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Abstract. We consider supersingular abelian surfaces A over a field k
of characteristic p which are not superspecial. For any such fixed A, we give
an explicit formula of numbers of principal polarizations λ of A up to isomor-
phisms over the algebraic closure of k. We also determine all the automor-

phism groups of (A, λ) over algebraically closed field explicitly for every prime
p. When p ≥ 5, any automorphism group of (A, λ) is either Z/2Z = {±1} or
Z/10Z. When p = 2 or 3, it is a little more complicated but explicitly given.
The number of principal polarizations having such automorphism groups is

counted exactly. In particular, for any odd prime p, we prove that the auto-
morphism group of any generic (A, λ) is {±1}. This is a part of a conjecture
by Oort that the automorphism group of any generic principally polarized su-

persingular abelian variety should be {±1}. On the other hand, we prove that
the conjecture is false for p = 2 in case of dimension two by showing that the
automorphism group of any (A, λ) (with dimA = 2) is never equal to {±1}.

1. Introduction.

We say that an abelian variety A defined over a field k of characteristic p is supersin-

gular if it is isogenous over the algebraic closure k of k to En where E is a supersingular

elliptic curve. We say that A is superspecial if it is isomorphic over k to a product of

supersingular elliptic curves. By Deligne, Ogus, Shioda, it is known that any products of

two supersingular elliptic curves are isomorphic. It has been known that the number of

principal polarizations of En for n ≥ 2 is equal to the class number of quaternion hermit-

ian lattices of rank n belonging to the principal genus ([8]) and explicit values were given

in [3] for n = 2 and in [4] for n = 3. The problem treated in this paper is the number of

isomorphism classes of principal polarizations of any fixed supersingular abelian surface

which is not superspecial. By virtue of Oort [13], any such abelian surface A is written

as E2/ι(αp) where E is a supersingular elliptic curve defined over Fp and αp is the finite

group scheme Spec Fp[x]/(x
p) and ι is an embedding

ι : αp → α2
p.

We denote exclusively by t the tangent of this embedding ι. If t is in Fp2 ∪ {∞}, then
E2/ι(αp) is superspecial ([13]), so we exclude this case. Corresponding to the structures

of End(A), we consider two different cases: the case t ̸∈ Fp4 and the case t ∈ Fp4 − Fp2 .

We call them the first case (I) and the second case (II), respectively. We call that A is
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generic if t is transcendental. This case belongs to the case (I). We state the results for

each case. We fix a supersingular abelian surface A which is not superspecial.

Theorem 1.1. The number h of principal polarizations of A up to Aut(A) is given

as follows :

(1) In the case (I), i.e. when t ̸∈ Fp4 , we have

h =


1 if p = 2,

p2(p4 − 1)(p2 − 1)

5760
for any p ≥ 3.

(2) In the case (II), i.e. when t ∈ Fp4 − Fp2 , we have

h =



1 if p = 2,

p2(p2 − 1)2

2880
if p ≡ ±1 mod 5 or p = 5,

1 +
(p− 3)(p+ 3)(p2 − 3p+ 8)(p2 + 3p+ 8)

2880
if p ≡ ±2 mod 5.

For any principal polarization λ of A, we denote by Aut(A, λ) the automorphism

group of the principally polarized abelian surface (A, λ) and by #(Aut(A, λ)) its cardi-

nality.

Theorem 1.2. (1) In the case (I), when p = 2, the principal polarization of A

is unique up to Aut(A), and we have #(Aut(A, λ)) = 32. When p is odd, we have

Aut(A, λ) = {±1} for any principal polarization λ of A.

(2) In the case (II), when p = 2, the principal polarization of A is again unique up to

Aut(A) and #(Aut(A, λ)) = 160. When p ≡ ±1 mod 5 or p = 5, we have Aut(A, λ) =

{±1} for any principal polarization of A. When p ≡ ±2 mod 5, there is the unique

principal polarization λ of A up to isomorphism such that Aut(A, λ) ∼= Z/10Z, and for

all the other principal polarizations λ of A, we have Aut(A, λ) = {±1}.

It is stated in [1] as a conjecture of Oort that we should have Aut(A, λ) = {±1} for

any generic principally polarized supersingular abelian variety (A, λ). The above theorem

tells us that this conjecture is false for p = 2, since we see that the groups Aut(A, λ) are

never equal to {±1} when p = 2. (By the way, the same is true also for superspecial

case.) On the other hand, the above claim (1) also means that his conjecture is true

for any odd prime p when the dimension is two. A precise description of automorphism

groups for p = 2 and 3 for the cases (I), (II) will be given in Section 4. (By the way, [9,

Proposition 7.6] claims that for odd p the proportion of (A, λ) with Aut(A, λ) ̸∼= {±1}
tends to zero as the corresponding points in the moduli belong to bigger fields.)

We give a table of the numbers h of principal polarizations for small primes p below.

For t ∈ Fp4 − Fp2 , we have

p 2 3 5 7 11 13 17 19 23 29 31

h 1 1 5 40 605 1657 8324 16245 51208 206045 307520
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For t ̸∈ Fp4 , we have

p 2 3 5 7 11 13 17 19 23

h 1 1 65 980 36905 140777 1206864 2940345 13569908

The proofs of the theorems are based on explicit description of endomorphisms of

A, mass formulas of principal polarizations, and previously known results in [6] on the

automorphism groups of the pullbacks (E2, λ0) of (A, λ). As was explained in [8], any

endomorphism of A is lifted to End(E2) and it is easy to give a structure of End(A)

according to the cases (I) and (II). (See [8, Lemma 2.18 and Proposition 2.19] and [18].)

Also the mass formula for M(A) =
∑

λ(1/#(Aut(A, λ))) for isomorphism classes of

principal polarizations λ of A will be given. (There is a similar formula in [18], but they

treated there a mass of polarizations of p-divisible groups. Although the number is the

same as a result in this case, their definition is different from ours.) Then by some simple

arithmetic on quaternion hermitian forms and by a little more deep results in [6], we can

give structures of automorphism groups and can count how many isomorphism classes of

principal polarizations have that automorphism group. Then based on the mass formula,

we are able to give the number of principal polarizations of A up to Aut(A).

The paper is organized as follows. In Section 2, we review previously known geomet-

ric facts on A and reduce the problem to an arithmetic on quaternion hermitian matrix.

We add a remark there that abelian varieties in the case (II) are all isomorphic. In Sec-

tion 3, first, for general n we consider n×n quaternion hermitian matrices inMn(O) and

their equivalence over R× for an order R which are not necessarily maximal in Mn(D).

