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Abstract. Let M be a closed 3-dimensional Riemann manifold and let
3 < r < . We prove that there exists an open dense subset in the space
of C" volume-preserving Anosov flows on M such that all the flows in it are
exponentially mixing.

1. Introduction.

In this paper, we study mixing properties of volume-preserving Anosov flows on a
3-dimensional closed C'*° Riemann manifold M. Let §"; be the space of C" Anosov flows
on M preserving the Riemann volume m, equipped with the C” compact-open topology
as a subspace of C"(M x R, M). A flow f! € §" is said to be exponentially mizing with
respect to the volume m if, for some o > 0, we have

] [e (wOft)dm' < Callgllcn [6llcn exp(—cat) (L1)

for any t > 0 and any ¢,y € C*(M) satisfying [ ¢ dm = 0, where ¢, and C, > 0 are
constants independent of ¢, 1) and ¢. (Note that once the decay estimate (1.1) holds for
some « > 0, we can prove it for any a > 0 by approximation, possibly with different
constants ¢, and Cy. See [8, p.1046]. It is therefore enough to consider (1.1) for some
fixed o > 0.) The main result is

THEOREM 1.1. For 3 < r < oo, there exists a C3-open and C"-dense subset
U C §7, such that all the flows in U are exponentially mizing. Further there is a C3-open
neighborhood of each ft € U such that the decay estimate (1.1) holds for all the flows in
it with uniform constants c, and Cl,.

It is well known as Anosov alternative that a volume-preserving Anosov flow is either
mixing or C' conjugate to a suspension flow of an Anosov diffeomorphism by a constant
roof function. Also it is not difficult to see that the former alternate holds for almost all
cases, say, for an open dense subset in the space of volume-preserving Anosov flows. But,
for the questions how often the flows are exponentially mixing, our knowledge is rather
incomplete. An ultimate conjecture, known as Bowen—Ruelle conjecture, states that
mixing Anosov flows will always be exponentially mixing. But this conjecture is widely
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open at present. In this paper, we investigate a related problem: whether exponential
mixing is an open dense property for volume-preserving Anosov flows.

A few important progresses on the rate of mixing for Anosov flows were made by
Chernov [4] and Dolgopyat [6], [7], [8] in late 1990’s. In [6], Dolgopyat proved that a
volume-preserving Anosov flow is exponentially mixing if the stable and unstable foli-
ations are C'! and are not jointly integrable. In particular, it is proved in [6] that the
geodesic flows on negatively curved surfaces are exponentially mixing. (Later this result
is extended to higher dimensional contact Anosov flows [15], [21], [22] and also to those
with singularities such as Sinai billiard flows [1], [2].) In [7] and [8], he also studied
exponential and rapid (i.e. super-polynomial) mixing for suspension flows of subshifts of
finite type, which abstracts Axiom A flow, and gave several criteria for such flows to be
rapid or exponential mixing. Based on the argument in [7], Field, Melbourne and Térok
proved more recently in [11] that rapid mixing is an open dense property for Axiom A
flows and, in particular, for volume-preserving Anosov flows.

However, to the author’s knowledge, the problem on exponential mixing mentioned
above remains open. The aim of this paper is to study the problem in the simplest
possible setting of dimension 3 and present an affirmative answer in Theorem 1.1. This
also provides an example of a non-empty open set of volume-preserving Anosov flows
which stably exhibit exponential mixing. (Rather surprisingly, no such example has
been known.)

In the following sections, we first investigate the geometry of the stable and un-
stable foliations and introduce the notion of s-template which describes how the stable
subbundle twists along unstable manifolds. In Definition 2.11, we formulate the non-
integrability condition (NI), for p > 0 in terms of s-templates. In Theorem 2.15, we
show that the condition (NI), for sufficiently small p > 0 holds for a dense subset in
§7 for any r > 3. Then we prove Theorem 1.1 by showing, in Theorem 2.16, that, if
I8 € 3% satisfies (NI), for some p > 0, there is a C® open neighborhood of f{ in §% in
which all the flows are exponentially mixing with uniform constants ¢, and C, in the
decay estimate (1.1).

The main novelty in our argument consists in the argument related to s-templates
in Section 2. The idea is quite simple and explained in the following few pages. Also the
perturbation argument in the proof of Theorem 2.15 in Section 3 may be of some interest,
where we consider deformation families of a flow with huge number of parameters and
apply large deviation argument in the parameter spaces. The proof of Theorem 2.16
is obtained by modifying the argument in the author’s previous papers [21], [22]. Un-
fortunately this part is rather long and occupies the remaining two-thirds of this paper,
though the core of the argument is presented in a few pages. This is because some objects
we consider are not smooth and require careful treatment. Still our argument is basically
elementary and straightforward. If the reader is familiar with estimates on non-linearity
of hyperbolic flows and/or Fourier analysis, one will be able to skip good part of the
argument and/or find better ways to prove the propositions in this part.

REMARK 1.2. The argument presented in this paper depends crucially on the
assumptions that M is three dimensional and that f! preserves a smooth volume. So it
will not extend to more general cases directly. But the author would like to emphasize
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that the following idea behind the argument will be useful in much more general cases
of partially hyperbolic dynamical systems: Twist of the stable subbundle along pieces of
unstable manifolds viewed in the unit scale will be “random” and “rough” in gemeric
cases and such “random” twist will not be cancelled completely in the process where the
flow ft contracts the piece of unstable manifold to microscopic scale as t — —oo (if
we view things in an appropriate scaling), because the contraction is exponential and
therefore only Taylor approzimation of ft up to some finite order will be effective. See
also Remark 2.14.

2. The non-integrability condition.

Let 3 < r < oo and consider a C”™ Anosov flow f*: M — M. We suppose that the
flow f? preserves a C” volume p on M. Here, by a technical reason, we do not assume
that g is the Riemann volume m. Let v be the C"~! vector field generating the flow
f*. We suppose that ||v|]] = 1 for the Riemann metric || - || on M. Since the argument
below does not depend on the Riemann metric essentially, this does not cause any loss
of generality.

In some points in the argument below, we will need to check that some constants
can be taken uniformly for the flows in a sufficiently small C" neighborhood of f! that
preserve C" volume forms sufficiently close to p. In order to distinguish such constants,
we put the subscript * to the symbols of them. We use C, as a generic symbol for such
class of constants and write C,(-) when we emphasize their dependence on some quantity
in the parentheses. Also we write O,(-) for a term which is bounded in absolute value
by the quantity inside the parenthesis multiplied by some constant C,.

2.1. Anosov flows.
From the definition of Anosov flow, there is an f!-invariant continuous decomposition
of the tangent bundle

TM =FEy® E, dE, with dimEy=dimFE, =dimFE, =1 (2.1)
such that Ey = (v) and that, for some positive constants C, > 0 and x. > 0,
|DfE < Coe ™t |IDfE R, || > O et forall t > 0. (2.2)

The decomposition dual to (2.1) is T*M = E{ & Ef & E;; where

Es

E; =(Es®E,)*, E:=(E,®E)", E;=(E®FE)".
The subbundle Ey is C"~!, but E, and E, are not even C" in general. However we have

Z(Es(p), Es(q)) < Cillp —ql| - (log [lp — ql)) (2.3)

in local charts, where (and henceforth) (s) denotes some fixed C*° function of s such
that

(s) =|s| if|s|>2 and (s) >1 for any s.



760 M. Tsuin

The estimate (2.3) holds also for the subbundles E,, and E.

REMARK 2.1. The non-smoothness of E; and E,, mentioned above is caused mainly
by their variation in the flow direction. In fact, the sums E, ® Eq and E, ® Ey are C!
and so are their normals E and E;. Especially we have

Z(ES(p), ES(9) < Cullp—all,  Z(Ey(p), Eu(q)) < Cullp — 4ll (2.4)

in local charts.

2.2. The intrinsic metric on stable and unstable manifolds.
Let W*(p) and W*(p) be the stable and unstable manifolds passing through a point
p € M. Below we discuss about twist of the stable subbundle E; along W*(p). But note
that, by considering the time-reversed flow f~*, we can (and will) argue about twist of
the unstable subbundle E,, along W?*(p) in parallel. To begin with, let us introduce a
C"~! metric on W*(p) by
D fa()]l

Vi = lim ——""r for v € T,W"(p) at ¢ € W*(p). 2.5
| |W (62 B HDf;g‘EuH q ( ) ( ) ( )

The following lemma is an immediate consequence of this definition.

LEMMA 2.2, If f* sends W"(p) to W*(p'), it brings the metric |- |y (p) o |- |y
up to multiplication by a positive constant. If f*(p) = p’, the multiplier is just || D f}|gu||.

Let w, : R — M be the C" parametrization of W* (p) by the arc length with respect
to the metric | - |yyru(p) such that wy(0) = p. (We do not care about the direction of
parametrization.) For an interval J C R, we set W§(p) := wy (J) C W*(p).

2.3. Some sections of the normal bundles of unstable manifolds.

For a point p € M and an interval J C R, let I'(p, J) be the space of continuous
sections 7 : Wj(p) — T M such that y(q) € T; M at each ¢ € W§(p) is normal to the
tangent space T,W"(p) = E\,(q). Let T'}(p, J) C I"™(p, J) be the subset that consists of
v € T%(p, J) satisfying (v(q),v(q)) = 1 where v(-) denotes the generating vector field of
the flow f°.

We write ’V;J € I'%(p, J) for either of the two C"~! sections satisfying

(’y;jJ(q),u) = dpu(v(q), (wy)'(1),u) for any u € T,M at ¢ = wy () and for any 7 € J,

where 1 is the volume preserved by f*. We tentatively fix a C"~" section 7)) ; in '} (p, J).
For the moment we assume only that the sections 727 ; are bounded in C"~! sense uni-
formly for p € M and J C (—1,1). We may then express each section v € T'{(p, J) as

Y(@) =.(a) + ¥y () -7 5(q)  for ¢ = wi(r) with 7 € J, (2.6)

where 1, : J — R is a continuous function and called the representation function of +.
For a C"~! section v € I'¥(p, J), we define its (maximum) curvature x(y) by
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k() = sup{ [J(7)[ [ 7 € T }.

For a C™! section v € T¥%(p,J) and t € R, there is a unique section v; €
Ly (f(p), J(t)) with J(t) = £[|Df*| g, ()| - J so that

Y(q) = (DFY)* v (f*(q))- (2.7)

Observe that the curvature k() of v; tends to infinity as ¢ — —oo in most cases, but
may be bounded for some . This motivates the following definition.

DEFINITION 2.3. A C"! section v € T'{(p,J) is said to be straight if x(vy;) is
bounded uniformly for all ¢ < 0.

Note that this definition does not depend on the choice of 72’ s provided that they
are uniformly bounded in C"~! sense (as we are assuming) and is therefore intrinsic to
the flow f!. In the next lemma, we describe the space of straight sections.

DEFINITION 2.4. Two functions g, : J — R are said to be equivalent modulo
affine functions if o (7) = ¥1(7) + a7 + S for 7 € J with some «, 8 € R. Two sections
Y0,71 € I'{(p, J) are said to be affine equivalent if their representation functions 1., and
b, (defined in (2.6)) are equivalent modulo affine functions.

LEMMA 2.5.  For any point p € M and any interval J C R, there exists a straight
section o € T'¥(p,J). A C"~1 section v € T'¥(p, J) is straight if and only if it is affine
equivalent to yo. If a C"~1 section v € T%(p, J) is straight, then v, € T¥(f(p), J(t)) for
t € R is again straight.

ProOF. If f! sends a C"1 section v € T'{(p, J) to v, € I'¥(p(t), J(t)), the repre-
sentation functions of v, is related to that of v by the formula

by, (7) = a(t) -y (alt) ™" 7) +ppe(r),  alt) = DS

E. (2.8)

where ¢, is a C"~! function that stems from the difference between ’y?t(p) J() and the
push-forward of 'yg, ; by f'. Note that, for any ¢y, > 0, the C"~! norm of the function
©p,¢ is bounded uniformly for p € M and ¢t € R with [¢] < t,.

REMARK 2.6. The indefiniteness of the sign of a(t) in (2.8) is due to that in the
direction of the parametrization wy. In most part of the argument below, we will ignore
the related indefiniteness of sings because they are not essential at all and easy to fix if
one likes.

Differentiating the both sides of (2.8) with respect to 7 twice and changing the
variable 7 to a(t)~!7, we obtain the relation

Y1) = alt) - 47 (a(t)T) — alt) - ¢y 4 (a(t)7). (2.9)

The claims of the lemma are consequences of this relation. Let us consider a sequence
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t
£0)=0>t(1) > t(2) > --- = —oo  such that 50 <t(i) —t(i+1) < to.

