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THE DEFORMATION OF HARMONIC MAPS
GIVEN BY THE CLIFFORD TORI

MARIKO MUKAI

Introduction

The purpose of this paper is to provide some new results on deformations
for harmonic maps. Let ¢ be a harmonic map of a compact Riemannian mani-
fold M into a Riemannian manifold N. A one-parameter family ¢(t) of harmonic
maps such that ¢(0)=¢ is called a harmonic deformation of ¢. Then each ¢()
satisfies the harmonic map equations:

0.1) (¢@)=0,

where 7(¢) denotes the tension field of ¢. By taking a derivative of the equa-
tion (0.1) at t=0, we have the equation

0.2) -57 2((t)) ,=Fg¢(¢):°’ deC=(¢"'TN).

Here g4 denotes the Jacobi operator of the energy functional. If a section ve
C=(¢7*TN) of ¢ 'TN satisfies the equation (0.2), then it is called an infinitesimal
harmonic deformation (or a harmonic i-deformation) of ¢. We denote by HID(¢)
the vector space of all harmonic i-deformations of ¢. The space HID(¢) just
coincides with the vector space Kerdy of all Jacobi fields of ¢. If veHID(¢)
generates harmonic deformations, then v is said to be integrable. Let Harm(M,
N) denote the space of all harmonic maps of M into N. From the point of view
of the deformation theory of harmonic maps, the following are fundamental
problems ;

(1) to ask whether or not all harmonic /-deformations of ¢ are integrable,

(2) to make its cause clear if an harmonic ;-deformation which is not in-
tegrable appears,

(3) to investigate the structure of a neighborhood in Harm(M, N) around ¢,

(4) to determine the connected component in Harm(M, N) containing ¢ and
to examine its compactness, if it is noncompact, to construct its natural com-
pactification.

Because of the finiteness of the dimension of Kerd s, we know that Harm(M,
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N) is locally finite dimensional (cf. [S]). For instance, Sunada [S] showed that
Harm(M, N) is a smooth submanifold of L}M, N)k >m/2, m = dimM) with
tangent space Ty Harm(M, N)=Kerg, if N is a complete locally symmetric
space with non-positive sectional curvature, Certain special harmonic deforma-
tions were studied in [T]. See also [EL], [K1] for other references of deforma-
tion theory for harmonic maps.

Now harmonic maps of Riemann surfaces 2 into a compact Lie group G
or a compact symmetric space G/K are known to have several nice properties.
We have come to understand the construction and the classification of such maps,
moreover, their moduli space. Hitchin [H] showed that the equations for a
harmonic map from a 2-torus 7?2 into a 3-sphere S® reduce in the geometry of
a spectral curve, and hence constructed the moduli space of such maps algebraic
geometrically. However, it seems to be difficult to investigate the deformations
for harmonic maps in general.

In this paper, to actualize the problems, we deal with harmonic maps de-
fined by using the Clifford tori in S*® and classify completely harmonic i-de-
formations of these maps. As we know, they are simplest and most funda-
mental examples of harmonic maps of 7% into S® Explicitly, they are defined
by ¢.: T*—=S*=SU@2)(seR), where

o coss-e*'t  sins-eil
(0.3) ps(e', ette)= ) ,
—sins-e 2 coss-e"t

with t,, t,R. Here we endow T? with a conformal structure of a square. Let
@, :=jop;: T*—R*, where i: S’ R* denotes the standard inclusion. Then we
see that each ¢, is harmonic, because of

0* 0?
(0.4) Aq)s:_(»aﬁ_ybg)q)s:@s(:|d(Dslzd)3).

Up to isometry of S% it is sufficient for us to deal with harmonic maps ¢,
with 0<s=<wm/4. Throughout this paper, we assume that 0<s<z/4 unless
otherwise specified. The images of ¢, with s+#0 are the Clifford tori in S°
with constant mean curvature. In particular, the image of ¢, is the Clifford
minimal torus in S®. On the other hand, we note that when s=0, the image
of ¢, becomes a great circle in S°. Since the group SO(4) acts on S* as
an identity component isometry group of S3 it induces trivial harmonic de-
formations.

