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Abstract. A unified family of Pj-hierarchies (J=I, II, IV, 34) with a
large parameter is introduced and we construct general formal solutions which
are called instanton-type solutions for the system.

1. Introduction.

In the pioneering works of [6]-[14], [16]-[18], some of Painlevé hierarchies and the
Noumi-Yamada system with a large parameter have been studied by the exact WKB
analysis and important results have been established. The results established in these
papers suggest that there are common structures in analyzing Painlevé hierarchies and
the exact WKB analysis is an effective method to study these Painlevé hierarchies and
completely integrable systems. Motivated by these works, the aim of this article is
to study the common structures between Pj-hierarchies (J=I, II, IV, 34). For that
purpose, we introduce a unified family of Pj-hierarchies (J=I, II, IV, 34) with a large
parameter. A key idea for the formulation of the unified family of the hierarchies is to
use generating functions. The papers [2], [20] and [21] introduce an additional variable
6 to the m-th member of Pj-hierarchies (J=I, II, IV, 34), which will be denoted by
(Py)m (m=1,2,---), and (Py),, is written in terms of generating functions of unknown
functions. Our system (13) given in this article is of a naturally extended form by the
common structures of (Py),, described in [2], [20] and [21]. Note that, although we have
succeeded in construction of the unified family of Pj-hierarchies, it is still unknown if it
contains other known Painlevé hierarchies or essentially new equations. It is our future
problem to answer this question.

Once we have obtained the unified family of systems, the next important step of
our study is to extend the results of [2], [20] and [21] to the unified family. When we
discuss the connection problem for our system by the exact WKB analysis based on Borel
resummation, we need a usual formal solution (which is called a 0-parameter solution)
and a formal solution of instanton-type with sufficiently many free parameters which can
describe the Stokes phenomenon of the Borel sum of a 0-parameter solution. In general,
for a non-linear differential equation, the existence of a formal solution of instanton-type
is non-trivial. In this paper, we show the existence of instanton-type formal solutions
for non-linear differential equations derived from the unified family of Pj-hierarchies by
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using the method given in [2], [20] and [21]. As a matter of fact, our system (13) given
in Section 3 is expressed by a proper generating function with arbitrary coefficients (see
(14)). Because of the arbitrariness of coefficients, many systems of non-linear differential
equations can be derived from our system. One can see in Section 4 that the method of
[2] is applicable to the systems which are derived from (13).

The paper is organized in the following way. In Section 2 we recall expressions of
(Py)m (J=I, 11, IV, 34) by generating functions of their unknown functions and we rewrite
(Pj)m in the unified form (11). In Section 3 we introduce the explicit form of a unified
family of (Py)n,, (J=I, II, IV, 34) with a large parameter. As one can see in (16), the
coefficients f; and f5 in (13) have special forms, and the reason why they take such forms
is explained in Section 4.1. In Section 4.2, we have the concrete form of a 0-parameter
solution. In Section 4.3 and Section 4.4, we investigate the algebraic structures associated
with our system. Firstly, we derive the linearized equation along the leading term of a
O-parameter solution, and then, we derive a suitable partial differential equation (33)
for the construction of instanton-type solutions. In Section 4.4, we define the map @
which is a key to describe the system (33). The structure of (33) varies depending on
Case I and Case II which are explained in Section 4.4.1 and Section 4.4.2. Note that, in
subsequent discussions, we consider Case I and Case II separately. The most interesting
result here is Lemma 4.1 showing that eigenvectors of () have important multiplicative
relations. At the end of Section 4, we give the main theorem, and successive Sections 5,
6 and 7 are devoted to its proof. In the procedure of the construction of instanton-type
formal solutions, we need to solve the non-secularity conditions. The solvability of the
non-secularity conditions for our system is also studied in Sections 5, 6 and 7.

ACKNOWLEDGEMENTS. This research is inspired by the pioneering works of [1]
and [2]. The author would like to express her sincere gratitude to Professor Naofumi
Honda and Professor Takashi Aoki for many helpful suggestions and discussions. The
author would like to thank the referee for reading this paper completely and for giving
her valuable advices.

2. Pj-hierarchies (J=I,1I1,IV, 34) by generating functions.

In this section, we rewrite the general members (Pj),, (m = 1,2,...) of Pj-
hierarchies (J=I, II, IV, 34) with a large parameter 5 in a unified form. The objects
discussed here are essentially the same as the Pj-hierarchies studied by Kudryashov [15],
Gordoa—Joshi-Pickering [5] and Clarkson—Joshi-Pickering [3].

In what follows, 6 denotes an independent variable and the notation A = B means
that A — B is zero module §™*2. For any formal power series z of §, we define ¢?(z) by
the coefficient of 6 in .

(i) The m-th member (Py),, of Py-hierarchy with a large parameter n (J=I, 34):

We define generating functions of ug, vy and c¢x—1 (k=1,2,...) by
U@B):=> ub*, V(0):=) o6* and C0):=) cp 16", (1)
k=1 k=1 k=1

respectively. Here uy, vr are unknown functions of the variable ¢ and c;_; is a constant.
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(a) (Pp)m is written in the following form (see [2]).

2V6
d (U6
1= = — V2 2
K dt<V9> f(1+2u19)(17U)+2t9m+1+%UV0 @)

with ¢, (U) =0, 0%, 1 (V) =0 and ¢y = 0.
Let us define H and f; by
HU,V):=1+20-V?0 and f:=0, fo:=—(1+2u6)+2t6™,  (3)

respectively. Using (3), we rewrite (2) as follows.

i (o) = ()00 (00) Ga) * (s o) @

with 0%, (U) =0, 62 . ,(V) =0 and ¢; = 0.

