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Abstract. The parabolic Bloch space is the set of all solutions u of the
parabolic operator L(®) with the finite Bloch norm llullz, (o)~ In this paper,
we introduce L(®)-conjugates of parabolic Bloch functions, and investigate
several properties. As an application, we give an isomorphism theorem on
parabolic Bloch spaces.

1. Introduction.

Let H be the upper half-space of the (n + 1)-dimensional Euclidean space R"*!(n >
1), that is, H = {(x,t) € R"*L:z € R" ¢t > 0}. For 0 < a < 1, the parabolic operator
L@ is defined by

L) = 0y + (—A0)°,

where 0y = 0/0t and A, is the Laplacian with respect to z. Let C'(H) be the set of all
real-valued continuous functions on H, and C*(H) the set of all k times continuously
differentiable functions on H. A function u € C(H) is said to be L(®)-harmonic if L(®)y =
0 in the sense of distributions (for details, see Section 2). Put m(«) = min{1,1/2a}. Let
o > —m(a) be a real number. We denote by B, (o) the set of all L(*)-harmonic functions
u € C'(H) which satisfy

luls. o) = sup ¢ {872V ou(e,t)] + Hou(, O] } < o,
(z,t)eH

where V, = (01,...,0,) and 0; = 0/0z;. We also denote by B, (o) the set of all
functions u € By (o) which satisfy u(0,1) = 0. We call B,(o) (or By(c)) the parabolic
Bloch space. We remark that By (o) is a Banach space with the norm || - 8. (o) (see [6]).
It is well known that the fundamental solutions of L(*/?) and L) are the Poisson and
heat kernels, respectively. In other cases (a # 1/2, 1), simple explicit expressions for the
fundamental solutions are not known. Furthermore, we also note that gl /2(0) coincides
with the harmonic Bloch space of Ramey and Yi [13].

The fractional Laplacian (—A)® is actively investigated in the theory of partial differ-
ential equations. Recently, there are various studies which are concerned with generalized
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heat equations defined by the fractional Laplacian or fractional differential operators (for
example, see [1], [8], and [9]). On the other hand, Nishio, Shimomura, and Suzuki [11]
introduced new function spaces which consist of L(®-harmonic functions, and estab-
lished fundamental properties of those spaces using potential theory method in [7]. The
background of our investigation is based on their theory in [11].

In this paper, we study a notion of conjugate functions on parabolic Bloch spaces
for all 0 < a < 1, and give several properties which are parallel to theory of the classical
harmonic conjugates of Stein and Weiss [14]. Stein and Weiss introduced harmonic
conjugates for harmonic functions on H. According to [14], harmonic conjugates are
defined by the generalized Cauchy—Riemann equations. Recently, we study a-parabolic
conjugate functions on parabolic Bloch spaces in [4]. The study of [4] is an extension of
harmonic conjugates of [14]. However, our extension of [4] is not satisfactory, because
there exist parabolic Bloch functions which do not have a-parabolic conjugate functions.
Therefore, in this paper, we introduce the notion of L(®-conjugates to parabolic Bloch
spaces, and thus obtain completely satisfying results which are parallel to theory of the
harmonic conjugates. Moreover, in Section 5 of this paper, we introduce a notion of
(k, v)-conjugates which is a full generalization of our conjugacy. Actually, in Theorem
5.4, we show that if K = 1 and v = (1/«a) — 1 then (k,v)-conjugacy coincides with a-
parabolic conjugacy in Theorem A below; if Kk = v = 1/2a then (&, v)-conjugacy coincides
with L(®-conjugacy in Theorem 1 below.

To state our results, we give some notations. For a real number &, let Dff = (—9;)"
be a fractional differential operator, and FC" the class of functions ¢ on Ry = (0, c0)
such that Dy is well-defined (for the explicit definitions of Dy and FC", see Section 2).
First, we present the definition of harmonic conjugates for harmonic functions on H.
According to [14], harmonic conjugates are defined by the generalized Cauchy—Riemann
equations.

DEFINITION A ([14]). Let u be a function on H. An n-tuple (v, ...,v,) is called a
harmonic conjugate of u if an (n+1)-tuple (v1, ..., v,, u) satisfies the following generalized
Cauchy—Riemann equations;

05k = Opv; (1< jk <),
dju=—Dyw; (1< j<n),

Diu = Z 0;v;.
j=1

Next, we describe our previous results. In [4], we extended the notion of harmonic
conjugates by fractional differential operators. Our previous extension in [4] is as follows.

DEFINITION B (Definitions 1 and 2 of [4]). Let 0 < a < 1 and let u be a function on
H. An n-tuple (vq,...,v,) is called an a-parabolic conjugate function of u if v; € C*(H),
u(z,-) € FC1/~1 and an (n+ 1)-tuple (v1,...,v,,u) satisfies the following equations;

djvp = Opv; (1 <4,k <n),
dju = —Dyv; (1 <j <n),
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and
ﬁia {m”w*u 0<a<l),
jivi =19 _
= u tl_l}rgo u(0,t) (a=1).

