
M. BARROS AND J. CASTELLANO
KODAI MATH. J.
4 (1981), 217-230
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HERMITIAN MANIFOLD I

BY M. BARROS AND J. CASTELLANO

§ 1.—Introduction.—Let (M, g, J) be an almost Hermitian manifold, that is, the
tangent bundle of M has an almost complex structure / and a Riemannian metric,
g, such that g(JX, JY)=g(X, Y) for all X, YCΞTM. Then dim M=2m and M
is orientable.

In (2), B. Y. Chen and K. Ogiue studied some fundamental properties of
totally real submanifolds of a Kaehler manifold.

In (3), B. Y. Chen, C. S. Houh and H. S. Lue follow the study of totally real
submanifolds in a Kaehler manifold.

In (10), L. Vanhecke studied some fundamental properties of totally real sub-
manifolds of a generalized complex space forms.

In this paper we study some properties of totally real submanifolds of an
almost hermitian manifold (In particular, a Nearly Kaehler manifold).

We obtain some generalizations for results of (3), (6), (7) and (12).
In the last section we study a Hermitian connection (4), (9), respect to a

totally real submanifold in an almost hermitian manifold. In particular, we obtain
some basic formulas for this connection (Formulas of Gauss and Weingarten,
equations of Gauss, Codazzi, Ricci )-

§ 2.—Basic formulas.—Let M2m be a 2m-dimensional almost Hermitian manifold
with almost complex structure / and metric tensor g. Let 7 be the Levi-Civita
connection of M.

It is well-known that M is a Nearly Kaehler manifold if

GxJ)X=0 (2.1)

for all X<EΞTM, where TM is the tangent bundle of M. For XZΞTM, we denote
a section (tangent vector field) in this vector bundle.

Let Mn be an n-dimensional totally real submanifold of M, that is, for I G M ,
J(TXM) is perpendicular to TXM. Then the second fundamental form σ is
given by

σ(X, Y)=ϊχY-lxY (2.2)

for all X, Y^TM, where TM is the tangent bundle to M and 7 is the induced
connection of M.
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The mean curvature vector is given by H— — trace σ. For a normal vector

field ζ, we write
Vxξ=-AξX+Dxξ (2.3)

where — AξX (resp. Dxξ) denotes the tangential (resp. normal) component of
lxξ. Then we have,

g(σ(X, Y), ζ)=g{AξX, Y) (2.4)

A normal vector field ξ is called a parallel section in the the normal bundle
TXM if Dξ=0.

A subbundle 5 of the normal bundle TLM is holomorphic if S is invariant
under /, i.e. JS=S.

A subbundle S of TλM is said to be parallel if S is invariant under parallel
translation, i. e. for every local section ξ in S, Dxξ is also a section in S. It is
clear that a unit normal vector field ξ is parallel if and only if the line bundle
generated by ξ is parallel. For a subbundle 5 of TXM, there exists a unique
subbundle Sc of TXM such that 5 and Sc are orthogonal and S®SC=T±M. We
call Sc the complementary subbundle of S. It is clear that for a totally real
submanifold M in M, the complementary subbundle {J{TM))C of J(TM) is always
holomorphic. Moreover, S is parallel if and only if Sc is parallel.

We call the complementary subbundles of holomorphic subbundles of TXM,
the coholomorphic subbundles of TXM. Then a subbundle 5 of TLM is coholo-
morphic if and only if 5 is the direct sum of J(TM) and a holomorphic subbundle
of TXM.

§ 3.—Parallel subbundles.—In this section we consider an almost Hermitian mani-
fold which is a Nearly kaehlerian.

LEMMA 3.1.—Let Mn be a totally real submanifold of a Nearly Kaehler mani-
fold M2m. If S is a 2r-dimensional parallel holomorphic subbundle of TLM, then
σ/S=0.