Then we give a mass formula forM(A) for n = 2 which fits our formulation. Secondly we

give remarks on relations between R× equivalence classes of quaternion hermitian ma-

trices and an arithmetic of the adelized quaternion hermitian group. This also explains

a (non-canonical) relation with [18]. Logically, this Subsection 3.2 is unnecessary for the

rest of the proofs, except for the point that we define a mapping ϕ0 from Aut(A, λ) to

SL2(Fp2) for n = 2 which is injective for p ≥ 5. However, we inserted this partly for

aesthetic reason and partly for possible future applications. In Section 4, we give all

possible candidates of automorphism groups when p ≥ 5 and prove the main theorems in

the introduction for p ≥ 5. In Section 5, we explain how to obtain results for p = 2 and 3.

2. Review on supersingular abelian surfaces.

We fix a supersingular elliptic curve E defined over Fp. We may assume that End(E)

has an element π (Frobenius) such that π2 = −p. We write O = End(E) and O⊗ZQ = D.

Then D = Dp,∞ is the definite quaternion algebra over Q with discriminant p∞ and O

is a maximal order of D. We assume that A is a supersingular abelian surface isogenous

to E2 but not superspecial. Then by [13], there is an embedding ι : αp → α2
p such that

its tangent is not in Fp2 ∪ {∞} and A ∼= E2/ι(αp). The natural projection ψ : E2 → A

is an isogeny of minimal degree. By [10] and [12], the following result is well known.

Lemma 2.1 ([10], [12]). For any principal polarization λ of A, there exists a

pullback λ0 = ψ∗(λ) to E2 such that Ker(λ0) = Ker(F ), where F is the Frobenius of E2

over Fp. Conversely if there is a polarization λ0 of E2 such that Ker(λ0) = Ker(F ), then
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there exists a principal polarization λ of A such that λ0 = ψ∗(λ).

We take a divisor X of E2 defined by

X = {0} × E + E × {0}

and define a map φX from E2 to (Et)2 ∼= E2 by φX(y) = Cl(Xy −X) for y ∈ E2. Then

this gives a principal polarization of E2. For any polarization λ0 of E
2, the endomorphism

φ−1
X λ0 of E2 is identified with a positive definite quaternion hermitian matrix H ∈

M2(O). We may write H = gg∗ for some g = (gij) ∈M2(D)×, where g∗ = (gji) and the

bar is the main involution of D. We say that H belongs to the non-principal genus if the

lattice defined by O2g belongs to the non-principal genus. (This does not depend on the

choice of g.) When Ker(λ0) = Ker(F ), then H belongs to the non-principal genus, and

the set of such H is given by

P =

{(
pt r

r ps

)
; 0 < t, s ∈ Z, r ∈ πO, p2ts−N(r) = p

}
where N(r) is the reduced norm of r. For any positive integer n, we write GLn(D) =

Mn(D)× and denote by SLn(D) the subgroup of GLn(D) of elements of reduced norm

1. We also write GLn(O) = Mn(O)×, the group of all elements of Mn(O) invertible

in Mn(O). The reduced norm of any element of GLn(O) is 1. Indeed, denoting the

reduced norm of Mn(D) by N , if ϵ ∈ GLn(O), then ϵ−1 ∈ Mn(O), so N(ϵ), N(ϵ−1) ∈
Z and N(ϵ)N(ϵ−1) = N(1n) = 1, so N(ϵ) = ±1. However, we have N(GLn(D)) =

N(D×) = Q×
+ where Q×

+ is the multiplicative group of positive rational numbers (cf. [17,

Chapter IX, Section 2, Corollary 3 and Chapter XI, Section 3, Proposition 3]), so we

have N(ϵ) = 1. So we may write GLn(O) = SLn(O). For H1, H2 ∈ P, we say that H1 is

SL2(O)-equivalent to H2 if H2 = ϵH1ϵ
∗ for some ϵ ∈ SL2(O). Then the number of such

equivalence classes in P is equal to the class number of the non-principal genus and also

to the number of isomorphism classes of polarizations λ0 of E2 belonging to the non-

principal genus. This number is known explicitly in [3]. For any H ∈ P corresponding

to λ0, we write

ΓH = {ϵ ∈ SL2(O); ϵHϵ∗ = H}.

Then we have

Aut(E2, λ) ∼= ΓH .

It is also known that for each abstract group ∆, how many classes H ∈ P satisfy ∆ ∼= ΓH

(see [6]).

Now to describe the equivalence class of principal polarizations of A, we need struc-

tures of End(A). We express these by the pullback of End(A) by ψ in End(E2) =M2(O).

The following results are well known and easy to see.

Lemma 2.2 ([8], [18]). (1) If t ̸∈ Fp4 then ψ−1End(A)ψ = R1, where
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R1 =

{
α =

(
a b

c d

)
∈M2(O); a ≡ d mod π, b ≡ c ≡ 0 mod π

}
.

(2) If t ∈ Fp4 − Fp2 , then there exists a certain subfield K of M2(F2
p) with K ∼= Fp4

and {a12 : a ∈ Fp2} ⊂ K such that ψ−1End(A)ψ = R2, where

R2 = {α ∈M2(O);α ≡ β mod π for some β ∈ K} .

Here 12 denotes the 2× 2 unit matrix.

The first claim (1) is in [8] and (2) is in [18]. Here K of course depends on ι and ψ

but we need not explicit description of K in the paper. By the Skolem–Noether theorem,

all such K are conjugate by GL2(Fp2), but we should be careful that they are not the

same subset of M2(Fp2).

We say that principally polarized abelian surfaces (A, λ1) and (A, λ2) are isomorphic

if there is an automorphism ϵ ∈ Aut(A) such that ϵtλ1ϵ = λ2, where ϵ
t is a dual morphism

of the dual abelian variety At to At. For an order R ⊂M2(O), we say thatH1 andH2 ∈ P
are R× equivalent if

ϵH1ϵ
∗ = H2

for some ϵ ∈ R×. Denote by H1 and H2 the quaternion hermitian matrices in P
corresponding to the pullback to E2 of principal polarizations λ1 and λ2 of A. Then

(A, λ1) ∼= (A, λ2) if and only if H1 is R×
1 equivalent to H2 in the case (I) and R×

2 equiv-

alent in the case (II), respectively. So our aim is to count the number of R×
i equivalence

classes of P for each i = 1, 2. A SL2(O) equivalence class of P is just a usual class of

non-principal genus, so to consider R×
i equivalence classes is to take a finer division of

the usual class. We will consider this in more general setting in the next section.

Here for curiosity, we add a remark for the case of (II). There we may ask if we can

replace t to any other element in Fp4 − Fp2 by changing A only by an isomorphism. The

answer is yes as can been seen below. This proposition is not used in the rest of the

paper and can be skipped.

Proposition 2.3. All supersingular abelian varieties A whose tangent belong to

Fp4 − Fp2 are isomorphic with each other over an algebraically closed field.