This paper is organized as follows. In Section 1, we consider the harmonic
i-deformations in general case. The notion of infinitesimal harmonic deforma-
tions of higher order is also introduced. The notions are analogous to that of
infinitesimal Einstien deformations in [K2], [K3]. Moreover, we treat the case
of a harmonic map of 2 into G.

In Section 2, all harmonic i-deformations of ¢, are determined. Then an
interesting jump phenomena of the dimensions of the vector spaces HID(¢p;) will
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occur at s=0, #/6. In order to make the cause of this phenomena clear, we
examine the behaviour of negative eigenvalues of Jacobi operator ,,. The
index for each ¢, will also be determined.

In Section 3, we classify harmonic i-deformations of ¢,. However, in cases
¢o and @, there exist some harmonic /-deformations whose integrability can
not be easily decided. Therefore, we shall examine whether or not they are
integrable up to second order, further, up to third order. We prove the following.

PROPOSITION 3.4, THEOREMS 3.6, 3.10.

(1) For ¢s(s#0, n/6), all harmonic i-deformations of ¢, are integrable.

(2) For g, there exist harmonic i-deformations of @6 Which are not inte-
grable up to second order, and hence are not integrable.

(8) For @, there exist harmonic i-deformations of ¢, which are integrable up
to second order but not up to third order, and hence are not integrable.

The results in Section 4 are the implications from those obtained in previous
sections. It follows that for s+0 a neighborhood in Harm (7%, S®) around ¢s,
even around ¢,;¢ at which nonintegrable harmonic i-deformations occur, becomes
a 7-dimensional smooth manifold. On the other hand, the space Harm (7% S®)
has a singular point at ¢,. Finally, we obtain the following.

THEOREM 4.2. The set of harmonic maps from T? into S°® obtained by acting
the group SO(4) on the union of four families {p¢}\U{ge}\J{G¢ U {pe} with 0<
s<2r becomes a connected component in Harm(T?, S®) containing ¢,. Hence, the
connected component is compact.

The author would like to thank Professor Y. Ohnita for his valuable sug-
gestions and encouragement. She also would like to acknowledge their interested
in this work with Professors N. Ejiri and M. Kotani and, especially, his advice
on Lemma 1.1 with Professor M. Kanai.

§1. The infinitesimal harmonic deformation

We study the infinitesimal harmonic deformation (or the harmonic z-deforma-
tion). Let (M, g) be a compact Riemannian manifold of dimension m and (N, h)
a Riemannian manifold. First we deal with a harmonic map ¢: M— N. The
tension field 7(¢) of ¢ is defined by =(@)=37%,(Vdg)e,, e.), where {e;} is an
orthonormal basis on M. Then the harmonic map equations becomes z(¢)=0.

DEFINITION. A one-parameter family ¢(f) of harmonic maps with ¢(0)=¢
is called a harmonic deformation of ¢.

DEFINITION. A harmonic deformation ¢() of ¢ is said to be trivial if there
exist isometries o (), ax(t) of M, N with ¢4(0)=idy, o~(0)=idy such that ¢()
=an(t) o goau(t).
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Assume that ¢(t) is a deformation of ¢. If we express the Taylor ex-
pansion of (@) as

(L.1) r<¢<t>):co<¢>+tcl<¢>+—g}cg(é, gis‘)+§—3!ca<¢5, é, &)+ -,

where

. 0(t .. 0 P
¢:___q;§) i ¢=V5\;ac*%§—o' i ¢=V,§‘$3‘V5";at_g§_t), ;=oecw(¢—lTN)’

then the equation z(¢(f))=0 implies the following system of the equations:

col@N=2(@N=0, ci(d)=0, ecx(d, $)=0, (b, ¢, $)=0, ...

By the direct computation, we have the following.