Proof.—It is very easy to prove that

g{σ{X, Y), ξ)=-g{{ϊχ])Y, Jξ) (3.1)

for all Z, Y^TM and ξεS.
If we use that M i s a Nearly Kaehler manifold and σ is symmetric, we have

from (3.1) that g(σ(X, Y), f)=0 for all ζ<=S. Then σ/s=o (Q.E.D.)

LEMMA 3.2.—Let Mn be a totally real submanifold of a Nearly Kaehler mani-
fold M2m. If S is a parallel coholomorphic subbundle of TLM, then Im σ(ZS,
where \mσ={σ(X, Y)/X, Y^TM}.

Proof.—It is easy to see that 5 is parallel if and only if Sc is parallel.
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Then, the result follows from Lemma 3.1.

LEMMA 3.3.—Let Mn be a totally real submamfold of an almost Hermitian
manifold M2m. We suppose that M is a totally real submanifold of a 2(n+s)-
dimensional totally geodesic complex submanifold JV2Cn+s) of M2m. Then, there
exists an (n+2s)-dimensional parallel coholomorphic subbundle S of TLM.

Proof.—-We define S—TχM, that is, S is the normal bundle of M in N.
It is clear that T±M=SφT^N, άimS=n+2s and that S is coholomorphic.

Since N is totally geodesic in M, we have

ΐγη=Dγη (3.2)

for all YZΞTN and Ύ]^TLN. Moreover

gΦxξ, y)+g(ξ, Vχη)=0 (3.3)

for all ξζ=S, η^T^N and XZΞTM.

Substituting (2.3) and (3.2) in (3.3), we get g(Dγξ, η)=0. Hence Dγς^S.
(Q. E. D.)

Remark.—Lemma 3.1 and Lemma 3.2. has been proved by B. Y. Chen, C. S.
Houh and H. S. Lue (3) for a Kaehler manifold.

§ 4.—/-structure in the normal bundle.

Let ξ be any normal vector field on Mn in M2m. We put

Jξ=Pξ+fξ (4.1)

where Pξ and fξ denote respectively the tangential and the normal component
of fξ. Then P is a tangent bundle valued 1-form and / is an endomorphism of
the normal bundle. Then,

-ξ=JPξ+Jfξ (4.2)
and making use of (4.1)

(4.3)

Comparing the tangential and normal parts in (4.3), we get

Pfξ=0 (4.4)

=- ξ (4.5)

In particular, if ξ=JX for XEΞTM, we have -X=PJX+fJX thus fJX=0 and
—X=PJX. By applying / to (4.3), we get fzξ——fξ. Since ξ is an arbitrary
normal vector field fz+f=0. Therefore, if the endomorphism / doesn't vanish
(i.e. if n<m) it defines an /-structure in TλM.

We define the covariant derivative of / with respect to D by
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(Dxf)ξ=Dxfξ-fDxξ (4.6)

for all X<EΞTM and ξ^TλM.

Moreover, we define the covariant derivative of P with respect to the con-
nection in TM@TLM obtained by combining the connections 7 in TM and D in

for all XeίTM and ξ^TλM.
If £>χ/—0 (respectively, 1XP=Q for all tangent vector fields X, then the /-

structure in the normal bundle (respectively, the tangent bundle valued 1-form
P) is said to be parallel.

§ 5.—Parallel /-structure.

LEMMA 5.1.—Let Mn be a totally real submanifold of an almost Hermihan
manifold M 2 m , then, for all X, Y^TM and ξ^TLM, we have

(^xJ)ξ=(^χP)ξ-AfξX+(<Dxf)ξ+JAξX+σ(X9 Pξ) (5.1)
and

{lχJ)Y=-AJYX-Pσ(X9 Y)+DxJY-JΊxY-fσ{X, Y) (5.2)

Proof— For ξ^TLM and X<ΞTM, we have

Then,
{lxJ)ξ-JAξXΛ-JDxξ=lxPξ+σ{X,Pξ)-AfξX+Dxfξ

From (4.6) and (4.7), we obtain (5.1). In the proof of (5.2), we use a similar
reasoning.

