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Abstract. We investigate the equisingularity question for 1-parameter
deformation families of mixed polynomial functions fi(z, 2) from the Newton
polygon point of view. We show that if the members f; of the family satisfy
a number of elementary conditions, which can be easily described in terms of
the Newton polygon, then the corresponding family of mixed hypersurfaces
ft_l(O) is Whitney equisingular (and hence topologically equisingular) and
satisfies the Thom condition.

1. Introduction.

Consider a l-parameter deformation family {f;} of mixed polynomial functions
fi(z,2), where z := (21,...,2,) € C", 2 := (Z1,...,2,) € C" and t € C. (Here, Z;
denotes the complex conjugate of z;.) A central question in equisingularity theory is to
find easy-to-check conditions on the members f; of the family {f;} that guarantee that
the corresponding family of mixed hypersurfaces

V(f):=fH0)ccr

is “equisingular”—i.e., for all small ¢, the mixed singularities of V'(f;) are “equivalent” (in
a sense that should be duly specified) to those of V(fy) in a neighbourhood of the origin
0 € C". In the present paper, we investigate this question from the Newton polygon
point of view.

In the special case of convenient functions (i.e., functions whose Newton polygon
intersects each coordinate axis), Gaflney [3] proved that if for all sufficiently small ¢, the
Newton polygon of f; is independent of ¢ and f; is strongly non-degenerate (i.e., the face
functions defined by f; and the compact faces of the Newton polygon have no critical
points on the torus (C*)™), then the family of mixed hypersurfaces {V (f;)} is Whitney
equisingular. That is, there exists a real Whitney (b)-regular stratification of the mixed
hypersurface

V(f)=f0ccxcr

such that the t-axis is a stratum, where f(¢,z,z) is the underlying mixed polynomial
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function defining the family {f:} (i.e., fi(z,2) = f(¢, 2,2)). Here, C x C" is identified
with R? x R?", and V(f) is understood as a real algebraic variety in R? x R?". Note
that Whitney equisingularity is quite a strong form of equisingularity. For example,
combined with the Thom—Mather first isotopy theorem, it implies that the family {V(f:)}
is topologically equisingular (i.e., the local ambient topological type of V(f;) at 0 € C™
is constant as t varies).

Another regularity condition which is important to know how to detect is the Thom
ay condition. Families of convenient strongly non-degenerate mixed polynomial functions
with constant Newton polygon also satisfy this condition.

Strongly non-degenerate mixed polynomial functions which satisfy the “convenience”
assumption have, at worst, an isolated mixed singularity at the origin, and for this
reason they behave rather well. For non-convenient functions and non-isolated mixed
singularities—which we will investigate in this paper—the equisingularity question is
more subtle. Indeed, a priori, for such functions, the strong non-degeneracy (which
only controls the behaviour of the face functions corresponding to the compact faces of
the Newton polygon) seems to be insufficient to get the Whitney (b)-regularity and the
Thom a; condition. In this case, we need an additional condition in order to control
the behaviour of the face functions corresponding to the “essential” non-compact faces.
Roughly this condition is as follows. Any non-compact face A has a “non-compact
direction” which is characterized by a subset of indices Ta = {i1,...,im} C {1,...,n}.
We say that A is essential if the restriction of f; to the coordinate subspace

{(21,...,25")6@”|Zi20ifi¢IA}

identically vanishes. The additional condition we require is as follows: for each ¢ and
each essential non-compact face A, we need that the face function (f;)a defined by f;
and A is locally tame—that is, for any fixed non-zero complex numbers w;, ..., u;, close
enough to the origin, (f:)a has no critical point on the set

{21 20) € (€)™ | 25, = wg, for 1< j <m)

as a function of the n—m variables z;, . ,,..., 2, . (Here, ip11,..., 4, denote the elements
of the set {1,...,n} which are not in In = {i1,...,%,}.) Moreover, we assume that
this condition is satisfied uniformly with respect to the parameter t—so-called uniform
local tameness. Our main result says that if for all sufficiently small ¢, the Newton
polygon of f; is independent of ¢, if f; is strongly non-degenerate, and if the family
of functions {f;} is uniformly locally tame, then the corresponding family of mixed
hypersurfaces {V(f)} is Whitney equisingular and satisfies the Thom af condition—
even if the functions f; are not convenient and have non-isolated mixed singularities.
Note that the “holomorphic” counterpart of this result was proved by the authors in [2].
However, as mixed hypersurfaces do not carry any complex structure, the proof for the
“mixed” case requires essential new arguments.

The paper is organized as follows. In Section 2, we recall important definitions and
tools about mixed polynomial functions and mixed singularities. In Section 3, we prove
two important preliminary propositions (Propositions 3.1 and 3.4) and we state our main
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result (Theorem 3.14). Finally, in Section 4, we give the proof of Theorem 3.14.

2. Strong non-degeneracy and local tameness.

In this section, we recall important definitions and tools about mixed polynomial
functions which have been introduced by the second author in [7], [8], [9] and that will
be used in the present paper.

2.1. Mixed singularities.

Let C™ denote the complex space generated by n complex variables (z1, ..., 2,), and
let f(z,z) be a complex-valued polynomial function of the variables z := (z1,...,25)
and z := (Z1,...,Z,). Write

f(z,2) = ZCV’M z"'z",
Vo

where v := (v1,...,v,) and p:= (1, . . ., in) are n-tuples of non-negative integers, ¢, ,, is
a complex coefficient (depending on v and ), and z” (respectively, z#) is the monomial

Un
n

polynomial function of the variables z = (z1,..., 2z,). The set

2yt 2kn (respectively, zi - - zF»). Such a polynomial function f(z, 2) is called a mized

V() ={2€C"| f(z,2) =0}

is called the mized “hypersurface” defined by f. Hereafter, we always assume that f does
not identically vanish near the origin 0 € C" and we suppose that the coeflicient cg ¢ is
zero so that 0 € V(f).

For every 1 < i < n, let z; := R(z;) and y; := I(2;) be the real and imaginary
parts of z;, respectively, and let  := (x1,...,2,) € R" and y := (y1,...,yn) € R", s0
that z =  + v/—1vy. Hereafter, the spaces C" and R?" are identified through the 1-1
correspondence z € C" +— zg := (x,y) € R?". Under this identification, the Hermitian
inner product in C" (denoted by (-, -)) and the Euclidean inner product in R?" (denoted
by (-,-)r) are related by (zg, 2g)r = R(z, 2').

If we divide f(z, 2z) into its real and imaginary parts, denoted by

9(@,y) == R(f(z,2)) and h(z,y) = 3(f(z 2)),

respectively, then we may view f as the polynomial function g(x,y) + v/—1h(z,y) of
2n real variables (z,y) = (z1,...,%n,Y1,-.-,Yn), and V(f) may be understood as the
real algebraic variety in R?" defined by the equations g(z,y) = h(x,y) = 0. By abuse
of notation, we may also write f(x,y) = g(x,y) + vV—1h(x,y). Note that the real and
imaginary parts of f may also be viewed as the mixed polynomial functions

. zZ+z z—z2 q o h z+z z—=z2
z —_— and z —_—
N2 2y 2 '9y—1
respectively. By abuse of notation, we still write g(z, z) for the mixed function g((z +

2)/2,(z — 2)/2v/—1) = g(x,y). Similarly for h.
We say that a point zog = o + v—1y, € C" is a critical point of the mixed
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polynomial function f: C" — C, z — f(z, 2), if the vectors

dg dg dg dg
dg(xo,yy) = <8xl(w07y0)v"'vaxn(w03y0)a %(wo,yo)wu,%(wo,yo)>

and

oh oh oh oh
dh($07y0) = (azl(wOu yO)? R 37(33073/0)7 Tm(wo’y()% RN 6yn(m07y0)>

n

of R?" are linearly dependent over R. By [7, Proposition 1] (see also [8], [9]), the above
condition is equivalent to anyone of the following two conditions:

1. the vectors dg(zo, zo) and Oh(zo, Z9) of C™ are linearly dependent over R;

2. there exists a complex number A, with |A\| = 1, such that
9f(z0, 20) = A0f (20, 20)-

Here, if k(2, 2) is any mixed polynomial function, then the vectors dk(z, 2) and dk(z, 2)

are defined by
_ ok , ok _
h(z.2) = (2 2) s g (213))

= ok ok

ak(z, 2) = (%(z, 2), ey aizn(z7 2)) .
Hereafter, we shall often use the simplified notation 9k(z,z) := 0k(z,z). One must
not confuse dk(z, z) with dk(z, z). Note that in the special case where k is a real-valued
mixed polynomial function, we have 0k(z, 2) = 0k(z, 2). Coming back to f = g++/—1h,
we recall that

of ,_ . 0g, _ _ —0h
aZi(z’Z) - azi(z?z)+ ]'azi(z)z)7
of . . _0g, _ ~—0h
azi(z’Z) - 82i(z?z)+ _1azi(z7z)7
where

dg . _ 1/ 0g dg

5o (22 = 5 (5, @)~ V15 (@),

dg , _ 1/ 0g dg

5o (22 = 5 (5, @) + V15 (),

and similarly for h.