By letting t larger if necessary, we may and do assume

B t(z+1 _ a(t(i+1)) L1

If we set ¢t = t(i+ 1) — (i) and replace p with p(i) = f*)(p) in (2.9), we find the formula
¢’/Y/t(i) (T) =ai- w'/‘{/t(i+1) (a’i ' T) — Q- wg(i)ﬂf(i-l-l)—t(i) (ai . 7') for T € [—1, 1] (210)

Recursive application of this formula yields, for any integer N > 0 and 7 € [—1, 1],

N—

Y1) = a(t(N)) -5, (a(t(N a(t(i +1)) - @peiy.agi+) - (@@ + 1)) - 7).
=0

,_.

Since |a(t)] < CieX<t for t < 0 by (2.2), the right-hand side converges to a unique
continuous function as N — oo in C? sense, provided that (v;) = [|¢/,[|cc is uniformly
bounded for ¢t < 0. That is to say, if v € I'¥(p, J) is straight, its representation function
satisfies

= a(t(i+1)) - @iy i) e (alti+1))-7) for r € [-1,1].  (2.11)
1=0

Conversely, suppose that v € I'{(p, J) satisfies the last condition (2.11). Then ¢ is
of class C"~3 and 7 is of class C"~!. The relation (2.10) gives

" Za(tli+1)) a(t(i+1 , ,
V)= = I ey (Sl 7)o 7 € ale), al)

and the right-hand side is bounded uniformly in 57 > 0, so that v must be straight.
Clearly the former two statements of the lemma follow from the argument above.
The last statement is an immediate consequence of the definition of straight section. O

Since the choice of the sections 710)7 s was rather arbitrary, we henceforth assume
without loss of generality that the sections 72_’ ; are straight sections. (This is just for
avoiding a new notation.) Further, in the case J = (—1,1), we specify ’YSJ as the unique
straight section satisfying the following conditions at the end points:

lim 70,y (w (7)) € B (wih(o) for o = 1. (2.12)

2.4. The definition of s-templates.

We next consider how the direction of the stable subspace F; twists along the local
unstable manifold W (p) when we observe it in the frame given in the last subsection. Let
¥p.5 € I't(p, J) be the unique continuous section such that v, ;(q) € Eg(q) = (Eu(q) ®
Es(q))* for ¢ € W¥(p) and let ¥,.;+J — R be its representation function.
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REMARK 2.7. The function b, ; captures the variation of the stable subbundle E;
along W7}(p). But note that we consider only the component normal to W(p). The
variation of the other component will turn out to be negligible. (See Remark 2.1.)

The function ¢ ; is not even C'! in general but satisfies
[vy 1 (7") = by 5(7)| < Culr" = 7] - (log|7" = 7]) for 7,7" € J (2.13)
as a consequence of (2.3). Now we introduce

DEFINITION 2.8 (s-templates). The functions Yy (—1,1) for p € M are called the
s-templates for the flow ft. We write 7 = T(f!) = {11y | p € M} for the set of all
s-templates for the flow f*.

Note that, from the condition (2.12) in the choice of 737 (—1,1)7 the s-templates satisfy
Uy -1y (1) == lm ¢ (1) =0. (2.14)

The next lemma tells that the twist of E; along the unstable manifolds in a microscopic
scale is a miniature of an s-template up to affine equivalence. (This is the reason for the
name “template”.)

LEMMA 2.9. For any q € M and any 6 € (0,1), there exist t > 0 such that
Ui ssy(T) =645 (0T ) +ar+ 8 with p= f'(q) (2.15)
where |a| < Cy(logd) and |B] < C,.

PrROOF. Letqe M and0 < < ¢ < 1. We take t > 0 satisfying || D fi| g, || = 8'/9,
so that f* (W ; 5(a)) = Wi s 5)(p) with p = f*(g). Let us recall the relation (2.8) and
find that

bl0) =0 (507 + astr) (2.16)

for any section v € T'{(q, (=4, 4)) and its image v; € T'¥(p, (—&’,4")) by f* that is defined
by the relation (2.7). (See also Remark 2.6.)

We show that the function ¢4 .(7) in (2.16) is an affine function. To see this, we let
v € I'%(q, (=6, 0)) be the pull-back of the section 72,(—6/,6/) by f¢, so that v; = 72,(_5,75,).
Then the representation function of v, = 72’(7 5,61y O the left-hand side is null by
definition. Also that of v on the right-hand side is an affine function because it is a
straight section from Lemma 2.5. Therefore ¢, ,(7) is also an affine function.

In order to get the conclusion of the lemma, we set v =, 55 € I'f(g, (=6,4)) in
(2.16). Then, from invariance of Ej, we see

S 6/ s 6
1/11,,(,5,’5/)(7') =% 'wq,(*é,é) (5/ 'T> + g,t(7).
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Changing the variable 7 to (6'/d)7, we rewrite it as

. 5o 5 5 5
Vg (—6.6)(T) = 5 Vp(-5157) (5 'T) — 5 Pat <5 'T> . (2.17)

We obtain the formula (2.15) as the case 6’ = 1. The required estimate on « is obtained
by applying (2.17) with §’/§ bounded recursively (as in the proof of Lemma 2.5) and
by using the fact that the affine function ¢, .(7) is bounded provided that ¢§’/d (or t) is
bounded. The required estimate on 8 should be obvious. O

REMARK 2.10. As we noted in the beginning of Subsection 2.2, we can develop the
argument above for the time-reversed flow f~! in parallel. The objects corresponding to

|‘|W“(p)7 W}L(p)v wg()v Fu(pvj)a Flll(pv*])v ’Y;J;Ja ’Yg,Jv ’718;,.]7 ¢;,J (218)

in such argument will be denoted respectively by

| ! ‘Ws(p)a Wj(p)7 ’UJ;(), Fs(pv '])7 Fiq(pa ‘])7 ’Ay;j:‘D &S,Ja ’Y;,Jv d’;f,w (219)

2.5. The non-integrability condition.
Now we put the following definition.

DEFINITION 2.11.  Let 0 < p < 1. We say that a C® Anosov flow f! on M preserving
a smooth volume p satisfies the non-integrability condition (NTI),, if, for sufficiently large
b > 0, the estimate

‘/_1 exp (ib (Y(1) + ar))dr| < b~ " (2.20)

holds for all s-templates ¢ € T(f*) and o € R.

REMARK 2.12.  From (2.13) (or (2.3)), the s-templates ¢ € T(f*) are Holder
continuous with any exponent 0 < § < 1 and the corresponding Holder coefficients are
bounded by a uniform constant Cjg .. Hence, for each 0 < p < 1, the condition (2.20)
holds for free if |o| > b and b is sufficiently large. (For instance, we can check this by
using “regularized” integration by parts given in Lemma 6.12.)

REMARK 2.13.  From Lemma 2.9, the non-integrability condition (NI), remains
unchanged even if we replace the Riemann metric on M by another Riemann metric and
the volume p by its scalar multiple.

REMARK 2.14. In the case of contact Anosov flows (see [15] for the definition),
the set T of s-templates consists of a single trivial equivalence class [0] modulo affine
functions. (To check this, observe that v°(g, J) is given by the contact form restricted to
WY (p) and is straight because the contact form is preserved by the flow.) Therefore our
non-integrability condition (NT), excludes the case of contact Anosov flows!

The main theorem, Theorem 1.1, follows if we prove the following two theorems.
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THEOREM 2.15. Let 3 <r < oo. Ifwelet 0 < p <1 be sufficiently small depending
only onr, the set of flows that satisfy the non-integrability condition (NI), is dense in §7y.

THEOREM 2.16. If a flow f{ € §° satisfies the non-integrability condition (NT),
for some 0 < p < 1, there exists an open neighborhood V of f§ in §° such that all f* €V
are exponentially mizing and further that the decay estimate (1.1) holds for all ft € V
with uniform constants ¢, and C,.

We prove Theorem 2.15 in the next section, Section 3. We prove Theorem 2.16 in
Section 6, after preparations in Section 4 and Section 5.

2.6. Approximate non-integrability.

We finish this section by a discussion on another important idea about joint non-
integrability of the stable and unstable foliation, which is closer to the ideas of Frobenius
non-integrability and the uniform non-integrability condition introduced by Chernov [4].
Let us consider how the flow f! twists the tangent bundle along local unstable (resp.
stable) manifolds (in a more literal sense). Consider a point ¢ € M and a positive
number 0 < § < 1. Recall that we have specified the straight sections ’yg, s uniquely when
J = (—1,1) by the condition (2.12), but not yet for the case J = (—4,d) with 0 < § < 1.
There are two natural but different ways to choose a straight section in I'{(q, (=4, )):

(a) we take it as a restriction of 72’(71’1) to W s 5(a) C W, 4y(q), or

(b) we take ¢ > 0 such that f'(W ;5 (q)) = Wi, ;)(p) with p = f*(¢q) and let it be
the pull-back of 7, ;) € T'{(p,(~1,1)) by f".

Let us denote the straight sections obtained in (a) and (b) by 72(_ 5.5 and 'yg (—6.5)
respectively. They are both straight sections and hence affine equivalent, that is,

e 5.6 () = Vor=s.5) (1) T8 6(T) V558 (7) (2:21)

for an affine function ’(/J; (=5 5)(7). The linear part of ¢g (=6.5) (7) may be understood as
the torsion that f* (with ¢ in (b) above) makes along W (5. (). This motivate us to
define

Tor*(g,0) = (¥} 5)/(0). (2.22)

As we noted in Remark 2.10, we can apply the parallel argument to the time-reversed
flow f~¢ and define

oi—say Vb Tor'(a0) (2.23)

as the objects corresponding to
Toi—sny Vas Tor'(a0). (2.24)

These extends the correspondence between (2.18) and (2.19).
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Recall that there are options of choosing signs in the definitions of 7;(7 5.5) and

'y;(f 5.8)" In the following definition, we suppose that the signs are chosen so that

<7(;:(—5,5)(0)’ (w;,(—é,é)),(o» > 0, <;}/;:(—5,5)(0)7 (wg,(—é,é))/(o» > 0.
DEFINITION 2.17. For g € M and 0 < 6 < 1, we set
A(g,9) = Tor*(q, ) — Tor®(q, ) (2.25)
and call it the approzimate non-integrability at ¢ € M in the scale 6.

REMARK 2.18.  We regard the quantity A(g,d) as an approximation of Frobenius
non-integrability between stable and unstable foliation at ¢ € M viewed in the scale
0 > 0. It is natural to expect that A(g,d) will take large values for most of small § > 0
and most points ¢ € M in generic cases. However the problem with the quantity A(g, d)
is its dependence on the scale §. When we perturb the flow, it is difficult to see how the
quantity A(g,d) varies for small § > 0. On the contrary, our non-integrability condition
(NI), is formulated in terms of s-templates and does not involve the scale §. This is
the main technical advantage of the notion of s-templates. Note however that we will
make use of the quantity A(g,d) in the proof of Theorem 2.16. In fact, we will use
the non-integrability condition (INI), only in the situation where |A(g,0d)| is not large
enough.

The next lemma gives a few basic properties of the quantities we have introduced.

LEMMA 2.19. Foro=s,u,0<4,8 <1, g€ M andt € R, we have
5/
|Tor?(q,8) — Tor?(q,8")| < C. <10g 5

| Tor? (f*(q), 8) — Tor?(q,0)| < C.(t), and hence |A(f'(q),d) — Alq,0)| < Cilt) (2.27)

> and hence |Tor?(q,d)| < Cy(logd), (2.26)

and

[ Tor?(q', ) — Tor?(q,0)| < s if d(gq,q') < 6. (2.28)

PrROOF. We prove the claims in the case 0 = s. We can prove those in the case
o0 = u in the parallel manner considering the time reversed flow f~!. Note first of all
that Tor®(¢q,1) = 0 by definition. From the definition of Tor®(q,d), it is easy to see that,
for fixed tg > 0, there exist C\, = C\(to) > 0 satisfying

| Tor*(q, d) — Tor*(f*(q), | Dfyl .,

-0)| < C.

for 0 <t <to,ge Mand 0<d < |Df|p,|~" Recursive application of this estimate
yields

[ Tor*(q, 6) — Tor*(f*(q), | Dfgle, |l - 6)] < Cu(t) fort>0and 0<d <[ Dfgle,lI™"
(2.29)
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In particular, letting ¢ > 0 be such that | Dff|g, | -6 = 1, we get
|Tor®(q, )| < Cy(logd) for 0 < <1.

For 0 < § < ¢’ <1 andt>0such that ||Df(§ -8’ =1, we have

Ey

|Tor®(q,d) — Tor®(q,d")| =

Tor* (£1(a). ) = Tor'(7'(@) 1) =

Tor® (ft(q% g,) ‘
(2.30)

where the first equality is a consequence of the definition of Tor®(g, §) and Lemma 2.5.
The last two estimates yield (2.26). Then (2.27) follows from (2.26) and (2.29). To prove
the last claim (2.28), it is enough to show the claim

|Tor®(q', §) — Tor®(q, )| < C,
for sufficiently small § > 0 and for any ¢,q" € M satisfying either
(i) ¢ € Wtss(a), (i) d € Wi s5(q) and (i) ¢’ € f7(q) for some 7 € (=4, ).