We remark that (1/2)-parabolic conjugate functions coincide with harmonic conju-
gates. The following theorem is the main result of [4].

THEOREM A (Theorems 1 and 2 of [4]). Let0 < a <1, 0 > —m(a), and u €
Bu(0). Putn:= (1/2a) — 14 0. Ifn > —1/2a, then there exists a unique o-parabolic
conjugate function (vq,...,v,) of u such that v; € ga(n). Also, there exists a constant
C > 0 independent of u such that

C Ml o) <D 105lls. ) < Cllulls, @)-

j=1

We give a remark of Theorem A. When 0 < a < 1/2, the condition of 7 is always
satisfied. However, when 1/2 < a < 1, there exists o > —m/(a) such that n < —1/2a.
In other words, there exists u € ga (o) which does not have an a-parabolic conjugate
function. In order to solve this problem, we need to introduce the definition of L(®)-
conjugates. Now, we describe the main results of this paper.

DEFINITION 1. Let 0 < a < 1 and let u be a function on H. An n-tuple (vy,...,v,)
is called an L(®-conjugate of u if v;,u € C'(H), vj(z,"),u(z, ) € FCY?* and an
(n + 1)-tuple (vy,...,v,,u) satisfies the following equations;

Ojur, = Opvj (1 < j,k < n), (1.1)
dju=—Dy*v; (1<j<n), (1.2)
and
’Dtl/zau = Z(?jvj. (1.3)
j=1

We remark that L(1/?)-conjugates coincide with harmonic conjugates. Thus, Def-
inition 1 is also an extension of Definition A. Theorem 1 is the main theorem of this

paper.

THEOREM 1. Let 0 < a <1, 0 > —m(a), and u € By(c). Then, there exists a
unique L% -conjugate (vy,...,v,) of u such that vj € Ba(0). Moreover, there exists a
constant C' > 0 independent of u such that

C M llBo o) <D 105llBa (o) < Cllulls, (@)- (1.4)
j=1

Theorem 1 asserts that the L(*)-conjugate of u € B, (o) always exists for all 0 <



1088 Y. HisHikAwA, M. NisHIO and M. YAMADA

o <1and ¢ > —m(«). Furthermore, for u € B, (), the function vj belongs to the same
Banach space B, (o).
We also give an inversion theorem of Theorem 1.

THEOREM 2. Let0 < o <1, 0 > —m(a). Suppose an n-tuple (vy,...,v,) sat-
isfies v; € Ba(o) and (1.1). Then, there exists a unique function u € By (o) such that
(v1,...,vy) is the L) _conjugate of u. Moreover, there exists a constant C' > 0 indepen-

dent of v; such that

C™Y MillBa(e) < NullBaie) < C D M1villsa(o)- (1.5)

j=1 j=1

As an application, we give an isomorphism theorem on parabolic Bloch spaces. The
study of parabolic Bloch spaces is closely related to that of parabolic Bergman spaces.
Let 0 < @ < 1,1 < p<oo,and A > —1. We denote by b?()\) the parabolic Bergman
spaces and the norm is denoted by |- ||r(x) (for the explicit definition, see Section 6). We
already gave the following theorem in the previous paper [5], which is an isomorphism
theorem on parabolic Bergman spaces.

THEOREM B (Theorem 5.4 and Remark 5.5 of [5]). Let0 < a<1,1<p< oo,
and A1, A > —1. Then, b (A1) = bP(X\2) under the relation D;)‘l/pu = D;)‘z/pv for
u € bh (A1) and v € bE (X2). Moreover, there exists a constant C > 0 such that

CHollLoa) < llullzoeay) < CllollLeay)-
The following is an isomorphism theorem on parabolic Bloch spaces.

THEOREM 3. Let0 < o < 1 and 01,09 > —m(c) be real numbers. Then, By (o1) =
B.(02) under the relation D; 7 ™ u = D; 7> v for u € By(01) and v € By (02), where k
is a real number such that k > max{0,01,02}. Moreover, there exists a constant C > 0

such that

CHvlB.(0s) < ullBaior) < CllvllBe (o2)- (1.6)

Finally, we describe the construction of this paper. In Section 2, we introduce
L(®)_harmonic functions and fractional differential operators, and present their basic
properties. In Section 3, we give basic properties of parabolic Bloch functions. In Sec-
tion 4, we give the proof of Theorems 1 and 2. In Section 5, we extend the notion of
L(®)_conjugates called (k, v)-conjugates, and give their properties. In Section 6, we give
the proof of Theorem 3, which is an application of Sections 4 and 5.