If z( is a critical point of f, and if furthermore zg € V(f), then we say that zg
is a mized singular point or a mized singularity of the mixed hypersurface V(f). We
say that V(f) is mized non-singular if it has no mixed singular point. If V(f) is mixed
non-singular, then, necessarily, it is a smooth algebraic variety of real codimension two
(cf. [8, Section 3.1]). Note that a singular point of V(f) as a point of the real algebraic
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variety V(f)—that is, a singular point of V(f) understood as the variety {(x,y) €
R?*"; g(x,y) = h(x,y) = 0}—is always a mixed singular point of the mixed hypersurface
V(f). However the converse is not true. For example, every point of the sphere z1z; +
-+ + 2,2, = 1 is a mixed singular point.

The tangent space T,V (g) at a mixed non-singular point @ € C™ of the mixed
hypersurface V(g) defined by the real-valued mixed function g(z, z) is the real subspace
of C" given by

ToV(g9) = {zr € R | (2r,dg(ar))r = 0}

={z € C" | R(z,09(a,a)) = R(z,09(a,a)) = 0}.

In other words, T,V (g) is the real subspace of C" whose vectors are orthogonal in R?"
to the vector dg(a, a). Similarly for T,V (h). The tangent space ToV (f) at a mixed non-
singular point @ € C” of the mixed hypersurface V(f) defined by the complex-valued
mixed function f(z, z) is the real subspace of C"* whose vectors are orthogonal in R?" to
the vectors dg(a,a) and Oh(a,a). That is,
ToV(f) = dg(a,a)* N Oh(a,a)",

where dg(a,a)* (respectively, Oh(a,a)") denotes the real orthogonal complement of the
real subspace of C" generated by dg(a,a) (respectively, by 0h(a,a)).

2.2. Non-compact Newton boundary.
The Newton polygon of f(z,Zz) at the origin (denoted by I’y (f; 2, Z)) is the convex
hull in R”} of the set

U (4 +R2),
Cy,u#0

where R} = {£ := (&,...,&) € R" | & > 0for 1 < i < n}. The Newton boundary
of f(z,z) at the origin (denoted by I'(f;z,Z)) is the union of the compact faces of
T (f; z,2). Note that if f is a complex analytic function, then these definitions coincide
with the standard ones.

For any system of weights w := (wy,...,w,) € N™\ {0}, there is a linear map
R™ — R given by

E=(&,....&) — Z &w;.

1<i<n

Let 1, be the restriction of this map to I';(f; z, 2), let d, be the minimal value of [,,,
and let A,, be the (possibly non-compact) face of I'y (f; z, Z) defined by the locus where
lw takes this minimal value. It is easy to see that

dy = min{rdeg,, (z"z") | ¢, # 0},

where rdeg,, (2" z") is the radial degree of the monomial z”z* with respect to the weights
w, which is defined by
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Note that Ay = {€ € T4 (f;2,2) | lw(§) = dw}, and if w; > 0 for each 1 < i < n, then
A, is a (compact) face of the Newton boundary I'(f; z, 2).

NOTATION 2.1.  For any subset I C {1,...,n}, we set

Cl={(z21,...,20) €C" | z; =0 1if i ¢ I},
C*:={(z1,...,2n) € C" | 2z; = 0 if and only if i ¢ I}.

In particular, C? = C*? = {0} and C*{*"} = (C*)". (As usual, C*:= C\ {0}.)

DEFINITION 2.2.  The non-compact Newton boundary of f(z,z) at the origin (de-
noted by I',,.(f; 2, 2)) is obtained from the usual Newton boundary I'(f; z, z) by adding
the “essential” non-compact faces of I'y (f; z, 2):

The(f;2,2) :=T(f; z,2) U {“essential” non-compact faces}.

Here, a non-compact face A of T'y(f; 2, 2) is said to be essential if there are weights
w = (wy,...,w,) € N\ {0} such that the following three conditions hold:

(i) A=A, (i.e., A is the face defined by the locus where [, takes its minimal value);
(i) ficrw =0, where I, :={i € {1,...,n} | w; =0};

(iii) for any ¢ € I, and any point o € A, the half-line o + R e; is contained in A,
where e; is the unit vector in the direction of the &;-axis.

The set I, does not depend on the choice of the weights w. It is called the non-
compact direction of A and is denoted by Ia.

EXAMPLE 2.3. If f(21,22,21,22) = 22232 + 212722 + 2%, then the non-compact
face A := (2,3) + Riey is essential. Indeed, we can take w = (1,0). Thus A = A,
In = {2} and f(0,0,29,23) = 0 for any z5. On the other hand, the non-compact
face E := (6,0) + Riey is not essential. Indeed, the non-compact direction of Z is
Iz = {1}, and the function (z1,0) — f(z1, Z1,0,0) does not identically vanish. Therefore,
The(f; z,2) has three (compact) 0-dimensional faces (the points A = (2,3), B = (3,2)
and C' = (6,0)), two compact 1-dimensional faces (the segments AB and BC), and one 1-
dimensional essential non-compact face (the vertical half-line A). See Figure 1, left-hand
side.

2.3. Strong non-degeneracy.
This notion plays a crucial role in the theory.

DEFINITION 2.4. The function f is said to be strongly non-degenerate if for any
(compact) face A CT'(f; 2, z), the face function
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Figure 1. Example 2.3 (left) and Example 2.5 (right).

(which is also a mixed polynomial function) has no critical point on (C*)™.

EXAMPLE 2.5. If f(21,20,21,22) = 25 + 2125 + 2721, then I'(f; 2, 2) has three 0-
dimensional faces A = (0,4), B = (1,2) and C = (3,0), and two 1-dimensional faces AB
and BC. See Figure 1, right-hand side. We check easily that the face functions f4 = 73,
fB =222, fc =237, fag = Z5 + 2122 and fee = 2122 4+ 2221 have no critical point on
(C*)?, and therefore the function f is strongly non-degenerate.

REMARK 2.6. Note that if f =g+ +—1h and fao = ga ++vV—1 ha are the decom-
positions of f and fa into their real and imaginary parts, then ga (respectively, ha) is
the face function defined by ¢ (respectively, by h) and A.

Let #,,(f) (respectively, .#,(f)) be the set of all subsets I C {1,...,n} such that
fict # 0 (respectively, ficr = 0). For any I € 7, (f) (vespectively, any I € .7,(f)), the
subspace C! is called a non-vanishing (respectively, a vanishing) coordinate subspace
for f. The function f is called convenient if the singleton set {i} belongs to F.,(f)
for any 1 <4 < n. In other words, f is convenient if and only if I'(f; 2z, 2) intersects
with the §;-axis of R™ for any 1 < ¢ < n. If f is a strongly non-degenerate mixed
polynomial function, and if furthermore f is convenient, then, in a small neighbourhood
of the origin, the mixed hypersurface V'(f) is either mixed non-singular or has an isolated
mixed singularity at 0 € C™. On the other hand, for non-convenient mixed polynomial
functions, mixed singularities are not necessarily isolated. See [8, Section 3].

2.4. Local tameness.

As we have seen in the previous section, the strong non-degeneracy controls the
behaviour of the face functions corresponding to the compact faces of the Newton poly-
gon. The role of the local tameness is to control the face functions corresponding to the
essential non-compact faces.

NoTATION 2.7.  For any u;,,...,u;,, € C* (m <n), we set

Cllem) o= {(or,- o 20) € (C)" | 24, = w, for 1 < j <m).

uil .....
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DEFINITION 2.8. Let A C I',.(f; 2,2) be an essential non-compact face, and let
w = (wi,...,w,) be a system of weights satisfying the conditions (i), (ii) and (iii)
of Definition 2.2. Suppose that In := I, = {i1,...,im} (i.e., w; = 0 if and only if
i € {i1,...,im}). We say that the face function

fa(z,z) = Z Cv 22!

vHuEA

is locally tame if there exists a positive number 7(fa) > 0 such that for any non-zero
complex numbers u;,,...,u; € C* with

iy |* 4 Jua, [P < r(fa)?, (2.1)
fa has no critical point in nglljjjfjffi}m as a mixed polynomial function of the n — m
variables ;. \,...,2,. (Here, {imy1,... in} ={1,...,n} \ {i1,... im}.)

We say that f is locally tame along the vanishing coordinate subspace CT, I € .Z,(f),
if for any essential non-compact face A C T',,.(f;2,2) with Ia = I, the face function
fa is locally tame. Finally, we say that f is locally tame along its vanishing coordinate
subspaces if it is locally tame along C! for any I € .7, (f).

NOTATION 2.9.  For any given essential non-compact face A, we denote by 7(fa) the
supremum of the numbers r(fa) satisfying the inequality (2.1). Then, for any I € .%,(f),
we set

r7(f) := min{7(fa) | A is an essential non-compact face with In = I'}.
Finally, we put

Tnc(f) = min{TI(f) | I'e jv(f)}
The number 7,.(f) is called the radius of local tameness of f.

