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Abstract. The purpose of this paper is to introduce mosaics of log-hyponormal

operators and give a Helton-Howe type trace formula.

1. Introduction.

J. D. Pincus and D. Xia, in [14], studied mosaics and principal functions of

semi-hyponormal operators and gave the trace formula. In [19], Xia announced

trace fomulae for semi-hyponormal operators. In [4], we gave trace formulae of

p-hyponormal operators for 0 < pa 1=2. In particular we proved a Helton-

Howe type trace formula (cf. [13], p. 240, Theorem 2.4). In this paper, we

introduce mosaics and principal functions of log-hyponormal operators and prove

a Helton-Howe type trace formula of it.

Let H be a complex separable Hilbert space and BðHÞ be the algebra of

all bounded linear operators on H. An operator T A BðHÞ is said to be p-

hyponormal if ðT �TÞp � ðTT �Þpb 0. If p ¼ 1, T is called hyponormal and if

p ¼ 1=2, T is called semi-hyponormal. The set of all semi-hyponormal operators

in BðHÞ is denoted by SH. Let SHU denote the set of all operators in SH with

equal defect and nullity (cf. [19], p. 4). Hence we may assume that the operator

U in the polar decomposition T ¼ U jT j is unitary if T A SHU. An operator

T A BðHÞ is said to be log-hyponormal if T is invertible and logT �Tb logTT �.

Since the function logð�Þ is operator monotone, an operator T is log-hyponormal

if T is an invertible p-hyponormal operator. In [15] K. Tanahashi gave a

counter example of log-hyponormal operator which is not p-hyponormal. When

logjT jb 0, he also proved that T 0 ¼ U logjT j is semi-hyponormal if T ¼ U jT j is

log-hyponormal. If T ¼ U jT j is log-hyponormal, then we can choose a number

c > 0 such that logðð1=cÞjT jÞb 0. Indeed, it is c ¼ inffr : r A sðjT jÞg. Hence
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we have U logðð1=cÞjT jÞ A SUH. We often use this property and the following

result.

Theorem A (Tanahashi [16], Lemma 6). Let T ¼ U jT j be log-hyponormal

with logjT jb 0 and T 0 ¼ U logjT j. Then

sðTÞ ¼ fe r � e iy : re iy A sðT 0Þg:

Let T ¼ fe iy j 0a y < 2pg, S be the set of all Borel sets in T, m be a

measure on the measurable space ðT;SÞ such that dmðyÞ ¼ ð1=2pÞ dy and D be

a separable Hilbert space. The Hilbert space of all vector-valued, strongly-

measurable and square-integrable functions with values in D and with inner

product

ð f ; gÞ ¼

ð
T

ð f ðe iyÞ; gðe iyÞÞ
D
dmðyÞ

is denoted by L2ðDÞ; Hardy space is denoted by H 2ðDÞ, and the projection from

L2ðDÞ to H 2ðDÞ, by P. If f A L2ðDÞ, then

ðPð f ÞÞðe iyÞ ¼ lim
r!1�0

1

2pi

ð
jzj¼1

f ðzÞðz� re iyÞ�1
dz:

Let n be a singular measure on ðT;SÞ, F A S be a set such that nðTnFÞ ¼ 0

and mðF Þ ¼ 0. Put m ¼ mþ n. Let Rð�Þ be a standard operator-valued strongly-

measurable function defined on W ¼ ðT;S; mÞ with values being the projection in

D, L2ðW;DÞ be a Hilbert space of all D-valued strongly measurable and square-

integrable functions on W with inner product ð f ; gÞ ¼
Ð
T
ð f ðe iyÞ; gðe iyÞÞ

D
dm, and

~HH ¼ f f : f A L2ðW;DÞ;Rðe iyÞ f ðe iyÞ ¼ f ðe iyÞ; e iy A Tg:

Then ~HH is a subspace of L2ðW;DÞ. The space L2ðDÞ is identified with a

subspace of L2ðW;DÞ. Hence P extends to L2ðW;DÞ such that

Pf ¼ 0 for f A L2ðW;DÞmL2ðDÞ:

We define an operator P0 from L2ðW;DÞ to D as follows:

P0ð f Þ ¼

ð
f ðe iyÞ dmðyÞ:

Then P0 is the projection from L2ðW;DÞ to D (cf. [19], p. 50). Let að�Þ and bð�Þ

be operator valued, uniformly bounded, and strongly measurable functions on

W such that aðe iyÞ and bðe iyÞ are linear operators in D, satisfying
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Rðe iyÞaðe iyÞ ¼ aðe iyÞRðe iyÞ ¼ aðe iyÞ; Rðe iyÞbðe iyÞ ¼ bðe iyÞRðe iyÞ ¼ bðe iyÞ

and bðe iyÞb 0.

