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AN ALGEBRAIC APPROACH TO THE REGULARITY

INDEX OF FAT POINTS IN P
n

BY NGO VIET TRUNG

Abstract

The aim of this note is to present an efficient algebraic method for the estimation of the

(Castelnuovo) regularity index of fat points in Pn and to discuss recent results on this topic.

Introduction

Given a point P in the projective space P^ := Pn(&), k an algebraically closed field,
we say that a form (or a hypersurface) / of the polynomial ring R := k[X0, . . . , Xn] has
multiplicity m at P if all derivatives of / of order ^ ra vanish at P.

Let X = {Pi, . . . , PS} be a set of s points in Pn and m\ ^ . . . ̂  ms a sequence of
positive integers. We denote by mi PI -f msP$ the zero-scheme defined by the ideal of
all forms of R vanishing at Pi with multiplicity ^ m^, i — 1, . . . , s, and call

Z :=mιPι + "-msPs.

a set of fat points in Pn. There are many reasons for our interest in this notion. For
instance, Z is simply the zero-scheme of hypersurfaces passing through X if mi — . . . =
ms — 1, and of hypersurfaces containing PI, . . . ,P5 as singular points if mi = . . . =
ms = 2.

Let I denote the ideal sheaf of Z. Then JΪ°(Pn, I(t)) corresponds to the linear
system of hypersurfaces of degree t passing through PI , . . . , Ps with multiplicity ^ m« at
ίj, ί = 1, . . . , s. If H1(Pn, T(t)} = 0, this linear system is called regular. The least integer
t for which Hl(Pn, l(t)) = 0 is called the regularity index of Z, and we will denote it by
r ( Z ) . There has been much interest to estimate r(Z) in terms of mi, . . . , ms.

For arbitrary fat points in P2 one can find in W. Fulton [6] the following upper
bound:

This bound was extended to arbitrary fat points in Pn by E. Davis and A. Geramita in
[4], where they also showed that r(Z) — Σ*=1 fn% — 1 if and only if PI, . . . , Ps lie on a
line of Pn. For almost all sets X of s points in P2, B. Segre [16] found the upper bound:

r(Z) < max{mι + m2 - 1,
ι=l

Received May 19, 1993.

382



THE REGULARITY INDEX OF FAT POINTS 383

See also G. Paxia [14] for a more rigorous proof. It has turned out that this bound also
holds for arbitrary sets of points in general position.

Recall that a set X of points in Pn is said in general position if no n -h 1 points of
X lie on a hyperplane of Pn. It is well-known that the intersections of an rf-dimensional
irreducible projective variety of Pn with a general (d — n)-dimensional linear space is a
set of points in general position. So in order to study properties of irreducible projective
varieties one may study points in general position arising from such intersections.

For fat points in general position in P2, there were first some attemps by S. Greco
[9], Davis and Geramita [4] to prove the bound r(Z) ^ [sm/2] for points in the case
mi = . . . = m, = m. Then M.V. Catalisano [2] succeeded in showing Segre's bound
for arbitrary mi, . . . ,ra,. She also proved that this bound is attained for points lying
on a rational normal curve. But her method which has a geometric nature could not be
applied to study fat points in Pn, n arbitrary.

Using Castelnuovo's Lemma on the postulation of points in general position in Pn

one can easily prove the following upper bound for the regularity index of X:

r(X)<[(s+n-2)/n]

and show that this bound is attained for points lying on a rational normal curve [11] (see
[17] and [18] for applications on the defining equations of arithmetically Cohen-Macaulay
varieties). This bound suggests that Segre's bound could be generalized to fat points in
Pn, n arbitrary.

In this note we will present an algebraic method for the estimation of r(Z) which
has helped M.V. Catalisano, G. Valla, and the author [3], [18] to obtain the following
generalized version of Segre's bound for arbitrary fat points in general position in Pn:

r(Z) <
»=ι

In particular, this bound is attained if X lies on a rational curve, and if ms is large
enough, the converse is also true. Moreover, this method can be used to give other good
upper bounds for points with uniform position property and generic sets of points.