LEMMA 1.1. Under the above situation, for a harmonic map ¢: M— N, we

have
(1.2) a(P=—94(),
(1.3) e, P=—Ts($)+4 2 RY(§, dp(e))V4,)
+{terms of VRY]
(L.4) el 6, $=—Tu($)+6 3 R¥ G, dp(e))(VE.H)
+6 33 R (G, dgle)VEG)+4 B R¥ (g, VEHVEH
+4 2 RY(§, dp(e)(RY(§, d(e)d)
+[terms of VR¥, VVR?],
Here
(L5) T o=(V9*(V¥— 3 R¥(, dd(e))dgdle,), veC=(¢-ITN)

=1

is the Jacobi operator of ¢, where (V#)*(V®) denotes the rough Laplacian with
respect to the comnection V2.

Now let us review here the Jacobi operator 94 in the above lemma from
the point of view of the variational problem. It is a self-adjoint linear elliptic
differential operator, which appears in the second variational formula of the
energy for a harmonic map ¢. We have C(¢'TN)=@,V,;, where V, is the
eigenspace of T4 with eigenvalue 2. Then the nullity and index of ¢ are
defined by
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(1.6) nullity(¢)=dim V,=dim Ker 94,
1.7) index(¢)= 3 dim V,,
Z<0

respectively. We note that each number is finite. A harmonic map ¢ is said

to be stable if index(g)=0.
Then we return to the discussion of harmonic i-deformations of ¢.

DEFINITION. Let ¢: M—N be a harmonic map. We call that

(1) a section v of ¢7'TN is a harmonic i-deformation of ¢ if ¢,(v)=0;

(2) a pair (v, w) of sections of ¢~'TN is a harmonic i-deformation of second
order of ¢ if v is a harmonic i-deformation of ¢ and c¢,(v, w)=0;

(3) a triple (v, w, z) of sections of ¢'TN is a harmonic i-deformation of
third order of ¢ if (v, w) is a harmonic /-deformation of second order of ¢ and
¢;(v, w, z)=0.

DEFINITION, A harmonic i-deformation v of ¢ is said to be trivial if v is
of the form of a linear combination of d¢(X) and Y-¢. Here X is a Killing
vector field on M if dim M+2, or a conformal vector field if dimM=2, and ¥
is a Killing vector filed on N.

We denote by HID(¢) the vector space of all harmonic i-deformations of ¢.
Then it follows that

(1.8 dim HID(¢)=nullity(¢).

DEFINITION. Let v be a harmonic i-deformation of a harmonic mapé¢:
M— N.

(1) If there exists weC=(¢~'TN) such that (v, w) becomes a harmonic ¢-
deformation of second order of ¢, then v is said to be integrable up to second
order.

(2) If there exist w, z&C*(¢'TN) such that (v, w, z) becomes a harmonic
i-deformation of third order of ¢, then v is said to be integrable up to third
order.

DEFINITION. Let ¢: M—N be a harmonic map. A harmonic ¢-deformation
v of ¢ is said to be integrable if there exists a harmonic deformation ¢(¢) of ¢
such that

_ 96
v= 0t |le=o"

Obviously, the following holds.

LEMMA 1.2. If a harmonic i-deformation v is not integrable up to second or
third order, then v is not integrable.

Next we deal with a harmonic map ¢ from a Riemann surface Y into a
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Lie group G with Lie algebra g. Indeed, we are more intereseted in harmonic
i-deformations of such maps. In this case, we can describe harmonic ;-deforma-
tions Lie algebraically. The harmonic map equation becomes

d*0=0.

Here 0 :=¢'d¢ denotes the pull-back of Maurer-Cartan form of G, which is a
1-form with values in $7'TG=g. Let §() be a harmonic deformation of ¢. Put
0.=¢()"'dd(t). Then it is convenient to use the following expansion instead
of (1.1):

(1.9) @60, =000, @+ 5y a6, g 0 & Bt -,
in terms of &, é=(d&,/dt)|,~ and E=(d*,/d1?)|,-,, Where
te=g B < )

with &,=&. Note that the order of derivative of & in (1.9) is one order less
than that of ¢ in (1.1). We see that a,=d+*0=0. The Jacobi operator in the
following lemma is of the form

(1.10) T 4(§)=—xdxd G, for =C=(g),
with dy=d+adé.

