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1. Introduction.

Let 2 denote the class of functions f(z) univalent in |z|>1, regular apart
from a simple pole at the point at infinity and having the expansion

f(Z)=z+§1an‘"
around there. Let us introduce quantities A,, B, by
A,=inf{t: R@b,+b,)<t, VfeX),
B,=inf{t: R@tb,—by)<t, ¥f€3},

respectively. It is evident that A,,=B,,. Kirwan made a conjecture that
B,<n seems to be true [3]. B,<2 and B,<3 were due to Garabedian and
Schiffer [1] and Kirwan and Schober [2] proved B,=2 and B,=3.

In this paper we shall prove the following
THEOREM. A;=2, A;=<(274+8+3)/12, A,<5.5 A,<8, A;<I0.

A,=n—1 for any oddn=3 seems to be true. Anyway it seems to be very
difficult to decide A, exactly as well as B,. Our method of proof depends upon
the Grunsky inequality. So to explain its related notions and relations is in order
here.

Let f(z)e2 and let F,(z) be the mth Faber polynomial of f(z), which is
defined by

Fm<f<z>>:zm+§ Qnz™™

Then Grunsky’s inequality has the following form
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for any N and for any complex vector (xi, -+, xy). We have na,,=ma,, and
a1n=bn,
A2=2b3+b,%,
A2s=2b5+2b,b3+-b,7%,
A25=2bs+2b:b,4-2bsbs ,
Q26=2b7-+2b,bs+2b,b 40,7,
@33=3b5+3b,b5+3b,°+b,%,
@35=3b;+3b:b5+6byb4+-3b5*+-3b,2b5+3b, b,
@4s=4b,-+4b,bs+8b:b,+-6b,2+-4b,2b;4-8b,b,>+b,?,
@.45=4by~+4b,b;+8bybs+12b3b54-4b,*bs+6b,>+16b,b,0,4-8b,b,*
+12b,2b*+4b,*b;+-6b,%b,?,
@55=5by+5b:b7-10b,b6+15b;b5-+5b,%b5+10b,>+20b,b,b,+15b b5
+20b,2b;+-5b,2b;3+-15b,2b,2+-b,®,
A66=0b11+60,b9+ 120,05+ 1835, 4-24b,bs+6b,2b;-+24b,b,b+-15b5*
+36b,b3bs+24b,%b5+6b,°bs+24b,b 2+ T2b:b3b,+36,2b50,+14b4°
+27b,2b3*+72b,b52b3+-6b4*b;4-9b,* +24b,°b,>+b,°.
In what follows we shall make us of the following notations :
by=p+ix’,
by=y+1y’,
by=n-+iy’,
by=§+1¢’,
bs=q-+igp/,
be=¢-+i¢’,
b,=0+id’,
bg=t+i7/,
by=p+10".
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2. Proof of Theorem.

(i) A,=2. By Grunsky’s inequality

1 1
b3+7b12 §§.
Hence
1
-‘Rbsg—z“ ? (blz)__—(l P2)+~—x

=1-p*=2(1-p)

by the area theorem. Thus R{2b,+b,} <2.

(i) As;=(27+8+/3)/12. We may assume that Rb,=p=0 by rotation.

Grunsky’s inequality

1 llz.

b5+b1b3+b22+§b13+ ab +—b ig

3
Hence by taking the real part
.‘Rbs_—(l )+ —i(lﬂp)—%ar)—pn+x’7;’+px’2+y'2—y2.
Now we put a=—3p/2. Then
Rbes 315+ (- p) 4 g

By the area theorem

3+2«/ 3 s 3+2«/ 3

V2 (1—p2— 377/2) .

Hence

3+2\/ 3

$b5_§(1 P3)+ (1 )+ (1—p%

342v3 N ey s, 3+2V3 . —1+2V3
_.<+T\/3_p>xz_}_x7]_3+2\/37] _ +3«/3y2

27+8\/ 3

“(1—=p).

125

By

Thus R{kb,-+bs} <k with £=(271-8+/3)/12. Of course equality occurs only for

p=1, that is, for g(z)=z+1/z.
(iii) A,=5.5.

LEmMMA 1. If p=(mt*—1)/(nt*+1), then R{tb,+b,}=t.

Proof. By the area theorem n(Rb,)*<1—p% Hence
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RA{thi+bat=tp+v(1—=p*)/n =t.

LEMMA 2. —5=3(1—p).

Proof. Garabedian and Schiffer’s inequality |3b,—bs| <3 implies the result
immediately.