A set X of points in PΛ is said to have the uniform position property (U.P.P. for
short) if every two subsets of X with the same cardinality have the same Hubert function
or, equivalently, if the Hubert function hγ(t) of every subset Y of X verifies the equality

for all tf ̂  0. The significance of this notion comes from Harris' uniform position principle
[10] which asserts that if char(fc) = 0, the points of a general hyperplane section of an
irreducible curve are indistinguishable from each other (see [15] for the case char(fc) φ 0).
Since the above bound is also the best upper bound in terms of mi , . . . , m$ for the
regularity index of non-degenerate fat points with U.P.P., we will seek upper bounds for
r(Z) which involve other numerical invariants of X such as the regularity index r(X)
and the Hubert function hχ(t) of X.

We say that a property T> holds for a generic set of points in Pn if there exists a non-
empty (Zariski) open subset U of the projective space parametrizing the sets of the same
number of points in Pn such that T is satisfied for every set X £ U. It is clear that for
a generic set of points in Pn, r(Z) has a fixed value depending only on mi, . . . , ms and
the exact value of r(Z) has been known only in the trivial case mi = . . . = ms = 1 and
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in the case mi = . . . = ms — 2 (see [12] and [11]). This indicates that the computation
of r(Z) is very difficult. Nevertheless, using the presented algebraic method we are also
able to give an upper bound for the regularity index of generic fat points in Pn which
differs from the exact value of r(Z) atmost by 1 in the above case.

We refer the reader to [3] and [18] for the proofs of the results presented here.

1. The algebraic approach

Let pi , . . . , ps denote the defining prime ideals of PI , . . . , Ps in the polynomial ring R,
respectively. Put

Then A := R/I is the coordinate ring of the zero-scheme Z. Since A is an one-dimensional
Cohen-Macaulay graded β-algebra, the Hubert function

hA(t) := dimjb At

is strictly increasing until it reaches the multiplicity e(A) of A at which it stabilizes. Note
that hz(t) = hA(t). The least integer t for which hA(f) — e(A) is called the Castelnuovo
regularity index of A, and we will denote it by r(A). It is well-known that

r(Z) = r(A).
We shall see that one can use induction on s to compute r(Z). Note that the Castel-

nuovo regularity index can be defined for any graded Jk-algebra [13], [5]. Let

J :=pΓ'n. . .npΓ_7'
be the defining ideal of the zero-schemes

W := mi PI + - - + m5_ιP s_ι.

Then R/( J -f- p™s) ^s a zero-dimensional graded algebra and the Castelnuovo regularity
index r(R/(J + ρ™s)) is the least integer t for which [R/(J + ρ™ )]* = 0. The inductive
method is based on the following lemma.

LEMMA 1.1. r(A) = max{m, - l,r(Λ/J), r(R/(J + ρΓ8))}

This lemma has the following interesting consequence which gives a lower bound for

LEMMA 1.2. r(R/Z] > mi + m2 - 1.

In Lemma 1.1 one can egive an estimate for r(R/J) — r(W) by the induction
hypothesis, where the induction beginningt is guaranteed by the following result.

LEMMA 1.3. Let X — {Pi, . . . , P$] be a set of s £ n + 1 points in general position.

Then r(Z) = mi + m2 - 1.

It remains to estimate r(R/(J + pm*)) For this one can use the following lemma.

LEMMA 1.4. If there exists a form of degree t in J which does not belong to ps,
then r(R/(J + pγ )) <m,+t-l.
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So in order to estimate r(Z) one only need to find a hypersurface of an as small as
possible degree which passes through the fat points of W but not Ps . Such a hypersurface
can be constructed by considering products of hypersurfaces passing some of the points
PI ) > PS but avoiding P$ . The degree of such a hypersurface will determine the form
of the upper bound for r(Z) as we will see in the following sections.

For fat points in P2 there is another efficient algebraic method to bound r(Z) which
takes into account the least integer / such that there exists a regular sequence of two
forms of degree t in the defining ideal I(X) of X [19, Section 3].