COROLLARY 5.2.—Let Mnbe a totally real submanifold of a Nearly Kaehler
manifold M2m. Then for all X, Y^TM, we have

and

Pσ(X, Y)=-j(AjXY+AjrX) (5.3)

fσ(X, Y)=j(DxJY+DYJX-JDxY-JDYX) (5.4)

The proof is immediate.
If we consider that M2m is a Kaehler manifold, then we have the following

result.

THEOREM 5.3.—Let Mn be a totally real submanifold of a Kaehler manifold
M2m then the following statements are equivalent
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a) The f-structure in the normal bundle is parallel.
b) Mn is geodesic w. r. t. (J(TM))C.
c) The tangent bundle valued 1-form P is parallel.
d) (J(TM))C is parallel.
e) KTM) is parallel.

Proof.—a) implies b) is proved in (12) and b) implies a) is proved in (6).
It is very easy to prove that \mf—{J{TM))c and Ker/=/(TM), then taking

in account that M is a Kaehler manifold (ψ/=0) and from (5.1), we have the
others implications.

PROPOSITION 5.4.—Let Mn be a totally real submanifold of an almost Hermi-
tian manifold M2m. Then, the following statements are equivalent.

a) M is geodesic w. r. t. (J(TM))C

b) Im σcJ{TM) c) σ/(J<τM»c=0
where lmσ={σ(X, Y)/X, YEΞTM}

The proof is immediate.
In the next theorem, we give a generalization of a result of K. Yano-M

Kon (12), for a Nearly-Kaehler manifold.

THEOREM 5.5.—Let Mn be a totally real submanifold of a Nearly-Kaehler
manifold M2m. If the f-structure in the normal bundle is parallel, then Mn is
geodesic w. r. t. (J(TM))C. Moreover, for all X<=TM and ξe(/(TM))c, (VxJ)ξ=0.

Proof.—It is well-known that an almost Hermitian manifold Λf satisfies

n = 0 (5.5)

for all X, Y^TN, where / i s the almost Hermitian structure and 7 the Riemannian
connection.

By (5.1), for all YΪΞTM, we have

)ξ, JY)Λ-g{σ{X, Y), ξ)+g(σ(X, Pξ), JY) (5.6)

If / is parallel, for all ξG(/(TM))C from (4.5), we get,

g{σ{X, Y), ξ)=-g{{lxJ)Y, Jξ) (5.7)

Since σ is symmetric and M is a Nearly-Kaehler manifold, g(σ(X, Y), ξ)=0 for
all X, Y<ΞTM and fe(/(TM)) c . Moreover, {ϊxJ)ξ^TM for all XΪΞTM and
fe(/(TM)) c . Since (J(TM))C is a holomorphic subbundle of TLM, it is clair that

(7*/)£=0 (Q. E. D.)

THEOREM 5.6.—Let Mn be a totally real submanifold of an almost Hermitian
manifold M2m. We suppose that



222 M. BARROS AND J. CASTELLANO

a) M is geodesic w. r. t. (J(TM))C

b) For all X^TM and ξe(/(TM))c, ( 7 x / ) f = 0
Then, the f-structure in the normal bundle is parallel.

Proof.-If ξG(/(TM))C, then Λ€=0, Pf=0 and (7 x / ) f=0 , from (5.1), (Dxf)ξ=0.
If ξ=JY for F G T M , then we can consider two cases
i) Let η be a normal vector field in (/(TM))C, then -4^=0 and

, ξ)+g(AξX, JV)=0

ii) Let 77 be a normal vector field in ]{TM), then η—JZ for

g((Dxf)ξ, η)=g{{ϊx])JY, JZ)-g(AJYX, Z)+g(σ(X, Y), JZ)

, JZ)-g{ϊxJY} Z)-g(AJYX, Z)+g(σ(X, Y), JZ)=

Thus, g{{Dxf)ξ, 350=0 for all η^TLMy then (Dxf)ξ=0 for all ξ^TLM and X
G T M . (Q.E.D.)