Furthermore, suppose that aðe iyÞ ¼ 0 if e iy A F . And we denote ðaf Þðe iyÞ ¼

aðe iyÞ f ðe iyÞ. An operator ~UU in ~HH is defined by

ð ~UUf Þðe iyÞ ¼ e iyf ðe iyÞ:

Since bðe iyÞb 0 and P is a projection on L2ðDÞ, we have

ðaðe iyÞ�ðPðaf ÞÞðe iyÞ þ bðe iyÞ f ðe iyÞ; f ðe iyÞÞ
D
b 0:

See details [19]. And the following results hold.

Theorem B (Xia [17], Theorem 6). With the above notations, let ~TT be an

operator in ~HH defined by

ð ~TTf Þðe iyÞ ¼ e iyðAf Þðe iyÞ;

where ðAf Þðe iyÞ ¼ aðe iyÞ�ðPðaf ÞÞðe iyÞ þ bðe iyÞ f ðe iyÞ. Then ~TT is semi-hyponormal

and the corresponding polar di¤erential operator j ~TT j � ~UU j ~TT j ~UU � is

ððj ~TT j � ~UU j ~TT j ~UU �Þ f Þðe iyÞ ¼ aðe iyÞ�P0ðaf Þ:

Theorem C (Xia [17], Theorem 7). Let T ¼ U jT j be a semi-hyponormal

operator in H such that U is unitary. Then there exist a function space ~HH, and

operators ~TT and ~UU in ~HH which have the forms in Theorem B such that

WTW�1 ¼ ~TT and WUW�1 ¼ ~UU ;

where W is a unitary operator from H to ~HH. Moreover að�Þb 0.

~TT is said to be the singular integral model of T .

2. Mosaic of log-hyponormal operators.

By the singular integral model of a semi-hyponormal operator T ¼ U jT j, it

holds the following

Theorem D (Xia [19], Theorem V.2.5). With the above notations, let T ¼

U jT j be in SHU and að�Þ, bð�Þ be of Theorems B and C of the singular integral

model of T. Then the following statements hold.

(1) There exists a unique BðDÞ-valued measurable function of two variables,

Bðe iy; rÞ ðe iy A T; r A ½0;yÞÞ, satisfying

0aBðe iy; rÞa I

such that
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I þ aðe iyÞðbðe iyÞ � lÞ�1
aðe iyÞ ¼ exp

ð

y

0

Bðe iy; rÞ

r� l
dr:

(2) For any bounded Baire function c on sðjT jÞ, the function Bðe iy; rÞ has

ð

cðrÞBðe iy; rÞ dr ¼ aðe iyÞ

ð1

0

cðbðe iyÞ þ k � aðe iyÞ2Þ dkaðe iyÞ:

Especially, it holds

ð

Bðe iy; rÞ

r� l
dr ¼ aðe iyÞ

ð1

0

ðbðe iyÞ þ k � aðe iyÞ2 � lÞ�1
dkaðe iyÞ:

Remark 1. The function Bðe iy; rÞ is defined on ½0;y�. But, following

Theorems V 2.4 and 2.5 of [19], we may assume that Bðe iy; tÞ ¼ 0 for t <

inffr : r A sðjT jÞg.

Definition 1. For T A SHU, the function B(� ; �) in Theorem D is said to

be the mosaic of T . We denote the mosaic of T by BTð� ; �).