In the case (i), each straight section on WLs s (¢) extends uniquely to that on W 5 5) ().
In the case (iii), the flow f7 brings each straight section on W, 5)(‘1) to that on
W(“_(;,ﬁ,)(q’) with ¢’ = ||Df7|g,|l - 0, which extends (or restricts) uniquely to that on
WLss) (¢'). Therefore we obtain the claim in these two cases by comparing the defi-
nitions of Tor®(q,d) and Tor®(q’,d) through such correspondences. In the case (ii), the
claim is obvious because the distance between f!(q) and ft(¢’) decreases exponentially
as t — oo. O

3. Proof of Theorem 2.15.

In this section, we prove Theorem 2.15. We consider an arbitrary C* flow f* € §¥
and deform its s-templates, perturbing the flow by time-changes. The problem is how
often the condition (2.20) in the non-integrability condition (NT), holds when b is large.
Roughly speaking, the point of the argument below is that, for some R > 0, we can
change the values of s-templates w;,(—l,l) on each of disjoint subintervals in (—1, 1) with

/R almost independently with amplitude proportional to b~'. This together with

size b~
the large deviation argument enable us to show that the condition (2.20) with large b is

violated only with very small possibility bounded by a stretched exponential rate in b.

REMARK 3.1. After time changes, the flow will no longer preserve the Riemann
volume m though it will preserve a smooth volume close to m. We will resolve this
problem by using a result of Moser [17] on deformation of smooth volumes on a manifold.
See the last part of Subsection 3.2.

3.1. Exceptional set £(b).

In order to avoid technical problems caused by interference of perturbations, we will
regard the s-templates for points in some subset £(b) as exceptions and treat them in
a different manner. The definition of the exceptional set £(b) in the next paragraph is
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motivated as follows. In order to modify the values of the s-template w;y (—1,1) forpe M,
we will perturb the flow f! in a small neighborhood N of the subset ft- (ngl)l) (p)) with
some ¢, > 0. In such perturbation, the problem of interference arises when f*(N)NN #
for some t > 0 that is not large enough. (As we will see, the interference is negligible
if t > 0 is large enough.) This is the situation that we would like to avoid. Note that,
in such situation, there exists a periodic orbit with period < ¢ that passes through a
neighborhood of N, by the pseudo-orbit tracing property of Anosov flow (or Anosov
closing lemma [13, Corollary 18.1.8]).

Below we give the precise definition of the exceptional set £(b). We denote the prime
period of a periodic point w € M by per(w) and take and fix a constant 7. > 0 such that

107, < min{per(w) | w is a periodic point of f*}. (3.1

Then we set

2
P

Ay =™ 5 1 and ¢, =

so that the modulus of hyperbolicity ||D f}f,cr(w)| g, || of a periodic point w € M is always
greater than A.. Let R > 0 be an integer constant that we will take soon in the next
subsection. (One may suppose R = r + 11 if one likes.) For b > 1 and p € M, we set

T(p,b) = inf{t > 0| |Df,"|g,|| < b~ /4H}. (3.2)

DEFINITION 3.2 (The exceptional set £(b)). The exceptional set £(b) C M for
b > 1 is the open set of points p € M such that there exits a periodic orbit 7 whose
prime period is less than T'(p, b) and whose (minimum) distance from W . (p) is less

than b=2/(3R),

The next lemma tells that the periodic orbit « in the definition above is unique for
each p € £(b), provided that b is sufficiently large.

LEMMA 3.3.  For any C > 1, there exists by > 0 such that, for b > by and p € M,
there exists at most one periodic orbit v satisfying both of the following conditions:

1. the prime period of 7y is bounded by T'(p,b) + C, and
2. the (minimum) distance from v to quc*,c*](p) is less than b=3/(1)

Further, if such periodic orbit ~ exists, it passes through the b=3/R) _neighborhood of
W[“_c*vc*}(p) only once. More precisely, if there are two points pi,ps on v that belongs

to the b=3/OR) _neighborhood of W, . (p), there exists t with |7| < b1/ GR) such that
fH(p1) = pa.

PROOF. Suppose that a periodic orbit  satisfies the conditions 1 and 2 in the
lemma for some b > by and p € M. Let p; be a point on the periodic orbit ~ that
belongs to the b=3/®)_neighborhood of W[“_C*’C*](p). By a crude estimate we see that
the backward orbit f~*(p) of the point p traces that of p; as far as



Ezxponential mizing for Anosov flows 769

IDf,Hl ~ 1D £y e, |7 < ¥/ ).

Hence, for any € > 0, we can take t(¢) > 0 and let by large so that the distance between
f7%(p) and f~*(p1) € 7 is bounded by ¢ for t € [t(¢),t(¢) + T'(p,b) + C]. That is, the
orbit f~!(p) for t € [t(g),t(e) + |7|] traces the periodic orbit || within distance . By
uniform hyperbolicity of the flow f?, this implies uniqueness of the periodic orbit v and
also the last claim of the lemma because b=/ (%) > p=3/(F) O

3.2. A probability measure on the space of functions.
Let 3 <7 < oo and let C" (M) be the Banach space of C" functions. Let us consider
the translations on C"(M):

T, : C"(M) = C"(M), To(u) = u+ .

In the following, we fix some R > r and a Borel probability measure g on C" (M) such
that

exp(—lpllon) < "W\ <exp(lgllon)  forany g € CR(M).  (3.3)

From [20, Lemma E], such a measure p exists provided that we let R > r be sufficiently
large, say R = r + 11. Note that, from (3.3), we have u(U) > 0 for any non-empty open
subset U C C"(M).

We suppose that W is a small neighborhood of the origin 0 in C" (M) and will let it
be smaller in the course of the argument if necessary. Let v be the generating vector field
of the flow f*. For ¢ € W, let f:; be the flow generated by the vector field v, = (1+¢)-v.
Note that, since the flow f; preserves the C” volume my, = (1 + ¢)~' - m, we can apply
the argument in Section 2 to the flow f; with setting 4 = m,. For 0 < p <1,pe M,
a€Rand b> 0, let

X,(p,asb) CW

be the set of functions ¢ € W such that the condition (2.20) with these p, a and b fails
for the s-template at p for the flow f:f,. As the main step in the proof of Theorem 2.15,
we show the following proposition.

ProposiTiON 3.4.  If p > 0 is sufficiently small, then, for sufficiently large b > 0,
we have

1(X,(p, ;b)) < exp(=b”)
for anyp € M\ E(b) and o € R.

The proof of this proposition will be given in the following subsections. Below we
deduce Theorem 2.15 from this proposition. Note that we have X,(p, a;b) = 0 for o with
|a] > b from Remark 2.12, provided that b is sufficiently large. Take small p > 0 so that
the conclusion of Proposition 3.4 holds and let p’ be a real number such that 0 < p’ < p.
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COROLLARY 3.5.  For sufficiently large b > 0, we have

vl U UXsab) <exp(_b2”).

peEM\E(b) a€R
PROOF. If we take a finite but sufficiently dense subset of points {(p;,@;)}!_; in
(MN\E(D)) x {a e R [ |a] <b}

depending on b, then, by approximation, the union of the subsets X, (p;, a;;b) will cover
Upernee) Uaer Xp (p; a;b). By crude estimate, we can see that the cardinality I of the
finite set necessary for this to be true is bounded by a polynomial order in b. Therefore
we obtain the conclusion from Proposition 3.4. 0

Next we prove the following lemma which tells roughly that if the condition (2.20)
holds for all p ¢ £(b), it also holds for p € £(b) with slightly smaller p. Let us say that
a flow f{ satisfies the condition (NT),; for b > 0 and p > 0 if the condition (2.20) with
these b and p holds for all the s-templates (for f£) and o € R. Let p” be a real number
such that

0<p’<p(1-p)<yp.

LEMMA 3.6.  Ifb > 0 is sufficiently large and if o € W does not belong to the subset
Upean ey Uaer Xpr (p, a3 V) for any integer b with bI=F < b < [b], then the flow f!
satisfies the condition (NI) .

Proor.  We henceforth write Wi (p;¢), wy(7;¢) and 935(7;¢) respectively for
W§(p), wy(r) and 95(7) defined for the flow f£, with setting f* = f! and p = my,
in the argument in Section 2. Note that, since ffa is a time change of the flow f, the
projection of W¥(p;¢) along the flow line (to some transversal section) coincides with
that of W¥(p) = W}(p;0). Below we always suppose that b is sufficiently large.

From the assumptions, the condition (2.20) with p replaced by p’ holds for the
s-templates at any point in M \ £(b) and for any «. It is therefore enough to prove the
condition (2.20) with p replaced by p” for the s-template at p € £(b) and a € R with
|a| < b. For the proof, we will use the following simple relation that follows from (2.15):
for g€ M and 0 < § <1, let ¢ > 0 be such that [|(Df})4|z, || = 6~", then

1]/t N
. = 5| [ ety (i) +armar

§
/_ Db 5575 ) +am))dr 3
(3.4)

for ¢ = f(q) and some o € R depending on a.
Suppose that p € £(b). From the definition of the set £(b), there exists a periodic
orbit «y for f* whose prime period is less than T'(p, b) and whose distance from W[“_ eurca] (p)

is less than b=2/(3%) Note that ~ is a periodic orbit also for the flow f; and the distance
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between v and W[lic*’c*](p; ¢) is bounded by C,b=2/BR) provided that W is sufficiently
small.

We will estimate the integral on the right-hand side of (2.20) by estimating its
restrictions to subintervals using (3.4). To this end, we divide W, ;,(p; ¢) into finitely
many pieces

Wi = W56 (a(k); ) for 0 <k < k(p)

with choosing ¢(k) € WLy (p; ) and §(k) > 0 appropriately. (We allow the pieces Wy,
to meet each other only at their end points.) Let us write ¢ = w, (7,; ¢) for the point in
W[iic*yc*](p; ) that is closest to the periodic orbit v. We take Wy, 1 < k < k(p), in the
following manner:

e Wy is taken as an exceptional piece that covers the intersection of W[“_ 1] (p; )

with a neighborhood of ¢ of size proportional to b=*". More precisely, we take ¢(0)
and 6(0) so that 0 < §(0) < 4¢,b=*" and that W covers the intersection

wy ([ — 2c*b_p/,7:, + 20,677 ];0) N Wi (P ¢)-

e For 1 < k < k(p), the length of W}, is proportional to its distance from the point

(T4 ¢) in W*(p; ). More precisely, we take q(k) = w, (7x; ) and §(k) so

q = w,

that
ce — 1

—1 _ ,
Col e — 7] < 6(k) < w and b= < (k) < .
Cyx

Clearly such construction is possible. Further we may and do suppose that 6 (k)b for k # 0
are integers, by adjusting the non-exceptional piece Wy with k # 0 and incorporating
the remnants in the exceptional piece Wy.

Below we are going to consider the non-exceptional piece Wi with 1 < k < k(p).
Take ¢ > 0 so that [[(Df%)q)le. || = 6(k)~" or, in other words, that

u |

T W sy.s00 (@(R); ) = Wy (£ (a(k)); @)

We claim that fl(q(k)) for 1 < k < k(p) does not belong to E(5(k)b). Set ¢'(k) :=
fi(q(k)) for brevity. To prove the claim, let us suppose that ¢'(k) belongs to &(5(k)b)
and show that the periodic orbit « is too close to Wy, which contradicts the fact that Wy, is
a non-exceptional piece. Note, first of all, that we may suppose the ratio t;,/T'(p, b) to be
close to 0 because p’ < p are assumed to be small. From the definition of £(5(k)b), there
exists a periodic orbit 4’ for the flow f* whose period |y/| is less than T'(¢'(k), §(k)b) and
whose distance from W (¢'(k)) is bounded by (4 (k)b)~2/GR) The backward orbit
[ (q' (k) of ¢'(k) traces the periodic orbit 7" as far as ||Df;,(tk)|| ~ HDf;,(tk)\EuH_l <
(6(k)b)2/BR) and hence for 0 < t < T(q'(k), 5(k)b). Therefore we have that

—y _ —T(q'(k),6(k)b - _ _
1Df I > CTHDF ST g || > €L (B (k)b) T R 5 =/ GB) (3.5

for any point ¢” on the orbit 7. Since f_** preserves the periodic orbit 4/, the distance
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between 7" and Wi = WL 54) . sy (@(k)i0) € WL, 1(p;p) is less than
C8(k) ™" - (8(k)b) "2/ B < b=V,

This and the fact that ¢(k) € W[’ilyl] (p,p) imply that the backward orbit f~%(p) of p
also traces 7/ as far as | Df, || ~ | Df, e, [ 7' < b'/(2E) | Hence, from (3.5), the period
|v'| of 7" is bounded by T'(p,b) + C. This and Lemma 3.3 imply v’ = 7. But the estimate
above on the distance between v = v and W}, clearly contradicts the fact that Wy is a
non-exceptional piece.