Proof. It is clear that tangents t1 and t2 ∈ Fp4 − Fp2 are mutually mapped by

an element of End(E2) mod π ∼= M2(Fp2), but the point is if we can take such a map

from Aut(E2) = GL2(O) and this is not trivial, so we carefully see this. We fix one such

A and let t ∈ Fp4 − Fp2 be the tangent to define A. Let η be a fixed generator of Fp4

over Fp2 . We will show that we can change A by an isomorphism to A0 = E2/ι′(αp)

such that the tangent of ι′(α) is η. We put Op = O ⊗Z Zp. Since Op/πOp
∼= Fp2 , we

may assume that η2+(c1 mod π)η+(c2 mod π) = 0, where ci ∈ Op. Then we may write

t = (c0 mod π)η + (d0 mod π) for some c0 ∈ O×
p , d0 ∈ Op. Then we have(

1 −d0
0 1

)(
t

1

)
≡
(
c0η

1

)
mod π,
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where c0 := c0 mod π. So by this we may change t to c0η. Now we see that c0η can be

changed to η. For any c, d ∈ Op such that (c, d) ̸∈ (πOp)
2, we put

ϵ =

(
c0(d− cc1) −c0cc2

c d

)
.

For any element h =

(
x0 y0
z0 w0

)
∈ GL2(Fp2), we write

h ◦ η =
x0η + y0
z0η + w0

.

Then we have

(ϵ mod π) ◦ η = c0η,

since

c0η(cη + d) ≡ c0((d− cc1)η − cc2) mod π.

We also have

det(ϵ mod π) ≡ c0(d
2 − cc1d+ c2c2) mod π.

Now we may embed Fp4 inM2(Fp2) so that the subfield Fp2 of Fp4 is equal to the center of

M2(Fp2). So we have an element η0 ∈M2(Fp2) such that η20+(c1 mod π)η0+(c2 mod π) =

0. SinceM2(Op)/πM2(Op) ∼=M2(Fp2), we may take y ∈M2(Op) such that y mod π = η0.

Since NF×
p4

/Fp2
(F×

p4) = F×
p2 , we have det((cy+d) mod π) ≡ c−1

0 mod π for some c, d ∈ Op.

Here we have det(cy + d) ≡ d2 − c1cd+ c2c2 mod π, so defining ϵ by using this c and d,

we have det(ϵ mod π) ≡ 1 mod π. Now we show that we may replace ϵ by an element

in the norm one subgroup SL2(Op) of GL2(Op). Since N(ϵ) ≡ NFp2/Fp
(det(ϵ mod π)) =

1 mod p, we have N(ϵ) ∈ 1 + pZp. The ring Op contains the ring oF of integers of the

unramified quadratic extension F of Qp, and we have 1+poF ⊂ 1+πOp. It is well known

that N(1 + poF ) = 1 + pZp (cf. [14]), so take β ∈ 1 + poF such that N(β)N(ϵ) = 1 and

put

ϵ0 =

(
β 0

0 1

)
ϵ.

Then since β ≡ 1 mod π, we have β−1 ∈ Op, ϵ0 ∈ SL2(Op) and

(ϵ0 mod π) ◦ η = c0η.

Finally we show that we can replace ϵ0 by an element of SL2(O). We put

Wp = (1 + πM2(Op)) ∩ SL2(Op).

Denote by DA the adelization of D and by Dv the v-adic completion of D for any v ≤ ∞.
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Then by the strong approximation theorem ([2], [11]), we have

SL2(DA) = SL2(D) · SL2(D∞)Wp

∏
q ̸=p

SL2(Oq),

where SL2(D) is embedded in SL2(DA) diagonally as usual. Hence, for ϵ0 ∈ SL2(Op) ⊂
SL2(DA), there exist γ ∈ SL2(D) and w ∈ SL2(D∞)Wp

∏
q ̸=p SL2(Oq) such that ϵ0 =

γw. Then we have γ = ϵ0w
−1 ∈ SL2(D∞)

∏
q SL2(Oq), so γ ∈ SL2(O). By definition of

Wp, we have (w mod π) ◦ η ≡ η, so

(γ mod π) ◦ η = (ϵ0 mod π) ◦ η = c0η.

So by the isomorphism γ−1 of E2, we can change the tangent c0η to η, and this induces

an isomorphism of A to E2/ι′(αp) where the tangent of ι′ is η. □

3. Quaternion hermitian matrices and lattices.

Expecting a future application, here we treat a theory in slightly more general set-

ting. Throughout the paper, we assume that n is a positive integer such that n ≥ 2.

3.1. Quaternion hermitian matrices.

Let R ⊂ Mn(O) be an order of Mn(D). For any prime q, we write Rq = R ⊗Z Zq

and R∞ = Mn(D∞). For any place v ≤ ∞, we denote by R1
v the subgroup of elements

of R×
v with reduced norm 1. We put RA =

∏
v≤∞Rv and R1

A =
∏

v≤∞R1
v. We put

Q×
A,+ = R×

+Q
×
A,fin

where Q×
A,fin is the finite part of the idele group Q×

A. We denote by Q×
+ the set of positive

rational numbers. If R =Mn(O), then by the strong approximation theorem for SLn(D)

for n ≥ 2 and the fact that

QA,+ = Q×
+R

×
+

∏
q

Z×
q = N(GLn(D))N(GLn(D∞))

∏
q

N(GLn(Oq)), (1)

we have

GLn(DA) = GLn(D) ·R×
A (2)

for n ≥ 2. When a lattice L in Dn is a left O-module, we call L a left O lattice. For any

prime q, we write Lq = L⊗Z Zq. For any gA = (gv) ∈ GLn(DA), we define

LgA =
∩

q:prime

(Lqgq ∩Dn).

Then this is again a left O lattice in Dn. It is easy to see that for any left O lattice L,

there exists gA ∈ GLn(DA) such that L = OngA. So by (2), there exists g ∈ GLn(D)

such that L = Ong.

Even if R ⊊Mn(O), we have
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SLn(DA) = SLn(D)
∏
v

R1
A. (3)

However, (2) does not hold for general R, because N(R×
q ) might be a proper subset of

Z×
q for some q and the equality corresponding to (1) fails. We note that N(R×) = 1 and

R× ⊂ SLn(O) as explained before.

For any positive definite quaternion hermitian matrix H, there exists g ∈ GLn(D)

such that H = gg∗ ([15]). For two positive definite quaternion hermitian matrices H1

and H2, we say that H1 and H2 are R× equivalent if H2 = ϵH1ϵ
∗ for some ϵ ∈ R×. For

a fixed positive definite quaternion hermitian matrix H, we write

SH(R) = {ϵHϵ∗; ϵ ∈ R×}.

We write

ΓH(R) = {ϵ ∈ R×; ϵHϵ∗ = H}.