COROLLARY 5.7.—Lei Mn be a totally real submanifold of a Nearly Kaehler
manifold M2m. Then the f-structure in the normal bundle is parallel if and only
if the following statements hold

a) M is geodesic w. r. t. {J(TM))C

b) For all XELTM and ξ<Ξ(J(TM))c, ( 7 x / ) f - 0 .

THEOREM 5.8.—Let Mn be a totally real submanifold of an almost Hermitian
manifold M2m. We suppose that ( ^ / ) f = 0 for all X^TM and ξ^U(TM))c.
Then the following statements are equivalent

1) The f-structure in the normal bundle is parallel.
2) M is geodesic w. r. t. (/(TM))C.

The proof is immediate.

THEOREM 5.9.—Let Mn be a totally real submanifold of a Nearly Kaehler
manifold M2m. If the f-structure in the normal bundle is parallel, then the
normal subbundle (J(TM))C is parallel.

Proof'.—For all XZΞTM and ξG(/(TM))C, we have

O=(VxJ)ξ=(-AJξX-PDxξ)+(DxJξ-fDxξ+JAξX)
Thus,

PDzξ=-AJξX and fDxξ=DxJξ+JAξX

since Im σdJ(TM), we have

PDxξ=0, fDxξ=DxJξ

Then, DxJξt=U(TM))e. Since (J(TM))C is holomorphic, we get that U(TM))C is
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parallel.

COROLLARY 5.10.— Let Mm~ι be a totally real submamfold of a Nearly-
Kaehler manifold M2m. Then the following statements are equivalent

1) The f-structure in the normal bundle is parallel.
2) M is geodesic w. r. t. (J(TM))C.

CΪxJ)ξ=O for all X^TM and f e (/(TM)) c .

3) The normal subbundle (J(TM))C is parallel.
4) The normal subbundle J(TM) is parallel.

§6.—Parallel 1-form P.—In this section, we study, in which cases the tangent
bundle valued 1-form P is parallel.

THEOREM 6.1.— Let Mn be a totally real submanifold of an almost Hermitian
manifold M2m. We suppose that

a) M is geodesic w. r. t. the normal subbundle (J(TM))C.
b) For all X<ΞTM and ξ^TLMy (lx])ξ^TλM.

Then, the tangent bundle valued I-form P is parallel.

Proof.—From (5.1), we have

gWxfiξ, Y)=g(($χP)ξ> Y)-g(AfξX, Y) (6.1)
for all YeίTM.

Since /fe(/(TM)) c , from (6.1), we have (VχP)ξ=0. (Q. E. D.)

THEOREM 6.2.—Let Mn be a totally real submamfold of an almost Hermitian
manifold M2rϊl. We suppose that (VχJ)ξ^TλM for all X^TM and ξ^TLM\ then,
the following statements are equivalent

1) The tangent bundle valued 1-form P is parallel.
2) M is geodesic w. r. t. (J(TM))C.

Proof.—(2) implies (1) is proved in Theorem 5.1. If P is parallel, from (5.1),
we have g(AfξX, 7 ) = 0 for all X, Y&TM and ξ^TLM. Since f£t=(J(TM))c

and I m / = (J(TM))C we get the other implication.

§7.—Totally umbilical submanifolds.—In this section, we consider that Mn is
totally umbilical, that is

σ(Z, Y)=g(X, Y)H (7.1)

for all X, Y<^TM, where H is the mean curvature vector.

THEOREM 7.1.—Let Mn be a totally real submanifold of a Nearly-Kaehler
manifold M2m. We suppose that:
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a) M is totally umbilical.
b) The f-structure in the normal bundle is parallel.
Then M is totally geodesic.

Proof— If M is a Nearly-Kaehler manifold, that is, (VXJ)X=O then

MX, X)=-AJXX+DXJX-J!XX (7.2)
for all XΪΞTM.

If X is any unit vector field perpendicular to Y, then from (7.1) and (7.2)

0=g(X, X)-g(H, JX)=g(H, JY) (7.3)

thus / / G ( / ( T M ) ) C . From Theorem 5.5 and Proposition 5.4 wet get H=0.