Now we can apply (3.4) to the non-exceptional pieces Wy, for 1 < k < k(p) and find

[T |

/ eXP(ib(wz,(an(T; ©) +ar))

Iy

‘/ exp(id(k (—1.1)(T30) + ' T)dT

where I, C [~1,1] is the interval such that Wy, = W} (p; ). Since ¢'(k) = fl(q(k))
for 1 < k < k(p) does not belong to £(5(k)b) as we have proved above, the assumption
of the lemma tells that the right-hand side is bounded by (§(k)b)~?" < b=*". Since the
length of the exceptional piece Wy is bounded by C.h7* < b*p”, we obtain the required
estimate (2.20) with p replaced by p”. O

From Lemma 3.6, we see that, if ¢ € W does not belong to the subset

N U { U UxXpab).

B b>B,beN \ pe M\E(b) a€R

the flow f! satisfies the condition (NI), for p’ < p(1 — p). Since the p-measure of the
set above is 0 from Corollary 3.5 and Borel-Cantelli lemma, we can find ¢ € C"(M) ar-
bitrarily close to 0 such that the flow fﬁj satisfies the non-integrability condition (NT), /5.
By a theorem of Moser [17], there is a C" diffeomorphism @, : M — M which transfers
the volume m, = (1 + ©)"'m to m, and ®, converges to the identity in C” sense as ¢
converges to 0 in C"(M). Therefore, taking conjugation of ffa by such a diffeomorphism
®,, and recalling Remark 2.13, we obtain a C" flow in §"y which is arbitrarily close to f*
in the C" sense and satisfies the non-integrability condition (NI),/,. We have finished
the proof of Theorem 2.15.

3.3. Perturbation family.

In this subsection, we explain the scheme of perturbation for the proof of Proposition
3.4. Recall that we write v for the generating vector field of the flow ft. Suppose that
b > 0 is large and that a point p € M \ £(b) and « € R with |a| < b are given arbitrarily.
Below we set up functions ¢; € C°°(M) for 1 < j < [bY/F]. Then, for arbitrary ¢y € W
and a subset J C {1,2,...,[b"/%]} of integers, we consider the family of vector fields

vg= (14 @) v where = <p0+Zt ~p; and t=(t)€[-4,47. (3.6
Jje€T

t

o, for the flow generated by vt.

Once we fix such family of vector fields, we write f{ =
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/The support of ¢;

g

Weine)! p() 4

Figure 1. A picture of the flow f' in a section parallel to the flow that
contains the unstable manifold Wi, ;,(p).

Recall the constant 7, > 0 taken so that the condition (3.1) holds and set ¢ = f4™ (p).
We take the points
s() = -1+ (27 —1)- b~V for 1< j < [p/F
so that
s(1)=—-14+b"YE  sGi+1)—s@)=20"YE and s([bY/F]) e[1,1+b"YE].
Then we put, for 1 < j < [bY/F],
p(j) =wy(s(7),  a(i) = 17 (p(5)) = wi(As()))

where we set A = |[Df;™|g,||. (See Figure 1.)

To proceed, we take a C'*° local coordinate chart

kp:U =V X [T, 67 CR* X R, k,(m) = (2,9, 2)
on a neighborhood U of W, 5 (p), so that
e it is a flow box coordinate charts for the flow f*, that is, (kp).(v) = 9.,
e it transfers the Riemann volume m to the standard volume dxdydz on R3, and
o rp(wl(r)) = (7,0,0) if 7 € [~2,2].

We may and do assume that the coordinate charts &, for p € M are bounded uniformly
in C* sense. (Recall that we are assuming f € §.) Note that we have

kp(p(7) = (5(7),0,0),  #p(a(5)) = Kp(f*7 (0(5))) = (5(5),0,47).

Next we take and fix a C* functions hg : R? — [0, 1] supported on the disk |(z,y)| <
3/2 such that ho(z,y) =y if |(z,y)] < 1. Also let x : R — [0,1] be a C* function such
that x(s) = 1if |s|] <1 and x(s) =0 if |s| > 3/2. Then we define

@;: M —[0,1] for1<j <[t/
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by

p;(m) = —p VR <Z — 47*) - ho (bl/R(gj - (7)), bl/RQ) (3.7)

Tx
if m € U, where k,(m) = (z,y,2), and set p;(m) =0if m ¢ U.

REMARK 3.7. The motivation for the choice of ¢; above is explained as follows.
Consider the family f{ defined by (3.6) with J = {j} and ¢y = 0. Then, in the local
chart xp, the vector field vy looks

Tx

(1) ve(, 9, 2) = (1 LU < - 4”) o (VR (@ — s(j»,b”Ry)) 0.

A simple computation tells that, if w = (z,y) satisfies |w — (s(j),0)| < b=, the map
fi ®™ takes the point (w,67,) to (w,agb't;y + O.(|b~'t;y|?)) where ag = [ x(z/7.)dz.
Therefore, by varying the parameter t;, we will be able to rotate the stable subspace
E4(w) around the unstable manifold by the rate proportional to b~*.

Below we discuss about the perturbation family f{ = f;t defined in (3.6). First of
all, note that the functions ¢; satisfy

1D ;e < CLbF=D/R=1 for 0 < | < R. (3.8)

The intersection multiplicity of supp¢p; for 1 < j < [b'/#] is bounded by 2. Hence,
regardless of the choice of J, we have that, for t € [—4,4]7,

llotr — wollor < C*b_l/R, [0cptllcr < C.b~! and et — wollco < C.h VR, (3.9)

As we explained in Remark 3.7, our aim is to modify the s-template 1/); (—1,1) On the
intervals

J(j) = [5(j) = b~ B, s(j) + bV E N [-1,1] forje T

almost independently by varying the parameters t; for j € J. To realize this, we have
to choose the subset J carefully. Let us make two observations: The first one is that

(Obl) ft(supp ;) Nsuppp; =0 for 1 <i,j < [bY/F] and 47, <t < T(p,b) — 47..

This is a consequence of the fact that p does not belong to £(b). Indeed, if this were not
true, we could find a periodic orbit with period < T'(p,b) in the C,b~'/E-neighborhood
of W[“_c*’c*] (p) by the pseudo-orbit tracing property and hence the point p would belong
to £(b), provided that b is sufficiently large.

The second observation below is somewhat similar to the first one but makes use of

the fact that the curve f _t(W[“il,l] (p)) shrinks exponentially fast as ¢ increases:

(Ob2) Let &(p,b) be the set integers 1 < j < [b'/7] such that the support of ¢; meets
f7HWE, 4y(p)) for some t > 0 with |Df, *[E, || = b~". Then $€(p,b) < C. b3/ 4R,
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Indeed, by the similar reason as that for (Obl), we can find a sequence of real numbers
to=0<1t; <ty <---<t <--- such that the curve f_t(ngl’l)(p)) meets supp ¢; for
some 1 < j < [bY%] only if ¢ € U2, [ti — 27w, ti + 27.] and that t;1q — t; > T(p,b) — 4.
for ¢ > 0, provided that b is sufficiently small. Then (Ob2) follows since the length of
[t (WL, 1)(p)) is bounded by (C.b~ Y/ (4R from the definition of T'(p, ).

In the following, we let the subset J be either of Jeven and Joqq that consist of even
and odd integers 1 < j < [bY/ %] respectively, but we exclude

e those j in &(p,b) given in (Ob2), and
e those j for which J(j5 — 1)U J(5) UJ(j + 1) contains either of —1 or 1.

REMARK 3.8. The cardinality of 1 < j < [b/%] that does not belong to Jeyen U
Joaa is bounded by C,b%/ 4R from (Ob2) and hence the Lebesgue measure of the union
of J(j) for such j’s is bounded by C,b~1/(41)  With this reason, these exceptions will
turn out to be negligible when we prove the estimate (2.20) in the following subsections,
provided that p is so small that p < 1/(4R).

3.4. Deformation of s-templates.

In this subsection, we suppose that J is either of the subsets Joven and Joqq de-
fined above and observe how the s-template 1/);7(_1,1) at the point p is deformed in the
perturbation family (3.6) with arbitrary ¢y € W.

Let us write T,M = Ey(¢;t) @ Es(q;t) & Ey(g; t) for the hyperbolic decomposition
at ¢ € M for the flow f{, correspondingly to (2.1). Let

Towr Vorer Vo P W1y (30e) = T*M

be the sections 72 (—1,1)7 'pr(_l 1) Y (—1,1) considered in Section 2 but defined for the
perturbed flow ff. Then, by definition, the s-template ¥y (—1.1)(T3¢¢) for the flow ft at
p is the function satisfying

s (2) =05 1) (Ti00) - pe(2) +rme(z)  for 2= wp(Tsp). (3.10)

Actually it is not a very simple task to observe how the s-template @[’;,(71,1)('? ©t)
depends on the parameter t, because the frames 'yf;’t and 'yg’t also depend on t. In order
to simplify the argument, we consider an intermediate approximation of w;,(—l,l)('; ©Ot),
which is defined in a similar manner as ¢y _; ;) (7; ¢¢) but with the fixed frames defined
for t = 0. Let us define 7, ¢ : ngl,l)(p; wo) — T*M as the unique continuous section
in T'{(p, (—1,1)) for the flow f§ (with t = 0!) such that 5 ;(2) is normal to E,(z;0) @
Eq(z;t) for each z € W, | (p; o). Notice that this is a section not on W, ;) (p; ¢t)

but on W(u71,1)(p? o). We can express it as

Fp6(2) = Up 10y (T38) - 1p0(2) +7p0(2)  for 2 = wi (75 po) (3.11)

using a unique continuous function 1;; (-1 1)(-;t) : (=1,1) — R. In the next lemma, we

show that &Z (-1 1)(~;t) is a nice approximation of v, (-1 1)(-;g0t). Before stating the
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lemma, we note that there exist unique functions
h:[-4,4Y =R and H:(-1,1) x [-4,47 =R
such that h(0) =1, H(7,0) =0, H(0,t) = 0 and that
w(h(t) - i00) = O (wh(1;00)) for 7€ (=1,1) and t € [—4,4)7.

This is a consequence of the definition of the intrinsic metric (2.5) and the fact that our
perturbation does not change the flow line.

LEMMA 3.9. Fort € [—4,4]7, we have |h(t) — 1| < C.b~2 and
(5 1y (T36) =95 oy (h(E) - T p0)| < Cub™H WA for 7€ (—1,1).

PROOF. From the observation (Ob2) in the last subsection and the definitions of
Jodd and Jeven, the backward orbit f_t(ijL” (p)) of W[u71,1] (p), which shrinks expo-
nentially fast as t increases, does not meet the domain of perturbation Uj€ 7 Supp ¥;
until the condition ||Df,*|g, || < b~' is fulfilled. Therefore, from the basic estimate (3.9)
and the construction of the unstable manifold by the graph transform method, we see
that the C'! distance between W(u—1,1) (p; pt) and ng_m)(p; ¢o) is bounded by C,b~2 and
consequently

|h(t) — 1| < C,b™2  and |0, H(7;t)|leo < Cub™2. (3.12)

Next we consider the sections 75 (-), v+ (-) and 40 ¢(-). For convenience, we look them
in the flow box coordinate chart «, considered in the last subsection and regard them as
mappings from (—1,1) to R3. From (3.12), we have

Yo (wpy (R(t) - T306)) = (1 + Ou(b72)) - 150 (wy (73 90)) (3.13)
and
Voo (wh (h(t) - 7506)) = T3 ¢ (wy (T3 00)) + Ox(b72). (3.14)

To compare v (-) and ) o(-), we recall that they are specified by the condition (2.12).
For the point z = w;f(:tl; ©o), we see, from the choice of the subsets Joaq4 and Jeven and
from the observation (Obl), that its forward orbit f*(z) for 0 <t < T'(p,b) — 47 does
not pass through the domain of perturbation. Hence, from the construction of the stable
subspace,

7,6 (wis (£R(6); 1)) = 75 0 (W (15 00)) | < Cub™ ' =1/,
This together with (3.12) and the C? boundedness of ~J ; imply
g (wps (£ (t); 00)) = 7p.0(wy (£15 00)) || < Cb™H =W/ AR,

Let us recall, from the proof of Lemma 2.5, how the straight sections are determined as
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limits in terms of the time evolution along the orbit of W(111,1)(p) in the negative time
direction. Then, from disjointness of the backward orbit of W(ufm)(p) with the domain
of perturbation, mentioned in the beginning of this proof, and also from the estimate
above at the end points, we see that

g (wp (R(8) - 735 00)) = o (wp (T3 00))|| < Cub™' =W ED)for 7 € (~1,1). (3.15)

We can now conclude the lemma by comparing (3.10) and (3.11) and using (3.13), (3.14),
(3.15). O

From Lemma 3.9, we have

/Iexp (ib(1/~);7(_171)(7; t) + aT)) dr — /Iexp (ib(?,/J;(_Ll)(T; vt) + oz'r)) dr

for any Borel subset I C [—1,1]. Therefore, in proving (2.20), we may consider
¥, (—1,1)(7:t) in the place of ¥y, | (7:¢¢), provided that 0 < p < 1/(4R).
To proceed, we introduce the mapping

< C*bfl/(‘lR)