We may consider the case 0.99=<p=1, since for 0=p=0.99 we have
R{5.5b,+b,;} <5.5 by Lemma 1. By Grunsky’s inequality

| Byt babs-t 2babet = bbby 2b,bg byt
| 2

+(b5+b1bs+'é—bzz)a‘l‘('jiba""é“blz) 1 L

< . 2
= -1—8
Taking the real part and putting a=—p, we have
Rb,=— (1 P+5 ;152(1 172)———(192 4x")p
2 12 3 12 3 ’2
2y€— 77+ Px +px'y +777 T by
+2y/$/+4yx/y/+x190/‘

Since »=0.99, x"?<1—»%<0.0199. Hence p*—4x’>>0. By Lemma 2

— LA S S (A= )= S P p)
By the area theorem

14 Mgt 14

p2(1 pZ 2yl2 30/2 45/2 SSD/Z Zy 452)
Hence

1
RS 41— Pt g (L= PO p 1= p) g pL— )

(3ot ) ayerrpre 2]

2 7 3
£ /2_ ! a7 - 2__ = 12_ 1 ¥=34 2572
[Sx 4yxy+(21> zp)y 2y'§'+7p%

—px/ﬂ/‘[‘( pz _) 12 ___ Y/QDI"I_ pz /2]
The quadratic terms in two [ ] are positive definite for 0.99=p<1

Hence
Rb,=5.5(1—7p).

which gives the desired result
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(iv) Ay<8. By Grunsky’s inequality
|5as5+10assa+10a 57 +3asa2+ ay,7%| <5+ 3a2+72
Taking the real part and putting a:—5;b/6 and r=—5p2/8, we have

gzbg_—a »+5s ? =P+ 57 (1 p)— ( —8px")y
9
— (7 p*—3x")y —4y 27" 2§ —26*~3np—29
9 3,72 5 2 12 L an’ ’2 7,7 7,7 ! e
T p'x +(Zz> —x )x 7' +2pn "+ px’'e’+39'¢'+x'0

(3 pr—3x7)y 20y e rog 42y
+xPp+4xy' E+4yx’E +6nx'n’ +8yy n'+10pyx’y .
By Lemma 2
1 1 3
—Z(Ps—pr'z)vé Z(Z)?’-pr’z)?»(l—p)éz;b?’(l—p) .
By the area theorem
2.9x2<2.9(1— p?—2y2—379*—4£*—5¢*—6¢*
—2y"2 =3yt —4E"°—5¢"*—6¢*—Ta"%) .
By the trivial inequalities
1?9 =0.5(p°+x"),
4x’y’<2(0.18>-+10x"%y"?) ,
dyx'§'=2(0.1y*+10x"%6"%),
6px'y’=3(0.19*+10x"2p"?) ,

10pyx’y’<5(0.1y2+10x"%y’?)
and

8937 SA0.1y* 10y =04y (L— p—x)y™
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What we want to prove is R{(7.8+1/64)b,+0b,} <7.8+1/64. Hence by Lemma 1
it is sufficient to prove the result for »=0.99. Summing up the above facts, we

have

Rby5 £ (1= P21 p B = p)t S 01— )

+2.91—-p*—X-Y,
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where
X=4.742.25p>—3x"%) y*+4y°p+(8.4+2p)n*+-2p y§+13.46*
+3np+14¢*+2y¢+17.4¢7,
Y =(2.9—-2.25p°—0.5x"%)x"*—(1.25p*—x"*)x "9’ +(6.7—30x"%)p"*
—px’¢’ =39 ¢’ +14.5¢0"* —x'0’4-20.3¢"*

161

+(3-55—43—0(1—p2)— 3 x7%)y"—2py 8 +(9.6—20x")E"

—2/¢/+17.4¢"%

By making use of x’2<1—»%*<0.0199 we can easily prove the positive definite-
ness of X and Y. Then

@b,=(1-p)(7.8+ ”614‘)
Thus we have the desired result. Equality occurs only for p=1, that is, for
z+1/z.
(v) A,;<10. By Grunsky’s inequality
[6as+12a,a+12a,f+4aua’+2a5,8°] <6-+4a®+25%
Taking the real part and setting a=—3p/4 and f=3p?/8, we have

1 : ‘ 1,1 13 .
g{bué"6‘(1—‘1)6)“‘%(1—]54)4‘l—gg‘(l_pz)‘—(z*f—“&l-)p“ﬂ-l"-4—]§2x p+x'ty

