p(A)>0
(pell, Ae &) implies P.(A)>0 for some Pell,.

THEOREM 4. 1. If the system (X, ¢,II) is complete for ergodicity, thenm for
every vt and V¢ in I the following conditions are equivalent to each other:
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1) vi=? (1),

1) vi=y? (1),

2) W(Co)=14(Cy)  a.e. IT for every Ce ¥ XY,
27 V5(Cr)=1%(Cy) a.e. I, for every Ce ¢ XY,
3) Ve (B)=1%(B) a.e. Il for every BedY,

3%) Vvi(B)=1%(B) a.e. I, for every Bed,

where a.e. Il (or Il;) means that it is true a.e. for every p in II (or II.).

Proof. 1)=>1’), 2)=>3), 3)=>3’) are obvious.
1y=>2"). Assume 2’) is not true, then

Del; Vi(Cr) ¥15(C2)} >0
for some Ce ¢ XY and p.ell,. Suppose now
Dela; Ve (Cz) >1%(Ca)} >0,

then
|, hconaar> canan
where
D={z; V4(C) >v%(Ca)}-
As
v2([CN(D X Y)]z)=xo(x)va(Ca),
it follows

CNDXYN>r(CN(DXY)),
which contradicts 1’), and the contradiction of the other case
Dela; vi(Cr) <v%(C)} >0

follows from the same manner.
2Y=>2): If 2) is not true, then

Dl Vo (Cr) 525%(Ce)} >0 for some pell and Ce ¥ X Y.
Then, as (X, &, IT) is complete for ergodicity,
Defx; V5 (Co)1%(Ca)} >0 for some peell..
3’)=>3): Same as the above proof.

141
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3)=>1): Choose Ae ¥ and pell arbitrarily, and integrate on A the each term
in 3):
raxB)={ Bnn = B pan—ruaxs,
A A

which shows that #' and 7% coincide on ¢ X 4. Q.E.D.

RemaArk. If the system (X, &, I1) is not complete for ergodicity then only
the following implications hold: 1)< 2)<>3)> 1) & 2) & 3).

5. Ergodicity of Channel.

(X, ), (Y,4), S, T, Il and I' are same as in the preceding section. Now we
give a new definition:

DeriNiTION 5.1. Channel vel' is called ergodic iff the ergodicity of p.ell.
always implies the ergodicity of r=7(pe, v).

THEOREM 5. 1. The following five conditions are equivalent to each other for
any vel'.

1) v is ergodic.

2) If CexXx XY and (SXT)'C=C then vi(Cy)=0 or 1 a.e. Il,.

3) If v=av*+1—a)? (Il,) for some v, v:el and 0<a<l, then v=1v'=v¥(I1,).

4) If ¥y and Y, are any semi-rings generating X and Y respectively, then

lim 71[— NZ}_I S [vo(T"CND)—ve(T"Cux(D)] p(dz)=0
N n=0 JS~"AnB

for every A, Be X, C,DeY, and pell.
5) vi Lvy a.e. I, implies v=yv'(Il,) for any v'el.

Let us give some explanations to the above: In 3), avi(B)+ (1—a)vi(B)
(reX, BeW) is also a stationary channel, so I" is a convex set and 3) means that
v is ergodic iff v is an extremal point in I" classified by the equivalence relation
of mod Il,. In 5), v, €vy a.e. II, means that there exists a set De ¥ such that
pe(D)=1 for any p.ell, and the measure v}, over (Y, ) is absolutely continuous
with respect to the measure v, over (Y, 4J) for every xeD. The condition 4) is a
reformation of Adler [1]. The equivalences between 1), 3) and 4) are independently
proved by Umegaki [17c] for the case [X, Y] being a pair of compact Hausdorff
spaces with a pair of homeomorphisms on each X and Y.

Proof. 1)=>2): Suppose 1) true, then for every p.cll,, r=r(pe,v) is ergodic
with a measure preserving transformation Sx 7. Therefore (Sx T)~*C=C implies
7(C)=0 or 1, ie.

Svm(Cm)pe(d.Z')=0 or 1.
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If this is 0, then »,(C;)=0 a.e. p., and on the other case, v,(C;)=1 a.e. p., hence
v2(Cz)=0 or 1 ae. II..