U, =V, pap: [-4,4Y = R

defined for each 7 € (—b—l/R’ b—l/R) by
V() =b- (1;;,(1,1)(5(3') + 73 aalt) + a(s(j) + T))
JjeET

where ag = [ x(2/7.)dz. (The factor ay ' before t above is thrown-in just for normaliza-
tion. See Remark 3.7.) For ¢o € W in (3.6), let A(¢p) be the diagonal matrix of size 7
with the diagonal elements

) = ag™+ [+l @) x (t> dat

Tx

where x(-) is the function that appeared in the definition (3.7) of ¢;. Clearly we have
C;' <aj(p) < Cy for ¢ €W and

|a; () — a; ()| < Cul|p = plloc for o, 0 €W. (3.16)
The next lemma realize the idea explained in Remark 3.7.
ProposiTION 3.10.  If b > 0 is sufficiently large, we have
| DT (t) — A(go) : R - RT|| < b /G

for any t € (4,47, pe M\ E®D), a € R and 7 € (=b~YE b=V/E) where we consider
the operator norm with respect to the norm ||(s;)|lmax = max; |s;| on RY. This implies in
particular that the mapping V, restricted to [—4,4]7 is a diffeomorphism onto its image.
In addition, for the Jacobian determinant, we have
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|log det DV, (t) — log det A(ypg)| < C.b~V/ @R .47, (3.17)
PROOF. The stable subspace at w € M for f{ is given as the limit
By(w;t) = lim Dfy ' (B(ft(w))

where E(w) is the one dimensional subspace in Ti, M which is orthogonal to E,(w) @
Eo(w). Thus we can compute the differentials of Es(w;t) and ¢, _; ;) (w;t) with respect
to the parameter t as an integral of the infinitesimal contribution of the perturbation at
fE(w) for t > 0. It is not difficult to see that the differential is given in the form

8tj¢;,(71,1)(7-;t) Z/ |D f§| g ()i (75 00))| 7" - X (7, p,t,t) dt
0

where X;(7,p,t,t) satisfies |X;(r,p,t,t)] < C.b~' from (3.9) and vanishes if
fé(w;(T;goo)) does not belong to supp ;. (Here we use the fact that our perturba-
tion does not change the flow lines. Though we can express X;(7,p,t,t) explicitly by
preparing some definitions, this is not necessary in the following.) From the construction
of ¢; and Remark 3.7, we have

b_laj(QDO) + 0.(b72), if 7 € J(j);

6T
Dyt we(T; -1x. T,p,t,t)dt =
| IDR e o) Xt ) {0, i

From the observation (Obl) in the last subsection, we have

/ D fél g (wi (15 00))| 71 - Xj(7,p,t, ) dt < CLb™ = EE) for all 7 € (—1,1).
6

’ (3.18)
Further we can strengthen the last estimate (3.18) for most of j € 7. Indeed, from the
definition of Joqq4 and Jeven and from the observation (Obl), we see that

e cach point w € M belongs to the support of ¢; for at most one j € 7,

e if w € supp p; for some j € 7, the orbit f§(w) for t € [47.,T(p,b) — 47.] does not
meet (J;c 7 supp p;, and

e if w € suppyp; and f{(w) € supp ¢;s for some j,j' € J and t > T'(p,b) — 47,, we
have | D f§| g, (w)| > O tpt/ A1),

Therefore the forward orbit of wj (7; o) passes through the region | J;. ; supp ¢; in some
intervals in time and, in between such intervals, the factor | D f§| g« (w}(7; ¢o))| grows by a
rate greater than C; 6/ (*R)_In particular, within the time when | D f§| g« (w2 (73 ¢o))| <
b2, the number of such intervals in time is bounded by 4R + 1. This implies that, for
each 7 € (J;cs J(i), we have

/ 1D (wl (s o)L X (o p b 6)dt < Cub~2 (3.19)
6

Tx
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except for a subset of j € J (depending on 7) whose cardinality is bounded by 4R + 1.
This and the estimates above give the first claim of the proposition.
In order to prove the second claim, let us define the || x |J| matrix M by

M = DV, (t) - A(po) ™" — 1

where 1 at the end denotes the | J| x || identity matrix. From (3.18), each component
m;; of M is bounded by C.b~V/(4B) and, for each i € J, the cardinality of j € J such
that |m;;| > C.b~! is bounded by 4R + 1. From these estimates, we can deduce

[ M| max < Cob VAR (AR + 1) + C.b7 1 - 4T < C b~ V1R,
From this, we obtain
[Tr M| < (C*b_l/(4R)>n 4T form>1
by estimating the diagonal entries. Now we can deduce the latter claim of the proposition:

|log det DU (t) — log det A(¢p)| = |logdet(1 4+ M)| = |Trlog(1 + M)|

= Z Leam < Z %(C*b—l/(m))n < Cp VR 47
n=1 n n=1 n
provided that b is sufficiently large. O

3.5. Proof of Proposition 3.4.

Let J be either of Joven and Joqq- Below we follow a standard argument in the large
(or moderate) deviation theory [5]. First, by using the fact that 1+s < exp(s) < 1+s+s2
when |s| < 1 and that [7_Re (exp(is))ds = 0, we sce

dx;
p—1/(BR) R, E 0y | I it}
/[—w,n]ﬂ exp < e exp(ix;) o

jeJ Jjeg

= (/7; exp <b1/<SR> ‘Re (exp(im))) ‘2175?) o

T T g7
d d
< (1 +p VBB / Re (exp(ix))—x + / bl/(4R)x> < exp(b~ VR g7,
. 27 . 27
(3.20)
Let us recall the mapping ¥, : [-4,4]7 — RZ. From the former claim of Proposition

3.10, we can take a constant K, > 0 so that the subset
Y =Y (po) = {(%‘)jey € [-4,417 | a;(0) - |aj| + Kb~V <, Vj € J} (3.21)
satisfies

U (Y) C [-m7]? forTe (—b~VE p~1/E) (3.22)
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Hence, by the latter claim of Proposition 3.10 and the inequality (3.20) above, we see

/Yexp <b1/(8R) -Re Z exp (1 U-(t);) >dt

JjeJ

:/ exp (b V/@R) . (Zexp ix; >) | det(DW,) (U ((25)5e7)) H dx;
v () jeg jeg
< / exp (bl/(8R) -Re (Z exp(ixﬂ)) H dx;

[—m,m]T

JeT jeJ
X exp (C*bfl/(m) : ﬂj) | det A(po)|
< (2m)#7 exp (CLb™/ U 4.7) - | det A(po)|
< exp (C*b_l/(4R) 47) - Leb(Y)

where U, (t); denotes the j-th component of ¥, (t). (In the above, we have used (3.22)
and Proposition 3.10 in the first inequality, the estimate (3.20) in the second and the
definition (3.21) in the third.) Taking average of the both sides of the inequality above
with respect to 7 on [—b~'/% b=1/E] and noting #.J < b'/%, we find

p—1/R

—1/8R i(P5 1.1y (s()+Tia5 ) +a(s(G)+T))
57 1/R/ /b 1/Rexp (b ZRee 0 drdt

JjeTJ
< exp (C*bS/(4R)) -Leb(Y).

Then, applying Jensen’s inequality for the exponential function (outside) to the integral
with respect to 7, we deduce

b7/ (BR) e L1 3/(4R) .
exp 5 Reexp Z(wp,(fl,l)(T7a’O t)—l—on') dr |dt < exp (C*b ) Leb(Y)
y I

where I(J) := ;¢ 7 J(j). This implies

Leb {t cyY

Re / exp (iU, 1.1y (755 ') + ) ) dr > b~ 1/060)
1(J)
1
< exp (C*b?’/ - pt/ <1‘°‘R>) -Leb(Y) < exp(—b(4R)) . Leb(Y)

provided that b is large enough.
In the argument above, we considered only the real part of exp(i(’t/); (-1 1)(7;1:) +
aT)). But we can argue in parallel also for either of

—Re exp(i (w (cin(mt)+ar)) or £Im exp(i(qzz’(fl’l)(ﬂt) + ar)).

Therefore we obtain
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1 ;
—— _Leb{ teY i (? cag 't dr| > b~ 1/(16E)
Leb(Y) { /HJ)eXp (105, c1n(rap"e) +ar) ) dr

< exp(—b¥/ A1),

Note that this estimate is uniform for ¢g € W. Letting W be slightly smaller, we may
and do suppose that this estimate is true for all pg € C" (M) such that

o + Z tip; €W  for some t = (t;)jcs € [~4,4]7.
JjeTg

Therefore, if we define a measure v on W by setting

v(X) = o) (Leb(;(%)) /Y(%) 1x (@0 +> a()_ltj%)dt) dp (o)

JjET

for measurable subsets X C W, where Y (o) is that in (3.21), it holds

V{QOEW

/ ‘exp (i(d;;,(—l,l)(ﬂ @) + cw)) ‘ dr > b= 1/(16R) } < exp(—b3/(4R)),
I

(3.23)

For the proof of Proposition 3.4, we need to show the inequality similar to the

above, but for the measure p in the place of v. To this end, we show that the measure p

restricted to W is absolutely continuous with respect to v with bounded Radon-Nikodym

derivative. This is basically a simple consequence of the property (3.3) of the measure p.

But, since Y (¢) depends on the function ¢ € W, we need a little argument. Let us take
the following approximations of Y (¢) from inside and outside:

YE(p) = {(l‘j)jej € [-4,4 | aj(p) - |zj| + Kb YR < £p7t V) e J}

so that Y~ () C Y(p) C YT (p). If we write ®(t) = djer ag 'tijp; for t = (t;)jes for
brevity, we have ||®(t)||oo < Cob™ "V for t € [—4,4]7 from (3.9). Hence, from (3.16),
we have

Y~ (¢) CY(po) CYT(p) whenever ¢ = ¢o+ ®(t) for some t = (¢;);c7 € Y (o).

For any measurable subset X C W, we have

V) Lol + (t)
)= LT(NI)XY(wo) Leb(Y (o))

1x(p) _
2 /W-w) Leb(V+(g)) "8 — B(E)de

where, in the second line, we changed the variable (¢p,t) to (¢ = ¢o + ®(t),t). Then,
by using the property (3.3) of p and (3.9), we deduce

(dp(po) x dt)
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(1—Cb™ %) - 1x(p) 1 Leb(Y ™ (¢))

”(X)E/WXYM Lb( () MO S T (p)

p(X)

v

By the claim proved in the last paragraph and (3.23), we deduce

u{ pew ’ / exp (Z'(’(/;;’(il’l)(T;(p) + cw)) dr > p—1/(16R) } < 4eXp(_b3/(4R))_
I(J)

With this inequality for the cases J = Jeven, Jodd and Remark 3.8, we complete the
proof of Proposition 3.4, letting 0 < p < 1/(16R).

4. Local charts.

In the proof of Theorem 2.16, which will be carried out in Section 6, we study the
semigroup of transfer operators (or Perron-Frobenius operators)

LHL2(M) — LA(M), Llu=wuof! (4.1)

associated to a flow f! € §3. For analysis of the action of £, we will decompose functions
on M with respect to the frequency in the flow direction and then investigate the action
on each of the components. Since the operator £! virtually preserves the frequency in
the flow direction, this method is natural and works efficiently. (See [21], [22] for the
corresponding argument in the case of contact Anosov flows.)

In this section, we present preliminary arguments for the proof of Theorem 2.16. We
henceforth consider a C? flow f* € §5 generated by a vector field v. We consider a large
constant ¢y > 0 that will be specified later in the course of the argument. Roughly the
constant ¢; > 0 will be taken so that the flow f* with ¢ > ¢; exhibits sufficiently strong
hyperbolicity. Also we set

sty = exp(ty?) (4.2)
so that we may suppose || D f% ||, < Cyexp(City) < 5.

REMARK 4.1.  The constant t; (as well as the constants wy and my which will be
introduced later) will turn out to be the kind of constants that are denoted by symbols
with subscript *. (See the beginning of Section 2.) But we use symbols with subscript 4
for them because the choice will be made much later.

4.1. Local charts depending on w € Z.

We are going to take a finite system of local charts on M and a partition of unity
subordinate to it, depending on an integer parameter w € Z. These will be used when
we consider the action of transfer operators £! on components of functions that have
frequency around w in the flow direction. We will take them so that their sizes are
proportional to »{(w) /2 (resp. 1) in the directions transversal (resp. parallel) to the
flow. Also we will let them satisfy a few preferable properties in relation to the flow f?.

To begin with, we take and fix a finite system of C? flow box local charts for f¢,
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Ka : Ug = B(0,2r,) x (=1, 1) CR®, ko(m) = (z,y,2)

for a € A with #A < oo, where B(w, ) denotes the open disk in R? with radius r > 0
centered at w € R? and r, > 0 is a small real number. We write 7 : R? — R2 for the
projection to the first two components (z,y) in (z,y, z) € R3.

REMARK 4.2. By “flow box local chart”, we mean that (x4).v = 9, holds for the
generating vector field v. Since the flow f* is assumed to be only C?, we can not expect
that the flow box local charts k, is smoother than C3.