—[(Bp*—10.5px"%)y*+2.25p*yE+2.5p&>+4E¢—6x"2yE+2p v +2yT
+(2.75p*—4.5x"%)n*+3p7e+2.5¢*+-370]
o8
+(L5p*—3px'H)x p +Q2.75p*—4.5x"2)y *+(p*—x ') x' 9" +3py’e’
+2.5¢"+-2py' ¢ +-px’e’ +4&'¢"+3y 0’ +2y 't +x" o' +ox"*+4gx"y’
Hayx' @ +Bpx y +8EE +4py 8y Y ¢ + 12y € +128y y’
+8p&x’y'+8pyx'E'+18pyy'y +19p%yx’y +12y%x"y —12y 2 x"y’
+24nyx’y’ +9y%y"*+ 1.5y —8yx"*y' —4py*—1.5y"

pix/ - (3p 13,5579y 4(2.25p*—6x79) y /6 +2.5p¢ "

7
+77(6x’go/+12y’$/+717’2+14px’p’+9py’z——12y§~gyﬁ—prz).
We may consider the case 0.998<p =1, since our desired result is A4,,<10.

Firstly we consider the case 5=0. Then
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7
3.251)2):/217—§03—9p7;y2—12y5ﬂ +6x'@'n+12y"6"y

+77]/2n+14px/n/n+gpyl2n
<—5 5.5p[1—pP—x"*—2y"2— 3y 248" —5p'2—2y*—4&"]

+3.25p2x’217—|—<16.5p—%>773——9py277—12y$7;
+6nx'o +129y'8 + Ty +14pnx'n’ +9pny"®
=555 [ (19 —9p)y* 1258+ 22p8+ (1659 — L)'

+7[(3.25p*+5.5p)x "2 -+6x ¢ -+27.5p " +14px"p’
+(16.5p+7)n"*+20py *+12y'&" +22p§"*]
=-=55p(1—p%7,
since two terms in [ ] are positive definite for 0.998<p=<1. By Lemma 2
e 551~ pO =3 gr P H55pA— P} ).
Further
9y%y2++1.5y"1—12y"*x'y’
=4.5(1—pP—x"2—2y"*—39"?)y"*+1.5y"*—12y"*x "y’
=4.5(1—p%y"
By the area theorem
3.8x2£3.8(1—p*)—3.8(2y*+37> 44> +-5¢°+6¢*+-Ta*+-87%)
—3.8(2y"%4-3n"* 452 +-5¢"*-6¢"*+T70"*+87*+9p%) .
Hence we have

Rby =5 (1= pt P (1= pt B p 2 i p)
+16.5p(1— (1 —p) 3801 p
—[@p*+7.6—10.5px"2)y*+(2.25p*—6x"?) y&-+(15.2-+2.5p)&"

(2250 4+ 11445222+ 3pyo -+ 196°+-2p yé1-22.84*

+4£9+-3na+26.60°+2y7r+30.47%]

369 ﬁ ,
—[(3.8— o PR T.6-3p 4. 51— pY—13.5px"*} '

—(2.25p*—6x"%)y'E'+(15.2—2.5p)"* —(L.5p"=3px'*)x'y’
+(11.4—=2.75p*+4.5x ") " —(p*—x"*)x'¢" =3 py’¢'+19¢"*
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—29y'¢'—4¢'¢'+22.8¢/*— px’a’—3y’ 0’ +26.60"*—2y'r’
+30.41"2——x'p'+34.2p'2]
+oxt44¢x"y +4yx’'¢d’+60x n’ +86x'E +4¢y"*+8y y' ¢’
+12y9'8'+128y"y’ +8p&x"y'+8pyx’E'+18py y'n +19p*yx"y’
+12y%x'p’+-24nyx’y' —8yx"*y’ —4py®.

Now we make use of trivial inequalities with positive a,:

Ux’2§0.5(a1x’202+ ail x/z) ,
dgx’y /éz(azx’2¢2+;12—y’2),
4yx'¢’§2(asx’2y2+ zl:qw) )
6‘%”"77’§3(a4x’2902+a{i4 )7’2),

e sd(ae e,

4y =2asy ¢’ +az'y"?),

8yy'¢' =dary"y*+a7'e"),
12y7'§' <6(asn*y*+az'6"?),
128y'n' <6(asy"**+a5'n"?),
8péx’y Sdp(ax**+aigy™),
8pyx'§ =dplanx’®y*+aiié?),
18pyy'n'<9p(any*y*+aiin’),
19p%yx"y" <9.5p%@ssx *y* + i y'?),
12y*x"y'<6(auy'+aiix?y"?),
24nyx’y’ =12y n a2 ?y"?),
—8yx?y S x?y?Faidx’ty’?),
—doy’=2(any*+aite?) .