Then SH(R) is bijective to R×/ΓH(R). When R = Mn(O), we write shortly as ΓH =

ΓH(R). Now we assume that R, R0 are orders of Mn(D) with R ⊂ R0 ⊂ Mn(O). Then

the R× equivalence classes of matrices in SH(R0), denoted by SH(R0)/ ∼R, correspond

bijectively with R×\R×
0 /ΓH(R0). The proof is obvious and we omit it here. We write

the double coset decomposition as

R×
0 =

d∪
i=1

R×eiΓH(R0).

Then representatives of SH(R0)/ ∼R are given by Hi = eiHe
∗
i for i = 1, . . . , d. Now we

consider the “mass” of R× equivalence classes. We denote by H1, . . . ,Hd the represen-

tatives of SH(R0)/ ∼R.

Lemma 3.1. Notation being as above, we have

[R×
0 : R×]

#(ΓH(R0))
=

d∑
i=1

1

#(ΓHi(R))
.

Proof. It is well known and easy to see (e.g. [16]) that

R×eiΓH(R0) =
∪

h∈(e−1
i R×ei∩ΓH(R0))\ΓH(R0)

R×eih.

It is obvious that

R× ∩ eiΓH(R0)e
−1
i = ΓHi(R).

So counting R× cosets in R×
0 , we have

[R×
0 : R×] =

d∑
i=1

#(ΓH(R0))

#(eiR×e−1
i ∩ ΓH(R0))

=
d∑

i=1

#(ΓH(R0))

#(ΓHi(R))
. □
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For a genus G of left O lattices, we say that a quaternion hermitian matrix H = gg∗

(g ∈ GLn(D)) belongs to G if Ong belongs to G. We denote by S the set of all quaternion

hermitian matrices in Mn(O) belonging to a fixed genus G. Then the mass of S for

GLn(O) equivalence classes is defined by∑
H∈S/∼GLn(O)

1

#(ΓH)

and the explicit value is essentially given in [3]. So for R0 = Mn(O), the calculation of

the mass for R×-equivalence classes is reduced to the calculation of [GLn(O) : R×]. For

example, when n = 2 and G is the non-principal genus, the mass of GL2(O)-equivalence

classes in G is given by (p2 − 1)/5760 (see [3]). For a supersingular abelian surface

A, assume that R = End(A), and for any principal polarization λ of A, assume that

φ−1
X ψ∗(λ) = Hλ. Then it is clear that Aut(A, λ) ∼= ΓHλ

(R). So if we define the mass of

principal polarizations of A by

M(A) =
∑
λ

1

#(Aut(A, λ))

where λ runs over principal polarizations of A up to isomorphism, then we have

M(A) =
[GL2(O) : R×](p2 − 1)

5760
.

Coming back to the general n ≥ 2, we explain that we can calculate [R×
0 : R×] locally.

Since we have

SLn(DA) = SLn(D)R1
0,A = SLn(D)R1

A

and R× = SLn(D) ∩R1
A, R

×
0 = SLn(D) ∩R1

0,A, we have the following bijections

SLn(D)\SLn(DA) = R×
0 \R1

0,A = R×\R1
A.

So we have

[R×
0 : R×] = [R1

0,A : R1
A].

Since R0,q = Rq for almost all primes q, this is equal to∏
q:prime

[R1
0,q : R1

q ].

Since Op/πOp = Fp2 , it is easy to see that

SLn(Op) mod π = {x ∈ GLn(Fp2);NFp2/Fp
(det(x)) = 1}.

So if R1
p contains (1n + πMn(Op)) ∩ SLn(Op), then we have [SLn(Op) : R1

p] =

[SLn(Op) mod π : R1
p mod π]. Returning to the case n = 2 and using the same no-

tation as in Lemma 2.2, we have M2(Oq) = R1,q = R2,q for q ̸= p. We have
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#(SL2(Op) mod π) = p2(p4 − 1)(p+ 1) and

R1
1 mod π =

{(
a 0

0 a

)
; a ∈ F×

p2 , NFp2/Fp
(a2) = 1

}
,

R1
2 mod π = {β ∈ K;NFp4/Fp

(β) = 1}.

If NFp2/Fp
(a)2 = 1 then we have NFp2/Fp

(a) = ±1 for p ̸= 2 and = 1 when p = 2. So

we have #(R1
1,p mod π) = 2(p + 1) if p ̸= 2 and = (p + 1) if p = 2. We also have

#(R1
2,p mod π) = #{x ∈ Fp4 ;NFp4/Fp

(x) = 1} = (p4 − 1)/(p− 1). Hence we have

Lemma 3.2.

[GL2(O) : R×
1 ] =

{
p2(p4 − 1) = 60 if p = 2,

p2(p4 − 1)/2 if p ̸= 2,

[GL2(O) : R×
2 ] = p2(p2 − 1).

This leads to the following formula for M(A).

Proposition 3.3. In the case (I), we have

M(A) =


1

32
if p = 2,

p2(p2 − 1)(p4 − 1)

2 · 5760
if p is odd.

In the case (II), we have

M(A) =
p2(p2 − 1)2

5760
.

3.2. Quaternion hermitian groups.

In the last subsection, we explained everything in terms of SLn(D). However, usually

it is more natural to use quaternion hermitian groups when we consider quaternion

hermitian metrics. So we see the relation to that in this subsection. We define quaternion

hermitian groups G and G1 by

G = {γ ∈Mn(D); γγ∗ = n(γ)1n for some n(γ) ∈ Q×
+},

G1 = {γ ∈ G;n(γ) = 1}.

We denote by GA and G1
A their adelizations, and by Gv and G1

v the v-adic components

for v ≤ ∞ . We say that left O lattices L1 and L2 in Dn are in the same class if L2 = L1γ

for some γ ∈ G, and we say that L1 and L2 belong to the same genus if L2 = L1γA for

some γA ∈ GA. If we define U(L) = {γ ∈ GA;LγA = L}, then the classes in the genus

G(L) which contains L is bijective to U(L)\GA/G. This is called the class number of

L. We have {n(u);u ∈ U(L)} = R×
+

∏
q Z×

q for any L ([7, Corollary 2.3]), and writing

U1(L) = U(L) ∩G1
A, we have a bijection
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U(L)\GA/G = U1(L)\G1
A/G

1 (4)

because of (1). So usually we do not care so much about the difference between G

and G1, since they are essentially the same. However, in our problems when R is not

maximal, this is sometimes subtle, and mainly we formulate the problem by G1, since

this is suitable for our purpose. Since L = Ong for some g ∈ GLn(D) if n ≥ 2, we

interpret the class of L as an equivalent class of H = gg∗ with respect to GLn(O). For

example, if we take another g1 with Ong = Ong1, then g1 = ϵg for some ϵ ∈ GLn(O)

and ϵ(gg∗)ϵ∗ = g1g
∗
1 . However, if we consider an equivalent class of H with respect to

R ⊊ Mn(O), then this cannot be interpreted directly to lattice classes. Since we are

treating such cases, we are tempted to explain an equivalence class over R by a certain

double coset of GA, though there is no a priori reason that this is possible. We consider

this problem in this subsection.