2. Fat points in general position

Let X be a set of points in general position in Pn. To find a hypersurface of an as small
as possible degree which passes through the fat points of W but not Ps we can take
products of hyperplanes passing through n points of PI , . . . , Ps-\ but avoiding Ps . If t is
an integer such that nt > Σ*=ι m* anc' * > mι> tnere are t hyperplanes, say LI, . . . , Lt,
avoiding P such that LI . . . Lt £ J. ^From this we can deduce the following generalized
version of Segre's bound for the regularity index of fat points in Pn:

THEOREM 2.1. Let Pι,...,P s be distinct points in general position in Pn and
mι > > ms arbitrary positive integers. Then

r(Z) < max{mι + m2 - 1, [( mt + n - 2)/n]}.

We will call this upper bound Segre's bound for the regularity index of fat points in
Pn. Note that the term mi + rri2 — 1 is not important because by Corollary 1.2 it is a
lower bound for r(Z).

Using Bezout's Theorem we can prove that Segre's bound is attained for points lying
on a rational normal curve.

PROPOSITION 2.2. Let PI, . . . , Ps be distinct points on a rational normal curve in
Pn and mi ^ . . . ̂  ms arbitrary positive integers. Then

r(Z) = max{mι + m2 - 1, [(]Γ m, + n - 2)/n]}.

This proposition shows that Segre's bound is the best upper bound for r(Z) in terms
of mι, . . . ,m,.

Segre's bound can be also attained by points not lying on a rational curve [2].
However, if s ^ 2n + 3 and ms is large enough, the converse of Proposition 2.2 is also
true, i.e. the given points must lie on a rational normal curve if Segre's bound is attained.
Since mi + m^ — 1 is a lower bound for r(Z), the actual question is when r(Z) = δ(Z).

To prove the converse of Proposition 2.2 we use again the above presented method
combined with the classical Castelnuovo's Lemma. This lemma states that for an arbi-
trary set X of s points in general position in Pn,

and if hχ(t) = 2t -f 1 for some t < r ( X ) , then X lies on a rational normal curve (see
e.g. [11]). Our idea is to involve quadratic forms in order to find a hypersurface of small
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degree which passes through Y but not Ps if X does not lie on a rational normal curve.
In this case, a quadric could pass more points among PI, . . . , Ps-\ than the 2n points of
two hyperplanes.

PROPOSITION 2.3. Let X = {Pi,..., Ps}, s ^ 2n + 3, be a set of points in general
position in Pn and πii ^ .. . ̂  rns a sequence of positive integers such that

(i) ms ^ n,
(ϋ) 6(Z) ̂  mi + m2 + 2n.

TΛen r(Z) = δ(Z) if and only if X lies on a rational normal curve.

The condition ms ^ n can be lessended by taking into account the residue of
Σl-ι m; — n + 2 modulo n as it has been done in the case n = 2 by Catalisano [2].
But this will make the statement more complicated.

We conclude this section with two open questions:
QUESTION 1. If X lies on a rational normal curve, does the Hubert function hz(t) of the
fat points Z depend only on the number of the points and the multiplicities m i , . . . , m5?
QUESTION 2. If the answer to Question 3.1 is yes, does such a Hubert function give a
lower bound for the Hubert function of an arbitrary set of fat points in general position
with the same number of points and the same multiplicties?

The answers to these questions is yes in the following cases:
a) mi = . . . = m$ = 1, / arbitrary (Castelnuovo's Lemma).
b) m i , . . . , ms arbitrary, t = r(Z) (Theorem 2.1 and Proposition 2.2).

3. Fat points with uniform position property

Let X now be a set of points with U.P.P. in Pn. Without loss of generality, we may
assume that X is non-degenerate, i.e. X lies on no hyperplane of Pn (hχ(l) = n + 1).
Under this assumption, X is in general position. Hence Segre's bound is also an upper
bound for the regularity index of non-degenerate fat points with U.P.P.

