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1. Introduction.

The following result is well-known.

THEOREM A. (K. Yano [7]). Let M™ n=4, be a totally umbilical submanifold
of a conformally flat Riemannian manifold. Then M™ s conformally flat.

Corresponding to Theorem A one has the following results for submanifolds
of Kaehlerian manifolds.

THEOREM B (S. Yamagushi and S. Sato [6]). Let M", n=4, be a totally
geodesic complex submanifold of a Kaehlerian manifold M?, p=8, with vanishing
Bochner curvature tensor. Then M™ has vanishing Bochner curvature tensor.

THEOREM C (D.E. Blair [1], K. Yano [9]). Let M™, n=4, be a totally um-
bilical totally real submanifold of a Kaehlerian manifold with vanishing Bochner
curvature tensor. Then M™ is conformally flat.

A generalization of Theorem A is given in the following.

THEOREM D (B.Y. Chen and K. Yano [4]). Let M", n=4, be a totally
quasiumbilical submanifold of a conformally flat Riemanmian manifold. Then M™
s conformally flat.

In this paper we show that correspondingly Theorem C may be somewhat
improved as follows.

THEOREM. Let M™, n=4, be a totally quastumbilical totally real submanifold
of a Kaehlerian manifold with vanishing Bochner curvature tensor. Then M™ 1s
conformally flat.

A proof of this property will be given 1n a straightforward way using an
expression of the eqNuation of Gauss for a totally real submanifold N of a
Kaehlerian manifold N which contains the Weyl curvature tensor of N and the
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Bochner curvature tensor N. This equation was obtamned by K. Yano [9] and
will be stated here as a Lemma.

Remark 1. Totally quasiumbilical Kaehler submanifolds are totally geodesic.
Remark 2. For a proof of Theorem D, see [2].

Remark 3. With respect to Theorems B and C, see also [117.

2. Preliminaries.

Let M™ be an n-dimensional Riemannian manifold covered by a system of
coordinate neighborhoods {U ; x"}, (h, 7,1, k, [, t, s€ {1/, 2/, -+, n'}). Let gj;, V,,
K", K;; and K be the Riemannian metric tensor, the covariant differentiation
of the corresponding Levi-Civita connection, the Riemann-Christoffel curvature
tensor, the Ricci tensor and the scalar curvature of A", respectivelv. Then the
Weyl curvature tensor of M™ is defined by

(1) ijih:Kkth"*'aﬁLji'_a;szL+Lk’ngi—L]hgkl7
where
L :—,Ai,_K N ,,,,,,,,JZ,,.',,.,,,, Ko L, =1 gth
P T Ty (n—gy B BT ke

and g% are the contravariant components of g;;. According to a Theorem of
H. Weyl the vanishing of C,;;* characterizes the conformal flatness of M™ for
n=4.

Let M?®™ be a (real) 2m-dimensional Kaehlerian manifold covered by a system
of coordinate neighborhoods {V'; y¢}, (@, 8, 7, 4, p, v€ {1, 2, -+, 2m}). Let F,?,
Gapr Var Roap®, Rop and R be the complex structure tensor, the Kaehlerian
metric tensor, the corresponding covariant differentiation operator, the Riemann-
Christoffel curvature tensor, the Ricci tensor and the scalar curvature of AM?*™,
respectively. Then the Bochner curvature tensor of M>*™ is defined by

(2) By‘(!la:Rv/d”"}—&;vf/l/tZ”5214»2 + Ayag/zl_f;l‘ltqul“{'Fv”A/l/i_FﬂnAv,Z
-*_Avaglul"__A/z(YFyZ#‘Z(F»‘uA/ia“[“AguFi.a) ’

where

R,a:A,;g7 a

1 , 1
A= g2y R g 1)onr2) 8

A#Z:—A‘M/F,{T, A»«:Awg;’y 3 F#X:Earg;'l

and g?# are the contravariant components of g.; [5], [8], [11].
Now, let M " be a Riemannian manifold isometrically immersed in a Kaehlerian
manifold M?®™. Let the immersion be represented by y*=3y*(x") and put
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Bz":%i—j. Let C,® be 2m—n mutually orthogonal unit normal vectors of M?"
in M*™, (x, y, z&€{(n+1), (n+2), -+, (2m)’}). Then

®) gn=8.:Bi}, Bi=B,B,

and the metric tensor induced in the normal bundle is given by

“) Zev=8uCl, CH=C,rC,7 .

The second fundamental tensors H;;® of M™ with respect to the normals C,“ are
determined by the formulas of Gauss and Weingarten

(5) vala:H]ixczn' 3
(6) v,C,*=—H,",B,",
Where H]ly: jt‘.l/g“f Hjty: jtzgzy.

The equations of Gauss for the submanifold M™ of M?™ are given by
(7) Kkjih:Ru,zz“B’éfﬁl+Hkth;iI—H;thkzI
where Bzéll]‘{z:BkaJpBLlBho , BIL“:BiYgihgTﬂ .

