ON BOREL’S DIRECTIONS OF MEROMORPHIC FUNCTIONS OF FINITE ORDEB. IIl.

By Masatsugu TSUJI

(Cormunicated by Y. Komatu)

I. Main Theorems

In Part I,D I have proved the fol-
lowing two theorems.

Theorem 1. Let w(z) De meromorphic
in jz)<{ and the number of zero points

of |A (w(z) -a;) 1in |z]21 be En .
Then
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We see easily that the constant %
in the proof of Theorem 1 1is
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By means of this, we can easily prove
the existence of the®‘cercles de rempli-

sage” of Valiron and Milloux., We will
prove the following theorem,

Theorem 3. Let w(z) be meromor-
phic in  A,: |arg 2|= oo, 0£12)<1
and A 3 \arg z|§°g<,(¢)o$lzl<1.The“
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zero points of w(z)-a in (Aarg z]sd,
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that Q"‘(/‘) is contained in Ao .
If we take Yo 80 large that 2/2v
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<e,-of , then Q"‘*’ (vZzv,) is contained

vj;?thdog’ %f Q has a cormon point
W (2| )’”
rdy db
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cz=xef

and n » 1!.° ‘) (be the m.;mber oél°
zero points of T|‘¢.. w(z)-ay) in
QS®) respectively. ‘ v

In the following, we denote con-
stents, which depend on @, , &2 , Q3,
o “Monly by the same letter
A SinceQ (v2Vv,) 18 contained in
a, with Q s we have by Theorem 1.

("4n’j“’+ A, (vzve) B

Since Q.y overlap twice and the
number of Q(“ , which have common
points with = A  is = A.2Y , we have
t‘or VZVo »

S#F sP2 TP+ A 2v2 30 +A2" )

For 1$v§ Yo , we apply Theorem 1 to

Qy, 3 s then we haveS,zni+A ,

80 that 5) holds for y=f,2,--- with a

suitable A . Let Lt =r<1 . We

ggoose N~7, such tha Ty <ELTy s
en =
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1-t . «)
From (5), we have

S(r;d)§ S(ry; A)= S +S,4--+Sy S
S 3mMnSe - nd) +A2Y,
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3
™Mr;80)= X (x, a:54,), @

then since Q) overlap twice, nf+ns+
++nY SIM(L,;A) 80 that by (6),
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Since 4(:-3’%1: for '(:Zl , We

have
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= ad . . e
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q.eod. R

X. Meromorphic functions in a unit
circle.

By means of Theorem 3, we can prove a2
simply the following Valiron’s theorems )
(4-6), In the following T(Y) denotes
the Nevanlinna’s characterlistic func-
tion,

Theorem 4. Let w(Z) be meromor=-
phic in [z|<} and

1 -1
f, TE(-xdr =00 (>0,

Then there exists a direction ¢ , such
that At
3 (4 -1zy@;0)) =0
v
for any O , with two possible excep-
tions, where Zy(a; A) are zero points
of wi(Z)—a in any angular domain
A , which conteins J .

Proof. By dividing(o,2n) into 2™

equal parts, we obtain angular domains
Ly of magnltude 27 /2™ , such that

A1DA; D DBRD S
-1
j‘iT(t;An)(i-rf\ dxr = 00

Let A, converge to an direction J :
Ar¢c 2 = o4 » then for any angular do-
main A , which contains J ,

f‘,lT(r,'A)(i-r))"ialr =00,

Let for any §>6
jaxgz-o| 8, 08lz)<d ;

4,: ldcgz-4ls 28, os1z|<1,
Then by Theorem 3,

. ~1
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8o that by (1),
s N(r,a,A,)(l-r) dr zo0,

ox £
T(1-1zy380)1)

for any & , with two possible excep-
tions,

Theorem 5. Let w(z)
phic In {=1<41 , such that

T~y TH(Y)

1 log(l/(t-z‘))
Then there exists a direction o ,» such
that in any angular domain A , which
contains J, w(z) takes any value infi-

nitely often wlth two possible excep-
tione. More precisely,

1".\, N(Y; a5 Qo) = 0o
L dgu/a-x)) - o

be meromor-

with two possible exceptions.

As before there exists a

direction J ; arg z = » such
that for any angular domain - A , which

contains J ,
Tm T(XY,8)
r+1  log(1/(1-x))

Let for any §>0 ,
Alargz-o] 558,

= oo (D]

o= )zl<1 ;
Ay )argz—«]g28  Oziz)<] |

Then from (1) and Theorem 3, we see
that

N(xr,a; D) — ca

l-
¥o1 log (1/(1-1) ,

for any @ , with two possible excep-
tions.

