SQME CLASSES OF POSITIVE SCLUTIONS OF AUu=Pu

ON RIEMANN SURFACES, II

By Mitsuru OZAWA

§ 4, Dimensions of ideal boundary
(continuation).

If FFe On and "¢ (b)), then the
situation is somewhat troublesome to
handle. Let .8, be the least harmonic
majorant of ve Of._ g o Then Ay
has its sense for any ve 3.7 o Let
S. be a limit harmonic function B
v“ defined as follows: v™ is har=
monic on & -, such that v™= Vv on
M.+ . « Then we have easily that
A,= S, o Let “T, be the largest
minorant of w < IP-_7, belonging to
S 7, + Then °T, is equal to
either’ constant zero or a solution of
(A) such that T, ,*0. If T, *0 ,
then T,¢ #-_5 . Let u™ be a so-
lution of (A) on F,. -F, such that
u*=uw on [+, , then T, =2m u
exists and either T =0 or Tu$ 0o
Moreover T coincides with T, . We
have the following facts:

(1) TeA=1 forany Vel 7 ,

(11) 5 operation preserves the
linear independency.

n

let (U] be a positively linear
subspace of IPg. ﬁ spanned by all the
minimals w;,i=1,-,m such vhat T,
$O,uexF’P andlet‘I[U]be
T image of [U1l°. Let (V] be
positively linear subspace of CPF
for each element of which § operation
has the sense. Evidently &, s S (V]

C g F Let (V] be.3 image of
vy e Next facts are also easy to
verify.

A{Vic [U] and [V]CT[U],

Let w be a minimal in|P-_g  such
that ‘T,* 0 o Then 4T, =u is valid,
This shows that C?L‘[U]C[\/'] and U] C
AUV] . Hence we see that (V]=<T[U]
and A(V1=[U].

Let U be a minimal belonging to
{Ul, then T is also a minimal in
®r.7, o In fact, if we assume that
o<wg T, , then .}, exists and
satisfles o< 8., < u , therefore 4.
=4 w holds, This implies the
desired fact w=%L . -

If Fe Oé:” then u= L, 3, Zgn)

n->00
for a suitable non-compact sequence
{¢x} for any minimal u in Pr-g,

G = (z
m->oco F‘—Fo( ’

Z.,.)>0 on F-F,

for a suitable subsequence {5mw..} of
{%2a] , then o<w =T, which shows

that w= £°T. and w is also a mini-

mal in 4;_f and °T, belongs to ¢

Let QF 7, be a class of positive
solutions v of (A) on F-F, such
that o<{ _pveP@dr<o and v=0 on
[0 o+ We shall next prove that S.
has the sense for any v < c Qp_g »
Evidently v"2v on F,- F,, and v'>u™
if n>m - Therefore W52 >0 on
Fo CAL on f‘.,\ s On the

=8V

other hand we see
00z M, > gr%,vau N Sg v P de

Fn‘F;

- ) .
~~& Sy Vs >‘8 2D My
B r,
= 3 n
S TR
o

which leads to a fact that

sz SF%S ds |

v

’

and hence we see that

S, * o



This fact can also be verified as
follows: We have a decomposition for
any ve Pp_g such that

h)
vepy = vTp) — “ ?F“—F;(Z'P) v(z),P(z) do-,
Fn—Fo

IfveQg. F, » then g&F‘_’éﬂP‘z) do

< ™M h)

« And we have ?;F_ﬁ°(7~,r)<m ir

z¢F-Fo~ Ky, | where K, is a parameter
disc around p. Let Ef‘f‘;(z.v) be equal

'S) _
to %;‘n»:ﬁ (resp. 0) on Fn-Fo (resp.
F~F, ), then

5 (R)
A
R
PRt e

and

7 (h
“ 3';. )—(z,r)va(z)dtr s R<oo,
K o

(z.p v PiRides mM

Thus Sv=££_4’umv“cp) exists and # o .