EXAMPLE 2.10.  If f(21, 22, 21, Zo) = 2325 + 2323 + 22223, then T',,.(f; 2, 2) has two
essential non-compact faces Ay := A+R;es and Ay := B+Ryeq, where A = (2,3) and
B = (3,2). Here, In, = {2} and Ia, = {1}. For any uy € C* with |us| < 1/2, the mixed
function

21 = fa, (21, ug, 21, ) = Zud + 227us
of the variable z; has no critical point on (Cfél’z}
tame (we can take r(fa,) = 1/2). Similarly, for any u; € C*, the mixed function

. Thus the face function fa, is locally

29 > fAQ(u17Z27ﬂ1722) = Ufzg

of the variable zo has no critical point on CZEM}, and hence the face function fa, is
locally tame. Altogether, f is locally tame along its vanishing coordinate subspaces.
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3. Admissible families and main theorem.

Now consider a complex-valued polynomial function

of the variables ¢, z := (21,...,2,) and Z := (21,...,2,) (f does not depend on t), and
look at the 1-parameter deformation family {f;} of mixed polynomial functions

fi:C* = C, z— fi(z,2z) = f(t, =z, 2).

As usual, we assume that for all ¢ sufficiently small, the origin of C™ belongs to the
mixed hypersurface V(f;) and f; is not identically zero near 0 € C™. In Section 3.4, we
introduce a condition (admissibility condition) that will ensure Whitney equisingularity
for families of (possibly non-isolated) mixed singularities. Roughly, a family { f;} of mixed
polynomial functions is admissible if for all ¢ small enough, the non-compact Newton
boundary I',,.(fi; 2, Z) is independent of ¢, the mixed polynomial function f; is strongly
non-degenerate and locally tame, and the radius of local tameness r,,.(f;) is greater than
or equal to a fixed positive number p > 0 (i.e., the family { f;} is uniformly locally tame).
This is a “mixed” version of the admissibility condition introduced in [2] in the special
case of holomorphic polynomial functions. Our main result (Section 3.4, Theorem 3.14)
says that if a family {f;} satisfies the admissibility condition, then the corresponding
family of mixed hypersurfaces {V(f;)} is Whitney equisingular and satisfies the Thom
ay condition. In particular, {V(f;)} is topologically equisingular. See Section 3.3 for
the definitions. The proof will show that if, in addition to the above assumptions, the
function f; is also convenient—in which case f; has an isolated mixed singularity at
0 € C"—then we can drop the uniform local tameness assumption, and hence we recover
Gaffney’s theorem mentioned in the introduction.

Before going into further details, we first show two important preliminary proposi-
tions. The first one says that if the Newton boundary I'(f;; z, Z) is independent of ¢ and f;
is strongly non-degenerate for all small ¢, then, in a neighbourhood of the origin 0 € C™,
the mixed hypersurface V(f;) is mixed non-singular along C*! for any I € .,,(f;) and
any t small enough (cf. Section 3.1, Proposition 3.1). The second proposition asserts that
if, in addition to the above assumptions, f; is locally tame along the vanishing coordinate
subspaces, then, in a neighbourhood of the origin, the nearby fibres f[l(n) are mixed
non-singular for any ¢ and any 1 # 0 small enough (cf. Section 3.2, Proposition 3.4).

3.1. Mixed smoothness along the non-vanishing coordinate subspaces.
The following proposition is both a “uniform” version of [8, Theorem 19] and a
“mixed” version of [2, Proposition 3.1].

PRrROPOSITION 3.1.  Suppose that for all t sufficiently small, the following two con-
ditions are satisfied:

1. the Newton boundary I'(fi; z, 2) of fi at the origin is independent of t (in particular,
Io(ft) 1s independent of t);

2. the mized polynomial function f; is strongly non-degenerate.
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Then there exists a positive number R > 0 such that for any I € Z,,(fo) and any t
sufficiently small, V(f;) N C*! N Bg is mized non-singular and intersects transversely
with S, for any r < R, where Bgr (respectively, S,.) is the open ball (respectively, the
sphere) with centre the origin 0 € C™ and radius R (respectively, r).

PROOF.  As there are only finitely many subsets I € .7, (fo), it suffices to show
that for a fixed I € #,,(fo), there is R > 0 such that for any ¢ small enough, V(f;) N
C*I' N Bg is mixed non-singular and intersects transversely with the sphere S, for any
r < R. To simplify, we assume that I = {1,...,m}. (The argument in the other cases is
similar.)

We start with the “mixed smoothness” assertion. We argue by contradiction. Sup-
pose that there exists a sequence {(tx,zn)} of points in V(f) N (C x C*) converging
to (0,0) and such that zy is a critical point of the restriction of the mixed polynomial
function f;, to C!. Then (0,0) is in the closure of the algebraic set W consisting of the
points (t,z) € C x C*! satisfying the following two conditions:

L fier(z,2) = 0;
2. there exists \; . € S' such that dfyc1(2,2) = Az 0fic1 (2, 2).
Therefore, by the curve selection lemma (cf. [5]), there are a real analytic curve
(t(s),z(s)) = (t(s), 21(8), - - -, 2m($),0,...,0)
and a Laurent series A(s) € S such that:
(i) (£(0),2(0)) = (0,0);
(ii) (t(s),2(s)) € Cx C*' for s # 0;
(iil) fi(s)(2(s), 2(s)) = 0;
(iv) Ofi(s) i (2(5), 2(5)) = A(s) f(s) o (2(5), Z(5)) for s # 0;

where z(s) := (21(8),...,2,(s)) and Z;(s) is the complex conjugate of z;(s). Consider
the Taylor expansions

t(s) =tos” + -+ and z(s)=a; sV +--- (1 <i<m),
where tg, a; # 0 and v, w; > 0, and the Laurent expansion
)\(8) =X+ Ms+---,

where \g € S! € C. Throughout the dots stand for the higher order terms. Let a :=
(@i, ,am,0,...,0) € C*f and w := (w1, ..., wm,0,...,0) € N/ and let A,, be the
(compact) face of F(f t(s) |15 %> z) = F(f()‘(cj; z, 2) defined by the locus where the map

€= (€ 6, 0,..,0) € D(fuoy i 2, 2) = Y &

1<i<m
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takes its minimal value d.,. For any 1 <14 < m,

O(fi(s)jcr) O(fe(s)ic1)
I (a(s),3(s) = I

s, (#(8):2(5) IS e (g @) st N
l Z 3.1
a ft S I 8 ft s !
o) ),z = 200 g, g

where ( ft(5)|<{:1) A, 1s the face function associated with ft(s)‘cl and A,,. The relation
(iv) says that for any 1 <+¢ <m and any s # 0,

Ny — W
w i cee =\
(9Zi ((1, a) 5 + 0 821

(a,a) ghw=wi 4

Dividing by s%»~%i and taking the limit as s — 0 gives
3(f0\<c1)Aw (a,a) = o g(fO\CI)Aw (a,a),

that is, @ € C*! is a critical point of (f0|(cl)Aw : C! — C. In particular, this implies that
the mixed polynomial function fo|cr is not strongly non-degenerate as a mixed function
of the variables z1,...,2,. This contradicts Proposition 7 of [8] which says that if a
mixed polynomial function fo(z,2) is strongly non-degenerate and if foicr # 0, then
Jojcr 1s strongly non-degenerate as a mixed function of the variables z;, i € I.

To prove the “transversality” assertion, we use the following lemma.

LEMMA 3.2 (cf. [9, Lemma 2] and [1, Lemma 3.2.1]). Let k(z,2) be a mized
polynomial function, let p be a mized non-singular point of V (k) := k=1(0), and let r(z, 2)
be a real-valued mized function. Then the following three assertions are equivalent:

1. The restriction of r to V (k) has a critical point at p;

2. There exists a complex number \ such that

Or(p,p) = A0k(p, p) + AOk(p, p);
3. There exist real numbers o and B such that

r(p,p) = adki(p, p) + fOks(p, p),
where k1 and ko are the real and imaginary parts of k respectively.

Using this lemma, we can prove the “transversality” assertion of Proposition 3.1
as follows. Again, we argue by contradiction. Suppose that there exists a sequence
{(tn,zn)} of points in V(f) N (C x C*I) converging to (0,0) and such that V(f;,)NC*!
does not intersect the sphere 5., transversely at zn. Then, by Lemma 3.2 applied
with the squared distance function r(z,2z) := ||z||*> = >/, (#? 4+ y?), the origin (0,0) of
C x C™ is in the closure of the set consisting of the points (¢, z) € C x C*! satisfying the
following two conditions:



1316 C. EYRAL and M. OKA

1. ft‘CI(Z72> = 0;
2. there exist real numbers a; , and J; , such that
Z = Qg ggt,ﬂ(cl (2,2) + Btz éht,ﬂ@f (2,2),

where g, 7 := R(f;) and hy 7 := S(f;) are the real and imaginary parts of f; respec-
tively. (Note that, unlike the function f which does not depend on ¢, the functions
g and h do depend on it.)