Theorem 6., Let w(z) be meromor-

phic in jz|<{i , such that

Yim T(r)= 00
rs1

Then there exists a direction J ,
such that in any angular domein A ,
which contains J , w(z) takes any
value infinitely often, except a set
of logarithmic capacity zero.

« As before, there exists a
direction J : 4argz = s such that
for any angular domaln A , which con-
teins g ,

lim Tr;ay=oco w.

We suppose that o« =0 and let for

any §>0 o

Ai\drg 2]{55‘/ 0§|2\<11
(2),
A lrg z]£25, 0z |zl< L,

2 131<d jaxg g |55
x/48

We map A, on D
by = Z'V48°and put°

lg)=R, I1zlI=xr , R=T

Then A 1s mapped on |arg{q|s E 151<L .
We map Do on |x|<41 by

e
g1 -2% )or 1+L— §+i /),

correspond to

such that§ 1, o, -1

x=i, -1, o We put w(z)=4(x).
Let for os&<i »
g~ +2%
AR x-SR
nm Jrgelsy | 371 -28

then the image of R,%l3l1=R ,lax\sﬂé"
is contained in Ixi=p=A(R) when
Ry 1s sultably chosen. Hence if we
put

 le’(n 2
S(p, v = #‘ ,95 ft————i—;’h;;)l,) £t dd

(x=%e'®) )
then S(r,w;A)s S (p,v2+0(1)

Since there exists a constant A
such that AdP 2 dx , we have

T(x, w,-u:y’w Ax

£ A P20 p 4 00 = AT () +0(1)
(A =const, ),

where T'(P,V) 1s the characteistic func-
tion of v(x) . From (1), we have
limp,q TP V)=00, 80 that by Frostman’s
theorem3) , +(x) takes any value infi-
nitely often 1in Ix|< 4 » except a set
of logarithmic capacity zero. Returning
to the z =-plane, w(Z) takes any value
infinitely often in A, , except a set
of logarithmic capacity zero.

T. Ahlfors’ directions

1. Let K be a sphere of diameter
and F be a finite covering surface of
K . We denote its area by |F] and
the length of its boundary by I, and
put S=|Flfrt . Let D be a simply con-
nected domain on K and F(D) Dbe the
part of F , which lies above 3 and

put
(0)]
sy =1F
|DI )
where |D] denotes the area of D and

IF (D)} is that of F(D), . Then by
Ahlfors? covering theorem+%),

[S(D)-5 | = &L, )
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where < 18 a constant, which depends
on D only. F(D) consists of a fi-
nite number of connected parts, which
are called 1slands (Inseln) and penin-
sulas (Zungen). Let {p‘} be islands
in F(p) and P(DY) be its Euler’s
characteristic. We put

P(D)=~p(D), p(D) =z pcoY) .

Let Dy,... ,Dy (523) be ¢ sim-
ply cor?nected domains on K , which
have no ¢ommon points each other. Then
Ahlfors® proved that

Z
%P(Di)Z(z‘i)S"ﬁL , @)

where £ 1s a constant, which depends
on Dyy..., D only, Since p(D?)
=4 , if pi is simply connected and
P(D') =0 otherwise, if we denote
the number of simply connected 1slands
in F£(D) by ny (D) , then by (2),

%

%nltbi)%(z-z)s—ﬁh. 3)

Let M,(D) be the number of schlicht
1slands in F(D) and M{(D) be that
of non-schlicht simply connected is-
lands in F(D) , then 1, (D)=No(D+
+ni(D). Since M{(p)g'y $(D) »
we have by (1), 2

My (D) = NolD) +1{ (DS M, (D) +3 S(D)
N+ LS+ RL )

so that from (3),

1 -

.Zno(Di)?Q‘—i't)S —RL i (SO
T2

If we take =3

in (3) and ¢4 =5 in
(4), then we have

3
Z oDz 5-AL ©)
2B n ()2 S ~2Ts, ©

From (5), (6), we can prove similarly
as Theorgm 1, the folrlbwing theorem,

Theorem 7. Let w(z) be meromor-
phic In |zj<1 . and F be its Riemann
surface spread over the w- -sphere K .

(1) Let D, , D, , D3 be three
simply connected domains on K . If
the total number of simply connected
islands of F, above D, , P, , D3
be £ My s then

A
< 0%
S’(r)_nl-rl_r N _r<1))

where A 1s a constant, which depends
on D, , D, » D3 only."

(11) Let Dy,..., Ds be five simply
connected domains on X .+ If the
total number of schlicht 1slands of F
above D,,..., Dg be =mn, , then

A
Sy an.+ - (6sxr<l),

where A 1s a constant, which depends
on Dy ,-+-, Ds only.

2., By this theorem, we can prove an
anlogous theorem as Theorem 2 and by
means of which we can prove the follow-
ing theorem.