LEMMA 1.3. Under the above situation, we have

(L.11) a,(&)=—*T4(&),

(1.12) s, H=—+T4(6)—P(&),
(1.13) as§, & H=—+T,6)—Q, &,
putting

(1.14) P@):=[[x0, E]1AdE],

(L15) Q(&, &) :=[*dENdE1+2[[+0, EINAEIH[[*0, EINAE]+[[*dsé, EINDE].
Proof. Since (d0./dt)=d, &, we get
(1.16) %(d*ﬁc)=d*da,€z,

and hence, at t=0, a,(&)=(d/dt)(d*0;)|,~e=—%T4(§). Using

dé.

d
W(dot&)=do‘7t—-+[dot&, &,

we have
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g

1.17) %(d*dat&):d*da, +[d*d0,$t, &]—[*ds,E:NdE: )

=dxdy, (ii b —[xdg G NdE] because d*dg,&:=0
=dedy, o £IAdE]  because [+d&,Ad&]=0.

By putting t=0, we have (1.12). Moreover, we compute

3

(118) -5 (deds, B[00, £1NdED)

PO S

[rdo e EANdEN-[[+0, 2 nde ][ 0o0,, 10a(SE))].

Hence at t=0,
9 (dndo, B 1050, £I008T)|

=d*doé—[*das/\déj
—[[*de&, EINAE]—[[*6, EINAE]I—[[*0, E1NdE]
=—+T (&)

—([+dENdE1+2[[+0, EINAET+[*0, E1NAET+[*d ok, EINED).

DEFINITION. For a harmonic map ¢: ¥—G, we call that

(1) a section & of g is a harmonic i-deformation of ¢ if a,(§)=0;

(2) a pair (§, n) of sections of g is a harmonic i-deformation of second order
of ¢ if & is a harmonic /-deformation of ¢ and a.(&, )=0;

(3) a triple (§, », y) of sections of g is a harmonic i-deformation of third
order of ¢ if (§ %) is a harmonic /-deformation of second order of ¢ and a,(§,
7, 1)=0.

DEFINITION. Let & be a harmonic i-deformation of a harmonic map ¢:
Y—G.

(1) If there exists 77€-C°°(g) such that (¢, 5) becomes a harmonic /-deforma-
tion of second order of ¢, then & is said to be integrable up to second order.

(2) If there exist , yC=(g) such that (§, 5, y) becomes a harmonic i-de-
formation of third order of ¢, then & is said to be integrable up to third order.
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DEFINITION. Let ¢: 2—G be a harmonic map. A harmonic ;-deformation
& of ¢ is said to be integrable if there exists a harmonic deformation ¢(t) of ¢
such that

0
§:¢-1 %gt) t=0"

By Lemma 1.3, the following is obvious.

LEMMA 1.4. Let ¢: X—G be a harmonic map and & a harmomc i-deforma-
tion of ¢. Then

(1) & is integrable up to second order if and only if *P(§) is orthogonal to
Ker 9.

(2) & is integrable up to thivd order if and only if *Q(§, 3) is orthogonal to
Ker 4 for some 3 such that ax(§, )=0.

Here we use the L*inner product on C=(g).

§2. The infinitesimal harmonic deformations of ¢,

Let us focus on harmonic maps ¢,: T?—SU(2) defined by using the Clifford
tori in (0.3). We begin by determining completely the harmonic ;-deformations
of ¢,. In this section, it is sufficient to take 0<s<x/4. From (1.10) and (1.11),
the equation a,(§)=0 of the harmonic i-deformations becomes

@1 -g§+%§—+[ws>l, —gf%l]+[<0s>z, g—i]zo, for £eC=(g).