e Fe Ogﬂ , then we have an

inverse, that is, veQp 7, if S, #x
for a given ve PPr-F, » In fact, we
shall use again the decomposition for
any ve @F'?e :

vp) + jg 3.'!(-*&1?(1’?) v Plzyde = v™ P,
5
By the assumption Sy F oo, v'PI<M
holds uniformly if p belongs to a com-
pact subregion of F-F, . Thus we
see

[ e

- Fn-K
whence

R) (=, P) viz) P2y de <M 15

ﬁ 3;{;(1.» v Py de < M,
F'-F«Tkl ’

It § S

H
this is really valid if Fe 05"
then we have

6 Sg v Pode < M, ,
PP Kq,
whence
“ v Pz dov < M,.

F-Fo
This is the desired fact.

28>0 on F-F, -Kq , —
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Next we shall prove that O &
Qp-g, o Evidently we see =

SS Ge_plz, 5,) Pydo
F-F °

[«

- 2
= QM - S 3% GF—F‘}Z' En)dd € 2 R
°

Let m tend to infinity for which
Lm G plz,5,)> 0 , then

0< “ L G 25 Pydo 5 2w |
F-F. °
Therefore the desired fact is valid.

Theorem 2, Let Fc< O, and e by,
then we have

dim () & dim (M),

Theoren 3. Q]F_Eg Qe &VI= TIU].

Especially if ['e O:‘) , we have QF-F“.,
=[V]=TLU]

We shall consider the surface [ of
finite genus. The ideal boundary is a
point p of ', hence F-F, may be
considered as |q - p| < 1., Let [,
be a circumference |q - p| = r, with
Tn! 0 o If P(q) satisfied the re-
quired conditions at p, then there is
only one Green function Gy 7(4,P) with
pole at p, Thus dim (=1

i fL_FPmd%w, then Me(b) or

["e ce) 7 However in this case ["e(b)
does not occur. In fact we see easily
that

1 '
{GF__F;( S“,Z)S- GF'E(S“‘ z) §-&G’F~E(§"’z)

where k is independent of n and z¢
Fa-Foand 3,,3, € Fn=Fny o« This is
the same as Harnack's inequality.

Thus for any {3.] we can conclude that

'n'p:::vuoo CF_}:O(Sn, z) = 0.
§s5, Subregion and its dimensions,

Let D be a subregion with non-
campact analytic relative boundary
C imbedded in (e Oq) « Let D,
"_'F“,\D ’C'r\.=F:nr\C and T«n,=Dr\ P,,L .



%o » Po » 4°p are similarly defined
as in §3, Let Qo be a family of
positive harmonic functions on D such
that [ 3rudsi<co . Let Go be a class
spanned by a positively linear cambi-
nation of limit functions lim

n—» o0

'3 R
455" each of which is minimal in
Martin's sense on D. Then we see
evidently & c 49, , G C IPy and
Qpc P> « Let Ofp be a class of
positive solutions of (A) on D such
that =0 on C and

Cl
ﬁ-gvvd.d < o0

and

gDUPdc- < oo,

We shall first prove that %< O0f, .
For any point %.. on D we see that

2T ~ S = GDn(z. Sm)db= Sg G’off‘ ) P2y do
D,

Cn+7n n

for a sufficiently large n, And more-
over ¢ Og implies that

g ;T,Gbn(z,ém)dxs = 2T @ (5, %, D)
In

tends to zero as n—° , Thus
2% - K%Gb(z,;m)u
C
= gg G (2 3m) Pode
D

holds, since G (%:5m)>Go (% 5m) for
n > p. On the other hand

S G, (2, 5 db = 2T @'(5,,Ca, D)
C, n
holds and this implies a fact

Let m tend to infinity with lim
G,%,5)> 0 on D, then

0< SSMwGD(z, g YPdoeg 2w,
D

Thus we have the desired result:

9, < 9,
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Next fact is easy to verify:

G <Q, .

D

Theorem 4. G}, S0t , Goc Qs
There is a one-to-one positively
linear mapping S which carries 8, and
Otp into G, and Q  , respectively,
S operation preserves the minimality
and has its left inverse operation T.
Thus there holds

< dim Of §
dim 0f LdeD.
D X deD¢

Especially F € O implies that G =Q.