(b) Let v(#£ 0) and & be constants. The paper [21] showed that (Ps4)., studied by [3]
and [14] is essentially equivalent to the system

2Ve
d (Ub
-1 = _ 12
T <V0> = (_(1 2wy + c0)8)(1—U) + HZCVG)

-0
0
5
+ (27159"1(1 ¥ (ur + 260)9)) (5)
with
afn V)2 — k2

#a(0) =~ (W) 4 o) + 2T ZE ot vy =0 (0

Here W is defined by

2 2
— 2

W= UQ(IWJ)C —eof(1 — U) + 410" (1 + (ug + 2¢0)6). %

Set H and f; by
HU,V):=1+2C —-V?) and f1:=0, fo:=—(1+2(u;+co)f)(1—2yt0™),

respectively. Then the system (5) is transformed into the same form as (4) with conditions
(6) for (P34)m-

(ii) The m-th member (Pj),, of Pj-hierarchy with a large parameter n (J=II, IV):
Let us define generating functions of uy, vy and ¢ (k=1, 2, ...) by

U@©) = upb®, V(0):=> vb" and C(0):=> cib",
k=1 k=1

k=1
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respectively. Here uy, vy are unknown functions of the variable ¢ and ¢ is a constant.
(¢) (Pi1)m introduced by [5] is equivalent to the following system (see [13], [20]):
1d(U9 ( ul(l—U+C)9—U—V29 .
N — =2 20V +V<0 8
dt V9> —-n(1-U+C0+ —F—~+V
o Ot T o)
with ¢ | (U) =+t and 6%, (V) = k. Here v(# 0) and « are constants.
(d) (Prv)m introduced by [5] is equivalent to the following system (see [13], [20]):

d /Ub ( wu(l-U+C)0—U -V —~t™

—1 — 2

n ( >_2 UV + V20 — (9)
—u(1 — . @ -

dt \V#o v ( U+C)9+2(17U+0)+V+7tv19

with o7, (U) = —ay and o7, 1 (V) = —o7, 11 (W) = (((07,(V) — a1)* — a3) / (2(07,(U) —

70(C)): ) )
Here W is defined by W = ((2UV + 0V?)/2(1 — U + C)) + ytv10™+! and v(# 0), a1, oz
are constants. In parallel with (i), we can rewrite (8) and (9) as follows.

i (v) = (3) <00 (aw o)+ (10 @5?3%),)
10

where H, fi and f, are defined by the table below. Note that the conditions of o2, ,,(U)
and of, (V) are given in (8) and (9) respectively.

(Pir)m (Prv)m
HU, V) =20V + V20 HU,V) =20V + V2
f1:=2uq0 f1:=2u10 — 29t0™(1 + (u1 — ¢1)0)
fo = —2v10 fo i= —2v10 4 2ytv, 91

Moreover, by replacing 1 — U + C in (10) with 1 — U, we can transform (10) into the
form of (4).
Summing up, each (Py),, (J=L, II, IV, 34) is reduced to the following form

i (a) = () 00 (o yn-o) < (00) Goa) 0

with the conditions below.

(Pr)m (P34)m

HU,V):=1+20-V?0 | H(U,V):=1+20 V2

f1 =0 f1 =0

fo = —(1 + 2U19) + 2tm+1L foi=— (1 + 2(U1 + CQ)G) (1 — 2’7t9m)

001 (U) =0 091 (U) = —0% o1 (W) + oot (U) 4+ ZmlVIV — 2
m+1 m+1 m+1 09m 202,7,([])

ol 1(V)=0 0% .1(V) =0 Here W is defined by (7).
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(Pr)m (Prv)m
H(U, V) :=2UV +2CV + V20 | H(U, V) 1= 2UV +2CV + V20
fi=2(u1+¢1)6 f1:=2(u1 +¢1)0 — 279t0™ (1 + uq0)
f2 = —2’[]19 f2 = —21}19 + 2’Vt1)19m+1
U%+1(U) =t ‘779n+1(U) = . ) )

o (V) —a1)® —
oha(V) = HralV) =~ () - Tl S o=

20U+ C)V+6V2 "
Here W = ( 21 )_ ) + ytv gL

3. A unified family of Pj-hierarchies.

We extend the results presented by [2] and [20] to our unified family of Pj-
hierarchies. Let w; and v, be unknown functions of the variable ¢, and let ¢ be a
constant. Such as (Py),, (J=I, II, IV, 34), we consider a system with 2m unknown
functions wug, vg (1 <k <m). Define U, V and C by

U() = iukﬁk, V() := ivkﬁk and C(0) := ickek, (12)
k=1 k=1

k=1

respectively. Here 6 denotes an independent variable and %, 41, vm41 are arbitrary poly-
nomials of the variables (uq,.. .., Um) with coefficients in holomorphic func-
tions of ¢, i.e., Umt1, Vmy1 € O)[u1, ...y Um, V1, ..., Up]. Note that umy,+1 and vp,41
are independent of 7, and ¢,,,+1 = 0. By A = B we mean that A — B is zero modulo
6™%2 and consider

1 d (U# f1 0-1\ [(0H/OU 0

17 = J—

(T (V@) = (f2> x(1=0)+ (1 0 )(8H/8V Now vya-v) B
where H(U, V) is a polynomial in U and V of degree at most 2 with arbitrary complex
constants p; of the following form

<y Um, U1,y -

H(U, V) := (prU? 4+ poaVA0 + p3sUV + psCU + psCV + pgU + prV + psC +pg  (14)

and f; and fo are defined by

fo =@ 0+ 22 10+72 0™ + T2 107

(15)
Here the coefficients x; ; and z3 ; of fi and f, are determined later in Section 4. As its
consequence, the explicit forms of f; and fo become the following.