M™ is said to be totally real or anti-invariant submanifold of M*™ if the
complex structure F of M?™ maps every tangent vector of M™ to a vector which
is normal to M™ [3], [10]. Thus a totally real submanifold satisfies equations
of the form

(8) anBlZZ,_fl.rCIn" };110[C1,/;':fyhBh'1 +fyzcxa-
3. Equations of Gauss for a totally real submanifold in terms of the
curvature tensors of Weyl and Bochner [9]

Using the conformal second fundamental tensors M;* with respect to C,“ [7],
© My =My —Hogy, =gl
the equations of Gauss for any submanifold M™ may be written as
(10) Kkth:RnylaBzgilc{Y+Mkh.r]\1jzx_ 4]hx]‘4kzx+5/’}]\{j1zH1_§§lA{kzxfl:c
"‘A’Ikthrgjz_A{JhxHrgkz_l"}].tHx(afg]i_5‘;ngz);
where My e=Myg", Mp,=MyVg,., H=H'g,..
Now, assume that M™ is totally real. Then from (8) it follows that

(11) FA‘QBLIB’I,.-:O-
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Using (11), transvection of (2) with By gives
(12) R, :“Bi#h =B, , " Byf* —0} A, ; Bi 402 A B#
—AuBiigttg i+ A BYigt g,
Substitution of (12) in (10) yields
(13) Kyji"=B, "Byt —0} Ay BE 401 A BE— A, Bitg ' g i
+ A B gt g i+ Myt oM — MM My "+ 0F M;i"H,
— 0 My T H A My H gy — M, H g+ H H (0] g,,—07 g 1) -
The Ricci tensor K,; is obtained by contraction with respect to /2 and % :
(14) K;;=B,,:"BiyBt}—(n—2)A,; B4 — A, B**g,;—M," . M,,*
+(n—=2)Myu"Hy+(n—1)H H%g 1,
where B#i=B#git  B4y=B,B¢,.

Transvection with g7¢ gives

_ 1
2(n—1)
where My =M, g¥".

" H H*

(15) AMB‘”=7 (Byu1°BuB#**—K— M ;M%)

Substitution of (15) in (14) yields

(16) A/xXBélzZ:Lji+;‘_]:_"2 B”M“BZBﬁX—~ L By[xlaBl&Bﬂzgjl

2n—D(n—2)

__1, t x _4__“L7%‘, t f8x o
g MMt S o MM g

+M,ﬁHr+—é—HxH"g]i.
Finally substitution of (16) in (13) gives the following.

LEMMA. Let M™ be a totally real submanifold of a Kaehlerian manifold
M=™. Then

1
177 5 2 “I P 2
Ck]L —Bvul B’I;ejwfl_ 7’1—2 E()l’ele/!ZaBZtBﬁlz _OJL y‘zziaB;tBilL

+ByyZaB‘ZzB;‘fL1gthgji_By;exaB;Bftlg“Lgkz]
1

—\'—(7:1‘5(;:2) vpd BVB# (51¢g1i”‘0;b M " IA/[]L ; ho My "
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o1
e n—__z' [52]\/[]txMttz‘5_;1Mksz\/[tzz"’l‘/[kLzl‘/[thzgji‘thx]\fthxgkzj

1
iy MM G080

4. Proof of Theorem

If on U there exist two functions a? b° and a unit vector field »* such that
(17) Hj=a*gji+buiui,

then M™ is said to be quastumbilical with respect to the normal direction C,*.
This is equivalent to say that M™ has a principal curvature with multiplicity
=n—1 with respect to C,*. If respectively identically a*=0, b°=0 or a*=b*=0
then M™ is said to be cylindrical, umbilical or geodesic with respect to C,%. M"
is called a totally quasiumbilical, cylindrical, umbilical or geodesic submanifold of
M?*™ if M™ is quasiumbilical, cylindrical, umbilical or geodesic with respect to
every normal direction C,%.

From (9) and (17) it follows that the conformal second fundamental tensors
M;;? of a totally quasiumbilical submanifold are given by

(18) M=t (=gt usus).

In particular, M™ is totally umbilical if and only if M;’=0.
The preceeding Lemma implies that a totally real submanifold M?”, n=4, of
a Kaehlerian manifold M?™ with vanishing Bochner curvature tensor is conformal-

ly flat if and only if

(19) A[kh.z“[uz—L\/[thjwklz—}——n—}z LM, M, — 0 My Mo
+A/[ktriwzhzgji”‘MJLIMLhrgkz]
.___—l_ t sz/Sh s o
(n—1)(n—2) M s My (01 g,i— 07 k) =0

In particular, (19) is trivially satisfied when M™ 1s totally umbilical.
Now assume that M™ is totally quasiumbilical. Then using the fact that
the 2m—mn vectors C,% are orthonormal, 1t follows from (18) that

(21) Ay\/fkhIA\'[jix—/\/[]thkzz
xr\2 l Sh h ]‘ Ry, T Ah,,r,,T
=§<b )‘[;l—z—(okgﬂ—ﬁjgm)—;(ék UsuT—oj ugu;

14 J t 4
g UF Ul — g rig ”ufuf)} ,
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(22)

(23)
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5}?M]t1ML1x"‘55LMkzthzI+MktxMLhzggi— 4JLxA4thg/ez
T\2 2 h h n—2 Ry g, T R q, X
=S| Ghg = gut " Ghusur —ouiui
+gﬂg”‘u;§uf~gmg”'ufu?‘)] ,

n—1 - .
A‘MstzMLsz<5l}elgji'—5;Lgk1): _"‘r‘l‘" (5£ngi~05"g/u) ;(1) ).

By substitutions with (21), (22) and (23) it is clear that (19) is indeed satisfied
under the present assumption.
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