Thus, by the curve selection lemma, we can find a real analytic curve
(t(s), z(s)) = (t(s), 21(8), - -, 2m(8),0,...,0)
and Laurent series a(s) and §(s) such that:
(i) (¢(0),2(0)) = (0,0);
(ii) (t(s),z(s)) € C x C*! for s # 0;
(iil) fi(s)(2(s), 2(s)) = 0;
(iv) z(s) = a(s) Ogus),i(s) 1 (2(5), 2(5)) + B(5) Ohus) (s o1 (2(5), Z(s)) for s # 0.
Consider the Taylor expansions
t(s) =tos” + -+ and z(s)=a; s+ (1 <i<m),
where tg, a; # 0 and v, w; > 0, and the Laurent expansions
a(s) = o5+ and Bls) = fos 4,

where g, Sy # 0. Then define a, w, d,, and A,, as above. The condition (iv) says that
for any 1 <i <m and any s # 0,

0(9e(s)t(5) 1)
aiswi‘i‘"':(ao 8_\((11 A’”(a,a)s“’+dw_wi+~-->+
Zi
8(h ) (3.2)
t(s),(s) / .
(BO aé‘l(CI Aw(a,a)8w+dwwl+"').
By reordering, we may assume that wy = --- = wy < w; (k < j < m). To simplify, let

us explain the argument in the case where w’ = w. (The argument in the other cases is
similar.) If w + dy — w; < w; for all 1 <i < m, then

0 qgoc1 o0 ho I
a0 20 g;)ﬁw (@) + 6o 2L ;}w (a,a) =0

for all 1 < i < m, where go := go5 = R(fo) and hg := hg5 = S(fo). Therefore a € C**
is a critical point of ( f0|CI) A.,, Which is a contradiction with the strong non-degeneracy
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of focr. Now, if there exists g, 1 < ip < m, such that w + du — wj, = wj,, then (3.2)
shows that 1 < iy <k, w+ dy — w1 = w1y, and

3(90|c1) 5'(h0|c1) ~ a; for 1<i<Ek,
W ==(a.a) + 9z == (a.3) = 0 for k<i<m (3:3)

Moreover, as f(t(s), z(s),z(s)) = 0 for any s, we have

(QO‘CI)AM (a, C_L) = (hO\CI)Aw (a,&) =0.

As face functions with positive weights are always radially weighted homogeneous (cf. [8,
Section 2]), the mixed polynomial function

U(z,2) = ao(gojcr) 5, (2:2) + Bo(hoicr) o, (2, 2)

is radially weighted homogeneous of type (w1, ..., wmn;dyw). Therefore we have the fol-
lowing radial Euler identity:

_ a, o,
dw U(2,2) = Z w; (ziaZi(z,z) + ziazi(z,z)>

1<i<m

for any z € C™. Applying this identity with z = a gives

0=dy la,a)= Y w (aiié(a,a) + aiag(a,a)>

1<i<m Oz 0z
o Y wa@a)) " 2wy Y aai =201 3 Jaf? >0
A 3 7621 b : 1Y : 7 )
1<i<m 1<i<k 1<i<k
which is a contradiction. This completes the proof of Proposition 3.1. g

REMARK 3.3. Actually, the proof shows that we do not need to assume that f; is
strongly non-degenerate for all ¢. It is enough to make this assumption for ¢ = 0.

3.2. Mixed smoothness of the nearby fibres.

The following proposition generalizes [9, Lemmas 4 and 7] and [8, Lemma 28] to 1-
parameter deformation families. Though this proposition is not necessary for the purpose
of our paper, it is interesting in itself and may be useful for other purposes. For this
reason, we think it is worth to include it here.

PRrROPOSITION 3.4.  Suppose that for all t sufficiently small, the following two con-
ditions are satisfied:

1. the Newton boundary T(f; z,2) of fi at the origin is independent of t;

2. the mized polynomial function f; is strongly non-degenerate and locally tame along
the vanishing coordinate subspaces.

Then there exists a positive number R’ > 0 such that for any 0 < R < R/, there exists
S(R") > 0 such that for any n # 0 with |n| < 6(R") and any r with R <r < R, the
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set f[l(n) N Br: is mized non-singular and transversely intersects the sphere S, for all
t small enough.

Again, Bgs (respectively, S,.) is the open ball (respectively, the sphere) with centre
the origin 0 € C™ and radius R’ (respectively, r).

PrOOF.  We shall omit the proof of the mixed smoothness of f, ' (n) N Bgs, which
can be shown by an argument similar to that used in the proof of Proposition 3.1. In
particular, the only requirements for this part of the proposition is the independence of
the Newton boundary with respect to the parameter ¢ and the strong non-degeneracy of
fe-

The transversality to the spheres is more subtle, as it requires (in addition to the
above conditions) the local tameness of f;. For this reason, we shall give the full details
for this part. Again, we argue by contradiction. If the assertion is false, then, by the
curve selection lemma and by Lemma 3.2, we can find a real analytic curve (¢(s), z(s))
and a Laurent series A(s) such that:

(1) fuge)((5), 2(5)) £ 0 for s # 0 and fo(2(0), 2(0)) = 0;
(i) 2(5) = A(5) Do (2(5), 2(5)) + M(5) Bfuge)(2(5), 2(5)) for 5 £ 0;
where \(s) is the complex conjugate of A(s). Consider the Laurent expansion
A(s) =Xos¥ +-- -,
where \g # 0, and the Taylor expansions
t(s) =tos” + -+ and z(s)=a; s+,

where tg # 0, v > 0, and a; # 0 if the function z;(s) is not identically zero. Let
K :={ie{l,...,n} | zi(s) # 0}. To simplify, we assume that K = {1,...,n}. (The
argument is exactly the same in the other cases.) Then we define a := (ay,...,an),
w = (wy,...,w,), and we consider the face A,, of the Newton polygon I' (ft(s); z, 2) =
Iy (fo; z, 2) defined by the locus where the map

§:=(&1,.--,&n) €T (fi(s); 2, 2) = Z §iw;

1<i<n

takes its minimal value d,,. Finally, we set I := {i € K | w; = 0}. The condition (ii)
says that for any ¢ € K and any s # 0,

A(fe(s
a; s+ = (/\0 (ft@(;,)Aw(a,a) s@tdw—wi ~>+
- O(fus
(AO ( téz)-) Bu (g, @) s de Wi 4 ) .

Let us first assume that I is not empty and belongs to .Z,(fo) = #,(f:). The lowest
power p; of the left-hand side of the above equation is w; (in particular, if ¢ € I, then
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p; = 0) while the lowest (possibly negative) power ¢; of the right-hand side is greater
than or equal to w + dy, — w; (if ¢ € I, then ¢; > w + dy). Clearly, w + dy, < 0.
(Otherwise, comparing both sides for i € I # () gives 0 < w + dy < ¢; = p; = 0, which is
a contradiction.) If w + dy < 0, then for all 1 <i <mn,

o(f
0=Xo %(a7a) + Ao %w(a,&),

while if w + d, = 0, then

" 3(f0)Aw (@.a) + 3 6(fo)Aw (a,a) = {ai for z el,

0z; 0 for i¢l.
The above equations show that if w + dy < 0, then the point a is a critical point of
(fo)a.,, while if w + dy, = 0, then a is a critical point of (fy)a,, as a mixed function of
the variables z; with ¢ ¢ I, fixing z; = a; for i € I. In both cases, we get a contradiction
with the local tameness of (fo)a,, . (Note that by considering the function s — z;(s/b;) for
a sufficiently big b;, if necessary, we may always assume that 3 |a;|? < min{r,.(fo), R},
where 7,.(fo) is the radius of local tameness of fy and R is the positive number which
appears in Proposition 3.1.)

Now, if I is empty, then an argument similar to that given in Proposition 3.1 leads
to a contradiction with the strong non-degeneracy of fy and the radial Euler identity. (In
particular, in this case, the local tameness assumption for fy can be dropped.) Details
are straightforward and left to the reader.

Finally, if I € Z,,(fo), then we get a contradiction with Proposition 3.1. Indeed,
let @y :== (arn,...,arn), where ay; is equal to a; if ¢ € I and to zero otherwise. Then
ar belongs to the set V(fy) N C*!, and by Proposition 3.1, this set is transverse at a;
to the sphere S, provided that |lar|| < R. (The latter condition is always possible by
considering s +— z;(s/b;) for b; large enough as above.) By stability of transversality, it
follows that

V(fuis) = fiis) (2())) = fiay (fus) (2(5)))

is transverse to the sphere S, at the point z(s) provided that s is sufficiently small.
This completes the proof of the proposition. a

REMARK 3.5. Again, the proof shows that we do not need to assume that f; is
strongly non-degenerate and locally tame for all ¢. Making this assumption for ¢t = 0 is
enough.

REMARK 3.6. In the special case where, in addition to the assumptions of Propo-
sition 3.4, the functions f; are convenient, the only vanishing coordinate subspace is C?.
Thus, as observed in the above proof, in this case, the conclusions of the proposition still
hold true without the local tameness assumption.
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3.3. Whitney equisingularity and Thom condition.

A (real) stratification of a subset E of RV (i.e., a partition of E into real smooth
submanifolds of RY) is called Whitney (b)-regular if for any pair of strata (57, Ss) and
any point p € S; N Sy (where Sy is the closure of Sy in RY), the stratum Sy is Whitney
(b)-regular over the stratum S7 at the point p. The latter condition means that for any
sequences of points {p,} in S1, {g;} in S2 and {ax} in R satisfying:

(i) pp — p and q;, — p;
(i) Tq, Se — T
(iil) ax(px —qx) = v;

we have v € T'. (As usual, Tg, 52 is the tangent space to Sz at g;,.) For details, we refer
the reader to [4].

