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ON VALUE DISTRIBUTION OF ENTIRE MAPS OF C 2 TO C 2

YUKINOBU ADACHI

§0. Introduction

In 1935, Thullen [T] studied about essential singular surfaces of analytic
functions of n complex variables and obtained a generalization of the big Picard
theorem. He studied about value distribution of such functions by considering
continuation of level surfaces to essential singular surfaces.

And from 1968, Nishino studied about value distribution of level surfaces of
entire functions of n complex variables systematically. He studied especially
about algebraic type entire functions of two vaiables and obtained a beautiful
theorem (see Theorem 1.12 in this paper) in [N2].

Now we study about value distribution of entire maps of C2 to C2 with being
based on the above studies. We obtain analogies of Nishino's theorem (The-
orem 2.8).

The author would like to express his hearty gratitude to referee for his kind
suggestions.

§1. Value distribution of entire functions of C2

Firstly, after some preliminalies, we prove Lemma 1.5 which is important in
this paper.

DEFINITION 1.1. If C is an irreducible curve in C2 (that is, irreducible 1-
dimensional analytic subset of C 2) which may be transcendental and the nor-
malization of C is isomorphic to a Riemann surface whose genus is g < oo and
boundaries are n punctured points, we call C is a curve of algebraic type and of
{g,ή) type.

DEFINITION 1.2. If A is an irreducible algebraic curve in C2 and its
normalization is of (#, ή) type where 2g - 2 + n > 0, we call A is an algebraic
curve of general type.

DEFINITION 1.3. If A is an irreducible algebraic curve in C2 such that either
its genus >0 or it intersects the line at infinity with more than two different
points, we call A is a hyperbolic algebraic curve.
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LEMMA 1.4. Let C be a curve of algebraic type and A be an algebraic curve
of general type in C . If f is a nonconstant holomorphic map of C to A, f covers
A finite times.

Proof Let R be a compact Riemann surface and Ro = R — {p\, . ,Pm},
where Ro is isomorphic to the normalization of C. The normalization A of A is
a hyperbolic manifold. The map/induces the holomorphic m a g / : Ro -+ A and

/ can be extended to a holomorphic map of R to A where A is the compac-
tification of A by the big Picard theorem. So / covers A finite times. •

LEMMA 1.5. Let A be a hyperbolic algebraic curve, C be a curve of algebraic
type in C2 and the set CΠA consists of at most finite points. Then C is an
algebraic curve.

Proof Let π: Ro —• C be the normalization of C, where JRO =
R -{/?i,... ,pm} with some compact Riemann surface R. Then π is a holo-
morphic map of Ro to C in C2(x, y). Let t e Δ be a local coordinate at pi in R
and π = (x(ή,y(ή), t e Δ* where Δ* = {z; 0 < \z\ < 1}. Suppose C is a tran-
scendental curve in C 2 , there exists a point /?, such that x(t) or jμ(/) has an
essential singularity at 0 and there is a sufficiently small p > 0 such that
π(A*(ρ))ΠA = 0 where A*(ρ) = {z; 0 < |z| < /?}. Let B = AUL^ where L^ is
the line at infinity. Then, π defines a holomorphic map of A*(p) into P2 — B
and the cluster set D = P | o < <1π(Δ*(/?)) c L^ of π at 0 satisfies D a L^ a B
where π(A*(p)) is the closure of π(A*(p)) in P 2 .

Let φ be a holomorphic map of Δ* into P2 — E, where £" is an algebraic
curve in P2. The list of possible figures of E, when the cluster set F —
C\0<p<ιΦ{A*(p)) of φ at 0 satisfies F <^ E and F contains at least two points, is
determined in Kizuka [K2], Theorem 1, applying the theory of the cluster set due
to Nishino-Suzuki [N-S]. Here we apply this theorem to φ. Since B contains
an irreducible component of genus > 0 or there are two hyperbolic components
Loo — (£oo Π^4) and A, we can see that B is not in the Kizuka's list hence D
consists of one point. Therefore C is an algebraic curve, which completes the
proof. D

Applying above lemma, we have following

THEOREM 1.6. Let f{x,y) be an entire function, {f(x,y)=0} be an
algebraic curve which contains a hyperbolic component and {f(x, y) = 1} be at
most finite number of irreducible curves of algebraic type. Then f is a polynomial

Proof In case {f(x,y) = 1} = 0, / i s a polynomial (constant) by Thullen's
theorem. So, we may assume {/(*, y) = 1} Φ 0. Let ^ be a hyperbolic
component of {/(x, y) = 0} and C be any irreducible component of
{f{x,y) = 1}. Since CΠA = 0, C is an algebraic curve by Lemma 1.5. So, /
is a polynomial by Thullen's theorem. •
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Remark 1.7. A statement obtained by replacing the phrase "a hyperbolic
component" in Theorem 1.6 with a phrase "a component of general type" is
no longer true. For example, f(x,y) = {x(x — l)j> — l}ex is a transcendental
entire function such that {/(x, y) — 0} is an algebraic curve of type (0,3) and
{f(x > y) — 1} is a n irreducible curve of algebraic type.