The coefficient of y? is
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3p*+7.6—10.5px"*—2a;x"*—4a,y*—6asn’*—4pa, x'*
—9pa,;,y"°—9.5p%a,3x" 2 —6a,, Y2 — 120,50 * —4dasex 2 —2a1, 9%,

which is greater than
3p°+7.6—9.5a,;(1—p%)—(10.5p+2as+4pa,;+4a,s)x"?

+ (19a13_4a7"‘9pa12)y’2+(28-5a13—6a8)77,2+(190'13_60’14_2@’17)3’2
F(28.5a0—12a1)7".

Now we put a;=100, a,=150, a,;=100, a,,=140, a,;;=100, a,,=—230, a,;;=230,
a,=100 and «@,,=250. Then the above expression is greater than

3p*+7.6—950(1— p*)—(410.5p4600)x 2 =2.74
by 0.998<p=<1 and x"2<1—%<0.004. The coefficient of &2 is
15.24-2.5p—4asx"*—6ay,y ' *—4aox'?
=15.242.5p—3a,(1— p?)+Bay—4as—4a;)x’?
>15.242.5p—900(1—p?),

if we put a;=100, a,=300 and a,,=100. The last term is greater than 14.095
by 0.998<p=<1. Similarly the coefficient of ¢* is

19—2a,y"*—2a7t—3a,x"?
>19-—2/250—1200(1— »*)=14.196,
if we put a,=400, a;=1200 and @,,=250. The coefficient of %* is
2.25p%+11.4—4.5x"2=13.623.

Now we put a,=1000=a, and a;=475. Computations of coefficients of x’?, y’2
and 7’* are now quite easy. Then we have

Rbyy (- PP~ XY,
1 6 1 201 __ 44 _1* 41__ A2
(1= P(p)= 5 (= P D1+ g 1= P
oy P PHI65p(1— P — )38 57,

X=2.74y*+(2.25p°—6x'2) y&+14.095*+2p y ¢+ 466 +22.78¢°
+2y7+30.42°+13.6237°+ 3 p -+ 14.196¢+ 370 +26.602,

¥'=0.9166875x"—(1.5p°—3px%)x’n’-+8.5582n 2 — (p*—x"*)x ¢’
— 39’ +18.97¢"*— px'a'—3p"c’ +26.60"—x’ p'+34.2p"
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+4.41645y"—(2.25p*—6x"%)y'&’+12.68"2—2py’' ¢’ —4&' ¢’
+22.78¢2—2y't'+30.47"%

It is not so difficult to prove that X and Y are positive definite for 0.998<p<1
and x2<0.004. Thus Rb,;=<(1—p)P(p). Now we set p=1—x. Then

10— P(p)=0.3375—22.5x +40x2—10x°—3x*>0
for 0=<x=0.002. Hence R(b,;--10b,)<10.
Next we shall consider the case »=0. Then by the area theorem

13 7
ﬂ[‘4—pzx/2+GX’§D,+123”5,+777,2+14PX’77/+917}7,2*12375'_'§'7]2_9py2]

<o~ 2 pxrnbrg 12y € Ty 14Dy 99y 1258~ £ =9pyY
+10p*[1—p*—2y"—39"*—5"*—~2y*~37* 4]
10571 — p*)n— 7 [(20*-9p)y* 126+ 40476+ (80p*+7/3)77]
[ L prar Ly 09 =Dy =63y 500+ 205" 9p)
—12y'¢+40°¢"]
<1051V

Hence by
—n[(1/4+1/64)p*—10p*(1—p*)—x"*]=0

for »?2=0.996 we can omit these terms. Therefore finally
Rby=(1—p)Q(p)—X-Y,
where X and Y are the same as in the case =0 and

__.1 N} i‘_ 2(1 - pd __]?_44 —H2 —hH2
(1= P)QUP) =5 (L") T PHL— DY)+ 5 (L= p) 38— ),

which is smaller than (1—p)P(p). Hence weJhave the desired result.
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After the completion of this work the author has received two preprints [4]
and [5]. In [4] they proved the existence of A, and B, with a crude estimate.
In [5], 1<A3;=<2 was proved and a conjecture for the value of A; was stated.
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