REMARK 3.7. Note that if M is a real smooth manifold and N C M is a real closed
smooth submanifold, then M \ N is Whitney (b)-regular over N at any point.

The following proposition, stated in [6], says that in order to show that the Whitney
(b)-regularity holds, it suffices to check it along real analytic paths. This is a consequence
of the curve selection lemma (cf. [5]) and Theorem 17.5 of [10].

PROPOSITION 3.8 (cf. [6, Proposition (2.2)]). If{ps}, {q:} and {ax} are sequences
satisfying the above conditions (i), (ii) and (iii), then there exist real analytic paths p(s),
q(s) and a(s) such that:

Let u := R(¢) and v := (t) be the real and imaginary parts of ¢ respectively. Then
the mixed hypersurface

V(f):={(t,z) e CxC" | f(t,2,2) = 0}
may be understood as the real algebraic variety in R% x R?” defined by
9((u,v), 2z, y) = h((u,v), 2, y) =0,
where g := R(f) and h := (f) are the real and imaginary parts of f respectively.

DEFINITION 3.9. We say that the family of mixed hypersurfaces {V(f:)} is Whitney
equisingular if there exists a real Whitney (b)-regular stratification . of the mixed
hypersurface V(f) (understood as a real algebraic variety in R? x R?") such that the
t-axis C x {0} (identified to R? x {0} C R? x R?") is a stratum.
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REMARK 3.10. If (V(f),) is a real Whitney (b)-regular stratified set, then, by
the Thom—Mather first isotopy theorem, (V(f),.”) is topologically locally trivial (see,
e.g., Theorem (5.2) and Corollary (5.5) of [4]). Therefore, if, furthermore, the ¢-axis is a
stratum (i.e., if the family {V'(f;)} is Whitney equisingular), then {V(f;)} is topologically
equisingular. The latter condition means that for all sufficiently small ¢, there exists
an open neighbourhood U; of 0 € C" together with a homeomorphism ¢;: (U, 0) —
(p:(Uy),0) such that o (V(fo) NU:) = V() Ne(Ut). In other words, the local ambient
topological type of V(f;) at 0 € C™ is independent of ¢ for all small ¢.

Let X f be the set of critical points of the mixed polynomial function f. Assume there
exists a real Whitney (a)-regular* stratification . of C x C" (identified with R? x R?")
such that the mixed hypersurface V(f) is a union of strata. We say that .7 satisfies
Thom’s ay condition with respect to the complement of X f if for any stratum S € %
contained in V(f) and any point (7,q) € S, there exists an open neighbourhood W of
(1,q) in C x C™ such that for any sequence of points (7, q,) € W \ £ f satisfying

(k> qi) = (1,q) and  T(r, ¢ \WV(f — f(Th: > q1)) = T, (3.4)

we have T(; )5S C T', where

V(f—flmr, qp Qr)) i= {(t,z) €CxC"| f(tzz2) = f(TIka:v(Ik)}'

Just as for the Whitney (b)-regularity, to show that the Thom condition holds, it
suffices to check it along real analytic paths. (Again, this is a consequence of the curve
selection lemma.) Precisely, we have the following statement.

ProposITION 3.11.  If {(7%,q:)} is a sequence of points in W \ X f satisfying the
above condition (3.4), then there exists a real analytic path (7(s),q(s)) such that:

(a) (7(s),q(s)) € W\Xf for all s # 0;
(b) (7(0),4q(0)) = (7, q);
(©) Tirs),asnV(f = f(7(s),q(s),q(s))) = T.

3.4. Admissibility condition and the main theorem.
Throughout this section, unless otherwise stated, we assume that for all ¢ sufficiently
small the following two conditions hold:

(C1) the non-compact Newton boundary T'y.(f; 2, Z) of f; at the origin is independent
of ¢ (in particular, .#,,(f;) and #,(f;) are independent of ¢);

*A (real) stratification of a subset E C RY is called Whitney (a)-regular if for any pair of strata
(S1,52) and any point p € S1 N Sa, the stratum S is Whitney (a)-regular over the stratum S; at the
point p. That is, for any sequence of points {q; } in S2 satisfying

q, —+p and Tg, So — 1T,
we have TpS1 C T. (Note that a Whitney (b)-regular stratification is always (a)-regular while the
converse is not true.)
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(C3) the mixed polynomial function f; is strongly non-degenerate and locally tame along
the vanishing coordinate subspaces (i.e., locally tame along C! for any I € .%,(f;) =
Z(fo)); we denote by ry,.(f:) the radius of local tameness of f; (cf. Definition 2.8
and Notation 2.9).

REMARK 3.12. Note that T'yo(ft; 2, 2) = Tne(fo;2,2) < T(fi;2,2) = T'(fo; 2, 2)
= F+(ft, z, 2) = F+(f0, z, Z)

By Proposition 3.1, we know that there exists a positive number R > 0 such that
for any I € Z,,(f;) = Fuu(fo) and any t small enough, V(f;) N C* N By is mixed
non-singular—and therefore it is a smooth real algebraic variety of real codimension two.
It follows immediately that in a sufficiently small open neighbourhood U of the origin of
C x C", the set V(f) N (C x C*I) is mixed non-singular for any I € .%,,(f;). Therefore,
in such a neighbourhood, we can stratify C x C" (identified with R? x R?") in such a
way that the mixed hypersurface

V(f):={(t,z) € Cx C" | f(t,z,2) = 0}

(understood as a real algebraic variety in R? x R?") is a union of strata. More precisely,
we consider the following three types of strata:

A =Un V()N (Cx C*)) for I € F,,(fo);
- Br:=Un (((C X (C*I) \A[) for I € jm](fo);
- Cr:=UnNn(CxC*)for I € 7,(fp).
The (finite) collection
S = {A[,B[ | Ie ]nv(fo)} U {C[ | Ie jv(fo)}

is a real stratification of the set U N (C x C™) for which U NV (f) is a union of strata.
Note that for I = ), which is an element of .#,(fy), the stratum

Cyp:=Un(CxC?
of . is nothing but the ¢-axis U N (C x {0}).

DEFINITION 3.13.  We say that the family of mixed polynomial functions {f:} is
admissible (at t = 0) if it satisfies the above conditions (C;) and (Cz), and if furthermore,
there exists a positive number p > 0 such that:

L. R>p;
2. Tne(ft) > p for any sufficiently small ¢;
where R is given by Proposition 3.1 and r,.(f;) is the radius of local tameness of f;.

In particular, if the family {f;} is admissible, then it is wuniformly locally tame
along the vanishing coordinate subspaces—that is, f; is locally tame along C! for any
I € 7,(fo) and rn.(f:) > p for all small ¢.
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Here is our main result.

THEOREM 3.14.  If the family of mized polynomial functions { f+} is admissible, then
the canonical stratification . of U N (C x C™) described above is Whitney (b)-regular.
In particular, the corresponding family of mized hypersurfaces {V (f:)} is Whitney equi-
singular, and hence, topologically equisingular. Moreover, the stratification . satisfies
Thom’s ay condition with respect to the complement of the set of critical points of f.

Theorem 3.14 generalizes to mixed polynomial functions a similar result for holomor-
phic polynomial functions proved by the authors in [2]. However, as mixed hypersurfaces
do not carry any complex structure, the proof in the “mixed” case requires essential new
arguments. In particular, in the holomorphic case, the tangent space to V(f) at a
non-singular point a is the complex orthogonal complement of the subspace of C x C"
generated by the gradient vector gradf(a) of f at a. To show that the Whitney (b)-
regularity and the Thom condition hold, we need to investigate the limit of gradf(a) as
a approaches some point located on a vanishing coordinate subspace for f. In the mixed
case, the tangent space to V(f) at a mixed non-singular point a is the real subspace of
C x C™ whose vectors are orthogonal in R? x R?" to the (R-linearly independent) vectors
dg(a,a) and Oh(a,a), where g := R(f) and h := J(f) are the real and imaginary parts
of f respectively. In this case, to show that the Whitney (b)-regularity and the Thom
condition hold, we need to simultaneously investigate the limits of both dg(a,a) and
oh(a,a).

Note that, in general, when a tends to some point located on a vanishing coordinate
subspace for f, it may happen that the corresponding limits for the vectors dg(a,a)
and Oh(a,a) are no longer linearly independent over R. This may cause serious trouble.
However this problem can be easily resolved.

By [9, Theorem 20], if the function f itself is strongly non-degenerate and locally
tame along its vanishing coordinate subspaces (i.e., the coordinate subspaces of C x C™
where f vanishes), then (CxC™, V(f)) can also be endowed with a canonical stratification
which satisfies the Thom ay condition. Note that in Theorem 20 of [9] the assumptions
refer to the function f itself whereas in Theorem 3.14 above they refer to the members
fi of the family.

Theorem 3.14 is proved in Section 4. The proof will show that in the special case
where, in addition to the assumptions of the theorem, the functions f; are convenient,
then the uniform local tameness assumption can be dropped (cf. Remark 4.4). Thus, in
this case, we recover the following theorem of Gaffney (cf. [3, Theorem 4.6]).