Definition 2. Let T ¼ U jT j be a log-hyponormal operator and

T 0 ¼ U logjT j. Let c ¼ inffr : r A sðjT jÞg > 0. Since UðlogjT j � log cÞ ¼

U logðð1=cÞjT jÞ A SHU, there exists the mosaic BU logðð1=cÞjT jÞð� ; �Þ of

U logðð1=cÞjT jÞ and by Remark 1 we define

BT 0ðe iy; rÞ :¼ BU logðð1=cÞjT jÞðe
iy; r� log cÞ

and

BT ðe
iy; rÞ :¼

BT 0ðe iy; log rÞ if rb c

0 if r < c:

�

For a log-hyponormal operator T , we call BTð� ; �Þ and BT 0ð� ; �Þ the mosaics of

T and T 0, respectively.

Let t be t � 0. For an operator T ¼ U jT j A SHU, since UðjT j þ tÞ A SHU,

by Theorem D (1) it holds

exp

ð

y

0

BUðjT jþtÞðe
iy; rÞ

r� l
dr ¼ I þ aðe iyÞðbðe iyÞ þ t� lÞ�1

aðe iyÞ

¼ exp

ð

y

0

BTðe
iy; rÞ

r� ðl� tÞ
dr ¼ exp

ð

y

t

BTðe
iy; r� tÞ

r� l
dr:

Hence, by the uniqueness of the mosaic in Theorem D (1) and Remark 1 we have

BUðjT jþtÞðe
iy; rÞ ¼ BU jT jðe

iy; r� tÞ: ð�Þ
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Theorem 1. Let T ¼ U jT j be a log-hyponormal. For 0 < ka c ¼

inffr : r A sðjT jÞg, it holds that

BU logðð1=cÞjT jÞðe
iy; r� log cÞ ¼ BU logðð1=kÞjT jÞðe

iy; r� log kÞ:

Proof. Since Uðlogðð1=kÞjT jÞÞ ¼ UðlogjT j � log kÞ is semi-hyponormal, we

have

BUðlogð1=kÞjT jÞðe
iy; r� log kÞ ¼ BUðlogðð1=cÞjT jÞþlogðc=kÞÞðe

iy; r� log kÞ

¼ BUðlogðð1=cÞjT jÞÞ e iy; r� log k � log
c

k

� �

by ð�Þ and log
c

k
> 0

� �

¼ BUðlogðð1=cÞjT jÞÞðe
iy; r� log cÞ:

Hence the proof is complete. r

By Theorem 1, the mosaic BTðe
iy; rÞ of a log-hyponormal operator T is inde-

pendent from the choice of BU logðð1=kÞjT jÞðe
iy; r� log kÞ ð0 < ka cÞ. Therefore,

if a log-hyponormal operator T ¼ U jT j satisfies logjT jb 0, then we may take

c ¼ 1. From now on, let c ¼ inffr : r A sðjT jÞg.

Remark 2. For a log-hyponormal operator T ¼ U jT j with logjT jb 0, by

ð�Þ

(1) if rb c, BTðe
iy; rÞ ¼ BT 0ðe iy; log rÞ ¼ BUðlogjT j�log cÞðe

iy; log r� log cÞ

¼ BU logjT jðe
iy; log rÞ;

(2) if r < c, BT ðe
iy; rÞ ¼ 0 ¼ BU logjT jðe

iy; log rÞ (because by Remark 1 and

log r < inffr : r A sðlogjT jÞgÞ.

Hence in this case two mosaics of T 0 ¼ U logjT j in Definitions 1 and 2 are the

same.

Definition 3.

(1) If T A SHU, then the determining set DðTÞ of T is defined by

DðTÞ ¼ C �6fG : G is open in C and BTðe
iy; rÞ ¼ 0 for a:e: re iy A Gg:

(2) If T is a log-hyponormal operator, then the determining set DðTÞ of T

is defined by

DðTÞ ¼ C �6fG : G is open in C and BT ðe
iy; rÞ ¼ 0 for a:e: re iy A Gg:

For a log-hyponormal operator T ¼ U jT j, since S ¼ U logðð1=cÞjT jÞ A SHU, we

have

DðSÞ ¼ fðlogðr=cÞÞ � e iy : re iy A DðTÞg: ð��Þ
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An operator T is called completely nonnormal if it has no nontrivial reduc-

ing subspace on which it is normal. We show the following

Theorem 2. Let T ¼ U jT j be a log-hyponormal operator. Then

DðTÞJ sðTÞ:

Moreover, if T is completely nonnormal, then DðTÞ ¼ sðTÞ.