Theorem B, Let w=F(2) 1Dbe a
meromorphic function of finite order
f>0 , such that ¢

()
5 Wdr_ao

Then there exists a direction J : drgz
= , which has the following proper=-
ty. Let A:jarg=z-o] =5, oglizl<oo be
any vangular domain, which contains J
and Ay:larg z - |€5,08RKrand R.(4)

be the Riemann surface generated by

w =f(z) on the w-sphere X ,
when 2z varles in Ay .

, (B>0),

Let D be a simply connected domain
on K and wny(x, D; Q) be the
number of simply connected islands in

e (2) above D and M,(r, D; A)
be that of schlicht islands in Fe(a) o
Then for any §>0

) f"" ny(x,D;A)

y&+1 dr =0

holds for a certain one of any three
simply connected domalins on K and

W) [FrelrD;a)
et

holds for a certain one of any five
8imply connected domains on K o

dY = o0

We may call J an Ahlfors? direc-
tion of f(z) o We remark that, as

Dinghas 7)° proved,

¢ ° n(x,D
) ‘"ﬁﬁ%rdr < o0

for any simply connected domain D and
£>0 , where n(x, D) is the
number of (not necessarily simply con=-
nected) islands in F. above D , f
being the Rlemann surface generated by
w=4(z) on K , when z varles in

zlsxy o

(1) 1s evidently a generalization
of Valiron’s theorem on Borel’s direc-
tions.

We can prove analogous theorems which
correspond to Theorem 5 and 6 for mero=-
morphic functions in a uni circle.

- 90 -



Similarly as Theorem 4 of Part I,
we can extend Theorem 8 as follows,

Theorem 9., Lot w=4(z) be a
meromorphic function of finlte order
p>o0 , such that

Sw TLx) dr = 0o

—F;"‘ Cﬁ >0)’

C; z=z(t) (0£t<o0) be a simple
curve, which connects 2z =0 with

Z = 60 and for any §>0 , A be
the set of points, which 1s covered by
all discs : 1z-2zit) € 5{z(t)| (Ostceo
a(8) be the set obtained from A
by rotating an angle @& , A, (8 b
its part, which 1s contained r1n 1zIsY
and Fy (4(8)) be the Riemann surface
generated by w=4(z) on the w -
sphere X , when 2z varies in A,(d) .

Let D be a simply connected domain
on X and mny(¥,Dp; a(e)) be the
number of simply connected islands in
Fr(a(8)) above D and Mo (X, D; A(6))
be that of schlicht islands 1in F,(a(9))
abeve D . Then there exists a cer-

tain ¢, , such that for eny §>o0 ,
. o0 . e
w f Ta(x,D; A(8) dx = oo

y&+1

holds for a certain one of any three
simply connected domains on ¥ and

. ]
() 5 ol , D; Al6,))

T peer o 4dr=o0
holds for a certain one of any five
simply connected domains on K .

3, We will prove a theorem, which
is analogous to the theorem on the
flcercles de remplisage” ., Let w=f(z)
be a meromorphic function of finite
order P>0 o Then we can prove
easily that for any €0 , §>o0 ,
there exists a sequence of discs
tﬁaﬂﬁ: 12 —=2. | & § 1Za] (r=1,2.-), such

P~
Sazr, , C pz,\|=rn))

where

1+ H=)?

If we take £,>€35- a0 for € and
8,585,555 20 for § , then
we see that there exists a sequence of
points =z, , which 1s independent of &
and § , such that (1) holds for any
£>0 , &>0 .

Sn= #jg (_lﬂz_”__)zmrao  (z=re®)

Let A% IZ=Z.15 28 12x] and

we apply Theorem 7 on 4w and AS then

we have the following theorem.

Theorem 10, Let w={(z) be a mero-
morphic function of finite order P>0 .

2

Then there exlsts a sequence of points
Zs » Which 1s independent of & and
§ and satisfies the following condi-

tion.

Let for any 3>0 , An:lz-2.|% 8lz|

(Zpl=Tn) and F,, be the Riemann
surface generated by w ={(z) on the
w~sphere K , when 2z varies in A,.
Let D be a simply connected domain on
K and (D, A,) be the number
of simply conneécted islands in F, above
D and (D, Am)be that of schlisht
islands in F, above D . Then for
any £€>0 4, >0 »

3 l"i
D) LZ_""»;(D.:',A,L) 2,

for any three simply connected domains
£

) » P » D3 on ’

Mz n(D:,n,, Py, £, 8),

) ‘fl No(Dian) 2 rnf—£

for any five simply connected domains
D' ""’DS‘ on K , if

ngn(Dl,---, Ds /ilg).
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