Also we take C® functions p,, p, : R3 — [0,1] for a € A so that
e the supports of p, and p, are contained in B(0,7,) X (=7, 74),
® {paoky|ac A}is a partition of unity on M, that is, > . 4 pa © ke =1, and
e p, =1 on the support of p,.

By applying a mollifier along the flow, we can and do assume that p, are C*° with
respect to the variable z and each of the partial derivatives a;;a;a;npa and 8’;853;”%
with k& + ¢ < 3 are continuous and therefore bounded.

Next, depending on w € Z, we construct a finer system of local charts and a partition
of unity subordinate to it. The construction of the local charts is done in two steps as
follows. For the first step, we take a finite subset N(a,w) C B(0,7,) and, for each
n € N(a,w), we take its neighborhood V, ., , C B(0,2r,) and a C* diffeomorphism

Ja,w,n - Va,w,n xR — Da,w,n xR C B(Ov 2%11 <w>71/2) xR

of the form

ga,w,n(xv Y, Z) = (ga,w,n(l'a y)7 z+ ga,w,n(xv y))

We suppose that N(a,w) contains many points so that V,, , for n € N(a,w) cover
B(0, 7). For the diffeomorphisms g, «», we may and do assume the following conditions:

(GO) the C? norms of Ja,w,n and those of their inverses are bounded by Ci,

(G1) gawn(n,0) = (0,0,0) and the differential D(gypn © ko) at Pawn = iy (n,0)
carries Ey(Paw.n)s Es(Pawn)s Eo(Dawn) to the z-axis, y-axis, z-axis respectively,

(G2) there exists wo > 0 such that, if |w| > wy, we have Dy, = B(0,25(w)~/?) and

Ya,w,n © Ra (wlza,w,n (7')) = (T, 0, O), Ja,w,n © :‘ﬁ?a(ws (7')) = (O7 T, 0)

Pa,w,n

for 7 € [~2555(w) 712, 255, (w) 71/?], where wy_ | (-) and w  (-) are the intrinsic

Pa,w,n

parametrization of the stable and unstable manifolds introduced in Section 2.2,
(G3) (ga,w,n © Ka)s«M = Cqw,n - drdydz for some constant cq g n.-

REMARK 4.3. The constant ¢, in (G3) is determined by the angles between the
subspaces Eo(Pa.w.n)s Es(Pawn) and Ey(Pawn). Clearly we have crl< Icawn| < Cy.
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For the second step, we first recall the argument in Subsection 2.6 and, especially,
the definition of the quantity Tor®(g,d) in (2.22). We define a non-linear diffeomorphism

bawn R3 — R3, bawn(z,y,2) = (2,9, 2+ B(a,w,n) - xy)
where
Bla,w,n) = cqp.n - Tor’ (pa,w,n, 2 <w>_1/2) with pgwn = Ii;l(n, 0) (4.3)
if |w| > wo and B(a,w,n) = 0 otherwise. Note that
|B(a,w,n)| < Cy(log{w)) foranya€ A, weZ,neN(a,w) (4.4)
from (2.26) in Lemma 2.19. Then we set U, . = Uy Nk, 1 (Vawn X R) and regard

Kawmn = ba,wn©fawn°ka : Ugwn — Ul C Dgwn xR, for (a,n) € Ax N(a,w)

as the system of local charts on M defined for w € Z. These are flow box local charts
and satisfies Kq w0 (Pa,wn) = (0,0,0) and

”a,w,n(wza,w,n (7)) = (7,0,0),

Fawn(W), (7)) =(0,7,0)  for 7 € [~23g(w) /%, 254 (w) /7.

Also we have (k; L ,,)*m = cqw.n - dedydz from (G2) and (G3) above.

a,w,n

REMARK 4.4. The motivation to compose bg_, » in the second step can be explained
as follows. Recall the argument in Subsection 2.6 and, in particular, the definitions of
the sections ’y; (—s,5) and '“y; (—s,5)- Suppose that |w|] > wo. From (G2), we can express

7; (—s,5) and ’?; (_s.6) FOT P = Pa,n and § = s (w)~1/2 (viewed in the local chart kg, ) as
(Huj,clu,n)* © ,72;7(_575) (wg (T)) = (07 (10<T)7 1)? (H;Llu;n)* © 7;,(_5,5) (w;<T)) = (@(7—)’ 0; 1)
with C? functions ¢, $ : (—4,8) — R. Also note that we have

(/‘5;1,7,1)* © 7;:(_575) (pa,w,n) = (07 Ca,w,ns 1)7 (H(:,i),n)* o ;Y;J)_,(—é,é) (pa,w,n) = (Ca,w,n, 0, 1)

If we did not have the post-composition of b, , we would have
|0 (T) = Carwm - Tor® (p, 24 (wW) V)| < Cu, |3/ (T) = Carrm - Tor™(p, 325 (w)~1?)| < C,

because the C? norms of 72 (—5,6) and 'Ayg (—s,5) are bounded by a uniform constant C..
Hence, with the post-composition of bg_, , we have

¢'(1)] < Cx and [@/(7) = Capwmn - Ap, 72(w) /%) < Cu. (4.5)

That is to say, by the post-composition of b, ., ,,, we stabilize the rotation of the stable
subbundle FE; along W([ 576)(19). Consequently the unstable subbundle F, will look

rotating along W¢_; 5 (p) by a rate proportional to A(p, s (w)~/2).
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We next construct a partition of unity associated to the systems of local charts
{kawntan for w € Z. Let 04.wmnsOawn : R — [0,1] for n € N(a,w) be C? functions
such that

1. supp 04,w,n C SUPP Oa,w,n C Va,w,n,

2. e N(aw) Qawn = 1 on B(0,7,), and 8q0,n =1 0n SUPP Ga,w,n,

3. maX{HaaQa,w,nHom||aa§a,w,n Ioo} < O*(a)(%gl<w>l/2)la‘ for any multi-index o
with |a| < 3, where C\(a) does not depend on w.

For each w € Z, we consider the family of functions

_ -1 —1 ~ _ ~ -1 —1
Paw,n = (pﬂ ’ Qaywﬂ’b) ° ga,w,n o ba,w,vw Pa,w,n = (pa ’ Qa,w,n) o ga,w,n o ba,w,n

defined for a € A and n € N(a,w), where we regard g, .., as a function on R3 by
reading 0q.uw.n(,Y,2) = 0awn(Z,y). The set of functions pgwn © kewn for a € A and
n € N(a,w) is a partition of unity subordinate to the system of local charts {4, »} and
the function pg w.n © Kewn takes the constant value 1 on supp (pg,w.n © Kawn)-

REMARK 4.5. Since we have wide choices in the definitions above, we may and do
put the following additional assumptions without loss of generality:

e Lor each w € Z, the intersection multiplicity of the 8¢ (w)fl/ 2_neighborhoods of the
subsets 7(SUPP fa.wn) C R? for n € N(a,w) is bounded by an absolute constant.

e The diameters of the supports supp gq,w,n are bounded uniformly by any given
constant.

For the second condition, we will specify the bound later in the course of the argument.

4.2. The central bundle Ej viewed in the local charts.

In this subsection, we consider how the central subbundle E} = (E, ® E,)* looks in
the local charts kg . Since Ej is invariant with respect to the flow f* and since kg n
is a flow box local chart, the subspace Ej viewed in those local charts does not depend
on the variable z. That is to say, there is a unique continuous mapping

€a,w,n * Da,w,n — RQ: ea,w,n<w) = (eu (U)) o (’LU)) (46)

a,w,n »Ya,w,n

such that

(D/ia,w,n);(ea,w,n(w), 1) € Ej(p) when £qun(p) = (w,2) and p € Uy yn.

From the assumption (G2) on the choice of g4, n, We have

0 (1,00 =65 (0,7) =0 for 7€ [~2sq{w) V2 2 (w)"12).

a,w,n a,w,n

By slight abuse of notation, we will sometimes regard the functions eg . n, 0 and

u
a,w,n

02 above as functions on R? by letting €awn(T,Y,2) = €qwn(z,y) and so on.

a,w,n
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REMARK 4.6. The function eq, » is not smooth in general, but satisfies
lea,wn (W) = €awn(w)]| < Csllw" —wl| - (log ||w" —wll) for w,w’ € Down  (4.7)
from (2.3) and (2.26). In particular,

leq,w.n (W) = |leawn(w) — €qwn(0)] < Cyisy (w)fl/z log(w) forw € Dgypn. (4.8)

g’w’n(w), o =5,uU.

The former statement is a consequence of the construction of the local charts (see Remark
4.4), and the latter is that of the definition of the s-templates and the non-integrability
condition (NI),. We take and fix a constant 0 < 6, < 1/2. (One may suppose 6, = 1/4,

say.)

The next lemma gives estimates on the variation of the functions 6,

LEMMA 4.7.  There exists a constant wy > wo depending on ty such that, for any
a € A, weZ ne Nauw) with |w| > wy, the following holds true. For a point
w € B(0,34(w)™?) and h € [(w) 10 s(w)~1/?], we consider the segments

0,0:(=h,h) > R?, U(1)=w+(1,0), 4(r)=w+(0,7)

parallel to the x-axis and y-axis respectively. Then, for —h < 1 < h, we have

R R —1/2
eg,w,n © K(T) - gg,w,n © E(O) - CG’W,HA(pa,w,n7 >y <w>_1/2) ’ T‘ < C*h <10g (J{ﬁ<uz>>7

(4.9)
0 om0 U7 = 050 0 £0)| < Csle) M log () (4.10)
and similarly
—1/2
|05 0 (1) =6, 0 L(0)] < Cih- <log (%”<°‘Z>> , (4.11)
(0 o © U(T) = 0 0 £0)] < Cisf (w) ™" log(w). (4.12)

If the non-integrability condition (NT), holds, we have, for sufficiently large by > 0, that

/ ' exp (ibh ™" (05, ,(£(7)) + aT)) dr| < b~ */? (4.13)

2 |/

for any bg < b < 2, o €R and any h, w as above.

PROOF.  We prove the claims (4.9) and (4.10). Let ¢ = s,/ ,,(w,0). We first see
that how the segments ¢ and / approximate local unstable and stable manifolds on the
local charts respectively. From the definition of local charts kg n, (2.3) and (4.4), we

see that

[(Kawn 0 ws) (1) = (0,1,0)]] < Cisg(w) 2 loglw) for —h <7 < h. (4.14)
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Further, from the fact noted in Remark 2.1, we actually have better estimate if we
consider the image by the projection 7 : R®* — R?, 7(x,y,2) = (z,y) along the z-axis:

17 0 (Kaywm o ws) (1) = (0,1)]| < Cusgg(w)™/? for —h <7 <h. (4.15)
For the second derivative, we can prove the following estimate:

[(Kawn 0wy)" (T)]| < C,oa(w) Y2 log(w) for —h <7 < h. (4.16)

Indeed, at the origin, we have (kg4 n ow;)”(O) = 0 with p = pg 4, » from the choice of the
local chart k4 . Hence, if we disregard the composition of b, ., , in the construction of
the local chart kg n, we obtain (4.16) by a simple estimate on continuity of the 2-jets
of the stable manifolds. Then, by using (4.4) and (4.15), we can check that the estimate
remains valid when we restore the composition of b, , . Note that the estimates (4.14),

(4.15) and (4.16) above imply respectively

[Fawn 0 wy(T) — E(T)H < Clsg <w>71/2 log{w) - 7, (4.17)
|70 0 Km0 wy(T) — 7o i) < Coogw)™ Y27, and (4.18)
[(Kawn © W) (T) = (Kawn 0 w)) (0)]] < Cuzgg(w) ™ log(w) - 7 (4.19)

for —h < 7 < h. Putting (4.18) in (4.7), we find that
lea.wn(E(T)) = €qwn(Fawn © wy (7)) < C’*%?(w)*l log{w) for —h <7 <h. (4.20)

The right hand side above is so small that the claims (4.9) and (4.10) follow if we prove
them with the segment ¢ replaced by the curve rg,un © wy.
Let e, be the vector field on U, , C M defined by e, = (k1 ,,)«(dz). From the

a,w,n

definition of ‘yg (=) and the relation (2.8), it holds, for —h < 7 < h,

IV oy @2 = 3Ly (2]
< Cu- Iy (Wl (7)) = Ay (s ()]
< Cih

where we take ¢t > 0 so that [|Df,™ =1/h and set ¢ = f~*(¢q). Hence

Es
02 (R (W3 (T) = (V2 gy (W37, ea(w (7))
= ] L @), ealwl () + Ou(h)

- <Tor“(q, B) T A oy (W) 4 A8 oy (7)), ew(w;<7))> +0,(h)
(4.21)

for —h < 7 < h. For the term <’A)/2)(_h,h)(w2(7')), ex(wj(7))) on the last line, we show

gu—nmy (W3 (1) e (wg (7)) =3y () (w5 (0)), €2 (w5(0))) = Bla,w,n)T+O.(h) (4.22)
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for —h < 7 < h. To this end, we first disregard the composition of b, (, , in the construc-
tion of the local chart kg ., and check the inequality (4.22) without the term §(a,w,n)r
on the right-hand side. This is rather obvious because '?27(_h7h) is a restriction of '72,(—1,1)
and hence bounded uniformly in the C? norm. Then the term 3(a,w,n)T appears on the
right-hand side when we restore the composition of b ».