Secondly, we explain Theorem 1.12 which is the key tool of §3.
An analytic automorphism T of the space C2(x, y) is given by two entire

functions f(x, y) and g(xy y) in the form x' = f(x, y), yf = g(x, y). We say that
T is algebraic if both / and g are polynomials of x, y. The group of analytic
automorphisms of C2 is denoted by Aut(C2) and the group of algebraic
automorphisms of C2 is denoted by Autaιg{C2). It is well known that if
TeAutaig(C2), T~ι eAutaιg(C2).

Let P(x,y) be a nonconstant polynomial. It is well known that every
irreducible component of all level curves of P is the same type except for a finite
number of them. So, if the type of general irreducible components of level
curves of P is (g,n), we call P a polynomial of type (#,«). It is well known that
if the type of an exceptional irreducible component of level curves of P is (gf,nf),
then g' < g and gf + n' < g + n. (Theorem I in [Nl]). A polynomial P is called
primitive if {P = α} is irreducible except for at most a finite number of α e C.

DEFINITION 1.8. If P(x, y) is a polynomial of type (g, ή) and 2g — 2 + n > 0,
we call P is a polynomial of general type and otherwise we call P is a polynomial
of exceptional type.

THEOREM 1.9 (Theorem 1 in Kizuka [Kl]). Let T be an automorphism of
C2. If there is a polynomial P of general type such that Po T is a polynomial, then
T is algebraic.

THEOREM 1.10 (cf. Proposition and Theorem 3 in [Kl]). Let A be an al-
gebraic curve in C2 which contains a hyperbolic component. An automorphism T
transforms A onto an algebraic curve if and only if T is algebraic.

Proof If T is algebraic, it is trivial that T transforms any algebraic curve
onto an algebraic curve. So, we prove the converse statement. If a hyperbolic
component of A intersects the line at infinity with more than two different points,
theorem is true by Proposition in [Kl], p. 560. We assume that genus of a
hyperbolic component of A is positive. We assume that T transforms A onto
an algebraic curve. Let P be a polynomial such that A — {P — 0}. Since
{Po Γ" 1 = 0 } is an algebraic curve and {Po T~ι = 1} is at most finite number
of curves of algebraic type, PoT~ι is a polynomial from Theorem 1.6.
Therefore, T~x is algebraic from Theorem 1.9 because P is a polynomial of
general type. Then T is algebraic. •

DEFINITION 1.11. Let f(x,y) be a nonconstant entire function. Then, we
call / is an entire function of algebraic type, if each irreducible component of
nonempty level curves of / is a curve of algebraic type.
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THEOREM 1.12 (principal theorem in Nishino [N2]). Every entire function
f(x,y) of algebraic type is reduced to a polynomial P(x, y), that is, there are an
automorphism T e Aut(C2) and an entire function φ(z) of one complex variable z
such that f = φo Po T.

Applying above theorem, we have following

THEOREM 1.13. Let f(x,y) be an entire function of algebraic type. If there
is a hyperbolic algebraic component A of a level curve of f every irreducible
component of level curves off is an algebraic curve.

Proof By Theorem 1.12, there are a polynomial P(x, y), T e Aut(C2) and
an entire function φ of one variable such that / = φ o P o T. It is easy to see
that T transforms A onto an algebraic curve. So T is algebraic by Theorem 1.10
and P o T is a polynomial. •

§2. Value distribution of entire maps of C2 to C2

The first result of this section is Theorem 2.5. In order to prove it, we need
a big Picard theorem (Theorem 2.3) which was proved in [Al]. So, we begin by
preparing the notation for Theorem 2.3.

Let I b e a complex manifold, M a relatively compact domain of X and dM
the Kobayashi pseudodistance of M. In [A-S] we extended dM to M, the closure
of M in X, as follows:

For p,q e M, we define

dλi(p,q)= liminf dM(p',q!), p',q'eM.

It is clear that 0 < 3M < oo and the function 3M does not necessarily satisfy the
triangle inequality, (see p. 386 in [A2]) So 3M is not always a pseudodistance
on M.

DEFINITION 2.1. We call p_e M a degeneracy point of 3M if there exists a
point qeM-{p} such that _^M (/?,#) = 0. By SM{X) we denote the set of
degeneracy points of dM on M and call it the degeneracy locus of dM in X.

THEOREM 2.2 (Theorem 2 in [A-S]). The set SM(X) is a pseudoconcave
subset of order 1 in X. {About the definition of a pseudoconcave set of order 1, see
Definition 1.2 in [A2])

From above theorem, if SM(X) is contained in a curve, SM(X) is a curve or
an empty set.

THEOREM 2.3 (Theorem 12.1 in [Al]). Let N be an arbitrary complex
manifold and B be a proper analytic subset of N. Let A be a curve in P2 with
1(1 > 4) irreducible components. Assume that Spi_A(P2) is contained in a curve in
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P2 and let F be a meromorphic map ofN — B to P2 — A, then F can be extended

to a meromorphic map of N to P2 or F(N — B) c Spi_A(P2).