Here the pull-back 0,=¢,'d¢; of Maurer-Cartan form of G=SU(2) by ¢, is
spliting as 0,=(0;),dt,+(0,).dt,, where

cos?s COS s sin s- e t1gtt2
(2.2) (0)=1 . o ,
COS § Sin §-etf1gtte —cos?s
—sin?s €OS s Sin - 1 2
(2.3) (05),=1 . ) ) .
COS s Sin s-ett1g 2 sin?s

PROPOSITION 2.1. The vector space HID(¢s) of harmonic i-deformations of
©s becomes

- RE,, if s#0, /6,
249 HID(po)=1{ 2i- RE,, if s=n/6,
S RE+ZRE,  if s=0.
Here &,(i1=1, ..., 9) and £,(i=8, 9) are defined as
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i 0 0 ¢ 0 1
$1=[ . ]’ 52:[ . ]y 58:[ ]:
0 — i 0 -1 0

—tan s-(e-ttg-ite  pitigits) o-%it1—tan?s . gtite
$4=z[ %t _tants. g-tite tan s-(e-ttig-te 4 gitighte) J'
—tans.(e-itigita—pitigite) -t tan’s. gtite
5:[ — %t tants. g-titz tan s- (e it1g-ite— gitigits) J’

0 e‘illeuz 0 e—itleitg
Gzi[ :|: €7= [ }’

eitip—its 0 _pitig-its 0
tans-(e7*14-e"1)  eilz—tan’s-e gl
68:1[ e~i2—tan®s-e%t1e 2 —tans-(e"M14eth) ]
[ tans-(e™"*+ety) e''24-tan’s- e %tigite }
9:‘

—e~2—antls- g%l M2 —tans- (e i14eth)

0 e-itig-its 0 e-itig-its
58:1' . ’ 59: . .
eitleuz 0 _eitleztg 0

Proof. By regarding &:[g b ] as an 8u(2)°(=8{(2, C))-valued function on

—a
Qrr by ]

T?, we express a Fourier expansion of & as §=33;, 1cz & 0% 10t 2, 5,”:[[ o
kl T Ur1

Then the equation (2.1) is equivalent to the system of linear algebraic equations
with unknowns a;;, b, ¢x; and parameter s:

(B*+1¥ar—(k+1)cosssins (br-17.1—Cry11-1)=0,
(2.5) 2(k+1)cosssins az, -, — {(k*4+12)+2(k cos’s—I sin%s)} b, =0,
2(k+1)cosssins- @y 1+ {(£2415)—2(k cos®s—I sin®s)} ¢, =0.
We need a long calculation to solve the equations (2.5). Then setting
Ay:=0ag, bo:=bo, Co:=Cqo, bi:=b_y;, ¢, :=cCi_,
by i=b_g9, C2:=Cg9, bsi=b_i_,, ¢3:=C1y,
by:i=bey and c¢,:=cq-»

for simplicity, we obtain that each a, b, ¢ is of the following form ;

if s+0, n/6,
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a=a,—bytans-e *1g7¥2—¢, tan s-ett1eitz
(2.6) b=b,+b,e *14-b e t1etta—c, tants- ez
c=cy+Cre?1+4c ett1eT e —p, tan®s- %2,
if s=mn/6,
a=a,—b,tans-e *1e *2—¢, tans-ett1e'2 ¢, tans-e 14 b, tan s - et
2.7 b=by+bye "1+ b e~ 10M2—, tan®s- e**'2—c, tan®s- e~ ?it1gt2 pyott2

c=cCotCoe®t14c ett1e e — b, tan®s- e~ ¥f2—p, tan?s- e?it1g e 4-ce7 02,

if s=0,
a=a,
(2.8) b=by+b,e 14 be gt phyettigite
] c=cCotCre?itciettiem iz 0ttt e,

Using the conditions ee+/—1R and b=—¢ of £€3u(2), we can show that e

HID(¢;) can be written as a linear combination of &, or £,. Hence we complete
the proof of Proposition 2.1. O

Consequently, we have determined the dimension of each vector space
HID(¢;), namely, the nullity of ¢, as a harmonic map from (1.8). Then we
encounter an interesting jump phenomena of the numbers.

COROLLARY 2.2. We have

9, if s=0, =n/6,
dim HID(¢s)=
7, otherwise,

(see Figuer 2.1(1)).