Proof, Let ve Of,, then §, is
defined as the least harmonic majorant
of v in P, + Then .3, is not constant
o , In fact, we see that

00> M, > S Suds + gg v P do
Cn D,
= El
g“ﬁv‘“>~§%~vnd¢
T, ¥,
= cl n
3 v Vo,

n

where V™ is a harmonic function on
Dn such that v™=v on 7, +Cn .
Since v™">v™ is valid for n > m,
S":*Hw Voo | Evidently
5,28, and hence 8 surely exists
and* oo . Since d,2v on D, we
see 3,2 v™ on Dn, whence §,2 3.,
Thus 4. coincides with S. which
belongs to the class Q, , that is,

3
0< CSTSVM < oo |

‘Tw is defined for any ue Py as the
largest minorant of u in °, . The
following three facts are similarly
verified as in §§ 3, 4.

(1) Te3=1 for any Of, .

(i1) A operation preserves the

minimality,
(1) S G, Af velf .

The final statement of Theorem 4
was already proved, (Cf. Ozawa [3].)



Next we shall investigate the re-
lation between 0}, and Qp_ &,
Without loss of generality we may
assume that Dc F-F, »

Let veOf, , then Sy is defined
as a limit function q}}g v™ such that

V™ is a solution of (A) on Fn~F, with

boundary values v on %, and O on ([}-7,

+ 7, We see that
00 >M,; > S Svds + S&)der

Cn

)
—;vcu,>—I3

U™ ds

w;"‘u

]

Y

VndA '——U dA+ Sg 'U'""Pd.cr‘
T, -5

°

%

!
| e

Let n tend to infinity, then we have
>g§ S Fd"“’gavs ds ,
To

-,
which shows that S, % 0 and belongs
to the class Q. o T operation is
defined in an inverse manner as that
of S operation. Then we have again
(1) T°S=1I holds for any ve O},
(11) S operation preserves the
ninimality, if it has the
sense,
(111) S, for any ve (J belongs to

Te-r,.

Thus we have the following theorem:

Theorem §. There is a one-to-one
and positively linear mapping S which
carries @, and O, into @ and

F-F, # respectively. S operation
preserves the minimality if it has
the sense and has its left inverse
operation T. Hence

dim Of, o i Q)
dim 0f Z
F-F,

Z
an G &

F-F °

Let D;, 1 =1,2,3 be a triple of
domains such that D, \D,= 0, D,¥D, & Dy
Then we have that

%o,

+-

%Dl

dim

§ 6, Existence prcof of the Green
function.

In this section we shall give
another proof of the existence of
the Green function of (A) on any
Riemann surface. Original proof for
this fact is due to Myrberg.

) In this section we donot assume
that the Riemann surface F in con-
sideration is of null boundary of any
sort. We shall proceed to our ex-
istence proof of the Green function
of (A) on any Riemann surface F under
two logical assumptions listed below:

(1) On any parameter disc there
z(all)vays exists the Green function of
Ao

(2) The first boundary value
problem on any compact analytic sub-
region is always solvable,

By the first assumption (1) we can
imply that the Harnack's principle for
positive solutions of (A) and a theorem
on normal family for uniformly bounded
solutions are valid.

Let U,(2) be a bounded solution of
(&) an F-F. such that u.(z)=u(z) on
" and =0on [, , Here M 2 u(z)
2 Oon [Mye Then U,iz)'Zz U, (2) if
n> m, Thus ]\)u: Lim u,z) exists

n-—yoo
<M= We shall

and m[.g.xu(z)<oo .

call N, the normal solution of the
first boundary value problem on F - F,
with the given boundary' value u on [, o
For any normal solution we have

ijFN“ Par = | 2N, ds- SrNu%“’ a,

o

° °

=

CU(’P, F’ F‘—Fo).