COROLLARY 2.4. Let F be a nondegenerate entire map of C2 to C2 in the
sense that F(C2) contains an open set of C 2 , A be an algebraic curve in C2 with
1(1 > 3) irreducible components and SP2_A,(P2) be contained in a curve in P2 where
A' — AU LQQ. If F~X(A) is contained in an algebraic curve B in C2, then F is a
polynomial map.

Proof Let BUL^ = Br. Then F is a nondegenerate holomorphic map of

P2 - B' to P2 -A'. So F is extended to a meromorphic map of P2 to P2 by

Theorem 2.3. Therefore F is a polynomial map. •

Now, we will prove Theorem 2.5.

THEOREM 2.5. Let F be a nondegenerate entire map of C2 to C2. Suppose
that there is a polynomial Q(x.y) of general type such that Qo F is a polynomial.
Then F is a polynomial map.

Proof Let Aι = {Q = α, }(i = 1 , 2 , 3 ) be general level curves _of Q^ Then

Fl(A) {QF } is an algebraic curve. Set A' = Aι{JA2\JA3{JLoo
Then SP2_A,(P2) is contained in a curve in P2 by Proposition 8.4 in [Al]. From
Corollary 2.4 F is a polynomial map. •

DEFINITION 2.6. Let F be a nondegenerate entire map of C2 to C2. If for
every algebraic curve A in C 2 , i 7 " 1 ^ ) Φ 0 and every irreducible component of
F~ι(A) is of algebraic type, we call F is algebraic type.

The other result of this section is Theorem 2.8. After preparing Lemma 2.7,
we will prove Theorem 2.8.

LEMMA 2.7. Let Φ = (φ(x),φ(y)) be an entire map of C2 to C 2 , where φ(x)
and φ(y) are nonconstant entire functions. If Φ is an algebraic type map, then
φ(x) and φ(y) are polynomials.

Proof If both φ(x) and φ(y) are not polynomials, we may assume without
loss of generality that φ(x) is a transcendental entire function such that {φ = a]
has infinitely many solutions and {φ = b} Φ 0. Let P(x, y) = (x — a)(y — b).
Then { P o φ = {φ(x) — a)(φ(y) — b) = 0} consists of infinitely many lines which
intersect at infinitely many points. It is absurd because P oφ — ξo QoT where
ξ is an entire function of one variable, β(x, y) is a polynomial and T e Aut(C2)
by Theorem 1.12 and the isolated singular points of {ξ o Q o T — 0} are at most
finite points. •
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THEOREM 2.8. Let F': C2 —> C2 be a nondegenerate entire map of algebraic
type. Then, we have F = FQOT where Fo is a polynomial map and T e Aut(C2).

Proof. Take any primitive polynomial P of (g, n) type with g > 0, then by
Theorem 1.12, there exist an entire function φ of one variable, a polynomial
P'{x, y) and T e Aut(C2) with PoFo T~ι = φoPf. We will show that F o T ι

is a polynomial map by dividing the following argument into 4 parts (a)-(d).
(a) Take a general value oce C of P such that there is a component A

of { P o F o Γ ^ α } with nonconstanant FoT^ : A -> {P = oc}. Then A is
algebraic because 4̂ is a component of {Pr = α'} by some α' with ^(α;) = α, and
the genus of A is >0 because the map F o Γ,̂ 1 is nonconstant holomorphic map
of A to the irreducible curve of positive genus {P = α}.

(b) Take a polynomial Q and /? e C arbitrarily such that {P = α} Π {g = /?}
consists of at most finite points. We will show that each irreducible component
C of {QoFo T~ι = β} is algebraic. Since F is of algebraic type, C is of
algebraic type. Further, since F o Γ,"1 : ̂ 4 —> {P = α} is finite to one by Lemma
1.4, F o Γ^1 (v4 Π C) c {P = α} Π {Q = β} and that {P = a} Π {β = ^} is finite, so
4̂ ΠC is also finite. Therefore, by Lemma 1.5, C is algebraic.

(c) By Theorem 1.12, there are entire functions φ(x), ψ(y) and polymomials
Pi(x, y) and Γz e Aut(C2)(i = 1 , 2 ) such that F o T~ι = (φ o P{ o Tuφ o P2 o T2).
Take two distinct complex numbers oc\ and α2 and let α, = ^(αz). Then, (b)
applied to the function Q(x, y) = x and the constant β = αz shows that every
irreducible component of {xoF o T~ι = φo Pi o T\ = aϊ} is algebraic, so every
irreducible component of {Pi o 7Ί = α, } is also algebraic. Hence, by Thullen's
theorem, P\ oT\ is a polynomial. By the similar argument, P2 ° T2 is also a
polynomial.

(d) Define a polynomial map F\ = (Pi o T\,P2o T2) and an entire map Φ =
(φ{x),ψ(y)). Then F o Γ 1 = Φ O J F I . We will show that Φ is a polynomial
map, which will comlete the proof of the theorem. If we take any algebraic
curve B, then every irreducible component of F o T~ι(B) is algebraic from (b).
Then every irreducible component Bf of Φ-1(i?) is algebraic because B' is the
image of an algebraic curve by F\. Thus, by Lemma 2.7, Φ is a polynomial
map. •
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