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ON A CONJECTURE OF C.C. YANG FOR THE CLASS
F OF MEROMORPHIC FUNCTIONS

By Qiu GANGDI

Abstract

In this paper, we give a positive answer to a conjecture of C.C. Yang
for the class F of meromorphic functions, and improve a result of C.C. Yang.
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1. Introduction and Main Results.

In this paper, we use the signs as given in Nevanlinna theory [3], let E
denote a set of positive real number with a finite linear measure, which is not
necessarily the same at each time it occurs. If the two meromorphic functions
f and g have the same a-points and multiplicities, we denote it by

E(a, f)=E(a, g).
In 1977, C.C. Yang proved the following theorem :

THEOREM A ([1]). Let F denote a class of meromorphic functions with the
form as f=pe*+p,, where a is a nonconstant entire function with finite order,
1 (£0) and p. (SEconst.) are two meromorphic functions with finite order, satis-
fying

T(r, ps)=0{T(r, e}, (@=1, 2).

Suppose ci, ¢, are two distinct finite complex numbers, fF and gF. If
E(C;, f)::E(cly g)’ (Z=1) 2)
then f=g or

G Gl D N
T 1-2() 1—2(z)  h(z)-e?®”’

_a—cA(z) | h(z)e®
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where ¢(z) is a nonconstant entive function, A(z) (Fconst.) and h(z) are two mero-
morphic functions, satisfying

T(r, )=0{T(r, &*)},  T(r, )=0{T(r, e)}.

Further, he conjectured that theorem A also holds for the class of mero-
morphic functions with the form as

f=pe*+p.,

where a is a nonconstant entire function, x,(£0) and p,(s£const.) are two mero-
morphic functions, satisfying

T, p)=0{T(@, e?}. (=1,2)

In the present paper, we give a positive answer to C. C. Yang’s conjecture.
More generally, the following results are obtained.

THEOREM 1. Let f, g, ot and A be nonconstant meromorphic functions, satis-
fying
T(r, W=0o{T(r, N}, T, H=0o{T(r, g)}.

If Bleo, H=E(eo, ), E(p, =E(, 5), and
80, N+6(e, N>5, 0, £)+6(, 8>3,
then

f_z R
Piab i fg=p-k.

THEOREM 2. Let f, g, ¢1, ¢, hy and h, be nonconstant meromorphic func-
tions, satisfying
T(r, p)=0{T(r, )},  T(r, h)=0{T(, &}, (=L, 2).
If E(oo, f)=E(co, 8), E(p., )=E(h,, g), (i=1, 2) and
30, N+6G, >3, 30, O+6(, 9> 3,

then

f_ &
90_! = and =
or

f-g=¢i-hy and  @1-hi=@sh,.

COROLLARY. The conjecture of C.C. Yang is ture.
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2. Some Lemmas.
LEMMA 1 ([2]). Let f, (=1, 2, ---, n) be n linearly independent meromor-

phic functions with % fi=1, then
J=1

1
f

—BNG, f)+olT0), G#E; =12, -, m)

T(r, 1)< ZN(r, 7)+ N, f)+N(r, D)

where T(r)=lr£1]asx {T@, 9},

i fo o fa
S T A

o0 o0 e fpn

LEMMA 2 ([4]). Let f, and f, be two nonconstant meromorphic functions,
and let a, (£0) and a, (£0) be two meromorphic functions, it satisfies

T(r, a)=0{T()}, (r¢E;i=1,2)
whe?’e T(r)=max{T(ry fl)y T(ry fZ)}' If a1f1+a2f2=1; then

=/ 1N, =70 1\, & .
T, fO<N(r, 2)+N(r, £)+N @, f0+olT0) . GEE;i=1,2)

LEMMA 3 ([5]). Let f, (j=1, 2, 3) be three nonconstant meromorphic func-
3
tions, satisfying jg.:l fi=1. And let gi«=—f1/fs 82=1/f2o Gs=—Fs/fe- If f,

(=1, 2, 3) are linearly independent, then g, (j=1, 2, 3) also are linearly inde-
pendent.

3. Proof of Theorems and Corollary.

The proof of theorem 1. In fact, let

f—e _
gj_h 1)

and T(r)=max{T(r, f), T(r, g2)}. Then the poles and zeros of & only occur at
the poles of ¢ and 2 at most by E(co, f)=E(co, g)and E(y, f)=E(4, g). Hence

NG, +N(r, +)=0{T(r). @
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Next, from (1) we get
f—p=gh—2h. 3)

We complete the proof by the following two cases:

CASE 1. h=k (const.), then when kzy/2 we have from (3)

f ko
gk pear el @

From Lemma 2 (by taking a,=(1/p—2k)%0, a,=—(k/p—1k)#0) we get
1 I\, o
T, H<N(r, 74N (r )N DHo(T@h  rEE).

On the other hand, from (4) we know that

T(r, &)=A4+o()T(, 1)
so that
AT N =0{T(, }. ®)
Hence
T(r, /H)<[2—6(0, /)—6(c0, HIT(r, )
+[1-00, g)IT(r, g)+o{T(r)} FEE)
<[3-000, /)—6(co, /)—0(0, g)1T(r, /)+o{T (")}, &E). (6)
Since

350, )—6(e0, H—00, <5 30, H<I,

by (6) and (6) we deduce that
T(r, H=0{T(r, )}, (r&E)

which is a contradiction.
It shows that if A is a constant function, » must be equal to g#/4. Hence

we obtain from (1)

f_sg
poA
CASE 2. hz~constant, let
A
ﬂ=£, femdih ==L
then from (3)
3
> fi=1. )
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Suppose f, (j=1, 2, 3) are linearly independent, it is easy to see from Lemma 1
that