For the other terms on the last line of (4.21), we have that

ar—nmy (W5 (1), €2 (Ws(7))) = Caon + Ose(w)™V2) for —h <7 <h  (4.23)

from (4.15), and also that

~1/2
[Tor (1) = Tor* (s 2x0) /%) < Cutog (£ azny

from Lemma 2.19. Therefore we obtain the first claim (4.9) with éreplaced by Ka,w,nowy,

if we rewrite the left-hand side of (4.9) using (4.21) and then apply the estimates (4.22),
(4.23) and (4.24) above.
We next prove (4.10) with ¢ replaced by Kq . n © wy. Note that we have the relation

(0" (Kawmn 0wy (7)), 0% (Kawm 0wy (7)), 1) - (Kaywn © ’w;)/(T) =0 for —h<T7<h (4.25)

from the definition (4.6). It follows from (4.8) and (4.15) that

S

(0" (Kayw,n 0w} (7)), 0 (Kawn 0wy (7)) (10 (Kawmowy) (1) = (0,1))] < Cusef (w) ™" log(w).
This together with (4.25) gives

0% (Kawn ©wg(T)) +(0,0,1) - (Ka,wn © w;)'(r)\ < C’*%ﬁQ (w) " log(w)).

But, for the second term on the left-hand side, we have
1(0,0,1) - (Kaywn 0 wg) (1) = (0,0,1) - (Kaw,n 0 wy)'(0)] < Cusg w) ™" log(w)

from (4.19). Therefore the required estimate (4.10) follows.

We have finished the proofs of (4.9) and (4.10). We omit the proofs of (4.11) and
(4.12) because they are obtained by translating the argument above to the time-reversed
flow f~* through obvious correspondences. Let us proceed to the proof of the last claim
(4.13). From (4.20) for the time-reversed flow f~¢, it is enough to prove the claim (4.13)
with () in it replaced by Kgw.n © w;‘(T) with p = pa,wn. (Notice that b < g from the
assumption.) From the non-integrability condition (NI),, there exists some by > 0 such
that the estimate (2.20) holds for any ) € T, a € R and b > bg. Then, by (2.15), we have

h
o / exp(ibh_l(w;’(fhﬁh) (1) +ar))dr| <b™* for g e M, o € R and b > by.
—h

(4.26)

Below we consider the relation between ¢7 ;1 (7) and 07 , . (Ka,wn 0wy (7)). Similarly

a,w,n
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to the argument in the proof of former claims, with setting e, = (x; 1, ,,)«(dy), we find
0o (Fawn(wg (1)) = (95 (—n,ny (wq (7)), €y (wg (7)))

= U5 ) () gionmy (w5 (7)) e (w5 (7))
+ (Vg (w5 (7)), e (wg (7))

for —h < 7 < h. Further we write the first term on the last line as
88y (0) - (v oy (Wi (1), ey (wi (7))
+ (g, —hm) (T) — Vg (—pwy(0)) - <7j,(7h,h)(wf§(7)),€y(w3(T))>-

Notice that the terms <787(_h7h)(w};(7)), ey(wg(7))) and ¥y ;4 (0) - <’Y;:(—h,h) (wy (7)),
ey(wi(7))) are of class C? with respect to 7 (at least) and their second derivatives are
bounded by C., so that we can approximate the sum of them by an affine function, say
at + [, with an error term bounded by C. %5 {(w)~!. For the remaining term on the last
line, we have

|¢2,(7h,h)(7-) - ¢2,(,h7h)(0)| < C*%ﬁ<w>_1/2 log(w)
from (2.13) and also
sy (W (7)) ey (Wi (1)) = Cawm + Ou(5(w) ~1/?)
correspondingly to (4.23). Hence, with some o/, 8’ € R, it holds
105 0n (Fawn © W (T)) = Carorn - 0 (i) (T) — &' = B'] < Clsey (w) " log(w)

for —h < 7 < h. Since we assume by < b < s in the claim (4.13), we may suppose that
the right-hand side above is much smaller than b='"Ph > 3¢ 1P (W) 0= by letting wy
be larger if necessary. Therefore we obtain the claim (4.13) from (4.26) with b replaced
by Cawn - b, noting that C;1 < |eg wn| < Oy from Remark 4.3. O

REMARK 4.8. From Lemma 4.7 and from the definition of s in (4.2), we have
1AL (€awn(w') = awn(w)]] < Cutf - (w) 72 - () /2|0’ — wl]) (4.27)

where A, o n is the 2 x 2 matrix defined by

A 0 -
Bon= (25 0) B = Bl sl ) 29

(Recall that A(g,0) is the approximate non-integrablity defined in Definition 2.17.) For
a technical reason to be explained in Remark 5.5, we will need to extend the functions
€a,wn(-) to RZ. Though the choice of the extension is rather arbitrary, we will suppose
that the extension is continuous and satisfies (4.27) for all w,w’ € R2.
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4.3. The flow f* viewed in the local charts.

In this subsection, we consider how the flow f? looks in the local charts Kawmn-
Below we consider (a,w,n) and (a’,w’,n) with a,a’ € A, w,w’ € Z and n € N(a,w),
n’ € N(a’,w’) and suppose

tp<t<2ty and U =UuwnNf "(Uwwn)#0. (4.29)
Then the flow f* viewed in the local charts £ 4., and Ko o n is
f ‘= Ra/,w',n! © ft © H;ju,n : ’ia,w,n(U) — ’ia’,w’,n/(f(U))

Since kg w,n are flow box local charts, this diffeomorphism f is written in the form

f@,y,2) = (Fa,y), 2+ f(x,9)) (4.30)
and therefore we may extend it naturally to
f:VxR—=V' xR, with setting V :=m 0 kg wn(U), V'i=70ke wn(f(U))

where 7 : R? — R? denotes the projection to the first two components. Before proceeding
further, beware that we dropped dependence on ty <t < 2ty and a, w, n, d’, w’, n’ from
the notation above. We use this simplified notation only in the following part of this
subsection.

Letting x. in (2.2) be slightly smaller and choosing the local charts &, a little more
carefully (see Remark 4.5), we may and do assume that the diffeomorphism f given as
above is uniformly hyperbolic in the sense that

Df,(C(2)) cC (;) forpe VxR (4.31)

where C(0) = {(62.£,.0) € B* | [¢,] < 0]&[} and that

" . Z1yx . 1
IDfy @)l > eX"v]| ifve C2) and  [[(Df)},) @)l =X |v] ifv¢C (2 '
(4.32)
For the higher order derivatives, we will use a crude estimate
|D* flloo < Cuexp(City) - (logmax{{w), (W)})? for k =2,3 (4.33)

where the last factor appears as a consequence of the composition of b, ., and by o n
in the definition of the local charts kg, n and kg o p/-

When |w| and |w’| are large, the domain V' of f is small in the directions transversal
to the flow and hence f will be well approximated by its linearization. In the next lemma,
we give a statement along this idea. Let A : R® — R? be the mapping defined by

A(z,y,2) = (A\z, My, 2 + @ - (z,y) + Bay) + £(0,0,0) (4.34)

where
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)‘ZillDfO(a:r)H7 A::t”DfO(ay)Hv w = (8mf(0’0)’ayf(070))7 B:@nyv(QO)
(4.35)
and the signs of A and X are chosen so that A approximates f better at the origin. Then
we write the diffeomorphism f as the composition

f=AocG with setting G = A~ ' o f. (4.36)

The diffeomorphism G is written in the form

G(z,y,2) = (G(x, y),z + G(z,y)) (4.37)

In the next lemma, we let 0 < 6, < 1/2 be the constant taken just before the statement
of Lemma 4.7 and let the constant wy taken in Lemma 4.7 be larger if necessary.

LEMMA 4.9.  For any ty <t < 2ty and any combination of (a,w,n) and (a',w’,n’)
satisfying |w| > wy and 1/2 < |w'|/|w| < 2, we have the following estimates:
For the diffeomorphism G : V x R — G(V) x R defined in (4.36), we have G(0) = 0 and

IId = DGloe < (w)™24%  and ||D*G|loo < (W) fork=2,3, (4.38)
and also

IDGllo < (W)™ and ||D*Glloe < (w) /2. (4.39)
For the diffeomorphism A defined in (4.34), we have
|w| < (w)"Y#0  and |8 < C.ty. (4.40)
Further,
IDfllec < (w)V/#*% and || D*flloc < Oty (4.41)

REMARK 4.10. If we use the local chart k4, and consider the scale (w)fl
(resp. (w)~'/?) in the z direction (resp. the xy direction) and if w’ = w, the claims
(4.38) and (4.39) in the last lemma implies that the rescaled map of G,

(@,2) = ()2 G((@) ™20, () 715), 5+ () - Gllw)™20))

tends to identity in C* sense as |w| — oo, uniformly in a, n and ¢; < ¢ < 2t;. This tells
roughly that the non-linearity of G will be negligible when |w| is large. Note that this
would not be true if we did not put the nonlinear factor Sxy in A. We will see that the
decomposition (4.36) enables us to concentrate on the essential part A of f by separating
the negligible non-linearity in the factor G.

Proor. Since we may choose large wy depending on ¢; and 6, and since we are
assuming 1/2 < |w'|/|w| < 2, some of the claims are obtained easily by bounding some
factors depending on ¢y by wy with small € > 0. For instance, the latter claim of (4.38)
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follows immediately from (4.33). In the following, we argue in parallel for every value
of 6, € (0,1/2). Thus, when we refer previous estimates, we will actually refer them for
different (or slightly smaller) values of 0,.

By the estimates (4.14) and (4.16) in the beginning of the proof of Lemma 4.7 and
by the corresponding ones for the time reversed flow f~!, we obtain that, for ¢ € U,

[(Fawm © w) (0) = (1,0,0)]| < (@)™ |[(Kawm 0 ws) (0) = (0,1,0)]| < (w)~1/2+0-
and also

1(Kawn 0 wy)" () < {w) 7240 [[(Kawm 0 wg)" (0)] < (w)™H/2H0.

Of course we have the same estimates for the local chart k4 o /. Hence, from the fact
that f* preserves the (un)stable manifolds, we obtain

“Df‘|oo < <w>*1/2+9*’ ”amxfuoo < <w>71/2+9*’ ”ayyf”m < <w>71/2+0*

and also the former claim of (4.40) on w. From these and the definitions of A and G, it
is not difficult to see

I(DG)o —1d|| < (W)~ /** and  [[(DG)o]l < ()™, [(D*Coll < (w)™ /240~

These estimates at the origin and the latter claim of (4.38) that we mentioned in the
beginning yield

IDG —1d||oo < (w) 2%, |DCllo < (w) ™%, | D?Clloc < (w) /27,

(As we mentioned in the beginning, we argue in parallel for different values of 6., so that
we may and do suppose that the previous estimates are valid for any 6, > 0.)

To prove the latter claim of (4.40) on 3, we recall the construction of the local chart
Kawm- 1f we ignore the compositions of by and by . n in the local charts kg n
and Kg/ o pn/, We can get this claim just by simple application of the chain rule. Then,
restoring the compositions of bg ., » and by o ns, we find the additional term

. (macw’,n') B /3<a,w7n)>

()‘)‘) : ﬂ(a/awlan/) - 5(‘1;“3”) = Ca,w,n *

Ca’ w0’ Ca,w,n

with an error term bounded by C,.. By the definition (4.3) and Lemma 2.19, this is
bounded by C.ty, so that we obtain the required estimate. The latter claim of (4.41)
then follows. O

We finish this subsection with the following crude estimate.

LemMmA 4.11. If 0 <t < 2ty, we have, for integers k,{,m > 0 with k+ ¢ < 3, that

1028507 (Paw.n - (pator v © F))lloo < Cu - (€9 - 57 max{(w), (W) }/%) 9,
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We omit the proof since it is straightforward. We just note that, in the case k = /¢ =
0, the right hand side in the estimate above is just C, and does not depend on the choice
of ty. This is because the function g4, in the definition of pq ., » is the functions of
(z,y) and does not depend on z. (Recall that p, are C* in the variable z and we have

d.f =1(0,0,1).)

5. The anisotropic Sobolev space.

As the next step towards the proof of Theorem 2.16, we introduce the Hilbert space
‘H, called the anisotropic Sobolev space, and consider the action of the transfer operator
L on it. The argument in this subsection is a modification of that in the previous papers
9], [22].

5.1. Partial Bargmann transform.

The purpose of the following construction is to consider the action of the transfer
operator £! in the frequency space (that is, through Fourier transform on local charts).
But, one because the direction of E} depends on the base point sensitively, we need to
consider the action in the real space simultaneously. The partial Bargmann transform,
introduced below, meets these demands. We refer [22; Sections 4-5], [9, Sections 4.2—
3] and [10, Sections 3-4] and the references therein for more detailed accounts on the
(partial) Bargmann transform (or more generally on wave packet transforms).