1
fii=21,0+21, 10+ 21, 0™ + 21, 107,

fi=pr+ (au1 +p501> 04y 0™ 4 (ylul + yz)em—i-l,

16
fo=—F—(2Bur + avy +ec1) 0+ 210™ + (22101 — y1v1 + 22)9m+17 (16)

where y;, z; are arbitrary holomorphic functions of ¢t and «, 8, € are given by

a:=p3+p;, B:=ps+py and & :=ps+ ps, (17)
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respectively.
Remark that (13) is a unified family of (Py),, (J=I, II, IV, 34). Indeed,

o if po = —1, ps =2, pg =1, 22 = 2t and the others are zero, we have (P),,.
e if po = 1, p3 = p5 = 2 and the others are zero, we have (Piy),.
o if po =1, p3 =p5 =2, y1 = —27t (v # 0) and the others are zero, we have (Pry)m.

o if po = —1, ps =2, pg = 1, 21 = 27t, 29 = dytcy (v # 0) and the others are zero,
we have (P34)m.

For the cases of (Pr)n, and (Ps4)m, the constants ¢ (k> 1) in C(6) of (12) is replaced
with ¢x—1 (see (1)). Note that oo # 0 when J=II, IV, while &« = 0 and 8 # 0 when
J=I, 34. Roughly speaking, the main result of this paper is the following.

Main result. We have general formal solutions (called instanton-type solutions) with
2m free parameters for (13) in the cases I, II:

Casel: a=p3+pr#0, p2#0.

Case I: a=p3+pr =0, B=ps+py#0, p2#O0.

See Theorem 4.2 in Section 4 for more details. In the rest of this article, we prove
the main result by the method given in [2], [20].

4. A construction of instanton-type solutions by multiple-scale analysis.

The purpose of Section 4 is to obtain a system of partial differential equations
associated with (13) in order to apply the multiple-scale method to (13). In the procedure
of getting the system, the explicit forms of f; and fy will be also determined.

4.1. The forms of f; and fs.

Firstly, we set f; and fo by (15) so that (13) becomes (Py),, (J=I, I, IV, 34) as a
special case. Substitute (15) for (13). Then the constant terms (with respect to #) and
the terms which contain 6! in the right-hand side of (13) become

( z1,0 + (x1,1 — 21,0u1)0 — pr — (psur + psca)f >
T2, 0 + (T2,1 — T2,0u1)0 + po + (6 + Po)u1 + prv1 + psc1) 6 + ps + (p3v1 + paci)f )

Note that the coefficients of §° and 6' in the left-hand side of (13) are zero. Hence we
have

Ti,0=p7, T1,1=0uU1 +psci, Zoo=—PF, 221 =—(20u +avi+ec),

where «, 8 and ¢ are defined by (17) respectively.

Next let us consider x1 4, x2 j (j = m, m + 1) of (15). Noticing that introduction
of z1,; and za,; (j = m, m+ 1) to f affects the terms of §™ %! of (13), we adjust 1, ;
and x2 ; so that (13) becomes equivalent to (Py),, (J=II, IV) as follows. The coefficients
of @™+ in the second and third terms of the right-hand side of (13) have the following
relations between w1, v1, 1, m, T2, m:
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c1,md™ C1 mam(p7v +p80) 41
—_ = 1 m : = m
U c1,m(14+u16)0™, T c1,m(pror + pscr)0
for a constant c¢; ,,. Thus we set f; and fs by
fi = pr + (qur + psc1)0 + y10™ + (auq + buy + y2)0™ (18)

fo=—B—(28u1 + avy +ec1)0 + z:0™ + (duy + evy + 22)9’”“.

Here a, b, d, e, y;, z; (i = 1, 2) are arbitrary holomorphic functions of ¢ and they are
independent of unknown functions u;, v;. Remark that a, b, d and e will be determined
later by assuming further conditions (32) below.

4.2. Generating functions of 0-parameter solutions for (13).

The first step of the construction of instanton-type solutions is to consider a lin-
earized equation of (13) along a special solution (&g, 0p). The solution (g, 09) takes the
following form

Gio(6) ::Zai,o(t)ei and 9o (0) ;:Z@i,o(t)oi. (19)

Here 4, 79 are generating functions of the leading term ; o and 9; o of a formal solution
(called a “O-parameter solution”) in n~1. Since (o, ©p) does not contain 7, we see that

(tg, 0o) satisfies
(4) i () (o) )= ()

Here f1 and fg are defined by

f1:=pr + (i, o + psc1) 0 + y160™ + (atin, o + bin, o + y2)8™ L,

f2 = =B — (2Bi1,0 + a1 0 +ec1) O + 210™ + (dity, o + ed1,0 + 22)0™ T,

where «, 8 and ¢ are given by (17).
Now we explain the existence of (g, 99). By (20), (4o, 7o) satisfies

2pato = f1(1 — to) — (p3iio + psC + pr), (21)
A R H(ﬂo, f)o) oH, .
f2(1 — U()) + ﬁ + %(Um ’U()) =0. (22)

In what follows we always assume py # 0. Using (21), we eliminate 0y in (22) and obtain
(1 0)*L(0) = K(9),
where

L(0) := (f1 + p3)? + 4pafo0 — 4p1p26?,
K(9) :== (a4 psC)* — dpa(eC + B)6 — 4p1p26°>.
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Here L(#) and K (6) have expansions with respect to 6 in the forms

L(6) = o+ (2a(adiy o + pscr) — 4p2B) 0 + -+,
K(0) = o® + (2apsc1 — 4paB) 6+ - - - .