Proof. Let c ¼ inffr : r A sðjT jÞg. (1) Let r be 0a r < c. Then it is well

known re iy B sðTÞ. By the definition we have BT ðe
iy; rÞ ¼ 0. Hence, we have

re iy B DðTÞU sðTÞ. (2) Let r be rb c and T 0 ¼ U logjT j. Since

BTðe
iy; rÞ ¼ BT 0ðe iy; log rÞ ¼ BU logðð1=cÞjT jÞ e iy; log

r

c

� �

;

by ð��Þ we have

D U log
1

c
jT j

� �� �

¼ log
r

c

� �

� e iy : re iy A DðTÞ

� �

:

Since U logðð1=cÞjT jÞ A SHU, by Theorem V.3.2 of [19] we have

D U log
1

c
jT j

� �� �

J s U log
1

c
jT j

� �� �

:

By Theorem A,

s U
1

c
jT j

� �� �

¼ s U exp log
1

c
jT j

� �� �� �

¼ ere iy : re iy A s U log
1

c
jT j

� �� �� �

:

Hence if re iy A DðTÞ, then

r

c
� e iy ¼ e logðr=cÞe iy A s U exp log

1

c
jT j

� �� �� �

¼
1

c
� sðU jT jÞ;

so that

DðTÞJ sðTÞ:

If T is completely nonnormal, then by Theorem 3 of [7] it holds that

U logðð1=cÞjT jÞ is completely nonnormal. Since U logðð1=cÞjT jÞ is semi-

hyponormal, it holds that DðU logðð1=cÞjT jÞÞ ¼ sðU logðð1=cÞjT jÞÞ by Theorem

V.3.2 of [19]. By the above it holds that

re iy A DðTÞ , log
r

c

� �

� e iy A D U log
1

c
jT j

� �� �
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and

re iy A sðTÞ , log
r

c

� �

� e iy A s U log
1

c
jT j

� �� �

:

Hence we have DðTÞ ¼ sðTÞ. So the proof is complete. r

Theorem 3. Let T ¼ U jT j be a log-hyponormal operator. Then

klogjT j � logjT �jka
1

2p

ðð

DðTÞ

r�1 drdy:

Proof. Let c ¼ inffr : r A sðjT jÞg. Since U logðð1=cÞjT jÞ is semi-

hyponormal, by Theorem V.3.5 of [19] it holds that

log
1

c
jT j

� �

� log
1

c
jT �j

� ��

�

�

�

�

�

�

�

a
1

2p

ðð

DðU logðð1=cÞjT jÞÞ

drdy:

Since

D U log
1

c
jT j

� �� �

¼ e iy � log
r

c

� �

: re iy A DðTÞ

� �

and klogðð1=cÞjT jÞ � logðð1=cÞjT �jÞk ¼ klogjT j � logjT �jk, by the transformation

r ¼ logðr=cÞ, we have

klogjT j � logjT �jka
1

2p

ðð

DðTÞ

r�1 drdy:

So the proof is complete. r

Hence we have the following corollary.

Corollary 4. Let T be a log-hyponormal operator with m2ðDðTÞÞ ¼ 0.

Then T is normal, where m2ð�Þ is the planar Lebesgue measure.

3. Trace formulae of log-hyponormal operators.

For the trace formula of a log-hyponormal operator T , we define the prin-

cipal function of T .

Definition 4. Let TrDð�Þ be the trace on D.

(1) For T A SHU, the principal function gTðe
iy; rÞ of T is defined by

gT ðe
iy; rÞ ¼ TrDðBTðe

iy; rÞÞ:

(2) For a log-hyponormal operator T ¼ U jT j, put T 0 ¼ U logjT j. The

principal functions gTðe
iy; rÞ and gT 0ðe iy; rÞ of T and T 0 are defined by
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gTðe
iy; rÞ ¼ TrDðBT ðe

iy; rÞÞ and gT 0ðe iy; rÞ ¼ TrDðBT 0ðe iy; rÞÞ

where BTð� ; �Þ and BT 0ð� ; �Þ are the mosaics of T and T 0, respectively.

Subscripts will usually be suppressed when clear from the context.

Remark 3. For a log-hyponormal operator T ¼ U jT j, let c ¼

inffr : r A sðjT jÞg, T 0 ¼ U logjT j and S ¼ U logðð1=cÞjT jÞ. Let gTðe
iy; rÞ,

gT 0ðe iy; rÞ and gSðe
iy; rÞ be the principal functions of T ;T 0 and S, respectively.