2. Preliminaries.

In this section, we describe definitions of L(®)-harmonic functions and fractional
differential operators, and present basic properties of fractional calculus of L(®-harmonic
functions. We recall the definition of L(®)-harmonic functions. We describe the operator
(=A;)*. Since the case @ = 1 is trivial, we only describe the case 0 < o < 1. Let
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dV(x,t) = dxdt be the Lebesgue volume measure on H. Let C°°(H) be the set of all
infinitely differentiable functions on H and C¢°(H) the set of all functions in C*°(H)
with compact support. For 0 < a < 1, (—A,)? is the convolution operator defined by

(=As)*Y(2,1) = —Cnq lim (W(y,t) — (@, 1))y — x| 7" dy (2.1)
§—0t ly—z|>6
for all ¢y € C°(H) and (x,t) € H, where ¢, o = —4°7"/?T((n + 2a)/2)/T(—a) > 0. A
function u € C(H) is said to be L(®)-harmonic on H if u satisfies the following condition:
for every ¢ € C*(H),

/|u~z("‘)1/)|dv<oo and /u~z(o‘)de:0, (2.2)
H H

where L(®) = —9,+(—A,)* is the adjoint operator of L(®. By (2.1) and the compactness
of supp(¥) (the support of 9), there exist 0 < t; < t2 < oo and a constant C > 0
such that supp(L(®y) € § = R™ x [t1,t] and |L®y(z,t)| < C(1 + |z])~"2* for all
(z,t) € S. Thus, the integrability condition of (2.2) is equivalent to the following: for
any 0 < t1 <ty < 00,

/t : /n lu(z,t)|(1 + |z|) " 2dV (z,t) < oo. (2.3)

We introduce the fundamental solution of L(®. For z € R"™, the fundamental
solution W (@ of L(®) is defined by

L _ 2a — .
W@ (1) = { @2m)r /R exp(—tlEP* + V=1 x-€) de t>0
0 t<0,

where z - € denotes the inner product on R™. It is known that W) is L(®)_harmonic on
H and W € C=(H).

We present definitions of fractional integral and differential operators. Let C(R.)
be the set of all continuous functions on R} = (0, 00). For a positive real number &, let
FC™" be the set of all functions ¢ € C(R) such that there exists a constant € > 0 with
p(t) =0t " ¢) ast — co. We remark that FC™" C FC " if0 < k <w. For p € FC™",
we can define the fractional integral of ¢ with order x by

1 (o9}
D; "p(t) = ) /0 ot +1)dr, teRy. (2.4)

I'(k
Furthermore, let FC™ be the set of all functions ¢ € C(Ry) such that 8[51@ €
FCURI=R) " where [k] is the smallest integer greater than or equal to k. In partic-
ular, we will write FC° = C(Ry). For ¢ € FC", we can also define the fractional
derivative of ¢ with order x by

Dro(t) = Dy (179 (o)), teR,. (2.5)
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Also, we define D¢ = ¢. We may often call both (2.4) and (2.5) the fractional derivative
of ¢ with order k. Moreover, we call Df the fractional differential operator with order k.

We describe basic properties of fractional derivatives of the fundamental solution
W) which are given in [2]. Let Ng = NU{0}. For a multi-index 8 = (31,...,3,) € N§,
let 92 = 9181 /92,5 - - 9z, P | where |B| = By + - -+ + B,. The following lemma is given
by Theorem 3.1 of [2] and Theorem 4.1 of [3].

LEMMA 2.1. Let0<a <1, g €Ny, and let K > —n/2a be a real number. Then,
the following statements hold.

(1) The both derivatives dSDFW @) (2,t) and DEIEW () (z,t) are well-defined and
IPDEW @) (2,t) = DEOPW (@) (x,t). Moreover, there exists a constant C > 0 such
that

ODEW ) (2,1)] < C(t -+ |af2)~((r+13D/ 200
for all (z,t) € H.
(2) Let v be a real number such that kK +v > —n/2a. Then,
DrOPDEW ) (1) = OPDETYW () (2, 1)
for all (z,t) € H.
(3) DWW s L) -harmonic on H.
(4) (DY + AW (z,t) = 0 for all (z,t) € H.

Let v € Nj be a multi-index, and v > —n/2a be a real number. We define a function
wl” on H x H by

wlV(z,t;y, 8) = 8;Dt”W(°‘) (x —y,t+s)— 8;Dt”W(°‘)(—y, 1+ s)

for all (z,t),(y,s) € H. The function w?)” plays an important role for the study of
parabolic Bloch spaces. Basic properties of the function w2 are given by Lemma 5.6
of [6].

LEMMA 2.2. Let0 < a <1, 0> -m(a), vy € Nj, and v > —n/2a. Then, the
following statements hold.

(1) For every (x,t) € H, there exists a constant C = C(n,a,v,v,xz,t) > 0 such that
(0,5, S O+ 54 ) (4200

for all (y,s) € H.