2)=>1): Choose Ce ¥ XY with (SX T)*C=C and p.€Il., then the ¥ -measurable
sets

Dy={z;v,(Cz)=0}  and  Di={x;v,(Cs)=1}
are S-invariant with mod p.. Hence pe(D,) and p.(D;) are 0 or 1 from the ergodicity
of p.. Thus, the ergodicity of r follows from
(€)= {pu(Copudn=0 or 1.

1)=>3): Suppose 3) is false, then for some v!, v2el’, v'5v¥(1],) and for «, 0<a<1,
v=avt+A—a)? (I1,).
Hence for some p.€ll., m'=1(pe, v*) and 72=r(pe, v?) are not identical and for every
Ce ¥ x4,
[ Contan =(wrcosian+{a-wncanao,

that is,
r(C)=ar'(C)+1—a)r*(C),

which shows that r can be written by a linear combination of the different measures
7t and 7% Consequently r is not ergodic.

3)=>2): Suppose 2) is false. Then for some p.e/l, and Ce ¥ XY with (SXT)*C
=C, X’={x;v:(C;)%0,1} is not of p.-measure null. Now we define new channels
o1, p%eI” by

vz(DN Cz)/”z(cx) if zeX’,
(D)=

pz(D) lf X ¢ X’,

vo(DN(Y\Co))va(Y\Cz)  if zeX’,
vi(D)= .

vz(D) if z¢X/,

where De@J. These are stationary, because C,= T 'Cs, implies
va(Co)=va( T 'Csa)=vs2(Csa),
hence S™'X’=X"’ and
v32(D NCsz)=ve(T DN T Csz)=va(T'DNC).

Moreover 5%(C;)=1 and 9%(C;)=0 for all zeX’, and so
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praep(Il,).
Then we can see easily,

(D) =ve(Co)0%(D) {1l —va(Ca)}P%(D).
Putting

A= {x; v(Cr) = —;—} and B= {,;; vo(Ca) < %},

then A and B are ¥-measurable. Finally we define channels ! and »? as follows:

4(D) if zeA,
vi(D)=

{1—205(C)}P%(D)+2v4(C2)P5(D) if zebB,

{2v2(Co) = 1}05(D)+{2—2v(C)}P%(D)  if z€A,
V(D)=

(D) if zeB,

where De®. Then these satisfy the conditions (i) and (ii) of channel (§4).
Moreover the stationarity of »* and »* follows from S—*A=A, S~*B=2B, the station-
arity of ¥* and 9% and the S-invariantness of vz(C,). We see easily

St (1)

y=
and for all zeX’,
{2v2(Ca)—2HDR(Co) —P%(Ca)} 0  and  vx(Co){Ph(Ca)—¥2(Ca)} 0,
hence
U5(Co) ¥ {200(Ca) — 1}05(D)+{2—205(Ca)}P5(D)  for weX’
and
{1—2v4(C)}P%(D)+2v2(Co)0's(D) 5 V%(D) for zeX’,

which imply v*203(11,).
1)>4): For any p.ell,, A, Be X, and C, DeY,,

-

MZ

n S™"AnB

0

1

2l|—a 2‘»—&

S (a(T-"C N D)—va( T-"Clva(D)}pe(d)

N—
2
n=0
1 N-1
tNE

n=0

6.1 [ se@CnDIpdn) ~ 5uC1:a0) D)) |

[§ erpan puDrpitan=( | sTrCruiDr )}
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= % 2 {r((ST"AX T-"C)N(BXD)—r(AXC(BXD)}
0

—1

1 N-
6.2 4+

n=0

{ Sxawux(cm(dx)S 5@ wa(D) bl d)

- Sx,i(s "2)ugn o(C >xB(x>»x<D>pe<dx>}.

The first and second terms of the last hand side of (5.2) converge to zero as
N—co by the ergodicities of » and pe..

4)=>1): For any p.ell., A, Be ¥, and C, De%,, similarly to the reformation
of the formula (5. 1),

2

1 {r(ST"AX T "C)N(BXD))—r(AXC)r(BXD)}

3
l
o

-1

MZ

= ve(T7"CN D)= T"Cv(D)} pe(dir)

N
1 S
N 720 Js—"4nB

by

n=0

n

Il

1

{ SXA(S“x)vsn «(C)p(®)va(D) pe(dx)

z]H

~Sxm)ux(cm(dx)st(xmw)pe(dx)}.