Therefore, in both cases of & # 0 and o = 0,8 # 0, we have

o K@®O) ., 1 : K(0)
w=1-— )’ U09=2p2<—a—p50+<f1+p3> L(G)) (23)

Remark that the right-hand sides of (23) are expressed by @1, o and 01 9. Hence 4, o,
0j0 (j > 2) are written only by 41,0 and 01,¢. Let Gpt1 (resp. Om+1) denote w41
(resp. vm41) with w; and v; being replaced by ;0 and 9, o. Note that w11 and vp,41
are independent of 7. The conditions that the coefficients of ™! in 4y and 9y of (23)
are equal to Uy,41 and ¥p,11, that is Ufnﬂ(ﬁo) = Uy and 0‘79n+1(’f)0) = Opma1, Decome
the equations for unknown functions 4,9, 91,0. Hence we determine @; ¢ and 771 ¢ by
the conditions.

Moreover, in the case of a = 3 = 0, if leading terms ((psc1)? — 4paccy — 4p1po)0? of
L(0) and K (0) do not vanish, then @y and 0y are also determined.

4.3. A linearized equation of (13) along (g, o).
We look for a solution to (13) of the form

(U, V) = (it + (1 — dig)u, B + (1 — o)) (24)
with
w=Y "> w0, o= v (t) 6 . (25)
=1 j=1 =1 j=1

Here ¢ = —1/k with an integer k > 2 (see Lemma 2.3 in [19]), u, j¢ and v; j¢ (¢, j > 1)
denote new unknown functions of ¢, and (o, ¥p) is given by (19) (also (23)).

Under the conditions 02, ,;((1—do)u) = o2, ;((1 —do)v) = 0, let us construct u, v.
Put (24) into (13). By an argument similar to that employed in deriving (18) in [20], we
obtain a system for u, v:

(- (3) e (D)5 ()
=0 () oo Vuon) 009

aci(u) +b01(v)\ i1 N,
+ ot 4 wH (1o, Bo) I
(d"l( >+€"1(”>> (1 a0)? l—u) T do)

—aVaUH(ﬂo, @0) avavH U(), UQ)
(9U8UI?[(’(AI,()7 ﬁo) 8V6UH ’U,Q7 ’U()

o

+
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with 9y = 9/0V and 9y = 9/90U. Here g and 6 are defined by

d .
0:= %(log(l —149)) and 0:=———-, (27)
respectively. The equation (20) implies

avH(ﬂo, ’0())’() + 8UH(’CLO, ’lA)())’LL uH(’llm @0) _
(1 — o) (1—da9)*

Therefore the fourth term in the right-hand side of (26) is equal to

(0 L) 75 (i )
flv—fQU 1—u fl’l]—fgu

1 0
+ 1—u <(1/2)6VavH(ﬁ0, @0)@2 + (1/2)8U(9UH(120, ’00)’&2 + 8V8UH(110, f)o)’lﬂ)) ’

flv - fzw

Putting the above equation into the right-hand side of (26) and taking the first-order
terms with respect to the variables u and v, we define the map Q : (66)? — ©2 by

20\ [~ (PH/OVOU o, 50) + i) —0*H/0V?(ao, i) .
Q(W) _( (82H/8U2(a0, @0)—2f2) (82H/8V8U(a0, @0)+f1)> <y>

. <aa§(x) 9@) o4 (aof(m) +bo?(y)) gm+1 (28)

—2B04(z) — aof dof (x) + eof(y)

for any z, y € ©. Here © denotes the set of formal power series of § without constant
terms. By the definition of @, (26) is transformed into

(- (5) e () + & ()¢
@ (30) * (ot oty ?

0
1
+ 2(1 —u) ((—v, u)Q (Zz) + (acf (u)v + 2808 (u)u + ad?(v)u)e) - (29)

Moreover, multiplying both sides of (29) by (1 —wu), we obtain the system for u, v. Before
describing the system, we shall consider the definition of map Q. By (28), we have

20\ _ [~ (0PH/0VoU a0, 50) + i) —02H/0V3(ao, 1) .
“ <y9> :( (82H/8U2(ﬁ0, @0)—2f2) (82H/8V8U(ﬁ0, @0)+f1)) (y)

# (25t —aotin) 0+ (a8 e L) (ol ) s @0

where
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fl = fl —1y10™ — (atiy, 0 + bi1, 0 + y2)9m+1 = p7 + (i1, 0 + psca) 0,

8 X (31)
f2i=fo— 210" — (dity, 0 + ed1,0 + 2)0"H = —f — (2B11,0 + iy, 0 +ec1) 0.

Here, in order that the key lemma (Lemma 4.1 below) for the construction of instanton-
type solutions may hold, we assume that the coefficients of #*! in the third term of the
right-hand side of (30) vanish, that is,

a=y, b=0, d=2z, e=—yi. (32)

Remark that, substituting (32) for (18), we see that f; and fo are given explicitly by
(16).

We now summarize the results obtained so far. Let Q : (06)2 — ©2? denote the
map defined by

00\ [~ (9PH/OVOU (o, 00) + 1) —02H/OV(ity, t0) .
Q<y9) o (62H/8U2(a0,ﬁ0)—2f2> (aQH/avaU(ao,ﬁo)Jrfl) <y>

* (‘f‘;;(f) () - aof@)) ’

for any x, y € ©. Here f; (j = 1,2) are defined by (31). Then, by (24), (13) is
transformed into the following system of non-linear equations for (u, v):

() ()= (157) o (5 -(2)
—0400 u u
- (“ <2ﬁofl(gl))+ ao?w)) o (?sﬁ 4 g>> ’

+n (g+ i) (Z) 0, (33)

where ¢ and 0 are defined by (27) respectively and S(u, v) has the form

S(u, v) = %(—v, u)@ <ZZ> + %aof(u)v@ + g (aaf(v) + 2,80?(11)) u0. (34)

4.4. Some essential properties associated with the map Q.

Similar to the results of [2] and [20], we construct a solution (u, v) for (33) so
that (u, v) is expressed by a linear combination of eigenvector A(\)’s of @ in the sense
of Q(A(N)0) = AA(N)6. As is shown below, the form of A(\)’s depends on relations
between coefficient p;’s in (14).