(2) If p > —1 and n := (|7]/2a) + v — p—1 > —m(a), then there exists a constant
C =C(n,a,v,v,p) > 0 such that

/H W2 (., 8)|5°dV (3, 5) < CFa (1)
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for all (z,t) € H, where

1+ |a|=20m 4 =7 (0>n>—m(a))
Foni=q1+log(l+|z|)+ |logt| (n=0)
14t (n>0).

Finally, we present the following lemma.

LEMMA 2.3 (Lemma 5 of [12]). Letf,c€R. If0 > —1 and 6 —c+ (n/2a)+1 < 0,
then there exists a constant C = C(n,«,0,c¢) > 0 such that

0
S
dV , — Ot07c+(n/2a)+1
/H Eratla—ypy

for all (z,t) € H.

3. Basic properties of parabolic Bloch functions.

In this section, we give basic properties of parabolic Bloch functions. First, we
present basic properties of fractional calculus on parabolic Bloch spaces. The following
lemma is given by Proposition 5.4 of [6] and Lemma 6.1 of [4].

LEMMA 3.1. Let0<a <1, o>-—m(a), vy €N} be a multi-index, and £ be a real
number such that kK = 0 or k > max{0, —c}. If u € B,(0), then the following statements
hold.

(1) The derivatives 0)Diu(z,t) and Dyfdju(z,t) can be defined, and the equation
) Dfu(zx,t) = DFdYu(x,t) holds. Furthermore, if (v,k) # (0,0), then there ex-
ists a constant C = C(n,«,0,7,k) > 0 such that

03D ula, )] < Ot~ 2D o)
for all (z,t) € H.
(2) If v =0 or v > max{0,—0c}, then
Dy 9} Diu(z,t) = 9Dy u(w,t). (3.1)

Furthermore, if v < 0, then (3.1) also holds whenever v < o and v + k >
max{0, —c}.

(3) 0YDfu is L' -harmonic on H.
(4) (DY + A )u(z,t) =0 for all (z,t) € H.
The following lemma is the reproducing formula on parabolic Bloch spaces.

LEMMA 3.2 (Theorem 5.7 of [6]). Let 0 < a <1 and 0 > —m(«). If real numbers
k€ Ry and v € R satisfy k > —o and v > o, then
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2/<;+1/
I'(k+v)

for all uw € By(0) and (z,t) € H. If K =0 and v > max{0,0}, then (3.2) also holds.

u(w,t) — u(0,1) = ‘/Dm@»wy@¢%@f“*ma%@ (3.2)
H

Next, we introduce the following integral operator induced by w/”. Let 0 < o < 1.
Let v € Nj be a multi-index, and let v, p be real numbers. For a function f on H, the
integral operator II7*»* is defined by

7 f(a, t) = / Fly, ) (@, tsy, 8)s”dV (y, s)- (3.3)
H

Some of the basic properties of the integral operators II7*# are as follows. We denote
by L>°(H) the set of all Lebesgue measurable functions f on H which satisfy

[ fllze := esssup{|f(z)|: (2,t) € H} < o0.

LEMMA 33. Let 0 < a <1, v € N}, v > -—n/20, and p > —1. Put n :=
(Ivl/2a) + v — p— 1. If n > —m(cx), then the following statements hold:

(1) I+ is a bounded operator from L™ (H) to By (n).

(2) Let & be a real number such that k > max{0,—n}. Then,
DE" 1 (0.0) = [ 90D W o~ ot 4 )PV () (3.4)
H

holds for all f € L>®(H) and (x,t) € H.

(3) Let 8 € N§ with |8] # 0. Moreover, let k be a real number such that k > —(|8]/2a)—
n and K+ v > —n/2a. Then,

DyoJIL» P f(x,t) = / F(y, )07 DFHW ) (1 =y, t + 5)sPdV (y, 5)
H
holds for all f € L>°(H) and (x,t) € H.

PROOF.
(1) The essential proof is already given by Proposition 4.1 of [4].

(2) Let k> max{0, —n}. Since x > 0, the differentiation under the integral sign shows
that

DETLYP f(x,t)
1

_ e [r]—r—1 / f a’yDrK-\-H/W(a) o t PAV d
Y T Y,8)0; r—y,t+7+5)s Y, s)dT.
HM—@A PR ( V)

Here, (1) of Lemma 2.1 and Lemma 2.3 imply that
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/ / 7M1y, ) DT W (@ — 4 7 4 8|57V (y, s)dr < o,
0 H

because k > —n. Therefore, we can get (3.4) by the Fubini theorem and (2) of
Lemma 2.1.

(3) The proof is similar to that of (2). Thus, we omit the proof. O

Finally, we present estimates of normal derivative norms of parabolic Bloch func-
tions.

LEMMA 3.4 (Theorem 5.9 of [6]). Let0 < a <1 ando > —m(«a). Then, for every
real number k > max{0, —c}, there exists a constant C = C(n,«,0,k) > 0 independent
of u such that

CHullg. (o) < I Dyl e < Cllulls, (o)

for all u € By(o).