Since we would like to consider matrices H belonging to a certain fixed genus,

we should fix a local condition on those g such that H = gg∗. We fix an element

g0,A = (g0,v) ∈ GLn(DA) and consider a left O lattice L0 = Ong0,A. (We do not assume

that g0,A ∈ SLn(DA).) Assume that N(g0,q) ∈ qeqZ×
q . Put m =

∏
q q

eq ∈ Q×. Then

m−1N(g0,v) ∈ Z×
q . SinceN(GLn(Oq)) = Z×

q , there exists an element g1 ∈ GLn(OA) such

that N(g1g0,A) = m ∈ Q. Since Ong1g0,A = Ong0,A, we may assume that N(g0,A) ∈ Q×
+

(diagonally embedded in Q×
A) without changing the lattece L0. We fix a lattice L0gA =

Ong0,AgA (gA ∈ G1
A) in a genus of L0. This lattice class corresponds with the double

coset U1(L)gAG
1. We have an element g ∈ GLn(D) such that Ong = Ong0,AgA. We

fix an order R0 ⊂ Mn(O). Since we have N(g0,AgA) = m, and there exists an element

h ∈ GLn(D) such that N(h) = m, and we have g0,AgAh
−1 ∈ SLn(DA). Then by (3), we

have g0,AgAh
−1 = w−1

0 g0 for some w0 ∈ R1
0,A and g0 ∈ SLn(D). So replacing g by g0h

if necessary, we may assume that L0gA = Ong and

g = w0g0,AgA, w0 ∈ R1
0,A.

We fix such g and w0. For any order R ⊂Mn(O), we put

U1(R) = g−1
0,Aw

−1
0 R1

Aw0g0,A ∩G1
A.

Lemma 3.4. For H = gg∗, we have

ΓH(R) = gG1g−1 ∩R× = g(g−1
A U1(R)gA ∩G1)g−1.

Proof. We have h ∈ ΓH(R) if and only if h ∈ R× and hgg∗h∗ = gg∗, or equiva-

lently g−1hg ∈ G1. Since we have

g−1hg = g−1
A (g−1

0,Aw
−1
0 hw0g0,A)gA,

this belongs to G1 if and only if g−1
0,Aw

−1
0 hw0g0,A ∈ G1

A and belongs to g−1
A U1(R)gA if

and only if h ∈ R×. □

Now we assume that R ⊂ R0. We define a mapping ϕ from U1(R0) to R×\R×
0 as

follows. For any element u ∈ U1(R0), write
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k = w0g0,Aug
−1
0,Aw

−1
0 .

Then by definition of U1(R0), we have k ∈ R1
0,A. Then by (3), we have ϵ = rk for some

elements r ∈ R1
A and ϵ ∈ SLn(D). Since ϵ ∈ R1

A · R1
0,A = R1

0,A, we have ϵ ∈ R×
0 . Then

we define a map ϕ : U1(R0) → R×\R×
0 by

ϕ(u) = R×ϵ ∈ R×\R×
0 .

This mapping ϕ is well defined. Indeed, if ϵ1 = r1k, ϵ2 = r2k for ri ∈ R1
A and ϵi ∈ R×

0 ,

then ϵ2ϵ
−1
1 = r2r

−1
1 ∈ R×, so we have R×ϵ1 = R×ϵ2.

Proposition 3.5. The mapping ϕ induces following injections.

(1) ϕ1 : U1(R)\U1(R0) → R×\R×
0 ,

(2) ϕ2 : U1(R)\U1(R0)gAG
1/G1 → R×\R×

0 /ΓH(R0).

Proof. We prove (1). Since the claim that ϕ induces a mapping ϕ1 from

U1(R)\U1(R0) is almost trivial, we prove only the injectivity of ϕ1. For ui ∈ U1(R0)

(i = 1, 2), assume that ϕ(u1) = ϕ(u2). For i = 1, 2, write ki = w0g0,Auig
−1
0,Aw

−1
0 and

ϵi = riki where ri ∈ R1
A, ϵi ∈ R×

0 . By definition, we have

R×ϵ1 = ϕ(u1) = ϕ(u2) = R×ϵ2.

Then we have ϵ2 = r0ϵ1 for some r0 ∈ R×. So we have r2k2 = r0r1k1, and

w0g0,Au2g
−1
0,Aw

−1
0 = k2 = (r−1

2 r0r1)k1 = (r−1
2 r0r1)w0g0,Au1g

−1
0,Aw

−1
0 .

So we have

u2 = (g−1
0,Aw

−1
0 (r−1

2 r0r1)w0g0,A)u1.

Since u1, u2 ∈ G1
A, we have u2u

−1
1 = g−1

0,Aw
−1
0 (r−1

2 r0r1)w0g0,A ∈ G1
A and since r−1

2 r0r1 ∈
R1

A, we have u2u
−1
1 ∈ U1(R). So the map ϕ1 in (1) is injective. Next we see (2). For any

element ugAγ ∈ U1(R0)gAG
1, we define ϕ2(ugAγ) = R×ϕ(u)G1. First we see that this

mapping is well defined. For u1, u2 ∈ U1(R0), we define ki and ϵi = riki for i = 1, 2 as

before, and we put ϕ(ui) = ϵi as above. Assume that u1gAγ1 = u2gAγ2 for ui ∈ U1(R0)

and γi ∈ G1 for i = 1, 2, then

γ1γ
−1
2 = g−1

A u−1
1 u2gA = g−1

A g−1
0,Aw

−1
0 k−1

1 k2w0g0,AgA = g−1k−1
1 k2g.

Since γ1γ
−1
2 ∈ G1, g ∈ GL2(D) and k−1

1 k2 ∈ R1
0,A, we have k−1

1 k2 = g(γ1γ2)g
−1 ∈ R×

0

and γ1γ
−1
2 ∈ G1 ∩ g−1R×

0 g. So we have k−1
1 k2 = gγ1γ

−1
2 g−1 ∈ ΓH(R0). However, we

have

ϵ2 = r2k2 = (r2r
−1
1 )(r1k1)(k

−1
1 k2) = (r2r

−1
1 )ϵ1(k

−1
1 k2).