Then by Definition 3 we have

gTðe
iy; rÞ ¼ gT 0ðe iy; log rÞ ¼ gSðe

iy; log r� log cÞ:

Theorem 5. Let T ¼ U jT j and S ¼ V jSj be log-hyponormal operators. If

T and S are unitarily equivalent, then

gT ðe
iy; rÞ ¼ gSðe

iy; rÞ:

Proof. Let k be 0 < ka inffr : r A sðjT jÞU sðjSjÞg. By Theorem 1, we

may consider the principal functions corresponding to the operators T 0 ¼

U logðð1=kÞjT jÞ and S 0 ¼ V logðð1=kÞjSjÞ. Since theorem holds for semi-

hyponormal operators by Theorem VII.2.4 of [19], we may only prove that

T 0 and S 0 are unitarily equivalent. We assume that W �TW ¼ S for a

unitary operator W . Since W �jT jW ¼ jSj, we have W �ðlogðð1=kÞjT jÞÞW ¼

logðð1=kÞjSjÞ and

W �UW jSj ¼ W �UWW �jT jW ¼ W �TW ¼ S ¼ V jSj:

Hence W �UWx ¼ Vx for x A ranðjSjÞ. Since jSj is invertible, we have

W �UW ¼ V . Therefore, we have

W �T 0W ¼ W �U log
1

k
jT j

� �� �

W ¼ W �UWW � log
1

k
jT j

� �� �

W

¼ W �UW log
1

k
jSj

� �� �

¼ V log
1

k
jSj

� �� �

¼ S 0:

So the proof is complete. r

Hence, the principal function gTð� ; �Þ of T is independent of the concrete

model of T .

Here we denote the trace class of operators by C1. For operators A and

B, the commutator AB� BA is denoted by ½A;B�. By A2, we denote the linear

space of all Laurent polynomials pðx; yÞ of two variables such that pðx; yÞ ¼
PN

j¼0

PN
k¼�N ajkx

jyk, where N is an arbitrary positive integer. For an operator

X and an invertible operator Y , we define pðX ;Y Þ by
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pðX ;YÞ ¼
X

j;k

ajkX
jY k:

For pðx; yÞ; qðx; yÞ A A2, we denote the Jacobian
qp

qx

qq

qy
�
qp

qy

qq

qx
by Jðp; qÞ and

ðJðp; qÞÞðr; e iyÞ ¼
qp

qx

� �

ðr; e iyÞ �
qq

qy

� �

ðr; e iyÞ �
qp

qy

� �

ðr; e iyÞ �
qq

qx

� �

ðr; e iyÞ.

Then in [4] we proved the following

Theorem E (Chō and Huruya [4], Theorem 9). Let T ¼ U jT j A SHU and

gT ð� ; �Þ be the principal function of T and ½jT j;U � A C1. Then, for p; q A A2,

Trð½pðjT j;UÞ; qðjT j;UÞ�Þ ¼

ðð

ðJðp; qÞÞðr; e iyÞe iygT ðe
iy; rÞ drdmðyÞ:

We show two trace foumulae associated with a log-hyponormal operator.

First one is

Theorem 6. Let T ¼ U jT j be a log-hyponormal operator such that

½logjT j;U � A C1. Let T 0 ¼ U logjT j and gT 0 be the principal function of T 0.

Then, for p; q A A2,

Trð½ pðlogjT j;UÞ; qðlogjT j;UÞ�Þ ¼

ð

y

log c

ð

T

Jðp; qÞðr; e iyÞe iygT 0ðe iy; rÞ dmðyÞ

� �

dr;

where c ¼ inffr : r A sðjT jÞg.