(Q.E.D.)
COROLLARY 7.2.— Let Mn (n>l) be a totally real submanifold of a Kaehler

manifold M2m. We suppose that:
a) M is totally umbilical.
b) The f-structure in the normal bundle is parallel.

Then, M is totally geodesic.

Remark. Corollary 7.2 has been proved by G. D. Ludden, M. Okumura and
K. Yano (7), in the case m=n.

COROLLARY 7.3.— Let Mm (m>l) be a totally real submanifold of a Nearly
Kaehler manifold M2m. If M is totally umbilical, then, M is totally geodesic.

§ 8.—On a Hermitian connection.—Let M2m be an almost Hermitian manifold
with Riemannian connection 7. Then we can define a new connection V' on M by(4),

ΨχY=\ΘχY-Jϊχ]Y) (8.1)

for all X, Y^TM.
It is well-known that (VxJ)=ϋ and so Ψ is a Hermitian connection in the

sense of (8).
Let Mn be a totally real submanifold on M2m. If X, Y<ETM, we can write

ΨχY=ΎχY+σ'(X, Y) (8.2)

where, l'xY (resp. σ'(X, Y)) denotes the tangential component (resp. the normal
component) of ΨXY.

PROPOSITION 8.1.— // Mn is a totally real submanifold of an almost Hermi-
tian manifold M2m, then

a) 7 r is a connection on M.
b) The mapping σ': TMxTM-^TλM is bilinear over F{M).
c) We have the following relations
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1'x Y= 4" Wx Y- PDX JY) (8.4)

σ\X, Y)=j(σ(X, Y)+JΛJYX-fDxJY) (8.5)

where, F{M) is the algebra of C°° differentiate functions on M.

Next, if XΪΞTM and ξ^T^M, we write

Ψχζ=-A'€X+D'xξ (8.6)

where, — ΛςX and Dxξ are symbols for the tangential and normal components.

PROPOSITION 8.2.— Let Mn be a totally real submamfold of an almost Hermi-
tian manifold M2m. Then

a) Ό' is a connection in the normal bundle TLM.

b) g(σ'(X, Y), ξ)=g{A'ζX, Y) (8.7)

for all X, Yε TM and ξeTxM.
c) The mapping A': (X, ξ)(BTMxT1M^A'ίX(ΞTM is bilinear over F(M).
d) We have the following relations

A'ίX=j(AξX+Pσ(X, Pξ)+PDxfξ) (8.8)

ϊ, Pζ)~fDxfζ) (8.9)

The proofs of Propositions 8.1. and 8.2. are immediate.

We call the formulas (8.2) and (8.6) the equations of Gauss and Weingarten
for the Hermitian connection Ψ.

If R'(X, Y)—[yirχy Vy]—V ĵir.r] is the curvature operator determined by V,
(4), then we write g(R\X, Y)Z,'w)=R'(X, Y, Z, W).

It is very easy to obtain the equation of Gauss for V, that is,

R'(X, Y, Z, W)=R'(X, Y, Z, W)+g(σ\X, Z), σ'(Y, W))

~g{σ\Y, Z), σ'(X, W)) (8.10)

for all X, Y, Z, WZΞTM, where R\X, Y, Z, W)=g(R'(X, Y)Z} W).
We define the covariant derivative of σ/ with respect to the connection in

TM@TLM obtained by combining the connections V in TM and D' in TLM,
that is,

(Ψxσ')(Y, Z)=Dxσ'(Y, Z)-σ(ΎxY, Z)-σ'(Y, ΨXZ) (8.11)
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for all X, Y, Z^TM. Then it is very easy to prove the equation of Codazzi for
Ψ.

PROPOSITION 8.3.—(Equation of Codazzi). The normal component of R'(X, Y)Z
is given by

(R\X, Y)Zr=(Ψxσ')(Y, Z)-{l'γσ')(X, Z)+σ\Tv.{X9 Y), Z) (8.12)

for all X, Y, ZZΞTM, where Tv(X, Y)=ΨχY-ΨYX-lX, F ] is the torsion of Ψ.