Since k−1
1 k2 ∈ ΓH(R0) and ϵi ∈ R×

0 , we have r2r1 ∈ R1
A ∩ R×

0 = R×. So we have

ϵ2 ∈ R×ϵ1ΓH(R0). So the mapping ϕ2 from U1(R0)gAG to R×\R×
0 /ΓH(R0) is well
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defined. We see that ϕ2 is injective. Assume that ϕ2(u1gAγ1) = ϕ2(u2gAγ2). For

ki = w0g0,Auig
−1
0,Aw

−1
0 and ϵi = riki, we assume that ϵ2 = r0ϵ1h for some r0 ∈ R× and

h ∈ ΓH(R0). Then we have k2 = r−1
2 ϵ2 = r−1

2 r0r1k1h and

u2gA = g−1
0,Aw

−1
0 k2w0g0,AgA

= (g−1
0,Aw

−1
0 (r−1

2 r0r1)w0g0,A)× (g−1
0,Aw

−1
0 k1w0g0,A)gA × g−1

A g−1
0,Aw

−1
0 hw0g0,AgA

= (g−1
0,Aw

−1
0 (r−1

2 r0r1)w0g0,A)× u1gA(g
−1hg).

So g−1
0,Aw

−1
0 (r−1

2 r0r1)w0g0,A ∈ G1
A, hence this belongs to U1(R). Since g−1hg ∈ G1, we

have u2gA ∈ U1(R)u1gAG
1. □

It seems that ϕ1 and ϕ2 are not surjective in general, and in fact we have no reason

to expect surjectivity. However, for the case we treat in this paper, we can show it.

Theorem 3.6. In the above setting, assume that n = 2, L belongs to the non-

principal genus, R0 = M2(O), and R = R1 or R2 defined as in Lemma 2.2. Then

the maps ϕ1 and ϕ2 in Proposition 3.5 are bijections. In particular, the number of

isomorphism classes of principal polarizations of a fixed supersingular abelian variety A

which is not superspecial is equal to

#(U1(Ri)\G1
A/G

1)

for i = 1 and 2 corresponding to the case (I) and (II), respectively.

Proof. It is enough to show that ϕ1 is surjective. To do this, it is enough to show

that

[GL2(O) : R×
i ] = [U1(M2(O)) : U1(Ri)]

for i = 1, 2. Since the LHS index is known in Lemma 3.2, we calculate the RHS index

and show that these indices are equal. Since L = O2g belongs to the non-principal genus,

we may take g0.A = (g0,v) so that N(g0,A) = p ∈ Q×
+, g0,q ∈ GLn(Oq) for q ̸= p and

g0,p =

(
π 0

0 1

)
ξ,

where ξ ∈ GL2(Oq) with ξξ
∗ =

(
0 1

1 0

)
. (See [15].) We have

[U1(M2(O)) : U1(Ri)] = [U1(M2(Op)) : U
1(Ri,p)],

where U1(Ri,p) is the p-adic component of U1(Ri). We write U1
p = U1(M2(Op)) for the

sake of simplicity. Writing w0 = (w0,v), we have

U1
p = (g−1

0,pw
−1
0,pSL2(Op)w0,pg0,p) ∩G1

p

= ξ−1

(
Op π−1Op

πOp Op

)×

ξ ∩G1
p.
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For u = g−1
0,pw

−1
0,phw0,pg0,p ∈ U1

p , we write ϕ0(u) = w−1
0.phw0,p mod π ∈ M2(Fp2). First,

we show that ϕ0(u) ∈ SL2(Fp2). We write

w−1
0,phw0,p =

(
a b

c d

)
.

Then we have

ξ−1

(
π−1 0

0 1

)(
a b

c d

)(
π 0

0 1

)
ξ ∈ G1

p.

So we have (
π−1aπ π−1b

cπ d

)(
0 1

1 0

)(
π−1aπ cπ

π−1b d

)
=

(
0 1

1 0

)
,

where ∗ is the main involution. So comparing the (1, 2) components, we see that π−1aπd−
π−1bπc = 1. For any x ∈ Op, we have π−1xπ ≡ x mod π, so we have ad− bc ≡ 1 mod π.

So we have det(h mod π) = det(w−1
0.phw0,p mod π) = 1. So this gives a map from U1

p to

SL2(Fp2). Secondly we show that ϕ0 is surjective to SL2(Fp2). The maximal order Op

contains the ring oF of integers of the unramified quadratic extension of Qp and we may

write Op = oF + πoF , where πα = απ for any α ∈ oF . We have oF mod p = Fp2 and

o×F mod p = F×
p2 . It is easy to see that the following elements are in U1

p .

ξ−1

(
1 π−1α

0 1

)
ξ, α ∈ oF ,

ξ−1

(
1 0

πα 1

)
ξ, α ∈ oF ,

ξ−1

(
β 0

0 β
−1

)
ξ, β ∈ o×F .

It is well known that SL2(Fp2) is generated by upper and lower triangular unipotent

matrices and diagonal matrices, so ϕ0(U
1
p ) generates SL2(Fp2). Hence ϕ0 is surjective.

The group U(Ri,p) for i = 1, 2 contains the kernel of this map ϕ0 since 1 + πM2(Op) ⊂
Ri,p. We have

ϕ0(U(R1,p)) =

{(
a 0

0 a

)
; a ∈ Fp2 , a2 = 1

}
.

So #(ϕ0(U
1(R1,p))) = 1 if p = 2 and = 2 if p ̸= 2. For K ∼= Fp4 in the definition of R2,

we put K1 = (w0 mod π)−1K(w0 mod π) ⊂M2(Fp2). Then we have

ϕ0(U
1(R2,p)) = {x ∈ K×

1
∼= Fp4 ; det(x) = 1}.

Since det(x) = NFp4/Fp2
(x) = xp

2+1 = 1, we have #(ϕ0(U
1(R2,p)) = p2 + 1. So by

Lemma 3.2, we have [U1
p : U1(Ri,p)] = [GL2(O) : R×

i ] for i = 1 and 2. □
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Corollary 3.7. For a fixed supersingular abelian surface A which is not superspe-

cial, the number of principal polarizations of A up to isomorphism is equal to the number

of double cosets in U1(Ri)\G1
A/G

1 where i = 1 for the case (I) and i = 2 for (II).

4. Automorphism groups.

As before, let A be a supersingular surface which is not superspecial. By Corol-

lary 3.7, the number of principal polarizations can be in principle calculated by the

Selberg trace formula for U1(Ri). However, in this section, we will obtain this num-

ber by seeing possible cardinality of Aut(A, λ) concretely and using the mass formula.

It is well known that Aut(A, λ) is a finite group. This group is isomorphic to ΓH(Ri) ∼=
g−1
A U(Ri)gA∩G1 for some gA ∈ G1

A and some quaternion hermitian matrix H. Of course

ΓH(Ri) ⊂ ΓH = ΓH(M2(O)). The map ϕ0 of U1
p to SL2(Fp2) defined in the proof of

Theorem 3.6 is essentially the same map given in [6, pp.312–313] , and there we have

shown that the restriction of ϕ0 to ΓH = ΓH(M2(O)) through an embedding ΓH → U1
p

is injective to SL2(Fp2) for p ≥ 7. By a comment of C.-F. Yu, this is also true for p = 5,

which is explained below.