Let x, y € ©. The equation @ (23) = (;Z) is equivalent to

{sse) e} ()= (550) (H0) 5
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where

We have
det { (2%2) + M,\9} =a’+2 (aaf(fl) - 21725) 0
— X ()t (R} (36)

Therefore we need to consider separately the cases where o # 0 or ao = 0.

4.4.1. Casel: a=p3+pr #0, ps #0.

When « # 0, the structure of system is almost the same as that of (Piy),, except for
the existence of 8. By calculating in a similar way to [20], we find that the eigenvector
A(\) corresponding to an eigenvalue A of @ has the form

: o 0
40=(,3hat) i oW = g

Here p(\) and g(\) are given by

—OéO't9 Al
() 1= _21@ (A + 2”;5 + aG(A)) g = w LG, (37)

where G(\) is defined by

\/042)\2 + 4dpo (p252 — afo{(f1) — o (U?(ﬁ) —p1))

2

G(\) =

(67

and both upper or both lower signs should be chosen in the double signs.
Now we explain how to determine A. By the assumption 0¥, ,;((1 — dig)u) = 0, the
coefficient of ™1 in (1 — 4y)A(N\) must be zero. Thus the following equation holds.

g™ =Y g 0g(N)™F =0, (38)
k=1

where i, o is the coefficient of 6% in 4 given by (19). Note that g(\) must satisfy
a?g(N)? +2 ((Mf(fl) - 2p25) g = X+ 0l (f1)* +4pa(0f(f2) —=p1) = 0. (39)

Noticing (38) and (39), we define A(A, t) by the resultant of the following two polynomials
of X:

m
xXm Zak,oxm*k =0,
k=1
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o?X? +2 (040?(]21) - 22925) X =N 407(1)* +4pa(of(fo) —p1) = 0.
We determine X so that A()\, t) equals zero.

Finally, we remark the important relations which will be used several times in the
following discussions.

() =22 (400 - o040 ).

<a&)) -5 (A(A) - A(A)) (40)
and
e 72%' (41)

4.4.2. CaselIl: a=ps+ pr =0, B =pe+pg #0, p2 #0.
When a = 0, we assume  # 0 so that the second term in the right-hand side of
(36) does not vanish. By solving (35), we have
4 0

T = wfﬁ (), y=pNz.

Here g(\) and p(A) are defined by

A2 — (0 (f1))% + 4p2 (p1 - U?(fz))
g(A) = i and  p(A) 1=

respectively. The eigenvalue A of @ is a root of the following algebraic equation

_)\+U?(f1)
2po

)

A 1) = g™ =Y k09N F =0,
k=1

where iy, o denotes the coefficient of 0% in 4o of (19). Then the eigenvector A()\) corre-
sponding to an eigenvalue A\ has the form

= a(}) with a()) := 4 —Ooyjjl
400 = (afatyy) i ) = Ty 2 g8t

Remark that (40) and (41) also hold in the case II.

The rest of argument in Section 4.4 deals with case I and case II simultaneously.
In the both cases, A(), t) is an even function of A. Let vi1(t), ..., vam(t) be the roots
of the algebraic equation A(A, t) = 0 of A with convention v, = —v_j (1 < k < m).
Throughout this paper we always suppose

(S1) The roots v;(t)’s (1 < |i| < m) are mutually distinct for each ¢ in €2, i.e. ¢ is neither
a turning point of the first kind nor a turning point of the second kind.



General formal solutions for a unified family of Py-hierarchies (J=I, 11,1V, 34) 991

(S2) The function p1vy1(t) + -+ + PmVm(t) does not vanish identically on Q for any
(p1, -y Pm) € Z™\ {0}.

The multiplicative relations in the following Lemma 4.1 are common to (Py),, (J=I, II,
IV, 34) (see [2], [20] and [21]). We claim that they also hold for our system (13) and
Lemma 4.1 is a key of success in the construction of instanton-type solutions. For the
proof, we refer the reader to Appendix A in [2].

LEMMA 4.1. 1. Forany k # j (1 <k, j <m), we have

1

m (a(vk) —a(vy)). (42)

a(vr)a(v;) =

Furthermore, for any integers 1 < i <ig < -+ < i < m, we get

a‘(Vil)"'a‘(Vik) =
k

a(l/iz)
2 (9(vi)) = 9(wi)) - (9(vi,) = gwi_ ) (9(vi)) = 9(Wirpy)) -+~ (9(vi,) — 9(v3,))

=1

Note that these equations are strict (not =).

2. For any 1 <k <m, we have
a(w)? = Z hi, ja(vj), (43)
j=1

where hy, ; are defined by

IT (s - gw))

1<I<m, m

hiy = 2 AR), =S ——
k,j H (93) — 9m) (J # k), k, k ;g(vk)—g(vz) (44)
1<i<m, I#k
I#j
3. We have
da(vk)

ot = g(l/k)/th,ja(Vj),
j=1

where g(v) denotes the derivative of g(vi(t)) with respect to t.

4.5. Main theorem.

We denote by Q an open subset in C; satisfying (S1) and (S2) in the previous
subsection and by M (Q)[[6]] the set of formal power series in 6 with coefficients in multi-
valued holomorphic functions with a finite number of branching points and poles on 2.
In what follows, we consider the case of £ = —1/2 in (25). Let 7 := (71, ..., Tm) be
m-independent variables. Then we define the rings
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Ag(Q) = (M(Q)[]0]) Hn%ﬂ, e e, L nfew”.