In fact, we see

[ s sroe-]

3
57 Undd

o n

2 3
= B 3V Upds _S wn(f’nnFn”F: )‘ﬁH“dA
L LT,
=~ 2 — e
g S Undd g U z5w, dd
T I,

and 0% W,< @, ) 4n2 Uy if 0> m.
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Thus the right hand side term tends to
U wods

9
—-S -B—;)—Nu.db - g
r; Fo
with increasing n. Thus the left hand
term converges to

SSF‘—F‘., NP ao.

Let K; be a circular disc around a
given point q with radius r which
belongs to a parameter disc around q.
Let G(p,q) be the Green function of
(A) on K; and let N"= NG be the
normal solution of the first boundary
value problem on F-K; with boundary
value Gon |p = q|=rs. Then N¥
2N if rsrt. V= lim N surely

~

In fact, we have

GP do
1zlp-qlzr
> -

exists and #F o .

w>K > Sa@xTG'd'b +
fp-ql=1
_S :TGM
1p-41=r

= ? (r)
g S5-N ds
IP-ql=1
= ﬂ N(T>qu~+ S Nu’iw")dx,
F-KT 3
Ip-gi=T

1
wp, [, F-Kg) .

’

@ -

Noting that N >0 and 35 @™ >0 on

{lp~al= r}, we have

K> Sg N‘T)Pda">o’
F-K1
Let M, = max V(p), then ¥ < oo and
hence IP-4i=1

M Qe r G2 N Tz G )

holds on K{ - KS , where ()(p) is a

bounded solution of (A) on K3 with
constant boundary value 1 on {lp - qf
=l‘; . Thus we see that, if r tends

to zero,
M Qpz Vip-Grvzo.

Hence V(#) ~G(r,%) is a bounded posi-
tive solution of (A) on Ko without
exception, Thus V) +!laz,‘p—11 is
bounded around q.

Let V,(p) be a positive solution of
(A) on F = q such that V,(p) + log| p
- q) is bounded around q and V,(p)

- 19 -

is not a majorant of V(p) on F ~ q,
Then min (V(p), V,(p)) determines an
associate solution U(p) which is de-
fined as a double limit lim lim UXi),

is a finite solution of

(A) on F,~K7 with boundary value min
(v(p), v, (p)qs on F,‘+{|P‘%|=T}. By the
well-known minimum property of G(p,9)

we have Vi(p)>G(®.9) on Kq « Thus min
V(p),V,(p))>G®4%) on|lp~aql= r} °
Since min(V(p),V,(p)) >0 on I, UZp)

T
where Uﬂ

> 0 holds on {|p - ] =l‘j + Hence
we see that

Ul > G )
onK, -Kg . Since U (P is a

monotone decreasing (non-increasing)
sequence with r — 0O at first and next
n—co , U(p) = lim Lim U (p) surely

exists and U(p)> G(p,q). Evidently
U(p) € ¥(p) on F, Hence U(p) + log
{p = @] 1is also bounded around q,

If V(p) £ V,(p) happens really at
an inner point p ¢ F, then there is at
least a true minorant U(p) of V(p)
such that U(p) + log (p - q| is
bounded around q and U(p) is a posi-
tive solution of (A).

Next we shall define S and T oper=~
ations as follows:

Sg = V is an operation carrying
G to V. 1In a general case we shall
define the S operation similarly and
the result coincides with the one ex—
tended in a positively linear manner
from the basic one., Let T,

= L V7 (p)

such that V*(p) is a positive solution
of (A) on Ko = K. with boundary
values O on {|p = g| = 1} and V(p) on

‘“P -q| = !‘} °
Then we have the following facts

successively:
(1) STy =V,
(2) TSg =G,
(3) TU = G,
(1&) U =1,

Verifications of these facts are
similar as in the preceding sections.
Then we have a contradiction, because
UX V. Thus V= V on F, Therefore
V is a positive'minimum solution of



(A) such that Department of Mathematics,

1 Tokyo Institute of Technology.
V() - loB =gy

is bounded around q. (*) Received October 30, 1954,

A characteristic property for the
Green function of (A) on F with pole
at g is now satisfied by V.

M. Heins. Studies in the conformal
mapping of Riemann surfaces,
I. Proc. Nat. Acad. Sci. 39
(1953); II. Ibid. 40 (1954)
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