4. L(®-conjugates on parabolic Bloch spaces.

In this section, we give the main results of this paper. First, we give the proof of
Theorem 1.

PROOF OF THEOREM 1. Let u € By (o). For an integer 1 < j < n, we define a
function v; on H by

20+2

_2 )e+1=(1/20),0( otlp "
To+2) © (7" D) (2, 1),

vj(z,t) = —
where v(j) = (§j1,...,0;,) € NJ and §j, is the Kronecker §. Since s”'Dyu € L*>°(H),
(1) of Lemma 3.3 implies that v; € B, (o) and there exists a constant C' > 0 independent
of u such that

[0jllB.. () < Cllulls, (o)- (4.1)

First, we show that the (n + 1)-tuple (v1,...,v,,u) satisfies (1.1), (1.2), and (1.3).
By (3) of Lemma 3.3, we give

2U+2

Okvj(z,t) = —m

[ 57 Dty 90000 W @yt )V (,9)
H

(4.2)
Thus, (v1,...,v,,u) satisfies (1.1). We show that (1.2) is satisfied. In fact, Lemma 3.2

implies that the function u satisfies
2U+2

Ut = 51y

%o +10 (7D ) (2, t). (4.3)

Hence, (2) and (3) of Lemma 3.3 give
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20+2
*Dtl/za”j (w,t) = m /H 3”+1Dtu(y, s)ajD;’HW(O‘)(x —y,t+s)dV(y,s)
and
2U+2 o+1 o+1 ()
Oju(z,t) = m . s Dyuly, $)0;Df W (2 —y, t + 5)dV (y, ).

Therefore, (vy,...,v,,u) satisfies (1.2). We show that (1.3) is satisfied. By (4.2), we
obtain

> 0v4(x,t)
j=1

_ 27 [ enp o+1-(1/20) (_ A () (s
To12) /Hs wu(y, $)Dy ( AWV Y (e y,t+s)) dV(y,s).
Here, (2) and (4) of Lemma 2.1 show that

Dfﬂ_(l/za)(—AxW(a) (& —y,t+s) = Dta+1+(1/2a)W(a) (x —y,t+s).
Consequently, we obtain

20+2
Zawf (+2)/ s" 1 Dpu(y, )D7 T POW D @ — gt o+ 5)dV (g, 5).
(>

On the other hand, (2) of Lemma 3.3 gives

20+2

D}z, t) = / s7 T Dyuly, s)D T EIW D (@ — gt 4 5)dV (g, s).

Hence, (v1,...,v,,u) satisfies (1.3).

Next, we show that the (n 4 1)-tuple (v1,...,v,,u) satisfies the inequalities (1.4).
Since the second inequality is already given by (4.1), it suffices to show the first inequality.
By Lemma 3.4 and (1.3), there exists a constant C' > 0 independent of u such that

n
a)+oml/2a a)+o
[ll, (o) < ClIE2OH 7D 2| oo < O 1204700 e
j=1

Since [[t(/29479,0;| L < ||v;]|5.. (o), We obtain the first inequality.

Finally, we show the uniqueness of (v1,...,v,). Suppose that (ui,...,u,) is an
L(®)_conjugate of u with uj € ga(a). We show that v; = u; on H. By Lemma 3.4 and
(1.2), there exists a constant C' > 0 independent of v; and u; such that

a)+oml/2a a)+o
vy = jlls, (o) < ClIEV2ITOD2 (0 — )| 1 < CJtH2H (0 — Dju)| e = 0.
Therefore, we obtain v; = u; on H. This completes the proof. O

Next, we give the proof of Theorem 2.
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PROOF OF THEOREM 2. Suppose an n-tuple (v1,...,v,) satisfies v; € B, (o) and
(1.1). We define a function u on H by

90+2 n )
> 200 (D) (1),

u(z,t) = 7”0 12) p

Since s7T'Dyv; € L°(H), (1) of Lemma 3.3 implies that u € Ba(c) and there exists a
constant C' > 0 independent of v; such that

[ullBa (o) < CZ 1Vl Ba (o (4.4)

First, we show that the (n+ 1)-tuple (v1,...,v,,u) satisfies (1.2) and (1.3). In fact,
Lemma 3.2 implies that the function v; satisfies
2U+2

vj(z,t) = mﬂo HLO(sTHD ) (2, 1), (4.5)

Hence, (3) of Lemma 3.3 gives
D, 70,000 (x, 1)

20+2 - o+1—(1/20) 15 r(a
= m/}{s +1Dtvj(y,s)3k8ﬂ)t (1/2e) pp7( )(m —y, t+s)dV(y, s).