We also define Ay () by the subset in Ay (Q) consisting of a formal power series of order
less than or equal to ¢ with respect to . We construct a solution in 4,(2) for the system
below. The operator P is defined by

P,
7 on O

_Q'

Then we obtain a partial differential equation associated with (33).
(3) =) (o r ()
(@ artin) () a1 ()
+n "t (,Q + gt) (5) 6. (45)

Here S(u, v), o and 0 have been given by (34) and (27).
By solving (45), we have the main result. Let us define the morphism ¢ by

= (n [ orts, oo [ s .0,

for ¥(m, ..., Tm, t, 0, m) € A@(Q). The main theorem of this paper is the following.

THEOREM 4.2.  Let Q) be an open subset satisfying (S1) and (S2). Then we have
instanton-type solutions for (13) with 2m free parameters (B_m, ..., Bm) € C*™[[n71]]
in the case I and case II respectively:

(U, V) = (fio, o) + (1 — do)(e(u), ¢(v)),

where (u, v) is a solution in A2(Q) for (45) of the form

(:}L)_ 2 i > Frope()er™ | 732 Awy).

1<[k|<m j=1 \£>0,peZ™, 2+|p|=j

Here vy, and A(vg) are defined by the eigenvalue and the corresponding eigenvector of Q
described in Section 4.4.

5. Proof for Theorem 4.2.

We apply the method of [2] and [20] by multiple-scale analysis for our system. As
is described in [19], we derive non-secularity conditions (&) (k = 1,2, ---) and by
solving non-secularity conditions (£;) we construct a solution with sufficiently many free
parameters. Note that (1) is a system of non-linear equations and (&) (k > 2) is a
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system of linear equations. If (&;) is solved and has a solution with 2m free parameters
in C>™, then we can construct a solution for (45) with 2m free parameters in C*™[[n~1]].
Therefore the proof of Theorem 4.2 is completed by showing the solvability of the first
member (&) of non-secularity conditions.

Assume that an element (u, v) in A2(Q) has the expansion

) = Fi(r ) A(vg)  with  fu(r, ;1) fk io(T, ) (46)
v
1<|k|<m

Here A(vg)’s contain 6 and f;’s are independent of 6.
Substituting (46) for (45) and looking at the coefficient of 1’ in both sides, we obtain

Pl Y frelm DAY —(8) (47)
1<[k[<m

The following lemma is proved as KerP is equivalent to the subspace generated by the
vectors ne A(v;) over M(Q)[[n~1]].

LEMMA 5.1.  We have a solution to (47) of the form
e =we™ (1< [kl <m),
where w,(cl)(t) s (1 < |k| < m) are arbitrary functions of t.

The w,(cl)’s are determined by the first member (£1) of the non-secularity condi-
tions and the forms of (£;1) corresponding to the cases I, IT are given in the subsequent
subsections.

5.1. Casel: a=p3+ pr#0,ps #0.
THEOREM 5.2.  The first member (1) of the non-secularity conditions is the fol-
lowing system of non-linear equations with 2m unknown functions wg (1 < k| < m) :

dwk

— = ]E 111) (k, jlwjw—j + Jp — vk Ry | we, (48)
dw_k 1 s .

T ;21 V(—k, Hwjw_j + J_k + v R_p | w_g (49)

for 1 <k <m. Herey(k, j)’s are rational functions of the variables v;’s, Ji and Ry, are
multi-valued functions of finite determination in 2. They satisfy the conditions:

Yk, j) =v(=k, j) 1<j<m), Jp=J, Rp=R_. (*)

Remark that ¢(k, j), Ji and Ry are given in Lemma 6.10. The proof will be done
in Section 6 as it is lengthy. Since the equations (48) and (49) imply
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d t)w_g(t
(Wk( 2;: k( )) — —2Rka(t)w_k(t),
(&) is solved globally and the leading term of *(u, v) is given as follows.

PROPOSITION 5.3.  The concrete form of the leading term of *(u, v) with respect to
n s written as

m
77_1/2 Z w,(cl)eTkA(l/k).
Ik|=1

Here w,(cl), w},i (1 <k <m) are multi-valued holomorphic functions on Q in the form

t m t
1 .
w® = 8D exp / - §:¢<k,]>ﬂ§”69}exp(2 / Rjdt)HkaRk at | ,
j=1

t 1 m t
w) =% exp / —— | 3wk, )8 BY) exp (2/ Rjdt> + Jp + vpRy, | dt
Vi =

for 1 < k < m with 2m free parameters (BQ,L, . ﬁﬁi)) e Cc?m,
In what follows, for simplicity, we use the notation below.
Pr,j = p(vr) + p(v5), (50)
where p(v)’s have been defined by (37). We also have the following.

LEMMA 5.4.  The concrete form of the sub-leading term of *(u, v) with respect to n
is writlen as

1D e 1 Alw),
lk|=1

where

v +v; « .
Je,—1:=—Dp2 Z (](aplm +26) + ) wl(el)w§1)e F
1<il%m v (v + v;) D2V

k+j#0

1 D () —r—y
tmY (@p-t,— + 28) Y e

1<fTem, Ve V)
k+j#0
" v? v,
— p% Z —th’ kw§1)w(_1} — <30¢pk, _r+68+ k) w,(j)wﬁl,i
Vi j=1 2 b2

— 22 v k) = 6) -
Vi
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Here hj 1’s are defined by (44) with convention hj i := hj;| |k and Y, o (1 <k < m)
are determined by

o

w(a(ve) and 5= on(t)a(vk) (51)
1 k=1

>
Il

with o, § of (27) and y—_k := Yk, and 6k := Jf.

Remark that the explicit forms of 7y, and d; can be calculated by the same way as
Appendix B in [20]. For the proof of Lemma 5.4, we refer the reader to Section 6.