The first and second terms of the right hand side of the equation converge to zero
as N—oo by the assumption in 4) and by the ergodicity of p., which shows the
ergodicity of r=r(pe, v).

5)=2). Suppose 2) is false. Then for some p.ell, and Ce ¥ XY with (SXT)7C
=C, plr; 0<v:(Cr)<1}>0. If we put

E={z; 0<v,(Cs)<1}
and define for De,
v2(D N Cy)/va(Cy) if xekFE,
v (D ={
vz(D) if z4¢FE,

then v'el" and v/ %v (Il,) are proved similarly in the proof of 3)=>2). Moreover if
vz(B)=0 then v3(B)=0 for any Be¥Y, hence v;<v;, which contradicts 5).

2), 3)=>5): Suppose 5) false. Then there exists v’e€l" and v} € v; a.e. II, and
v xu(Il,). Assuming 2), for any Ce ¢ XY with (Sx T)C=C,

vz(Cz)=0 or 1 a.e. Il,.

Choose DC{zxeX; vi Lvz}, DeX and pe(D)=1 for all p.ell,, then for every xeD,
v#(C»)=0 implies v4(C;)=0 and v,(C;)=1 implies v%(Cz)=1. Consider now a channel
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Vi=av+(1—a)’, 0<a<l,
which satisfies
v/ (Cr)=0o0or 1 ae. I,
Hence v/ ’el"r is ergodic, which contradicts 3). Q.ED.

REMARII{. M-dependent channel is defined as follows; A and B are finite (or
countable) sets. We put

X=Al={w=(", w_1, o, w1, ***); w;€ A},
Y=Bl={w'=(-+, 0’1, o}, @i, -+); 0;€ B}

and ¥ =F4, Y=Fp are Borel fields generated by rectangles in A7 and B’ re-
spectively. We call such system (A7, F4) as alphabet space. S and T are shift
transformations on A7 and BY, i.e.

(Sw)n=wn+ly (Tw/)n=a);z+1-

For a fixed integer M >0, a channel v from A’ to B7 is called M-dependent iff
Vz([w.éy Tty w;] n [(U{u Tty w{!]):Vx([wgy R O)Z])Vx([(l);‘, t a)ll)])

for every xe A! whenever u—¢=M, where [o}, -, /] means a rectangle of coordi-
nates from s to #. If we write the rectangles in B! as 4J,, then M-dependentness
implies for any C, De%,,

v(CN T "D)=v(C)vz(T D)

for large #», and so the condition of Theorem 1, 4) is satisfied. Hence, if we con-
sider I7 being the set of all S-invariant probability Borel measures, M-dependent
channel is always ergodic.

6. Capacity of Channel.
In this section, (X, ¥), (Y, YY), S, T, II and I" are same as in §§4, 5.

DErFINITION 6.1. A transmission rate of a channel vel' with respect to a
measure pell is defined by

(6.1) Ry(v)= sup {ho( A, S)+ho( B, T)—hr(AX B, SXT)}
where the supremum is taken within all finite partitions .4 and @ in ¢ and Y
respectively, and g=q(p,v), r=r(p,v).

Remark. (1) Using (2.14), (2.13) and (2. 11), we can see easily R,(v)=0.
(2) In finite alphabet spaces (see §5, Remark), it holds that
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WA, S)=R(S)< +o0, WB, T)=MWT)< +oo,
MAX B, SXTY=MSX T)< +co,
and®
Ry()=WS)+MWT)—MSXT).
The amount Ry(v) is just a transmission rate in usual sense. (cf. Feinstein [6])
DEFINITION 6. 2.

Cs(v)=sup Rp(v) and Co(v)=sup Rp(v)
pell pEI’

are called stationary capacity and ergodic capacity (of a channel vel") respectively,
where

II'={pell; r=r(p,v) is ergodic with Sx T},
and if II’=¢ then we put C.(v)=0, where I is always assumed non-empty.

THEOREM 6. 1. If a system (X, ¢, 1I) is complete for ergodicity and a station-
ary channel vel is ergodic, then

Cs(w)=Ce(v).