Proof. Put S ¼ U logðð1=cÞjT jÞ. Then S A SHU and ½jSj;U � ¼ ½logjT j;U �

A C1. Put ~ppðx; yÞ ¼ pðxþ log c; yÞ and ~qqðx; yÞ ¼ qðxþ log c; yÞ. Then it holds

Trð½pðlogjT j;UÞ; qðlogjT j;UÞ�Þ ¼ Trð½ ~ppðjSj;UÞ; ~qqðjSj;UÞ�Þ:

By Theorem E, we have

Trð½ ~ppðjSj;UÞ; ~qqðjSj;UÞ�Þ ¼

ðð

DðSÞ

Jð~pp; ~qqÞðr; e iyÞe iygSðe
iy; rÞ drdmðyÞ

¼

ð

y

0

ð

T

Jð~pp; ~qqÞðr; e iyÞe iygSðe
iy; rÞ dmðyÞ

� �

dr

¼

ð

y

0

ð

T

Jðp; qÞðrþ log c; e iyÞe iygSðe
iy; rÞ dmðyÞ

� �

dr: ðyÞ

By the transformation t ¼ rþ log c, from Remark 3 we have
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ðyÞ ¼

ð

y

log c

ð

T

Jðp; qÞðt; e iyÞe iygSðe
iy
; t� log cÞ dmðyÞ

� �

dt

¼

ð

y

log c

ð

T

Jðp; qÞðt; e iyÞe iygT 0ðe iy; tÞ dmðyÞ

� �

dr:

So the proof is complete. r

For the second one, we prepare the following

Theorem 7. Let T ¼ U jT j A SHU and gTð�Þ be the principal function of T.

Let ½jT j;U � A C1. Then, for p; q A A2,

Trð½ pðexpðjT jÞ;UÞ; qðexpðjT jÞ;UÞ�Þ ¼

ðð

Jðp; qÞðr; e iyÞe iygT ðe
iy
; log rÞ drdmðyÞ:

Proof. For m ¼ 1; 2; . . . and n ¼G1;G2; . . . ; by Theorem 8 of [4] we have

Trð½jT jm;U n�Þ ¼

ðð

mne inyrm�1gT ðe
iy
; rÞ drdmðyÞð1Þ

¼

ðð

ne iny
d

dr
ðrmÞgT ðe

iy
; rÞ drdmðyÞ

and by the proof of Theorem 9 of [4]

TrðjT jm �U jT jmU�1Þ ¼

ðð

mrm�1gTðe
iy
; rÞ drdmðyÞð2Þ

¼

ðð

d

dr
ðrmÞgT ðe

iy
; rÞ drdmðyÞ:

For an operator S, we denote the trace norm of S by kSk1. Since

½jT jm;U n� ¼ jT jm�1½jT j;U n� þ jT jm�2½jT j;U n�jT j þ � � � þ ½jT j;U n�jT jm�1

and

jT jm �U jT jmU�1 ¼ ½jT jm;U �U�1
;

we have

k½jT jm;U n�k1amkjT jkm�1k½jT j;U n�k1

and

kjT jm �U jT jmU�1k1amkTkm�1k½jT j;U �k1:

Since C1 is complete, in C1 we have
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lim
l!y

X

l

h¼0

1

h!
jT jh

 !m

;U n

" #

¼ ½ðexpðjT jÞÞm;U n�

and

lim
l!y

X

l

h¼0

1

h!
jT jh

 !m

�U
X

l

h¼0

1

h!
jT jh

 !m

U�1

( )

¼ ðexpðjT jÞÞm �UðexpðjT jÞÞmU�1
:

Since jTrðDÞja kDk1 for D A C1, by (1) we obtain

Trð½ðexpðjT jÞÞm;U n�Þ ¼ lim
l!y

ðð

ne iny �
d

dr

X

l

h¼0

1

h!
rh

 !m

gTðe
iy
; rÞ drdmðyÞ

¼

ðð

ne iny �memrgTðe
iy
; rÞ drdmðyÞ

and similarly by (2)

Trð½ðexpðjT jÞÞm �UðexpðjT jÞÞmU�1�Þ ¼

ðð

memrgTðe
iy
; rÞ drdmðyÞ:

Putting er ¼ s, we have

Trð½ðexpðjT jÞÞm;U n�Þ ¼

ðð

ne iny �msm�1gTðe
iy
; log sÞ dsdmðyÞð3Þ

and

TrððexpðjT jÞÞm �UðexpjT jÞmU�1Þ ¼

ðð

msm�1gTðe
iy
; log sÞ dsdmðyÞ:ð4Þ

Define a bilinear form ð� ; �Þ on A2 by

ðp; qÞ ¼ Trð½ pðexpðjT jÞ;UÞ; qðexpðjT jÞ;UÞ�Þ

for p; q A A2. Let p2ðx; yÞ ¼ y. Then by the proof of Theorem 9 of [4] we can

define a linear functional l on A2 by, for q A A2,

l
qq

qy

� �

¼ ðp2; qÞ:

Then by the similar way of the proof of Theorem E we have

ðp; qÞ ¼ �lðJðp; qÞÞ:ð5Þ

Next we define a linear functional l0 on A2 by, for p A A2,
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l0ðpÞ ¼

ðð
pðr; e iyÞe iygT ðe

iy; log rÞ drdmðyÞ:

Since (3) and (4) hold, by the similar way of the proof of Theroem E we have

l0 ¼ �l:ð6Þ

Therefore, by (5) and (6) we have

Trð½ pðexpðjT jÞ;UÞ; qðexpðjT jÞ;UÞ�Þ ¼ ðp; qÞ ¼ l0ðJðp; qÞÞ

¼

ðð
Jðp; qÞðr; e iyÞe iygTðe

iy; log rÞ drdmðyÞ

for p; q A A2. So the proof is complete. r

Hence, we have the following

Theorem 8. Let T ¼ U jT j be a log-hyponormal operator with logjT jb 0

and gT ð� ; �Þ be the principal function of T. Assume that ½logjT j;U � A C1. Then,

for any p; q A A2, it holds that

Trð½ pðjT j;UÞ; qðjT j;UÞ�Þ ¼

ðð
Jðp; qÞðr; e iyÞe iygT ðe

iy; rÞ drdmðyÞ:

Proof. Let T 0 ¼ U logjT j and gT 0 be the principal function of T 0. Since

T 0 A SHU, by Theorem 7 we have

Trð½ pðexpðjT 0jÞ;UÞ; qðexpðjT 0jÞ;UÞ�Þ ¼

ðð
Jðp; qÞðr; e iyÞe iygT 0ðe iy; log rÞ drdmðyÞ:

Since gT 0ðe iy; log rÞ ¼ gTðe
iy; rÞ and expðjT 0jÞ ¼ jT j, we have

Trð½ pðjT j;UÞ; qðjT j;UÞ�Þ ¼

ðð
Jðp; qÞðr; e iyÞe iygT ðe

iy; rÞ drdmðyÞ:

So the proof is complete. r

Finally, we show the following main result.

Theorem 9. Let T ¼ U jT j be a log-hyponormal operator and gTð� ; �Þ be the

principal function of T. Assume that ½logjT j;U � A C1. Then, for any p; q A A2,

it holds that

Trð½ pðjT j;UÞ; qðjT j;UÞ�Þ ¼

ðð
Jðp; qÞðr; e iyÞe iygT ðe

iy; rÞ drdmðyÞ:

Proof. For c ¼ inffr : r A sðjT jÞg, let R ¼ Uðð1=cÞjT jÞ. Put ~ppðr; zÞ ¼

pðc � r; zÞ and ~qqðr; zÞ ¼ qðc � r; zÞ. Then we have
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Trð½ pðjT j;UÞ; qðjT j;UÞ�Þ ¼ Trð½ ~ppðjRj;UÞ; ~qqðjRj;UÞ�Þ:

Since R is log-hyponormal with logjRj ¼ logðð1=cÞjT jÞb 0, by Theorem 8 we

have

Trð½ ~ppðjRj;UÞ; ~qqðjRj;UÞ�Þ ¼

ðð

Jð~pp; ~qqÞðt; e iyÞe iygRðe
iy; tÞ dtdmðyÞ

¼

ðð

c � Jðp; qÞðc � t; e iyÞe iygRðe
iy; tÞ dtdmðyÞ: ðyyÞ

By the transformation r ¼ c � t, we have

ðyyÞ ¼

ðð

Jðp; qÞðr; e iyÞe iygR e iy;
r

c

� �

drdmðyÞ

¼

ðð

Jðp; qÞðr; e iyÞe iygTðe
iy; rÞ drdmðyÞ;

because gT ðe
iy; rÞ ¼ TrðBU logðð1=cÞjT jÞðe

iy; logðr=cÞÞÞ ¼ gRðe
iy; ðr=cÞÞ by Definition 2

and Remark 3. So the proof is complete. r
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