5.2. CaseIl: a=ps+pr =0, 8=pe+ pg #0, pz #0.
THEOREM 5.5.  The first member (£1) of the non-secularity conditions is the fol-
lowing system of non-linear equations with 2m unknown functions wi (1 < |k| < m):

dwk 1 - .
el b j§:1 ok, jlwjw_j + Px | — hg | Wi,
dw,k 1 " .
= o E o(—k, jlwjw_; +®_p | —h_p | w_g

j=1

for 1 <k <m. Here p(k, j)’s are rational functions of the variables v;’s, Oy and hy, are
multi-valued functions of finite determination in 2. They satisfy the conditions:

ok, j) =@(=k, j) (1<j<m), = 4, hp=h_y. (*)

The concrete forms of ¢(k, j)’s, ®; and hy can be calculated as in Case I. See
Section 7. A key of the global solvability of (£;) is the following relation:

d(wk (H)w-x(1))

= = — 2w (Hw_i(t). (52)

By using (52), we have the explicit form of the leading term of *(u, v).

PROPOSITION 5.6.  The concrete form of the leading term of *(u, v) with respect to
n s written as

n~1/2 Z w,(cl)eT’“A(l/k).
[k|=1

Here w,(cl) , @

w'p (1 <k <m) are multi-valued holomorphic functions on § in the form
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t 1 m t 1
wi = B exp / A > ek, j)ﬁ](l)ﬂ(,lg? exp <—2/ hjdt> + jkq)k — ) dt ]
=1

t m t 1
w) =8 exp / Z (k, BV Y eXp( / hjdt> + Qx| dt

with 2m free parameters (6(71,),” ey 67(,%)) € C?™, and ¢(k, j), @, hi, are given in The-
orem 5.5.

We also have the following.

LEMMA 5.7.  The explicit form of the sub-leading term of *(u, v) with respect to n
is writlen as

Y fr 1A,

|k|=1
where
—2p2f (D) gt W), (1) -
fk,—l = — ((2I/k + v; ) ek — . w_kw Tk — TJ)
k+j#0

Zygh C0(1) (_1) 6p2Be (1),,,0 ) %(%p(y k) — Ok).
k

Here hj 1’s are defined by (44) with convention hj 1 := hy;| x| and Yi, o (1 <k < m)
are determined by the same forms as (51) with 0, § of (27) and y—k := Y&, and 0_ = Ok.

For the method to obtain the explicit forms of v, and J;, we refer the reader to the
proof for Appendix B in [20].

6. Proof of Theorem 5.2 in Case 1.

Before we enter the proof of Theorem 5.2 in Case I, we prepare some lemmas. Thanks
o0 (42) and (43), we can apply similar arguments as Lemma 3.4 in [20] to our case and
we have Lemma 6.1.

LEMMA 6.1.  We have
—aof(u)uf = P2
1<[k|<m

where Ay (t) is expressed by
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M= S Y (g 4 28) fufs + (ks 280 kS )

1<iiZm, Vh Y
k+3#0
o 1 «— av,
2
+— Y whfi—— Y vihikfifoi+ (SQPk,—k + 65+ > S Sk
P2 1<)j1<m, b2 i b2
k370

Here py, ; is defined by (50).

A straightforward computation as Appendix B in [20] shows that p and § of (27)
can be written in (51) with multi-valued functions v and ;. of t. The following lemma
follows from (51).

LEMMA 6.2. We obtain

<§) = Y %(’Ykﬂ(V—k) — 0k) A(vi),

1<|k[<m ©
where g, 0 (1 <k <m) are defined by (51) and y_x, 0—i are given by
Vek =Yk, O =0 (1<k<m).
Proposition 6.3 is proved by Lemmas 6.1 and 6.2.

PROPOSITION 6.3.  We have

(s ) o (5)e
= lE: _T]ZQ (Ak(t) — 0 (wep(v—k) — 6x)) A(vk). (53)
1<|k|I<m

Using Lemma 5.1 and Proposition 6.3, we can find the form of fi 2.

LEMMA 6.4. The fi 20 satisfies

Pl > feoeAwn)d 3 _TPQAk,ze(t)A(yk)o. (54)

1< |k|<m 1< |k|<m

Here Ay o0 is defined by
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2u, + v s
A, 20(t) = Z (kuj( Pk, +28) + - k)u,(c)w(l) %+

1<iiem, N E T
k570
v + v S
LY MG, e
1<|j|<m, F T
k+j¢0
*Z Jh w4 (30% 68+ = ) )w(”wii Yep(V—k) + Ok
2

(55)

Therefore, by the same argument as Lemma 4.4 in [20], Lemma 5.4 is immediately
proved.

In what follows, we shall prove Theorem 5.2. Firstly, we prepare a proposition whose
proof is given by Appendix C in [20].

PROPOSITION 6.5. We have

(= x 2 (zw(uk) 0+

Vi -
1<|k|<m j=1

+ Z o) S +gj;we)) . ;(Vj)( i fj))A(Vk) i

J#ik

and

with

A= > (p(v=i) = p(;)g(w) by i f; + (- 8p(;:k) + ;ZQ(V]@)/hk,k> i

o (V Olvi) p (58)

The first member of the non-secularity conditions is derived by looking at the right-
hand side of the equation for fx 3. Let us compare the coefficients of 73 in both sides
of (45). Firstly, we have the following lemma.

LEMMA 6.6. We have

(—0¢, W)Q (“2" 9) + % (—e, ) Q (Zj z)

Voy 0

8]
+ Eﬂe (Uf(ﬂz)ﬁe + 0?(@)%) 0 + Bugod ()0
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2
_ _ e
—on—dut Y S o) — p)a(a)fi el efi 0 (59)
1<|k|<m, 1<]i|<m, 7
1<|j|l<m Ak

with wje == o7,(u) and vje := 07y (v) (j =1, 2). Here o},(u) denotes the coefficient of n’*
mn u.