TG, H<N(r, 2N (r, 214N, H+NG, D)

—;g N, fA+o{T@), (r&E) @®)
where
fo fo f
D=\l fi £

VAR
From (7) we get

fi f. 1
[ P I
Lo ool
o0
Hence
N(r, D)SN(r, /)+2N(r, f)+o{T)}.
Thus

N, H+N(r, D)-j;g N(r, f)<2N(r, /)+o{T(r)}. ©
Then, from (8) we obtain
1 1\ oo
Te, N<N(r, 2)+N(r, 24280 DtolTC). B A0)

Next, according to Lemma 3 we know that g,=—f/Ah, g,=p/Ah, g:=g/A are
also linearly independent. Similary, we can get

T(r, )<N(r, %)-i-N(r, %)+2N(r, D+o{T()}, (r¢E). ()
By (10) and (11) we have
10, N+T0, < N(r. )+, N [+2[N(r, L)+, 0)]
+oi{T()}  (r&E)

£2[2—06(0, /)—6(oo, IT(r, f)+o{T (")}

+2[2—0(0, 8)—6(o, 2)IT(r, g), (r&E) (12)
but
2[2—0(0, /)—6(, /)I<T,
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and
2[2—-4(0, g)—6(e0, g)I<1.

Hence from (12) we deduce that

T(r)=0{T(")}, (&E).

This is a contradiction.
It shows that f, (=1, 2, 3) are linearly dependent, i.e., there exist three

constants (¢, ¢, ¢3)#(0, 0, 0) such that

cifrteafatesfs=0. 13)

If ¢,=0, since hz~constant and hzconstant, from (13) we get
_&
g_ cs 2 ’

contradicting given condition T'(r, A)=0{T(r, g)}. Hence ¢;#0. Then, combin-
ing (7) and (13) we have

( _Z_j)-j;h-f-(%—l)%h:l, (14)

We assert that 1—(c,/c;)=0. Otherwise, then 1—(c,/¢;)#0. If (¢3/¢c)—1+0,
we get by Lemma 2

10, 9<N(r, $)+N0, O+o(Tr, ) 2E)
<[2-30, )~ 60, OITC, O+o{T(r, ) £E)
< 5Tt O+olTlr, ), ).

It is impossible. If (¢s/c;)—1=0, then
h=—1 . E

C1—Cq 1 ’
from (1) we get
S e
pw Aw c—c,

where w=1—(¢,/¢;—c,). Here we may assume w+#0, because, if w=0, then we
have f/p=g/A. By Lemma 2 we have

1
f
<[3—-0(0, /)—0(0, g)—0O(c0, NIT(r, fH+o{T(r, )}, (&E)

T(r, H<N(r, Z)+N(r, §)+1\_/(r, H+olT, Y (r&E)

but
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3—4(0, /)—a(0, g)—B(e0, fHK1.

It is also impossible. Thus 1—(c,/c;)=0. i.e.,
g C1
Zh=— 15
h= (15)
Substituting this into (1) we obtain
Lo & Ay, (16)
g GG

It is easy to see that ¢;=0 by Lemma 2. Hence from (15) and (16) we get,
respectively ;

ie.,
f-g=p-.
This complete the proof of Theorem 1.

The proof of Theorem 2. First, by Theorem 1 we get

f_ &
—== 17
o 17
or
fg=¢hy, (18)
and
f_ &
E— 3 19
o Iy 19)
or
f-g=@s-hy, (20)
from (17) and (19) we have
f_s& P1_ 9P
(,01_ hy and hl_—il—z ’

from (18) and (20) we have
f-g=¢ihy and Q1 hi=@y by
On the other hand, from (17) and (20) or (18) and (19) we obtain, respectively ;
T(r, N=0{T(r. NH},  T(r, §=0{T(r, &)},

which is a contradiction. This completes the proof of Theorem 2.

The proof of Corollary. Let



ON A CONJECTURE OF C.C. YANG 325
f=ﬂ1ea+llz » g=Aef+2,,

where @ and 8 are two entire functions, g, and 2, ({=1, 2) are meromorphic
functions, satisfying p,0, p,%const., 2,70 and A,%const.,

T(r, p)=0{T(r, e®)}, T(r, 2)=0{T(r, ef)}. (=1, 2)

Again let
f*= f_/lz g*=g—22
#1 ) 21 ’
then
fr=e®,  g*=ef.
Obviouly,
E(co, f¥)=E(co, g¥%)
and
80, f4)+0(co, 1)=2>,
3
0(0, g*)+6(co, g*)=2>—2—.

From E(c,, f)=E(c,, g (=1, 2) we have
E(ci—pta, i f*)=E(ci—2A2 A18%). @=1, 2).

By Theorem 2 we have

. mf* gt 21
(1) Cy— s T2, @)
and
C1— o/ Cr—RAy=Ca— o/ Cy— Az, (22)
or
(if) .Ulf*'zlg*=(cl_#z)‘(01_12) 23)
and
(61—‘#2)'(01—12)=(Cz"#2)'(02—22) . (24)
If (i) holds, then from (21) and (22) we obtain
lf‘z:h
and
f“#z — g—2As 'ii
f231 4 o’
ie, f=g.

If (ii) holds, then from (23) and (24) we obtain
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([‘2"'22):(61")‘62)

and
(f—ﬂi)'(g—zz):(cl_#i)'(61_12) .
Hence
p:e“-lxeﬁ=(lz—62)(cn—22) .
Thus

(ca—22)(c1—2y)

/= Aef

+(citco—As).

Obviously, only letting
h

lzm’

C1—CA
1-2 °

/2 » 22=
we can deduce the conjecture of C.C. Yang.
I thank a lot for the useful suggestion of referees.
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