To make the cause of this jump phenomena at s=0 and =/6 clear, we next
examine the behaviour of the negative eigenvalues of 7,

PROPOSITION 2.3. Take s with 0=s<=/2. Each Jacobi operator 9, has
negative eigenvalues

{2,::1—~«/2(1+c0527), if 0<s<m/3,
A:=1—+2(1—cos 2s), if =n/6<s=<=/2,

with multiplicity 2(see Figuer 2.1(ii)). Moreover, the eigenspace corresponding to 2,
is spanned by &, &,.

Proof. Suppose 4<0. Similar to the proof of Proposition 2.1, we find that
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the equations ,(&§)=4¢ are equivalent to the system of linear algebraic equa-
tions with unknowns @i, by, sy, and parameters s and 4:

(k2+12——2)a“—(k +l) cos s sin s '(b;,_11+1—ck+1,_1)=0,
(2.9) 2(k+1)cos ssin s-ag,1;-;— {(R2+1%)+2(k cos’s—I sin®s)— A} by, =0,
2(k+1)cos ssin s ag_y;,1+ {(R2+1%)—2(k cos®’s—I sin®s)— A} ¢x;=0.

By a harder calculation than that for (2.5), we find that a,;=0 for except (&, {)
satisfying either (2.10) or (2.11) of the following:

(2.10) (=0 and A*—2k°A+k*—2k*(1—cos2s)=0
(2.11) I’=1 and A*—2(k*+1)A+k*+2k%cos2s—1—2cos25=0,

which are equivalent to

(2.12) [=0 and A=k’—~/2k*(1—cos2s)
(2.13) ’=1 and A=(k%*41)—+/2(k?—Ek%cos2s+1+cos2s),
respéctively. Then it follows from 41<0 and k=Z that
(2.14) (R, I, H=(x1, 0, 1—+/2(T—cos 2s))
(2.15) (k, 1, )=(0, 1, 1—+/2(1+cos2s)),

respectively. In particular, put 4,:=1—+/2(I—cos2s). Using (2.9) again, we

obatin that each a, b, ¢ in 5:[? _b a] satisfying T ,,(6)=2.(§) is of the form:

a=c,tans-e 14 p, tans- et

b=—c, tan’s-e " 2t1gite | h,et2

c=—b, tan%s-e?t1g"it2t-¢, 0 2, O
By virtue of Proposition 2.3, it follows that the subspace of HID(¢/s) which

cause the jump phenomena of dimension 2 just coincides with the eigenspace
corresponding to 1,. The index of each ¢, can be also determined.

COROLLARY 2.4. Take s with 0<s<mn/2. We have
2, if 0=s=n/6, n/3<s=m/2,
index(p,)=
4, if w/6<s<m/3,
(see Figure 2.1(iii)).

Remark. Proposition 2.3 implies that the harmonic maps from 72 into 3-
dimensional real projective space RP*® obtained by compositions of {¢;} and the
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natural projection S*—RP? are stable in the sense of index=0. Very recently
Ejiri proves in [Ej] that the maps become non-zero homotopically energy mini-
mizing. Thus our result supports Ejiri’s one.

9 . ° °
(i) nullity
7 o —0- 0
s
0 n/6 =m/4 =/3 x/2
0 >} } = }
(ii) 2
—1-
A=1—+/2(T+cos 2s) A=1—+/2(I—cos 2s)
4 r—0
(iii) index
24 = ® —
Figure 2.1.

§3. Classification of infinitesimal harmonic deformations

In this section, assume that 0<s<z/4. It is easy to check the following.

LEMMA 3.1. Let fe, v : T?2(et!1, et2)—(e* 1) g t2*)\eT2 e a conformal
transformation of T® Let R and L denote right and left translations of SU(2),
respectively. Then

@5 fa, (e, et2)=(R 1o Lgogps)(e*"1, €*'2),

e 5}
where A=[%0" S|, B=|7) Cs]|eSU@), putting a=(a+b)/2, p=(a=b)/2.

LEMMA 3.2. Trivial harmonic i-deformations of ¢ span
{ WO :=22=1RE“ if S:'&O’
Vo =231 RE, if s=0.

Proof. By Lemma 3.1, a trivial harmonic i-deformation of ¢, is of the
form Y.¢,, where YV is a Killing vector field on S By a direct computation,
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we obtain the statement. O

Now let us examine harmonic s-deformations of ¢, which are not trivial.