It follows from Lemma 6.6 that

Pl Y fracAw)d

1<|k|<m
_ <—Uf(w)u2£ — of (tige) e ) 9
0¥ (t20) g + 0 (Vg)tiae + 208 (Do) iy

+25 (01 () ting + 207 (u%)u) b= <5> b- % (W> b

+ Z Z Z Py ( vi) = p(i)) fi,efj e fr, e

1<|k|<m 1<]j]<m 1<]i |<m
i#+k

~ (plv—s) - p(u_k»f_i,ef_j,zf_k,z)Am)e. (60)

Moreover, by some direct calculations, we obtain the concrete form of the right-hand side

of (60). Set

(4, 1) :== (ap—j,—i +2B), p(j, i) =vih;;,

Vj"'Vi

n(j) = 3ap;, fj+6ﬁ+a
p2

Y (G) = pv—g) — 6

Lemma 6.7 is proved in a way similar to that for Lemma E.1 in [20].

LEMMA 6.7. Foranyk (1 < |k| < m), there exist functions ¢1(k, j) of the variables
v;’s and multi-valued functions Ji 1 of finite determination in Q satisfying

()Dl(ka j):(pl(_k? .7) (1§]§m)a Jk,lzt]fk:,l (*)
such that the coefficient of €™ A(vy) in the first and the fifth terms of the right-hand side
of (60) is given by

B2z 2901 (k, jlw +Jk 1 w}(€1)_ (61)

Moreover we have concrete forms of the coefficients of (61):
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1000
N X 2po o bpo
ek, 3) =Y =5 (Ph -k pi—i)lis §) = — 5 (k. —k + ps.—i) s, —j + 26)
i—1, Vi j
i k|
P2 s Sp3B (28
"‘U]g_yg(Pk',—k“‘Pj,—j) _ij_yz *‘Fpk —k T Pj,—j
6p2 N 3a .
+ =5 Pk, —kplk, J) + — (G # [k,
Vi P2
"~ 2p2 : 16ps0 4psax
1 1K) = D2 22 (ot i) ) = 2% (i, )% + 2 () plo )
i=1, i k k
i#|k|
6 28 4o
+ L;Pk, ik, k) — P2 Pk —k + —
Vk Vk P2
and

Tivi= 32 B ((on5+ 9o ) + .y o0, 5) (=)

=1, Vi
j#\kl
3p2 vk 6p20y, Yk
+ =5 (o, —k)? — P,k — —
Vi b2

Vi

Similarly, we can prove the following lemma
For any k (1 < |k| < m), there exist functions pa(k, j) of the variables

LEMMA 6.8.
ve’s and multi-valued functions Jy o of finite determination in Q satisfying
(IOQ(k’ ]):<P2(_k7 .]) (1S]§m)7 Jk,ZZJ—k,Z (*)

such that the coefficient of e™ A(vy) in the second term of the right-hand side of (60) is

given by
2
P05 otk ettt + s | )

j=1

The concrete forms of pa2(k, j) and Ji, o are given by

. 2p2 2po . N
ealk. 1) = g (@pk, —i - pj, =) +48) + k. ) + ; SO

J
g v 28) (G # KD,

]

15
palk, [k]) = =% (api, —i +28) +
k

- 4ps
)+ uli
j=1 J

and
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m

b2 2py
I, 0 = 2 (Yepr, -k — 20k) + T (Vipj,—j — 265),
k v;

respectively.
Proposition 6.5 implies Lemma 6.9.

LEMMA 6.9. For any k (1 <|k| <m), there exist multi-valued functions Jy 2 and
Ry of finite determination in ) satisfying

I3 =J k3, Rp=R_g (%)

such that the coefficient of e™ A(vy) in the third and fourth terms of the right-hand side
of (60) is given by

_ 1 ] e 1 /
I, 3 = ; 9n) =9 (5J 3 pk,—k) + (5k 5 pk 7k) hi, k + 2(Pk,7k) ,
J#k|
R-:V—’;+Zm:ﬁ;+lyh + (g()) R
SR 2 g(wy) —glyy) 2" b

As a consequent of Lemmas 6.7, 6.8 and 6.9, the proof of Theorem 5.2 is now
completed. Finally, we give the remark below.

LEMMA 6.10.  The coefficients appearing in Theorem 5.2 are explicitly given by

Y(k, j) = p2 (pi(k, §) + 2Bp2(k, j)),
Je = po(ady, 1 + 2Bk, 2 + Ji,3),

Z Vi 1 1 ,
Ri=g - 5 o Tk h. k.
Cowm " j=1, 2 g(vk) — 9(v;) t g el (9(vk)) hie,
J#Ikl

Here 1, @2 and Jyi,; (1 =1, 2, 3) are defined in Lemmas 6.7, 6.8 and 6.9.

7. Proof of Theorem 5.5 in Case II.

Note that we do not use the concrete form of p(v;) in (53)—(60) but use the relations
of (40), (41) and Lemma 4.1. Therefore, we substitute o = 0 for the equations from (53)
o (60). Putting oo = 0 into (60), we have
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Pl Y frsAw)o

1<[k|<m

_ 0 (o), O (u
=25 Qo ey + 2ot 7 (5) 0~ 31 ()

To obtain the coefficients in the first member (€;) of non-secularity conditions, we need
the concrete form of p(vg). One of the differences between Case I and Case II is the

form of p(vy). Taking this fact into account and using the computation in the proof of
Lemmas 6.8 and 6.9, we can confirm Theorem 5.5. The details of the computations are
omitted here.
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