On the other hand, (3) of Lemma 3.3 implies that

20‘+2

e U+1D (y, 9 8'DU+17(1/204)W(04) _ ,t—f— dv ,s).
F(UJFQ);/HS +0; (Y, )0k 0; Dy (x —y,t+s)dV(y,s)

Opu(x,t) =
Therefore, we obtain dpu(z,t) = Z?:l Dt_l/2a3j3kvj (z,t). Since (v1,...,v,) satisfies
(1.1), (2) and (4) of Lemma 3.1 give

Opu(z,t) = ZD V2920 (2, 1) = =Dy VP (—Agug(a, 1)) = Dy vy, t).
Jj=1

Therefore, (vy,..., vy, u) satisfies (1.2). We show that (1.3) is satisfied. By (2) and (3)
of Lemma 3.3, we obtain

2J+2

1/2a o o e
Dt/ u(z,t) = m ;/H S HDtvj(y,s)ath Hpp( )(a: —y,t+s)dV(y,s)

and

2(r+2
Ojvj(w,t) = m /H SUHDt’Uj(ya 5)5ij+1W(a)(z —y,t+s)dV(y,s).
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Hence, (v1,...,v,, u) satisfies (1.3).

Next, we show that the (n + 1)-tuple (v1,...,v,,u) satisfies the inequalities (1.5).
Since the second inequality is already given by (4.4), it suffices to show the first inequality.
By Lemma 3.4 and (1.2), there exists a constant C' > 0 independent of v; such that

105118, (o) < CIE2FTD 20 o = C 2T 0] .

Since [|t1/29499,u L < ||lu||g, (r), We obtain the first inequality.

Finally, we show the uniqueness of the function u. Suppose that v € B (o) and the
n-tuple (v1,...,v,) is an L(®)_conjugate of v. We show that u = v on H. By Lemma 3.4
and (1.3), there exists a constant C' > 0 independent of u and v such that

u—|g (5 <C t(1/20)+o ’Dl/hu—Dl/Mv
|| H (o) t t I

= C|tarzerte Zavj Zau] (=

Therefore, we obtain © = v on H. This completes the proof. O

5. A generalization of L(®)-conjugates.

In this section, we discuss a generalization of L(*)-conjugates. We generalize the
definition of L(®)-conjugates, and study properties of generalized L(®-conjugates. We
introduce the following definition, which is called a (k, v)-conjugate.

DEFINITION 5.1.  Let u be a function on H. An n-tuple (vq,...,v,) is called a
(k, v)-conjugate of u if u,v; € C*(H), v;(z,-) € FC*, u(x,-) € FC”, and the (n+1)-tuple
(v1,...,vn,u) satisfies the following equations:
Ojvr = Opvy (1 < j,k < n), (5.1)
0j 0
— Dy =T (R#0 i<, (5.2)
8]'71 - 8ju(0, 1) (H = O)

and

(v £0)
28 Y= {u — lim u(0,t) (v =0). (5:3)

t—o0

We note that (1/2q,1/2a)-conjugates and (1, (1/a) — 1)-conjugates coincide with
L(®)_conjugates and a-parabolic conjugate functions, respectively. Therefore, the study
of (k,v)-conjugates is an extension of Section 4 and the previous paper [4].

Now, we start investigation of (k,v)-conjugates on parabolic Bloch spaces. In order
to show the main theorem of this section, we prepare the following lemmas.

LEMMA 52. Let 0 < a <1, 0 > —m(a), and u € By(o). Also, let v € Nj,
k> max{0,—c}, and v > 0. If 0 > —|v|/2c, then
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[ 1Pruty o) 107D0W) (5 = g4 5)l5 Y (5,5) < o0
H

for all (z,t) € H.
ProoOF. The proof is given by (1) of Lemma 2.1 and Lemma 2.3, immediately. O

LEMMA 5.3 (Lemma 5.2 of [4]). Let0<a <1, 0 >0, u € By(o), and (z,t) € H.
If k>0 and v > o, then

u(z,t) — lim u(z.s)
§—00

2K+I/

= Tt o) /HDfu(ya $)DYW ) (z — y, t + 5)s" T 1dV (y, ).

As an application of (k,v)-conjugates, we can generalize Theorem 1.

THEOREM 5.4. Let 0 < o <1, 0 > —m(a), and u € Bo(0). Also, let k and v be
non-negative real numbers with k+v = 1/a. Putn = (1/2a)+0—k. Ifn > —m(a), then
there exists a unique (k,v)-conjugate (vi,--- ,vn) of u such that v; € ga(n), Moreover,
there exists a constant C > 0 independent of u such that

n
CMullBao) < D 10jllBamy < Clltl sy o)- (5.4)

j=1

Proor. Letue ga(a). For 1 < j < n, we define a function v; on H by

2042 ),04+1—K,0( co+1
1)@ o+1=r0(so 1D ) (2, 1).