3.1. The case of s+0, ©/6 )
We decompose as HID(¢,)=W DW,, where W,=R§,.

LEMMA 3.3. Let s#0, ©/6. Then a harmonic i-deformation of ¢, obtained
by moving the parameter s spans W,.

Proof. We compute

L N

¢, [cos s-e”*1  —sin 5.t ][ —sin s ¢t cos s-e'z }
-1 —

—cos s-e ¥z  —sin s-e”th

0 o-it1pits
= [ —pit1g-its 0 ] =& 0

Then we obtain the following.

sins-e7*2  cos s-etlt

PROPOSITION 3.4. Let s+0, n/6. Any element of HID(p)=W DWW, is inte-
grable.

Proof. We see that harmonic i-deformations of ¢,, which are induced by
compositions of harmonic maps obtained by moving the parameter s and isome-
tries of SU(2), span a direct sum W PW,. O

3.2. The case of s==/6

We decompose as HID(p o) =W PW,BW,, where W,=RE, W,=32_,RE,.
When s==/6, the statement of Lemma 3.3 also holds. Hence we obtain the
following similar to Proposition 3.4,

PROPOSITION 3.5. Any element of W PW ,CHID(¢.6) is integrable.

However, the integrability for an element of HID(¢xo)\(W,DW,) can not be
decided consequently. Then our next effort is to examine whether or not this
element is integrable up to second order.

THEOREM 3.6. Any element of HID(p)\(W DW,) is not integrable up to
second order. Hence, it can not be integrable.

Proof. Let &= [g j_’ a]eHID(go,,,,)\(WOGBWI) satisfying (2.7). Note that b,(=
—¢)+#0. By Lemma 1.4(1), we check whether or not
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P@=—[10n0 81, 55 |-[10w0 81, 2]

is orthogonal to Kerd, ,. Choose

0 _e-itleitz
= eKer g, ..
& [ eitip-its 0 :I #nl6

Then by long calculations, we obtain
3243
[, <P@, Eouw=—2(3—tan* T )ean T x(@hicd=2Y 3 b1 0.
Hence & is not integrable up to second order. The second statement follows
from Lemma 1.2. O

3.3. The case of s=0
We decompose as HID(po)=V DV ,DV,, where V,=31_ R¢, V,=3_, RE,.
Let us define two maps ¢f, ¢¢: T°—SU(2)(@=R) by

, cos s-eitt sin s g*¢2*®
@.1D pe(et, eite) 1= )
—sin s-e7*¢2*®  coss-e7ih
o cos s-ett sin s. g7t (2@
(3.2) g(eths, ett) =
—sin s-e'@2*®  coss-e7th

Then we see that ¢§=¢@¢=¢, and that ¢¢, ¢y are harmonic maps in the same
way to (0.4).

LEMMA 3.7. Infinitesimal harmonic deformations of ¢f (respectively, @),
which are obtained by fixing the parameter @ arbitrarily and moving the parameter
s, span V, (respectively, V,).

Proof. We see that

0p?

cos s-e~ i1 —sin §-2*2* M —gin 5. it cOoS s-gtt2*®
() —33_:

sin s-g vzt @ cos s-ett1 —CO0S s-g et ®  _gin 5.7t

0 2 Wgitigits
_e—-tweule—itg O

By putting w=0, 7/2, it becomes &,, &, respectively. Similarly, since

CHRRAE

op¢ [cos s-e”t1 —sin s~e"<‘2*‘”’][—sin s-et1 cos s-e‘”‘f’*""]

sin s- etttz ® cos s- et —CO0S s+ 'zt _gins.e7 |
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0 e~tme—itle~ttz
= _eta)eilleitz 0 ],
putting @=0, 37/2, it becomes &,, &, respectively. O

We discuss the integrability of harmonic i-deformations of ¢,. By Lemmas
3.2 and 3.7, we have the following.

PROPOSITION 3.8. Any element of VPV, V,PV,CHID(p,) is integrable.

Therefore our problem is to investigate whether or not an element of
HID(@)\ {(V DV IU(V DV,)} is integrable.