THEOREM 3.15 (Gaffney). Suppose that for all t sufficiently small, the following
two conditions are satisfied:

1. the Newton boundary T'(f;; z,2) of fi at the origin is independent of t;

2. the mized polynomial function f; is convenient and strongly non-degenerate (in
particular this implies that fi has an isolated mized singularity at 0).

Then the conclusions of Theorem 3.14 still hold true.
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4. Proof of Theorem 3.14.

We first prove that . is Whitney (b)-regular. Then we show that it satisfies Thom’s
ay condition with respect to the complement of X f.

4.1. Whitney’s (b)-regularity.

First of all, observe that if I C J, then C*/ is contained in the closure C*7 of C*”.
Moreover, if I C J and J € Z,(fy), then I € Z,(fo) too. Therefore, to prove the
theorem, it suffices to check that the Whitney (b)-regularity condition holds for all pairs
of strata satisfying one of the following three conditions:

1. C;NnCy# O with I CJand I,J € .Z,(f);
2. CrNA;#Qor C;NBy#0 with I CJand I € .%,(fy), J € FZnuol(fo);
3. AfNA;#0, AfNnBy#Wor BfNB;#0 with I CJ and I,J € Z,,(fo).

Except for the case of a pair of strata of the form (C7, As), the Whitney (b)-regularity
condition immediately follows from Remark 3.7. Thus, to prove our result, it suffices to
show that for any J € #,,(fo) and any I € .%,(fo), with I C J, the stratum

Ay :=Un(V(f)n(CxC*))
is Whitney (b)-regular over the stratum
Cr:=UnN(CxC*)

at any point (7,q) = (7,q1,...,q,) € C; N A sufficiently close to the origin of C x C™.
To simplify, we assume that J = {1,...,n} and I = {1,...,m} with 1 < m < n —1.
(The argument is similar in the other cases; for I = (), see Remark 4.4.) In particular,
q; # 0 if and only if 1 < i < m.
Pick real analytic paths (¢(s), z(s)) and (¢'(s), 2’(s)) such that:
L (£(0), 2(0)) = (¥'(0),2'(0)) = (7. q);
2. (t'(s),Z'(s)) € Cr and (t(s), z(s)) € Ay for s # 0.
Write z(s) := (21(8),...,2,(8)) and 2/(s) := (21(s),...,2,(s)), and look at the Taylor
expansions:
t(s)=T+bos+-, z(s)=ais" +bsViT 4.,
t'(s)=7+bys+--, zi(s)=qi+bis+ -,
where w; = 0 and a; = ¢; for 1 < i < m while w; > 0 and a; # 0 for ¢ > m. (As above,

the dots stand for the higher order terms.) Note that, for any s, we have zi(s) = 0 if
i >m. Set

£(s) := (bo(8),£1(8),...,Ln(s)),

where
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lo(s) :==1t(s) —t'(s) = (bo — by)s+ -+,
(b —bj)s+--- for 1<i<m,
zi(s) — zi(s) = {

~
A
—

»
~

|

a;sVi+ .- for m+1<i<n.
By reordering, we may suppose that

Wmtl = = Wmntmy < Wmpbmi+l = 0 = Windmy+ma < 70 (4.1)
© < Wmmg4etmg o1+l = 000 = Windmg+ebmy, = Wns

for some non-negative integers myq, ..., mg € N with m +mq + - - - +my = n. By Propo-
sition 3.8, to show that the pair of strata (Cy, Ay) satisfies the Whitney (b)-regularity
condition at the point (7, q), it suffices to prove that

. L(s) .
lim ——— € lim Ty, 2(s)) 47, (4.2)
S0 eIl =28 (1)

provided that these two limits exist. Hereafter, we suppose that these limits exist.

REMARK 4.1. Observe that if g := R(f) and h := J(f) denote the real and
imaginary parts of f respectively, then, for all s # 0,

Te(s),2(s)As = 09(((s)) " NOR(C(s)) T, (4.3)

where ((s) := (t(s),#(s), 2(s), 2(s)). (As usual, #(s) is the complex conjugate of #(s) and
z(s) := (21(8),...,2n(s)) where Z;(s) is the complex conjugate of z;(s). For any vector
v € CV, the symbol v+ denotes the real orthogonal complement of the real subspace of
CN generated by v.)

Let o(¢) :== min{o(¢;) | 0 < i < n}, where o(¢;) is the order in s of the ith component
4;(s) of £(s). Clearly, o(¢) < wp+1, and

(ko #yvoyk, 0,0.0,0) if 0(f) < w1,
~——

lim é(s) o M terms M —M zeros (4 4)
20 |s]o®) (6, %, ooy %, Qg 1y - - oy by s Oy-20, 00 ) if 0(0) = wypi1, '
m terms n—m—mi zeros

Wy ”

where each term marked with a star “x” represents a complex number which may be
zero or not. Let w := (wy,...,w,) = (0,...,0, Wnt1,...,w,), and let

lw: Tne(ft;2,2) = The(fo;2,2) = R

be the restriction of the linear map

(gla"wgn) eER" — Z fiwz' e R.

1<i<n

Denote by d,, the minimal value of l,,, and write A,, for the face of T'n.(f;; 2,2) =
Te(fo; 2, 2) defined by the locus where [, takes this minimal value. Clearly, A,, is an
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essential non-compact face, and In,, = I. Finally, let a := (ay,...,a,). Then, for all
1<i<n,

3 (9 T,T

B (¢(o = M v g,y ey (45)

where ¢ 7(z,2) := g(7,7,2,2) (ie, g- = R(fr)) and (g-,7)a,, is the face function
associated with g, 7 and A,, (cf. Remark 2.6), while

gﬁwil~%@@0=0 (46)

Similar expressions to (4.5) and (4.6) also hold true for the imaginary part h of f.

NOTATION 4.2. For any vector v = (v1,...,v,) € C" and any integers 4, j with
m+1<i<j<n, we denote by v} the truncated vector (v;,...,v;).

By the uniform local tameness (i.e., the condition 7,.(f:) > p for all small ¢), if
(7,q) is close enough to (0,0) € C x C™, then the vectors

A n a T, T _ a T, T _
(8(977;)Aw (a, (‘1))m+1 = ((g)A“’(a, a),..., %(a, a))

aZm+1 Gzn (47)
(5(h7;) (a d))” .— M(a a),... M(a a)
5 A bl m+1 82m+1 ) ) ) azn )
are linearly independent over R.
NOTATION 4.3. Hereafter, to simplify, we set
9] 0 .
Ug(s) = 22(C() and vgi(s) == =2 (C(s)) (1 <i <), (4.8)
ot 82’1'
and we write:
- vg(8) 1= (vg,1(8)s -, Vg,n(5));

- o(g) ==min{o(vg;) | 1 <i < n}, where o(v,;) is the order in s of v, ;(s);
- i(g) :=max{i |1 <1i<nand o(vg;) =0(g)}
Similarly, we define vy, o(s), vn,i(s), va(s), o(h) and i(h).

For simplicity, in the case where i(g) = i(h), we assume o(g) < o(h). (This is always
possible by exchanging g and h, considering /—1 f(t, z, 2) if necessary.) The index i(g)
is called the essential index of v4(s). The coefficient of 5°(9) in the expansion of Vg.i(g) 18
called the leading coefficient of v ;(4). Similar definitions apply to the function h.

Combined with the expression (4.5), the R-linear independence of the vectors in
(4.7) shows that o(g) = min{o(vg;) | m+1 < i < n}, i(9) :==max{i | m+1<i <
n and o(vg;) = o(g)}, and
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0(9) < dw — Wmt1 < duw — 1, (4.9)

with similar properties for h. Thus, by (4.6),

1 1 0
Lo (| |o(9) Ug’o(s)) - E§(|S|0(g) 'ai(C(SD) =0 (4.10)

Let us denote by (9g)so the non-zero vector of C x C" defined by

_ 99(C(5)) _ i (V9,0(5),v4(5)

(89)00 = I“E’Ié |s|o(g) - lgzl% ‘8‘0(9)

By (4.5), (4.9) and (4.10), we have

(0, 0,...,0, *,...,%x ) if 0(9) < dw— Wni1,

m—+m1 zeros N—M—M] terms

(09) 00 = (0,0,...,0,(a(ng)Aw(a,a))’”ml, - ) (4.11)

m+1

m zeros n—m-—m;j terms
if o(g) = dw — Wmny1,

[13%2

where again each term marked with a star “«” represents a complex number which may
be zero or not. Define (Oh)s, similarly. Then (4.11) also holds for h instead of g. Now
the proof divides into two cases:

(Ay) either i(g) # i(h) or i(g) = i(h) and the leading coefficients of v, ;(4) and vy, ;() are
linearly independent over R;

(Az) i(g) =i(h) and the leading coefficients of vy ;(4) and vy, ;) are linearly dependent
over R.