Lemma 4.1. If p ≥ 5, the above mapping of ΓH to SL2(Fp2) is injective.

Proof. This has been proved in [6] in pages 312 and 313 when p ≥ 7. (There we

used the fact that prime factors of the order of any non-unit element in ΓH are either

2, 3 or 5 and that the order of any torsion in ker(ϕ0) is divisible by p.) Now we supply

the proof for p = 5 given by C.-F. Yu. Since ΓH is a finite group, any element γ ∈ ΓH

is a torsion element. The kernel of ϕ0 is in 12 + πM2(Op). The group 12 + πM2(Op)

has no torsion element whose order is prime to p. Indeed, take x ∈ 12 + πM2(Op).

Then since [12 + πM2(Op) : 12 + πlM2(Op)] = p8(l−1) for any integer l ≥ 1, we have

xp
8(l−1) ∈ 12 + πlM2(Op) for all l ≥ 1. If x is of order m and (m, p) = 1, then there exist

r and s ∈ Z such that 1 = mr+sp8(l−1) and we have x = (xm)r(xp
8(l−1)

)s ∈ 1+πlM2(Op)

for any l. This means that x = 1. So it is enough to show that there is no element in

ΓH of order p. Now assume that p = 5. If ζ ∈ 12 + πM2(Op) is of order 5, then since

Q5(ζ)/Q5 is totally ramified over Q5, the reduced norm of 12 − ζ is
∏4

i=1(1 − ζi) = 5,

while the reduced norm of any element of πM2(Op) is divisible by N(π)2 = 52. So this

is a contradiction and there is no torsion element in the kernel. Hence the map ϕ0 is

injective on ΓH also in this case. □

Remark. C.-F. Yu proved that for any n and p ≥ 5, 1n +Mn(Op) is torsion free

by the same line of proof as above.

From now on, we assume that p ≥ 5 in this section.

IfR = R1, then the condition ϵ ∈ R×
1,p is equivalent to the condition w

−1
0,pϵw0,p ∈ R×

1,p,

where we write w0 = (w0,v) as in the last section. Then the image ϕ0(ΓH(R1)) is in(
x 0

0 x

)
∈ SL2(Fp2).
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So we have x2 = 1 and x = ±1. Since the map is injective for p ≥ 5, this means that

ΓH(R1) = {±12}. This proves the case (I). Next we consider the case (II). We see that

w−1
0,pR2w0,p mod π is a conjugate of K so still isomorphic to Fp4 . Since the determinant

of the image of (
π−1 0

0 1

)
ϵ−1
p R2ϵp

(
π 0

0 1

)
by ϕ0 is just the norm of elements of Fp4 over Fp2 , the image of ΓH(R2) is contained in

the set of norm 1 elements

F(1)
p4 = {x ∈ Fp4 ;NFp4/Fp2

(x) = 1}.

We have F(1)
p4 = {x ∈ Fp4 ;xp

2+1 = 1} and this is a cyclic group of order p2 + 1. By

Lemma 4.1, we have an injective homomorphism of ΓH(R2) = R×
2 ∩ ΓH to the group

F(1)
p4 , so ΓH(R2) is a cyclic group whose order is a divisor of p2 + 1. For any p, the

number p2 +1 is not divisible by 3 so there are no elements of order 3 in ΓH(R2). When

p ≡ ±1 mod 5 or p = 5, we have p2 + 1 ≡ 1 or 2 mod 5, so there are no elements of

order 5 in ΓH(R2). For any odd p, we have p2 + 1 ≡ 2 mod 8, so there are no elements

of order 4 in ΓH(R2). Since ΓH(R2) is cyclic, there is only one element of order 2 which

is given by −12. Since ΓH has only elements of order 1, 2, 3, 4, 5, 6, 8, 10, 12 (cf. [3]),

possible candidates of the groups ΓH(R2) are Z/2Z and Z/10Z. In particular, if p = 5

or p ≡ ±1 mod 5, the only candidate is Z/2Z. Next we see the case p ≡ ±2 mod 5. For

the case (II), we have

M(A) =
p2(p2 − 1)2

5760
.

Since p2(p2−1)2 ≡ 1 mod 5 if p ≡ ±2 mod 5, the numerator is not divisible by 5 and there

should exist at least one H such that ΓH(R2) = Z/10Z. Now we prove that there is only

one such H up to R×
2 equivalence. Fix an element H ∈ P such that ΓH(R2) = Z/10Z.

By [6, Theorem 7.1], we have ΓH/{±12} ∼= A5 in this case for p ≥ 7, where A5 is the

alternating group of degree 5. Now assume that for H0 ∈ P, there exists an element of

order 5 in ΓH0 ∩ R×
2 . By the result of [6, Theorem 7.1], if ΓH0 contains an element of

order 5, then H0 and H are GL2(O) equivalent. Our aim is to show that any such H0

is R×
2 equivalent to H. So write ϵ0Hϵ

∗
0 = H0 for some ϵ0 ∈ GL2(O). By assumption, we

have ϵ ∈ R×
2 of order 5 such that

ϵϵ0Hϵ
∗
0ϵ

∗ = ϵ0Hϵ0.

So we have

ϵ−1
0 ϵϵ0 ∈ ΓH .

Now A5 has 24 elements of order 5 and there are 6 different groups of order 5 in A5. We

can check directly that these groups are all conjugate by elements of A5. The pullbacks

of these groups to ΓH are cyclic groups of order 10, and these are also conjugate by ΓH



1177(153)

Principal polarizations of supersingular abelian surfaces 1177

since if ζ ∈ ΓH is of order 5, then −ζ is of order 10 and ζ and −ζ are not conjugate. So

there is an element ζ ∈ ΓH(R2) of order 5 and an element γ ∈ ΓH such that

ϵ−1
0 ϵϵ0 = γ−1ζγ. (5)

Both elements ϵ, ζ ∈ R×
2 are of order 5. By injectivity of ϕ0, the elements ϵ := (ϵ mod π)

and ζ := (ζ mod π) are also of order 5. Since the subgroup of order 5 of (Fp4)× is unique,

we have ϵ = ζ
j
for some j with 1 ≤ j ≤ 4. By our assumption p ≡ ±2 mod 5, we have

Fp[ζ] ∼= Fp4 , and Fp[ζ + ζ
−1

] ∼= Fp2 . However, since ζ ∈ R2, we have Fp[ζ + ζ
−1

] =

Fp2 · 12 ⊂ M2(Fp2). By (5), elements ϵ and ζ are conjugate by elements of GL2(Fp2).

Since this conjugate is trivial on the center Fp2 ·12 ⊂M2(Fp2), we have ϵ = ζ or ϵ = ζ
−1

.