On the other hand, if Y is a set of points lying on a rational normal curve, then
hγ(t) = min{#y, nt + 1} for all t ^ 0. Applying this formula to every subset Y of
a set X of points on a rational normal curve we obtain hγ(t) = min{#y, nt + 1} =
min{#Y, hχ(t) hence X has U.P.P.. Therefore, according to Proposition 2.2 Segre's
bound is the best upper bound in terms of m i , . . . , ms for the regularity index of non-
degenerate fat points with U.P.P.. For this reason we will seek upper bounds for r(Z)
which involve other numerical invariants of X such as the regularity index d := r(X)
and the Hubert function ftt := hχ(ϊ) of X.

By the definition of points with U.P.P. there exists, for i — 1,... , d, a hypersurface
of degree i which passes through the first hi — 1 points of X but avoding Ps. Considering
products of such hypersurfaces we can find a hypersurface of degree ]Γ^Γ0 m/>t which
passes through W but not Ps. Now using the inductive method of Section 1 we can prove
the following upper bound for r(Z):

THEOREM 3.1. Let X = {Pi,.. ,PS} be a non-degenerate set of points with
U.P.P. in Pn with h% — hχ(ι), d = r(X), and m\ ^ . . . ^ ms a sequence of posi-
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tive integers. Then

( d-i ϊ

r(Z)^max<jmι + m 2 - l , ]Γmht + mn+2 - 1 > .
I t=0 J

If n ̂  3 and mi > I, then

( d-i ϊ
r(Z) < max < mx + m2 - 1, ̂  mhl + mn+3 - 1 ?

I *=o J

There are examples showing that the bounds of Theorem 2.1 are usually better than
Segre's bound.

From Theorem 2.1 we get the following bound for r(Z) which depends only on the
regularity index of X.

COROLLARY 3.2. Let X = {Pι,...,Pβ} be a non-degenerate set of points with
U.P.P. in Pn with d = r(X) and mi ^ . . . ̂  ms a sequence of positive integers. Then

r(Z) < πii H ----- h m^+i - 1.

The bound of Corollary 2.2 is sharp for the case mi = . . . = mβ = 1. Moreover, it
could be viewed as a generalisation of the following bound for the regularity index of
generic fat points in P2 given by Gimigliano [8, Theorem 1]:

Note that Gimigliano Js bound does not hold for generic fat points in Pn with n ̂  3.
For generic fat points, r(Z) has a fixed value which depends only on mi, . . . , mβ.

It is clear that the Hubert function of a generic set X of s points in Pn is as large as
possible, i.e.

hx(i) -minjs , ί^ M > ,

= rain j* : s< ("*

and hence

Except this trivial case Z — X (mi — . . . = ms — 1), to compute the concrete value of
r(Z) seems to be very difficult. It is known only in the non-trivial case mi — .. .=: m5 — 2
by Hirschowitz [12] and Alexander [1]. Using the inductive method of Section 1 we
can also prove the following bound for the regularity index of generic fat points (with
arbitrary m i , . . . , mβ) which differs from the exact value of r(Z) at most by 1 in the case
7971 ^ = ^5 = 2.

THEOREM 3.3. Let X = {P1}... ,PS} be a generic set of points in Pn and mi ^
.. . ̂  ms be a sequence of positive integers. Let w denote the least integer such that

it 4 ft — 1\ /ft + w\

n / V n /
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Then

r(Z) ^mi +u;- 1.

The proof relied on the facts that one may find a hypersurface of degree w which
passes through the zero-scheme m^Pi + ---- h msPs but not PI.

For generic sets of points, the bound of Theorem 2.3 is usually better than the bound
of Theorem 2.1 and Gimiliano's bound. In particular, if m\ — . . . = πιs = 2, we have by
Theorem 2.3 r(Z) <w+l, where w is the least integer for which (s- l)(n + 1) < (n*w).
Since

w < r(Z) ^ w -f 1. Hence the bound w; + 1 differs from r(Z) at most by 1.
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