The first case is not so difficult. Indeed, under the assumption (A;), the vectors
(09)oo and (Oh) are linearly independent over R. Therefore,

y (4.3) 3

hm Tie(s),= s))AJ = hm(ag(g(s))Lﬂah(C(s))l)

_ = 1
i (39@( D)) = @nknons

|5[o() BER

L

s—»O

Thus, to show that the relation (4.2) does hold true, we must prove that

T 5(5) 1 37\L
foo 1= i Ty € 02 0 O,

As ||6(s)]| ~ ¢|s]°®) as s — 0 (where ¢ is a constant), it follows immediately from (4.4) and
(4.11) that £o € (99)% if 0(g) < dw — Wint1 O if 0(g) = duy — Wint1 and 0(£) < Wy i1.
To show this is also true when o(g) = dy — W41 and o(€) = wy,+1, we must prove that
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ére(mfl &i%(a, a)) = 0. (4.12)

i=m-+1

The polynomial (gr7)a, is radially weighted homogeneous of type (wi, ..., wn;dy).
Then, by the radial Euler identity, for any z = (21, ..., 2,), we have
n

dw  (9r7)nn(2,2) = > (wizia(gﬂ*)%(;z)juwizia(gﬂ*)%(z,z)). (4.13)

im a1 821 822‘
(Remind that w; =0 for 1 <i <m.) As (¢(s), z(s)) € Ay for any s # 0, the expression

F(t(s),2(s),2(s)) = 9(¢(s)) + V=1h(((s))

vanishes for all s, and hence ¢({(s)) = h(¢(s)) = 0 for all s. It follows that
(9r7)A, (a,a) = 0. Therefore, applying (4.13) with z = a gives

0= Z (wiai ngf)m" (a,a) + widiia(ggi)&” (a, d))
Zi Zi

1=m-+1

—2§R< Z w;a; 93; (a,d)).

1=m-+1

(4.14)

Now, combined with (4.1) and (4.5), the equality 0(g) = dy — W41 implies

8(-97'7‘7')Aw

pE (a,a)=0

for any ¢« > m + m;. Thus (4.14) says

O_m(”i’“ Ogrr)aw )) .y %("i" 0, 20 ))
2 WA ———(——= oz a,a) | = 2wyt 2 a; 0z a,a)|.
As w41 > 0, the equality (4.12) follows.

The same argument applied to the function h shows that £, € (Oh)L as well, so
that if (A1) holds, then £, € (9g)% N (0h)% as desired.

The case (Az) is more delicate. Here, we shall use the same technique as that
developed in the proof of Theorem 20 of [9]. First, we observe that if ¢, and ¢;, denote
the leading coefficients of v ;(4) and vy, ;(n), respectively, then (Ay) says that the quotient
ch/cq is a non-zero real number. Then we replace vj(s) by

_tn o=y (s)

in order to kill the coefficient ¢;, of s°™ in Upi(h)- Thus the ith component of v} (s) is
given by
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C
Uhi(8) = oni(s) = = 5770, i (s)
9

4.15
. B(hf,%)Aw (a (_1) _ ci Ea(gT,?)Aw (a (_1) de_wi L ( )
o afi ’ Cg afi ’ ’
where ¢ is 0 or 1 according to o(h) > o(g) or o(g) = o(h). By (4.7), the vectors
a _\\ 7 a _ Ch & _\\ 7
(a(gT,f)Aw (a7 a))m,+1 and (8(hT,F)Aw (aa a’) - ? Ea(gT,F)Aw (a'a a))m+1 (416)
g
are linearly independent over R, and as above, this implies
o'(h) := min{o(v}, ;) | 1 < i <n} =minfo(vy, ;) | m+1<i<n} (4.17)

S d'w — Wm+1-

(As usual, by o(v}, ;) we mean the order in s of v}, ;(s).) Thus, by (4.6) (for A instead of
9), if v}, 4(s) denotes the expression v,0(s) — (cn/cg) € vg,0(s), we have

. 1
lim <|S|O’(h) . U;L7O(S)> =0. (418)

s—0

s#0

Let (0h)’, be the non-zero vector of C x C" defined by

_ v) o(8),v} (s
PR UNORIIL)
e lsl®

By (4.15), (4.17) and (4.18), we have

0, 0,...,0 , *,....x ) if 0'(h) < dw — Wni1,

m-+my zeros N —M—M] terms

(Oh)ee = (o,o,...,o,(a(h,,f)Aw(a,m—C"ga(gﬁ)Aw(a,a>)Zfl’“, KL% )
N~—— Cg N~——

m zeros n—m-—mq terms

if o'(h) =dw — Wmi1-
(4.19)
Here, as above, the proof divides into two cases:

(A!) either #’(h) # i(g) or i’(h) = i(g) and the leading coefficients of v;m.,(h) and vg j(g)
are linearly independent over R;

(A}) i'(h) = i(g) and the leading coefficients of Vy, ir(ny @0 v
over R;

9,i(g) are linearly dependent

where i'(h) > m + 1 is the essential index of v'(h).
Under the assumption (A}), the vectors (0g)s and (0h), are linearly independent
over R. Therefore,

lim Ty(s),2(s0) As = 1im (9g(C(5))~ N IR(((s)) ) = lim (Jg(¢(s)) N (Vh.o(5), vh())7)

s#0 s#£0 s#£0
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C(Bg(c(s) T (o) vh(s) T\ - -

and in order to show that the relation (4.2) does hold true, we must prove that

loo € (g)% N (M),

We already know that £, € (dg)L . It remains to prove that fo, € (B_h)’OOL. If o'(h) <
dy — Wig1 O 0'(h) = dyy — W11 and o(€) < wWyy41, this follows immediately from the
relations (4.4) and (4.19). If o'(h) = dy — Wmy1 and o(€) = Wy,11, then we must prove
that

N () o 0(gr)an
%(i:%l a; (azi(a,a) — Cgeazi(a,a)>) =0. (420)
As (t(s), z(s)) € Ay for any s # 0, we have g({(s)) = h(¢(s)) = 0 for all s. Thus,

d <h<<<s>> _cn eso<h>0<g>g<<<s>>> —o,

ds Cq

and by taking the coefficient of the term with lowest degree (i.e., the coefficient of s%»~1),
we get

- = a(h'r/f)Aw — Ch a(gT,’T')Aw — _
28?(1._%;1 wlal( 07 (a,a) s € oz, (a,a) =0. (4.21)
As o' (h) = dy — W41, we have

8(]7'7',?)Aw (a C_l.) _ ci 58(97—,7’—)Aw

321' Cg 321' (a, a) =0

for all m 4+ my < i <n. Thus (4.21) says

m—4+ma
2wm+1§R( 3 ai(a(hg;?ﬂw (a.a) - & A0l (a,a)>) 0.

c
i=m+1 ¢ 9

As w41 > 0, the equality (4.20) follows, and this completes the proof under the as-
sumption (A}).

Now if the essential indices ¢'(h) and i(g) of v'(h) and v(g), respectively, are equal
and if the leading coefficients of v;m,(h) and v, ;) are linearly dependent over R (i.e., if

we are under the assumption (A})), then we replace v}, (s) by

/
Ui(s) = vh(s) — 50Dy (5)
g

in order to kill the coefficient ¢}, of s (M) in vy, i (h) and we repeat the above argument
according to the cases (A]) and (A%) described below:
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(AY) either i"(h) #i(g) or i (h) = i(g) and the leading coefficients of v;L”i,,(h) and vg ;(4)
are linearly independent over R;

(AY) i"”(h) = i(g) and the leading coefficients of Uy, i () @0d Vg i(g) are linearly dependent
over R;

where 7" (h) is the essential index of v}/ (s). We continue this process until we get a vector

U,(lk)(s) whose essential index i(®) (h) is such that:

(Agk)) either i®)(h) # i(g) or i"®)(h) = i(g) but the leading coefficients of vflkg(k)(h) and

Vg.i(g) are linearly independent over R.

Then we can conclude just as in the case (A}). To see that this process terminates after
a finite number k of steps, observe that at each step (i.e., v'(h),v”(h),...), the vectors
“corresponding” to (4.16) are always linearly independent over R. Therefore all the

orders o(h),0”(h), ... remain less than or equal to dy — wp,+1, and since the sequence
o'(h),0"(h), ... is monotone increasing, the process must stop after a finite number & of
steps.

This completes the proof of the part of Theorem 3.14 concerning the Whitney (b)-
regularity condition. It remains to prove the part about the Thom condition. This is
done in the next section.

4.2. Thom’s a; condition.

Although the argument is simpler, the idea to prove the Thom ay condition is
essentially the same as that used to obtain the Whitney (b)-regularity. First, by
Proposition 3.11, we observe that it suffices to show that for any I C {1,...,n}, any
(1,q) = (1,q1,---,qn) € V(f) N (C x C*I) close enough to the origin, and any real
analytic path

(t(s), 2(5)) = (£(s), 21(5), - - -, 2n())
with (£(0),2(0)) = (7, q) and (¢(s), z(s)) ¢ Lf for s # 0, the following condition on the

tangent spaces holds true:

lim Tis), 2(s)V (f = [ (8(3), 2(5), 2(5))) 2 T(7,q)(V(£) N (C x C*1)), (4.22)

s#0
provided that this limit exists. Hereafter we assume that it exists. By the strong non-
degeneracy condition, we may assume that I € .%,(fy), so that

UnV(f)n(CxCc*))=Un(CxcC*¥)=cy.