So by the injectivity of ϕ0, we have ϵ = ζ or ϵ = ζ−1. However, seeing the conjugacy

classes of A5 in details, we can see that the projections of ζ and ζ−1 in A5 are conjugate

in A5 and hence ϵ and ζ are conjugate in ΓH . So changing γ ∈ ΓH if necessary, we may

assume that

ϵ−1
0 ϵϵ0 = γ−1ϵγ.

This means that ϵ0γ
−1 mod π commutes with the fixed subfield Fp4 = Fp[ϵ] of M2(Fp2)

containing Fp2 · 12. By the Skolem–Noether theorem, this means that ϵ0γ
−1 mod π ∈

(Fp4)×. By definition of R2, this means that ϵ0γ
−1 ∈ R×

2 . So ϵ0 ∈ R×
2 ΓH and H0

is R×
2 equivalent to H. So there is only one R×

2 equivalence class in P such that the

automorphism group is Z/10Z. So we prove the claims in the introduction for p ≥ 5.

5. The cases p = 2 and p = 3.

We consider the remaining cases p = 2 and p = 3 and prove Theorems in these

cases. We note that the class number of the non-principal genus (that is, the number of

GL2(O) equivalence classes in P) is 1 for both p = 2 and 3 (see [3]). For p = 2, we may

write the maximal order of D as

O = Z+ Zi+ Zj + Z
1 + i+ j + k

2
,

where i2 = j2 = −1, ij = −ji = k. Then we know that the representative of lattices in

the non-principal genus is given by

H =

(
2 r

r 2

)
= gg∗,

where r = i−k and g =

(
1 −1

0 r

)
(see [3]). The isomorphism group Γ = g−1M2(O)×g∩G

considered in the quaternion hermitian group G is given by the following 1920 elements

(see [5, p.592]). (
ar−1 −aa0r−1

ar−1 aa0r
−1

)
,

(
ar−1 aa0r

−1

−ar−1 aa0r
−1

)
,
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a 0

0 aa0

)
,

(
0 aa0
a 0

)
, (6)(

(1 + r−1x)a r−1xaa0
r−1xa (1 + r−1x)aa0

)
,

where a, a0 and x run respectively over the following sets

a ∈ O× =

{
±1,±i,±j,±k, ±1± i± j ± k

2

}
,

a0 ∈ {±1,±i,±j,±k},
x ∈ {−i, k, (±1− i± j + k)/2}.

For γ ∈ Γ, we see the condition that gγg−1 ≡ 12 mod π, where π = i− k is a prime

element of O over p. This is the condition for the case (I), i.e. the case t ̸∈ Fp4 . For

example, we see that

g

(
a 0

0 aa0

)
g−1 =

(
a a(1− a0)r

−1

0 raa0r
−1

)
.

This is 12 mod π(= −12 mod π) if and only if a ≡ aa0 mod π and a0 ≡ 1 mod 2. This is

satisfied if and only if a0 = ±1 and a ∈ {±1,±i,±j,±k}. In the same way we see that

g

(
0 aa0
a 0

)
g−1 satisfies the condition if and only if a, a0 satisfy the same conditions as

above condition. For all the other γ ∈ Γ, we can see by direct calculation that gγg−1

does not satisfy the condition. So the automorphism group Γ1 of this H in R×
1 is a group

of order 32 and is isomorphic to the group given by{(
a 0

0 ±a

)
,

(
0 ±a
a 0

)
; a ∈ {±1,±i,±j,±k}

}
.

Since the mass for p = 2 in the case (I) is 1/32, there are no other class and the number

of R×
1 equivalence class is one.

Next we see that the number of R×
2 equivalence classes is also one for the case (II)

when p = 2. As we have shown, there is a homomorphism ϕ0 from Γ to SL2(F4). The

latter group is of order 4 · (42 − 1) = 60. Since the order of the kernel is 32 as we have

shown above, and 1920/32 = 60, the map from Γ is surjective. So the inverse image of

{x ∈ F24 ;x
4+1 = 1} in Γ is of order 5 × 32 = 160. Since the mass for the case (II) is

1/160, again there is only one R2 equivalence class and a group Γ2 of automorphisms in

R×
2 is of order 160. Of course we have Γ2 ⊂ Γ but the group Γ2 depends on a choice of

K (i.e. the tangent t). For example, if we take

K =

(
a b

b a+ bη

)
, a, b ∈ F4,

where η ∈ F4 is an element such that η2 + η + 1 = 0, then among elements of Γ in (6),

there are 16 elements of Γ2 in each of the first 4 types in (6) and 96 elements in the last

type in (6). So we see directly that #(Γ2) = 16× 4 + 96 = 160. We omit the details.
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Next we consider the case p = 3. Also in this case, the automorphism group can be

written down explicitly as in the case when p = 2. However, here we omit this description

and we show the necessary results in a little more abstract way. When p = 3, the class

number of the non-principal genus is again one ([3]), and we write the corresponding

quaternion hermitian matrix by H. By [10], it is known that ΓH/{±12} ∼= A6 for

ΓH = ΓH(M2(O)) ∼= Aut(E2, λ0) for the polarization λ0 of E2 in the non-principal

genus. On the other hand, we have a homomorphism ϕ0 of ΓH to the group SL2(F9)

of order 720. We also know that PSL2(F9) ∼= A6. So it is likely that the image of

ΓH is exactly SL2(F9). Indeed, if we map ΓH to SL2(F9) as before, then by definition,

the element −12 is not in the kernel of the mapping. So if we denote by Γ0 the kernel

of this mapping, then Γ0 ∩ {±12} = {1}. Since Γ0 is a normal subgroup of ΓH and

A6 = ΓH/{±12} is a simple group, we have Γ0 = {12} or ΓH = Γ0 × {±12}. The

latter case does not occur since we know that ΓH contains an element γ of order 4 whose

characteristic polynomial is (x2+1)2 (see [3]), and hence γ2 = −12, which cannot happen

for elements in Γ0 ×{±12}. So we see that the kernel is trivial and comparing the group

order we see that Γ ∼= SL2(F9). For the case (I), the image of ΓH(R1) → SL2(F9) is

{±1}, so ΓH(R1) ∼= Aut(A, λ) is equal to {±12} for the principal polarization λ of A

such that λ0 = ψ∗(λ). However, we have

M(A) =
32(34 − 1)(32 − 1)

2 · 5760
=

1

2
.

So there is only one isomorphism class of principal polarizations of A. For the case (II),

the image of ΓH(R2) → SL2(F9) is isomorphic to the group of norm one subgroup of F×
34

over F9, which is a cyclic group of order 32 + 1 = 10. However, the mass in this case is

M(A) =
32(32 − 1)2

5760
=

1

10
.

So there is only one isomorphism class and the automorphism group is Z/10Z.
So all the claims in the theorems in the introduction are proved.
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