Proof. Obviously C,(v)=C,(v). Now we assume Cs(v)<-+oo. For arbitrary
¢>0 there exist a measure pell and finite partitions ./ and 4,

(6.2) hol Ay S)+h( B, T)—h(AX B, SXT)>Cs(v)—e,

where g=q(p,v) and r=r(p,v). Then there exist measurable functions %i(x), %:(y)
and As(x, y) by Theorem 3. 2 such that

I, S)= SXm(x)p(dx),
1B, T)= Syhz(y)q<dy>=ngyhz(y»x(dy)p(dx),

In(JIX B, SX T)= SM P, ), dy) = styhg(x, W)va(du) P(d2).

Let us denote

4) The right hand side of (6. 1) can be proved to be monotone increasing for refine-
ments of finite partitions .7 and @, by the formula (2. 1.2) in [4]. And A(_4, S), #(B, T)
and A(_ X B, Sx T) increase and approximate 4(S), #(T) and A(SxT) respectively as J
and @ being refined, So the formula is valid,
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(@)= hu() + S i+ Sm Wvaldy).

Then the left hand side of (6. 2) equals to

Sﬁ(x) p(dx).

Since f(x) is S-invariant, there exist simple functions

kn

hu(z)= 3 XPppe (),  n=1,2,-

=1

satisfying ﬁn(m)Tﬁ(x), where {D™}, (n=1,2,---) is a sequence of measurable
partitions with S—!D{™=D{. By virtue of the monotone convergence theorem,

tim { (@) p(dz)— \fica) peao)
and hence by (6. 2)
kn
Sﬁn(x)zﬁ(dx) = ZZ;")p(D§"))>Cs(u)—e for some .

Consequently
KP>Ciw)—e  p(DEP)>0 for some i,
then there exists some p.ell. and p(D§y)=1, since (X, &, II) is complete for

0
ergodicity and ST'D{P=D{. Hence

Ry»)= Sﬁ@)pe(dx) = Sﬁm) peldr)=2>Culv)—e,

and by the ergodicity of v,
r=7(pe, v)EII’,
which shows
Ce(v) = Cs().

We can prove the inequality in the case Ci(y)=-+co similarly. QED.

7. Topological Argument and Application.

Let us consider a system (X, %, II) and a transformation S on X, where X is
a completely regular topological space, ¥ is a Borel field generated by open sets
in X, S is a homeomorphism on X and /I is a class of all S-invariant inner
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regular® probability measures on . (We assume I734.)
THEOREM 7. 1. The above system (X, ¢, II) is complete for ergodicity.

g’roo f. Let X be the Cech’s compactification of X, and a homeomorphism S
on X be an extension of S. (Such extension always exists.) Now for a measure
pell and for every Borel set A in X we write

HA=pANX),

where ANXe ¥ because a class {B; BNXe ¥} contains all open sets in X and
closed with countable union and complementation.

Then p is an inner regular Borel measure, since compact sets in X are also
compact in X.

Now we assume p(C)>0 for some Ce ¥, then, as p is inner regular, there
exists some compact set K in C and p(K)>0, which follows A(K)>0. Then by
the similar reason as Farrel ([5] p. 459, even if X is not a metric space), there
exists some inner regular ergodic Borel measure p, and p.(K)>0.

Now we define

Pe(A)=1;e<Aﬂ G S'”K) for all Aex,

n=-—0co

where ANUZ._.S™K is a Borel set in X since a class {4; ANUS-_.S"K is a
Borel set in X} contains .

Then p. is an ergodic probability measure on 2%, and inner regular as compact
subsets of X, contained in X, is also compact in X. Thus p(C)>0 implies p(C)>0
for some p.ell,. Q.E.D.

Application: We will be able to construct information theory of countable
alphabet by Hinchin’s method, on countable alphabet spaces A? and BI. The
countable alphabet space A, where A is a countable set and 7 is a set of integer,
can be seen as Polish space (separable complete metric space) with Tychonoff’s
product topology, because a discrete space A is of course a Polish space and a
countable product of Polish spaces is also a Polish space.

If we consider the system (AZ, Fg4, II,S), where F, is a Borel field generated
by open sets in AZ, S is a shift transformation, and II is a class of all S-invariant
Borel measures, (See, Remark in §5) then the system satisfies the topological con-
dition of Theorem 1, because every Borel measure is necessarily inner regular in
Polish spaces. (See [11] p. 64)

Therefore, when we treat the capacities of ergodic channels from A? to BZ
(or to other spaces), we need not distinguish the ergodic capacity and the stationary
capacity.

5) A finite measure p is inner regular iff u(E)=supxczp(K) where K is compact.
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