Let RD' be the curvature tensor associated with D', i.e. RD\X, Y)=ZD'X, Df

γ~]
—D'zx γl. Then we can obtain of a very easy manner the equation of Ricci for
Ψ

R(X, Y, ξ, 7])=RD\X, Y, ξ, v)+g(AΪY, A'$X)-g(AlX, Af

ξY) (8.13)

for all X, Y^TM and ξ,

LEMMA 8.4.—Let Mn be a totally real submanif old of an almost Hermihan
manifold M2m. Then the following statements are equivalents

a) σf is symmetric, i.e. σ\X, Y)=σ'(Y, X)

b) AjXY=AJYX and fDxJY=fDγJX

c) Tv,(Z, Y)=-j(PDxJY-PDyJX+ZX, YD

for all X, Y^TM. Where Tv> is the torsion of Ψ.

Remark—We observe that c) implies that Tv>(X> Y)<^TMfor all X, Y<=TM.
We can say that if σr is symmetric for a totally real submanif old M, then M
is torsion-invariant with respect to V', in the same sense that a submanifold is
curvature-invariant.

If σr is symmetric, we can define the mean curvature vector H' for V

H'=— trace σf

n

Then, it is easy to find the following relation

2

where H= — trace σ is the mean curvature vector and
n

•*• ^ Λ r Λ ΛZ r/ rτ~\ Ά jr \ r-» r l -*- x —

n »= , *,=/(--i- Σ DXJX^U(TM)Y
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{Xlf •••, Xn) is a local frame of vector fields in TM.

COROLLARY 8.5.— Let Mn be a totally real submamfold of a Nearly Kaehler
manifold M 2 m . Then σ' is symmetric if and only if σ — σf.

Proof.—If M i s a Nearly-Kaehler manifold, we have

0 = ( 7 χ / ) F + ( 7 F / ) Z

= -AJXY-AJYX+DxJY+DγJX-JlxY-JlγX-2Jσ{X, Y)
then,

AJXY+AJYX=-2Pσ{X, Y) (8.14)

DxJY+DγJX=JlxY+JlγX+2fσ{X, Y) (8.15)
From (8.15)

fDxJY+fDγJX=2Jfσ(X, Y) (8.16)
for all X, YZΞTM.

By Lemma 8.4, (8.14), (8.16) and (8.5), σ=σ'. The converse is obvious.

PROPOSITION 8.6.—Let Mn be a totally real submamfold of a Nearly-Kaehler
manifold M2m. Then H=H'.

Proof.—-If M i s a Nearly-Kaehler manifold, then we have from (1.1) that
ΨxX=VχX. Thus σ(X, X)=σ'(X, X) for all XΪΞTM. Hence H=H'.

COROLLARY 8.7.— Let Mn be a totally real submanifold of a Nearly-Kaehler
manifold M2m. Then M is minimal for the Hermitian connection V i.e. H'=§
if and only if is minimal for the Riemanman connection 7 i. e. H=0.

In the following, we study the relation between {/, D', J{TM) and (/(TM))C}

PROPOSITION 8.8.—Let Mn be a totally real submamfold of a Nearly-Kaehler
manifold M2m. We supose that (J(TM))C is parallel with respect to D. The
{J(TM))C is parallel with respect to D'.

Proof.—From (8.9), we have

2Dχξ=Dχξ+JAJξX-fDχJξ

for all X<=TM and fe(/(TM)) c . Since (J(TM))C is parallel with respect to
D,AJS=0 and Dzξ9 fDxJξ^U(JM))c, thus D ^ G ( / ( T M ) ) C , then (J(TM)Y is
parallel with respect to D''.

PROPOSITION 8.9.—Let Mn be a totally real submamfold of a Nearly Kaehler
monifold M2m. If S is a subbundle of TLM such that S is parallel with respect

to D', then
1) // S is holomorphic, then σ'/s—ΰ
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2) // 5 is coholomorphic, then Imσ'cS.