THEOREM 3.9. Any element of HID(¢,) is integrable up to second order.

Proof. Fix arbitrary &= [g _{’ a]eHID(goo) satisfying (2.8). Then we obtain
that 77=[’é _]_BA]EC""(g) with Ae+v—=IR, B=—C is a solution to *, (y)+
P(&)=0 if and only if each A, B, C is of the form
A=a,—boc,e* 1+ bycoe 4

—(bsCa+boc)ettre e+ (bycyt+bocy)e et
3.3) —(bycatbocs)etret e+ (bycs+bicolerette
B=b,+b,e 14 pye tt1p it h g 1t
C

I N L B AL VAL R L PR
with @¢,e+/=1R, b,=—¢,C (i=0, 1, 2, 3) chosen arbitrarily. .

Unfortunately, Theorem 3.9 has not given any answer to our problem yet.
Then let us proceed a more step.

THEOREM 3.10. Any element of HID(@o)\{(VDVIU(V DV, is not inte-
grable up to third order. Hence, it can not be integrable.

c —a
that b(=—¢1)#0 and by(=—¢y)#0. Take also arbitrarily % such that (§, )
becomes a harmonic i-deformation of second order of ¢, and then it satisfies
(3.3). Our claim is to show *Q(&, ) is not orthogonal to Kerd,,. Choose

Proof. Let &=|8 °,|eKera \(Vi®V)UV.BV2) satistying (2.8). Note

0 bse~itig-itz L b g-itigite
& ::[ eKer&T%.

—byettigita—p gitig-ite 0

Then by very long caluculations, we can show
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ST2<*Q(E’ 7), Esumr= —12171173(5301+5103)—125163(—’bsb1—bzbs)
=48] b.1%| bs|*+0. O

§4. The structure of a neighborhood and the component in Harm(7?, S?)

Using the results in previous sections, we discuss the local structure of a
neighborhood in Harm(7?, S*) around ¢;.

PROPOSITION 4.1. Let 0<s<rn/4. For s+0, a neighborhood in Harm(T?, S?)
around ¢s becomes a T-dimensional smooth manifold. On the other hand, the space
Harm(T?, S®) has a singular point at .

Remark. Although nonintegrable harmonic /-deformations occur at s=x/6,
a neighborhood in Harm(7® S*®) around ¢, becomes a smooth manifold.

Let 0<s<2z. We need to give attention to the case of s=xn/2. It follows
from Lemma 3.7 that the families ¢¢ and ¢¢ intersect orthogonally each other
at ¢,. Similarly, we observe that up to deformations obtained by moving the
parameter ®, ¢f and ¢¢ intersect orthogonally each other at ¢... Here &f:
T?*-SU2) (weR) is a family of harmonic maps defined by

o cos s-e”*1 sin s-g*¢2*®
4.1) pgetts, ettz) 1= )
—sgin s-g 7 2t cos s- ettt
Finally let us determine the connected component in Harm(72, S®) contain-
ing ¢, and discuss its compactness. We define a new family &y: 7% — SU(2)
(weR) of harmonic maps defined by

o cos s+t sin -7tz
4.2) gPleths, e''2) 1=
—sin §- g2 cos s-eth
THEOREM 4.2. The set of harmonic maps from T? into S* obtained by acting
the group SO(4) on the union of four families {p¢}\J (¢ \J{Ge\U et with 0<
s=2rn becomes a connected component in Harm(T? S*) containing ¢,. Hence, the
connected component is compact.

Figure 4.1 indicates how four family {¢¢}, {¢¢}, {$¢} and {g¥} with 0<s<
27 of harmonic maps intersect orthogonally each other, up to deformations with
respect to the parameter w.

Remark. The action of SO(4) moves {p¢} to {#¢} and {¢¢} to {$¢}. Then
the union of two circles [¢¢] and [¢¢], which intersect orthogonally each other
at [¢,], becomes the connected component in the quotient space Harm(7?, S®)/
SO(4) containing [¢;].



268 MARIKO MUKAI

=
&)

Figure 4.1.
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