(Indeed, if T € #,,,,(fo), then (7, q) is a mixed non-singular point of the mixed hypersur-
face V(f), and in this case the relation (4.22) is obviously satisfied.) Again, to simplify,
we assume that I = {1,...,m} with 1 <m <n —1. (For I = (), see Remark 4.4.) We
keep the same notation as in the previous section. In particular, we set

t(s)=7+bos+ - and z(s) = a;s" +bs T 4
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where w; = 0 and a; = ¢; for 1 < ¢ < m while w; > 0 and a; # 0 for i > m. We
also suppose that (4.1) holds true. Of course, for 1 < ¢ < n, the expression (4.5) is still
valid—that is,

dg

a(g‘r,i‘)Aw
0z; Z,

oz (@ @) st g (4.23)

(C(s)) =

with a similar expression for h. By the uniform local tameness, if (7, q) is close enough
to the origin (0,0) € C x C™, then the vectors in (4.7) are still linearly independent
over R too. Then, again, we divide the proof into the cases (A1) and (As) described in
Section 4.1.

Under the assumption (A1), the vectors (0g)so and (Oh)s, which are contained in
{0} x {0} x C"~™ C C x C™ x C" ™, are linearly independent over R. Therefore,

li_r% T(t(s),z(s))v(f - f(t(s)a Z(S), 2(5))) = (59); n (5h)Jo_o

s#0

As (0g)% N (0h)L contains C x C™ x {0} = C x C’, the relation (4.22) holds true in
this case.

Under the assumption (As), as above, we replace vy (s) by v}, (s), and we consider
the two possibilities (A]) and (A%) described in Section 4.1. In the first case, the vectors
(09)ss and (Oh)’, (which are contained in {0} x {0} x C*~™) are linearly independent
over R, and hence

lim Ty o) () V (F — F(E(5), 2(5). 2(5))) = (Dg) & 1 (BR)L, "

s#0

Again as (9g)£ N(8h)' " D CxC™x {0} = CxCL, the relation (4.22) holds true. In the

second case, as in Section 4.1, we repeat the argument until we get a vector v,(f) (s) whose

essential index i(*)(h) satisfies the condition (Agk)). Then we conclude by an argument
similar to that used under the assumption (A]).
This completes the proof of Theorem 3.14. O

REMARK 4.4. In the above proof, we have assumed I # () (i.e., m > 1). However,
a straightforward modification shows that the argument still works when I = ). Simply,
observe that if T = ), then the face A, is compact, and hence, instead of the uniform
local tameness, we must invoke the strong non-degeneracy. In particular, we recover
Gaffney’s Theorem 3.15.

5. Examples of admissible families.

In this section, we give some examples of admissible families of mixed polynomial
functions with non-isolated mixed singularities. Thus, by Theorem 3.14, all these families
are Whitney equisingular and satisfy the Thom condition.

5.1. A family of mixed curves with non-isolated mixed singularities.
Consider the family given by the mixed polynomial function
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T.(f;22)

ne

3] L.(f;22) &

ne

Figure 2. Example 5.1 (left) and Example 5.3 (right).

5 5) .— 52,3 3.2 2 4
[t 21,22, 21, 22) := Zizy + 2125 +tz1 7.

Let A= (2,3) and B = (3,2). Clearly, for all small ¢, the mixed singular locus of V()
(i.e., the set of points of V(f;) which are critical points of the mixed polynomial function
ft) in a sufficiently small open neighbourhood of the origin in C? contains the coordinate
axes. The non-compact Newton boundary I'y,.( f+; 2, Z), which is clearly independent of ¢,
has two (compact) 0-dimensional faces (the points A and B), one compact 1-dimensional
face (the segment AB), and two essential non-compact faces: =; := B + R e; and
Ho := A+ Riey. See Figure 2, left-hand side. We easily check that for each compact
face A and each t, the face function (f;)a has no critical point on (C*)? (i.e., f; is
strongly non-degenerate). We claim that for any I € %,(fo) = #,(ft), the family {f;}
is uniformly locally tame along C’. Indeed, a trivial calculation shows that for any fixed
u1 € C*, the mixed polynomial function
29 (ft)El (ul, 2o, U1, 22) = u? _g

of the variable z5 has no critical point on CZ?"Q}. Similarly, for any fixed uy € C* with
lug| < 1/|t] (if t # 0), the mixed polynomial function

21— (fi)z, (21, ug, 21, ) := Zus + tzius
of the variable z; has no critical point on (CZELQ}. So we can take

1/|¢t| for t #£ 0,
rm(ft)—{ /1| for t #

oo for t =0,

and we have 7,.(f;) > p := 1 for all ¢ with |¢| < 1. It follows that the family {f;} is
admissible.

5.2. Families with “big” exponents for t-dependent monomials.

Let ¢(z,Zz) be a mixed polynomial function on C" and let k(¢,z,2) be a mixed
polynomial function on C x C™. As usual, we write k.(z, Z) := k(t, z,2). Suppose that
for all small ¢,

Dy(ky;2,2) CTL(6;2,2) and Tpelky; 2,2) NThe(62,2) = 0.
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Under this assumption, if £ is strongly non-degenerate and locally tame along its vanishing
coordinate subspaces, then the family {f;} defined by

fi(z,2) = L0(2z,2) + ke (2, Z)
is admissible. For example, the family given by
f(t 21,22, 21, 52) 1= 223 + 225 + (1+ 0)2{ 23
is admissible.

5.3. Admissible families and mixed branched coverings.
Take a positive integer § € N* and choose non-negative integer vectors v =
(v1y. ..y vn) and = (g1, ..., ftn) such that for all 1 <i < n:

1. v; € N* and p; € N;
2. v > g
3. Vi+Mi:5-

Then consider the mixed branched covering ¢: C™ — C™ defined by

z="(21,...,2n) = p(z,2) = (112", ..., 2knzhn)

rn

and whose ramification locus is given by the coordinate hyperplanes z; = 0 (1 < ¢ < n). In
[9, Proposition 22], the second author showed that if ¢(z) is a (strongly) non-degenerate
holomorphic polynomial function which is locally tame along C! for any I € .#,(¢), then
the mixed polynomial function

Uz,2) :=Llop(z,2) = L(z" 2", ... 2l zln)
is strongly non-degenerate, fv(g) = %,(¢), and ? is locally tame along C! for any I
Sy(0). Actually, the proof shows that if {f;} is an admissible family of holomorphic
polynomial functions, then the family of mixed polynomial functions {f;} defined by

fi(z,2) = frop(z,2)

is admissible too. Indeed, it is not difficult to see that the independence of T',,.( f¢; 2) with
respect to ¢ implies that of T (f4; 2, Z). Also, it is easy to check that .Z,(f,) = .%,(f;) and
I ft) = Zno(ft). To see that fy is strongly non-degenerate, we argue by contradiction.
Take any compact face = C T'( fi: 2, z), and suppose that the face function ( ft)g has a
critical point @ := (ay,...,a,) in (C*)", that is, there exists A € S! such that

A(fi)z(a,a) = \(f)=(a, a). (5.1)

Clearly,
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where A is the compact face of I'(fi;z) corresponding to Z, that is, if ANN" =

{(o1,---yan),(B1,-- -, Bn)s...}, then ENN" = {§(a1,...,an),0(B1,-..,0n),...}. See
Figure 2, right-hand side. Therefore, by (5.1), for all 1 <i < n,

(pla.a)) - a7 P92 (p(a.a) ) 0.

i ( Vi i 8(ft)A

—hi—1
. v,a
’ 821

a

a

[ 7
As a; # 0, this implies

I(ft)a

(pla.a))| =t |22 g0, 52)

and therefore (5.2) implies v; = u;, which contradicts the above assumption 2.

Cram 5.1.  The family {ft} is uniformly locally tame along the vanishing coordi-
nate subspaces.

PRrROOF. By hypothesis, we know that the family of holomorphic polynomial func-
tions {f;} is uniformly locally tame along the vanishing coordinate subspaces (i.e., f; is
locally tame along C! for any I € %,(f;) = %,(fo) and there exists p > 0 such that
Tne(ft) > p for all small ¢). Without loss of generality, we may assume that p < 1. Con-
sider a subset I € .Z,(f;) = .Z,(fo). For simplicity, let us assume that I = {1,...,m}.

Let uq,...,u; be non-zero complex numbers such that

[ur]? + -+ 4 Jum |? < p2 (5.3)
Take any essential non-compact face = C T’y ft;z,i) such that Iz = I, and consider
the corresponding face A C T',.(fi;2). (Note that Ia = I too.) We want to show
that the face function (f;)= has no critical point on CZ?UZI} as a mixed polynomial
function of the variables zj,41,...,2,. Again, we argue by contradiction. Suppose

(U1, .y Uy Qml,- - -, Gn) s & critical point. Then, reminding Notation 4.2, there exists
A € S! such that for all m+1 <34 < n,

Vi ‘ B (Qp(u;nva:}n+1’ﬁ§naazl+1))_
i

Vi— g 8(ft)A

(5.4)
vt U ) ) =

As p < 1, the inequality (5.3) implies

[ @ 2 e [P = (g g P <07,

and since {f;} is uniformly locally tame,
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I(ft)a o
7(@(“‘?) a‘:Ln+17 u71n7 a’?n-&-l)) 7é 0.
?
Therefore, as above, the relation (5.4) implies v; = p;, which is a contradiction. g

Altogether, the family { ft} is admissible.
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