Proof.—Since (ψJ)=Q, we have

g(σ'(X, Y), ξ)=g(ΨxJY, Jξ)=g(D'χJY, Jξ)

If S is holomorphic and ζεS, we have g(σ'(X, Y), ξ)=0, thus σ'/s^O.
In the proof of 2) we use a similar reasoning.

LEMMA 8.10.—Let Mn be a totally real submanifold of an almost Hermitian
manifold M2m. Then,

(ΨxP)ξ=A'fξX (8.17)
and

{D'xf)ξ=-JA'ξX-σ'{X, Pξ) (8.18)

for all XZΞTM and ξ^TλM, where,

Proof.-Since (ΨJ)=0, (8.18) and (8.17) follow from (8.2) and (8.6).

THEOREM 8.11.—Let Mnbe a totally real submanifold of an almost Hermitian
manifold M2m. Then the following statements are equivalent

1) The f-structure in the normal bundle is parallel with respect to D'.
2) A'ξ=0 for all ξG(/(TM))C.

3) U(TM)Y is parallel with respect to D''.
4) J(TM) is parallel with respect to D''.
5) The tangent bundle valued 1-form P is parallel with respect to D\

Proof —
l)i>2) is trivial.
2)I>1) From (8.18), we have (D'xf)ξ=0 for all X^TM and ζe(/(TM))c.

Then, it is sufficient to prove that

g((Dxf)ξ, v)=0 (8.19)

for all ξ^J(TM) and η^TLM. We consider two cases:
i) If 7}<=Ξ(J(TM))C. Using (8.18) and 1), it is very easy to prove (8.19).

ii) If 7]<BJ(TM), η=JY and f=/Z for Y, Z^TM

g{{D'xf)JZ, JY)=-g{JAf

JZX, JY)+g(σ'(X, Z), JY)

= -g(A'JZX+Pσ\X, Z),Y)

Since (77)=0, lχJY=Jl'χY and we obtain g{{D'xf)Jzf JY)=0.
2)^3)
Since ^ = 0 for all ξG(/(TM))C and {RTM))C is a holomorphic subbundle of
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TLM, we have

ξ, Z)=g(JΨχξ, Z)=-g(Ψxξ, JZ)=-g(D'xξ, JZ)

for all X, ZZΞTM and ξ^(J{TM))c, thus we obtain 3).
3)=>4) It is immediate.
4)=>5)

If ξ<Bj(TM), /e=0 and (%P)=0

If fe(/(TM))c, Pξ=0, and g((%P)ξ, Y)=g{Af

JξX, Y)

for all X, Y^TM. Then

g(&χP)ξ, Y)=g(JΨχξ, Y)=-g(Ψχξ, JY)=-g(D'xξ, JY)=0

5)^2) It follows from (8.18). (Q. E. D.)

Let Mn be a totally real submanifold of an almost Hermitian manifold M 2 m .
We suppose that σ\X, Y)=σ'{Y, X) for all X, YEΞTM. Moreover, we can say
that M is totally geodesic with respect to σf, if σ'=0. Then we have the
following

THEOREM 8.12.—Let Mn (n>l) be a totally real submanifold of an almost
Hermitian manifold M 2 m. Suppose that

a) M is totally umbilical with respect to σ\
b) The fstructure is parallel respect to D'.

Then M ts totally geodesic respect to σ\

Proof.—For all X, Y^TM, (ΨXJ)Y=O, then

Jσ\X, Y)=-A'jYX+DxJY-JΨxY (8.20)
By (8.20), we have

g{σ'{X, Y), JZ)=g{σ'(X, Z), JY)
Using a), we have

g(X, Y)g(H', JZ)=g(X, Z)g{H', JY)

g(Hf, JZ)Y=g{H\ JY)Z

If Y and Z are lineary independent, then g(H'f JZ)=0 for all Z<ΞTM, thus 7//=0.

(Q. E. D.)
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