vj(w,t) = TTlot2) @

Since sT1Dyu € L>*(H), (1) of Lemma 3.3 implies that v; € B.(n) and there exists a
constant C' > 0 independent of u such that

[0jllB ) < Cllullsa (o) (5.5)

We show that the (n+ 1)-tuple (vy,..., vy, u) satisfies (5.1), (5.2), and (5.3). By (3)
of Lemma 3.3, we obtain

20+2

Okvj(z,t) = To+2)

[ 5 Dty 20,07 WO o =yt 4 )V (59). - (59)
H

Hence, (v1,...,v,,u) satisfies (5.1). We show that (5.2) is satisfied. In fact, Lemma 3.2
implies that the function u satisfies
2J+2

Ut = 51y

2o +10 (7 D) (2, t). (5.7)

Therefore, (3) of Lemma 3.3 shows that
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2(7+2

Oju(x,t) = To+2)

/ STHDyu(y, )0 DI WO (@ — y L+ 5)dV (y,s).  (5.8)
H

Let x > 0. Since k > —n, (2) of Lemma 3.3 implies that

20+2

—Divj(z,t) = ot

/ s" T Dyuly, )9, D7 W (x =y, t + 5)dV (y, 5).
H

Therefore, (5.2) is satisfied when x > 0. Let K = 0. By Lemma 5.2 and (5.8), we obtain

0o t) = gy [ D )W @ g+ )V (39
- 2UH/ s Dyu(y, $)0;, DI W@ (—y, 1 + 5)dV (y, s)
F(O' —+ 2) H ’ TR ’ ’

= 3ju(1’, t) — aju((), 1)

Consequently, (5.2) is satisfied for x > 0. We show that (5.3) is satisfied. By (3) of
Lemma 3.3, we have

2U+2 B
Zawf o [, P DT A o = gt )V (3 5)

Here, (2) and (4) of Lemma 2.1 give
DY (=AW D (@ —y,t + 5)) = DT W D (2 — y, t +5).
Therefore, we obtain

20+2
Z 9; 'U] Ty t (0_ + 2) / U+1Dtu(yv S)DnglJrVW(a) ({E -y t+ S)dV(y, S) (59)

Let v > 0. Then, it follows from (2) of Lemma 3.3 that

2J+2

DY u(z,t) = / 7Dy, s)DfH“L”W(O‘)(x —y, t+ s)dV (y, s).

I'(c+2) Jy

Therefore, (5.3) is satisfied when v > 0. Let ¥ = 0. Then, Lemmas 5.2 and 5.3 imply
that

20+2
_ 0'+1D 0,0+1 .
wt) = gy [ Dl )l ot )Y (0,9)
= 20+2/ s7 Dy, s)DITIW ) (z — y, t + 5)dV (y, 5)
T(e+2) /g T ’ ’
- 2JH/ sTIDu(y, s)DI W) (—y, 1 + 5)dV (y, s)
I'(c+2) T ’ ’
= Zﬁjvj(a:,t {u(0,1) — l;m u(0,s)} = 23 vi(z,t) + lgn u(0, s).

j=1
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Thus, (5.3) is satisfied for v > 0.

Next, we show the inequalities (5.4). The second inequality is already given by (5.5).
Thus, it suffices to show the first inequality. If v > 0, then Lemma 3.4 and (5.3) shows
that there exists a constant C' > 0 independent of u such that

n n
[ullg, @) < CltTHDfull e = C [t > 05| < C D [T 0505 Lo
j=1 Loo j=1

Since |0;v;| < |Vzv;] and o0 +v =1+ (1/2a), we obtain

[l 8oy < C D20V 0v; o0 < C Y 105l (-

Jj=1 Jj=1

We assume v = 0. Since the limit value lims_,o, (0, s) exists (see, Remark 5.6 of [4]),
(5.3) gives

lull o) = 1Y 050 ll5ao)-

j=1

Also, (1) of Lemma 3.1 implies that there exists a constant C' > 0 independent of v; such
that

o297 90, (x, )| < Cto 20wl s oy = Cllvj 5o ()
and
7 D0 (1) < Ct7= 297015 oy = Cllvill s m)-

Therefore, we obtain the first inequality for v > 0.

Finally, we show the uniqueness of the (k,v)-conjugate (v1,- - ,v,) of u. Suppose
that (u1,---,u,) is a (k, v)-conjugate of u such that u; € B, (n). We show that uj =,
on H. Let x > 0. Then, by Lemma 3.4 and (5.2), there exists a constant C > 0
independent of u such that

[uj = v5llB. ) < CIIE(Dfuj — D)l = Cl[t"™*(05u — dju)|L~ = 0.

The case of k = 0 is similar to that of £ > 0. Thus, this completes the proof. g

6. Isomorphism theorem on parabolic Bloch spaces.

In this section, we shall prove Theorem 3. The study of parabolic Bloch spaces is
closely related to that of parabolic Bergman spaces. In fact, parabolic Bloch spaces are
regarded as a limiting case p — oo of parabolic Bergman spaces. Thus, we recall the
definition of parabolic Bergman spaces. Let 0 < a < 1,1 <p < oo, and A > —1. The
parabolic Bergman space b2 ()) is the space of all L(®)-harmonic functions which belong
to LP(\), where LP()\) = LP(H,t*dV) is the set of all Lebesgue measurable functions on
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H which satisfy

1/p
o = ([ 1f@orPavien) <.
H
The following proposition is given in the previous paper [5], which is a corresponding
result of Theorem 3.

THEOREM B (Theorem 5.4 and Remark 5.5 of [5]). Let0<a<1,1<p< o0,
and A1, Aa > —1. Then, b (A1) = b (X\2) under the relation Dt_’\l/pu = ’Dt_AQ/pv for
uw € bh (A1) and v € bE(X2). Moreover, there exists a constant C > 0 such that

C Ml e () < lullzecay) < Cllvllzecas)-

Now, we start the investigation of this section. As an application of Theorems 2 and
5.4, we can give the following theorem.

THEOREM 6.1. Let 0 < a < 1 and 01,02 > —m(a) be real numbers. Then,
Bao(o1) & Bay(o2).

Proor.  Without loss of generality, we may assume that o1 < o03. First, we
suppose that o9 — o1 < 1/2a. Let u € B,(o1). Then, by Theorem 5.4 with k =

(1/2a) — 09 + 01 and v = (1/2«a) + 09 — 01, there exists a unique (x,v)-conjugate
(v1,...,v,) of u such that v; € Bo(02). Moreover, by Theorem 2, there exists a unique
function v € B,(02) such that (vi,...,v,) is the L(®)-conjugate of v. Also, Theorems 2

and 5.4 show that there exists a constant C' > 0 independent of u such that
CM[ullBo (o) < V1|Ba(os) < CllllBa (o) (6.1)

Therefore, we obtain g@ (01) & ga(O'g) when 0 < oy — 07 < 1/2a.
In order to show the assertion for general o1 and o9 with o7 < o9, it suffices to apply
the above result several times. Thus, this completes the proof. O

_ REMARK 6.2. In Theorem 6.1, we can also find a correspondence between u €
Ba(o1) and v € B, (02). Actually, if o1 < 09, then (1.3) and (5.3) give

D/ 2%y = pit/2)tozmany, (6.2)
In order to show the equation in Theorem 3, we prepare the following lemmas.

LEMMA 6.3 (Proposition 2.1 of [2]). Let x and v be positive real numbers. If
p € FCTV7" then Dy "Dy "p =D, " "o.

LEMMA 6.4. Let 0 < a < 1, 0 > —m(a), and u € Ba(o). Also, let k,v >
max{0, —o} be real numbers. Then, Dy "Diu(x,t) = Dfu(z,t) for all (z,t) € H.

PrROOF. We assume that v > k. Then, the differentiation under the integral sign
shows that
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DY Dyu(, t) = D, T p S(Rlmm plvmsT el o 4,

In fact, the derivative ’Dtry_K'HMu(x,t) belongs to FC~"=#1+1%1=") " Hence, Lemma
6.3 gives

p; (v=rl==m)po(IKl=m)plv=rl+lsl, o 4)
_ p (=RI+ K= plv=rl+ 8] o gy, (6.3)

If [v — k] + [k] = [v], then the right-hand side of (6.3) becomes D} u(x,t), directly. If
[v — k] 4+ [k] = [v] + 1, then the right-hand side of (6.3) becomes

D;([V17V)71Dt(u]+1u(x7t) _ D;([ﬂﬂ’)Dt_lDtDt[ﬂu(I,t)~ (6.4)

Therefore, (1) of Lemma 3.1 implies that the right-hand side of (6.4) is equal to D} u(x, t).
We assume that v < k. Since v > —o, Lemma 6.3 shows that

DY 5Diu(x,t) = DY 1D u(a, )
= p, M= p, KD sI= Iy (2, 1), (6.5)

Therefore, (1) of Lemma 3.1 implies that the right-hand side of (6.5) is equal to D} u(x, t).
This completes the proof. O

Now, we give the proof of Theorem 3.

Proor orF THEOREM 3. Without loss of generality, we may assume that o1 < os.
Then, Theorem 6.1 and (6.2) imply that B, (01) = By (o2) under the correspondence
D}/ 2y = DI/2IF72 =00 for 4 € By(or) and v € Ba(os). Since k> max{0, 01,02},
Lemma 6.4 gives

fooz7(1/2a)D£1/2a)+0270'1u _ D;UIJFNU

and

foagf(l/Qa)Dtl/Zav _ D;angnv.

Consequently, we obtain D;"lJf"”vu — 'D;tferK v.

The inequalities (1.6) are given by (6.1), directly. Thus, this completes the proof. O
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