For (w,&,n) € R*2*! with w,£ € R? and n € R, we define ¢y, ¢, : R — C by

I 2
bweqg(w,2') =273 277212 exp <i77 2l +ig - (w' - %) - 7<n>||w2 wl > .

The partial Bargmann transform 9B : L2(R?T!) — L2(R?>*2+1) is defined by
Bu(w, &, n) = /¢w7§7n(w’,z’) cu(w', 2 dw'dz’. (5.1)

REMARK 5.1. In the above and also henceforth, we write R?T! (resp. R2T2+1)
for the Euclidean space of dimension 3 (resp. 5) equipped with the standard coordinate

(w,z) = (z,y,2) (vesp. (w,&,n) = (2,9,&4,&y,n)) where w = (z,y) € R? and £ =
(&2,&y) € R% We regard € = (&;,&,) and 7 as the dual variables of w = (x,y) and z
respectively.

The L2-adjoint B* : L?(R*t2+1) — L2(R?**1) of the partial Bargmann transform

B is
Bro(w',2') = /¢w’57n(w’,z') ~v(w, &,n)dwddn. (5.2)
LEMMA 5.2 ([22, Proposition 5.1]).  The partial Bargmann transform B is an L>-

isometric injection and B* is an L*-bounded operator such that B* o B = Id. The
composition

P =B oB*: L*(R*FH) - LR (5.3)
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is the L? orthogonal projection onto the image of B. The (Schwartz) kernel of B is
written in the form

iCw —gw)  (mllw—w'|* (77>‘1||£—€’2) .

Ky (w, & m;w', &) =5(77’—77)8Xp< 5 1 1

5.2. Decomposition of functions in the phase space.

We introduce a few C° partitions of unity. Let x : R — [0,1] be a C* function
such that x(s) = 11if |s] <1 and x(s) =0 if |s| > 3/2, which we have already introduced
in Subsection 3.3.

1. a partition of unity on the projective space: {x, : P* — [0,1] | ¢ = +, —} such that

L, if [z] > 2Jyl;

0 o X)) = 1= x+ (@),

x+([(z,y)]) = {

2. a periodic partition of unity on the real line R: {g, : R — [0,1] | w € Z} such that
supp gy C [w—1,w+1], qu(s) =qo(s —w),

3. a Littlewood-Paley type partition of unity: {x,, : R? = [0,1] | m € Z,m > 0}
defined by

) {x<||w||>, it m =0

x(e ™ lwl)) = x(e™™* ), if m > 0.

We define also the (anisotropic) partition of unity {t,, : R? — [0,1] | m € Z} by

¢m($7y) = ngn(m)([(mvy)]) ’ le\(xvy)

where we ignore the first factor on the right-hand side when m = 0.
We next introduce partitions of unity on the phase space R?*2*!, Fora € A, w € Z,
n € N(a,w) and m € Z, we define the function ¥4 4 5.m : R2T2T1 — [0, 1] by

wa,w,n,m(wa 57 77) = %(77) : 7/1m (<w>71/2A;1w,n(£ - 77 : eayw_,n(w))) (54)

where A, is the 2 x 2 matrix defined in (4.28). Then we have, for each a € A and
n € N(a,w), that

Z 'l/)a,wm,m(wa §> 77) = qu (77) and hence Z Z wa,wm,m(wa ga 77) =1

REMARK 5.3.  Note the factor A, ! | in the definition (5.4), which did not appear
in [21], [22], [9] when we studied contact Anosov flows using a parallel method. We
put this factor because, as we observed in Lemma 4.7, the direction of Ej viewed in
the local chart kg, n, varies with resect to its base point at a rate proportional to
A(Paw.ns 74{w)~1/?), which is not uniform in a, w, n and can be as large as O (log(w))

in absolute value.
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REMARK 5.4. For the argument in the proofs in the next section, we define the
(enveloping) family of functions 1, 4 n.m : RZF2T1 — [0, 1] by

Gawmam(W,61) = Gorr (1) - I ()72 A AZLL(E =1 Cawn(w)))  (5:5)

where

Go = Gu-1+ qu + qu+1, 'J)m = wm—l + U + wm-f—l (56)

and
<%m%>,ﬁm>&
Am(gﬁvfy) = (61’75?4)7 1fm:07

<%ﬂ@>,ﬁm<0

From the definition, we have J}a,w,n,m = 1 on the support of ¥4 0 n,m-

For each C" function w on M, we define a family of functions @, 5 m : R*T2T1 — C
fora€ A, w € Z,n € N(a,w) and m € Z, by

ﬁfa,w,n,m(wa 67 77) = ¢a,w,n,m(w; 57 77) ' %(pa,w,n : (u o n;im))(w, 53 77)'

We regard this correspondence u +— (Ug o n,m) 88 an operator

I: COO(M) — H Cgo (Supp 'l/}a,w,n,m)a I(’LL) = (ﬁa,w,n,m)aeA,WEZ,nEN(a,w),m€Z~

a,w,n,m

REMARK 5.5.  Since B(pa,wn - (w0 K, L, ,)) is real-analytic, its support is R? & R?
unless uq ., n = 0. Thus, in order that the definitions above make good sense, we have to
extend the mapping e, from D, , to R?. (Recall Remark 4.6.) Note however that
the functions B (pg w,n - (w0 /Q;lwm)) decays extremely fast on the outside of supp pg,w.n X

R?, so that we can basically neglect its part on the outside of D, , x R3.

The next lemma tells that the operator I* : @, _, ,, ,,, C5°(SUpp ¥a v n,m) — C3(M),
I*((Ua,w,n,m)aeA,wEZ,nEN(a,w),mEZ) = Z (ﬁa,w,n . %*Ua,w,n,m) O Ra,w,n,
a,w,n,m
gives a construction reverse to the decomposition in I.

LEMMA 5.6. I*oI=1Id on C*(M).

ProOOF. The claim is not trivial but can be checked by simple computations. Just
note that, since the function g4, in the construction of p, ., » in Subsection 4.1 does
not depend on the variable z and since B o M(q,) o B* is a convolution operator that
involves only the z-variable, we have the commutative relation
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(Bo M(ch) © %*) © M(Qa,w,n) = M(Qa,w,n) © (% © M(Qw) © %*)

where M(yp) denotes the multiplication operator by ¢. We refer [9, Lemma 6.5] for the
detail. 0

We can now define the Hilbert space H of distributions. We henceforth fix ag €
(0,1/6). To simplify the notation, we set

J ={(a,w,n,m) |a € A,w € Z,n € N(a,w),m € Z}

and refer the components of j = (a,w,n,m) € J as a(j) = a, w(j) = w and so on. (Of
course, J here is different from that in Section 3.) Also, for j = (a,w,n,m) € J, we set

Kj i= Kawn, Pj = Pawn: Vi = Yawmnm, A.i = Aaawvn’ Aj=Agwn (5.7)

and so on. It will be useful to remember that the components a and n are related to the
position, w to the frequency in the flow direction and m to the frequency in the directions
transversal to the subspace Ej.

DEFINITION 5.7. We define H as the Hilbert space obtained as the completion of
the direct sum P;c , L?(supp ¢;) with respect to the norm

(ug)seslle = (Ze%'mﬁwuju;). (55)

i€eJg
We define H as the Hilbert space of distributions on M that is obtained as the completion
of C*°(M) with respect to the norm ||u||y = ||I(w)|jm. Then we have
C*(M)C H*(M)CH C H (M) C (C*(M)) (5.9)

where H"(M) denotes the Sobolev space of order r. (For this relation, we refer [18,
Chapter 1] and [19, Appendix A].) By definition, the operator I extends to an isometric
injection I: H — HL.

We define the operator ! formally by . = Io £! oI*, so that the following diagram
commutes:

H Y H

I
TR,

REMARK 5.8. At this moment, we only know that the operator L! is defined as an
operator from @j C§° (supp ¢5) to Hj C§° (supp ¢5). We will see that it extends naturally
to a bounded operator on H and consequently that £! extends to a bounded operator on
H when t > ty.



Ezxponential mizing for Anosov flows 797

6. Proof of Theorem 2.16.

We henceforth assume that f* € §% satisfies the non-integrability condition (NT),
for some p > 0 and suppose t3 <t < 2ty. Most part of the argument below is devoted to
show that f? itself is exponentially mixing. In the last subsection, we complete the proof
of Theorem 2.16 by examining dependence of the argument on the flow ft. For this last
part of the argument, we emphasize at this moment that, for the proof of exponential
mixing for f! we actually need the estimate (2.20) in the non-integrability condition
(NI), only for b in some bounded range. (See Remark 6.10.) This is crucial when we
prove stability of exponential mixing.

In the following, we suppose that wy > wp is the constant in Lemma 4.9, but will
let it be larger if necessary. We will also introduce a large constant my > 0 depending
on ty and wy. Below we will ignore some absolute constants, such as 27, that appear in
Fourier transform and partial Bargmann transform, since they are not essential at all in
our argument.

6.1. Estimates on the components of Lt.

Below we will use the notations prepared in the last section, especially (5.7). We
write 1i ., : C§°(suppvyy) — C§°(supp¢y) for the component of L' that sends the
j-component to the j'-component. It is written as

]Lﬁﬂ-/u =M(¢py) 0B o EJLJ-, o B*u (6.1)

where £§ _,j is the transfer operator on the local charts defined by

£§—>j’v = (p‘%—xj’ “v)o (fjt—>j')_1 (6.2)

with setting

1

t o t t
fimy =kyofiory and pj 5 = (py © fimy) - Ps-

As we noted in Subsection 4.3, the diffeomorphism fjt _,j is written

fjt—>_j’($7 Y, Z) = (.f:jt—)j’ (xv y)a z+ fjt—>_j/(xa y))
This extends naturally to

tVE L xRV, xR

J=3 Vi =i

where, with setting U; := we define

a(j),w(d),n()»

Viy =mowj(Us N fHUy)) and Viy = fly (Vi)

Since the differential of J-t_m-, at a point (w,z) € Vjt_)j, does not depend on the variable
z, we will write (ijtﬁj,)w for it. The natural action of fjtﬁj, on the cotangent bundle is

written

(D jt—>j’)* : Vjt—>j/ xR® = Vjt—>j’ xR® (D jtaj/)*(wa&??) = (v, (ijLj/)i;/ (&m))
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where w' = (f{_;) " (w).

From the definitions of the partial Bargmann transform 8 and its adjoint 8* given
in Subsection 5.1, the operator LJ?_)J-, is written as an integral operator with smooth
rapidly decaying kernel

K(wa fa 3 w/a 5/7 77,) = '(/)j’ (’LU/, gla 77/) : /(R}—U’ : ¢w,§,n) o (fjtﬁj’)il(z) : ¢w’,§',7]'(z) dZa (63)

so that it is a compact operator from L?(supp ;) to L?(supp ;).
We take a large constant my > 0, which will be specified in the course of the
argument, and let K : H — H be the part of the operator L! that consists of the

components L ,;, with

max{|w(i)]; [w()} < wg and  max{|m(j)], [m(i')[} < my. (6.4)

This operator K consists of finitely many non-vanishing components and therefore com-
pact regardless of the choice of wy and my. Let 11, : H — H be the projection operator
that extracts the components with w(j) = w. We are going to prove the following propo-
sition.

PROPOSITION 6.1.  There exists a constant ¢ > 0 (independent of the choice of t;)
such that

T, o (L* — K) o I, ||g—m < exp(—ct) - (W' —w)™  forw,w’ € Z and ty <t < 2ty.

This proposition implies that f? is exponentially mixing. Indeed, from the proposi-
tion, we have |Lf — K ||m_m < e~ (/2 for t; <t < 2t;, by letting t; be larger if necessary.
Since K is compact as we noted above, the essential spectral radius of ! is bounded by
e~ (¢/2t and so is that of £ : H — H. Since f! is mixing, there is a unique eigenvalue
1 on the region |z| > 1, which is simple and the corresponding spectral projector is the
averaging with respect to the volume m; The other part of the spectrum is contained in
the region |z| < e=¢* < 1 for some ¢ > 0. Therefore, letting Ho = {u € H | [udm = 0},
we have

L1340 70 < Ce ' fort>0.

This and (5.9) give the required decay estimate:
- o ram|=| v £ < lollalletell < Ce“Iulcman ol

for p, 1 € C* (M) with [ dm = 0.
6.2. Estimates on components ]LJ?_U.,.
In this subsection, we present a few statements on the components L§ _j with respect
to the L? norm and deduce Proposition 6.1 from them. The proofs of the estimates (pre-
cisely, Lemma 6.3, Lemma 6.6 and Proposition 6.8) are deferred to the subsections that

follow. Since our task is the proof of Proposition 6.1, we will disregard the components
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LL{_,; (or suppose L ,;, = 0) for which (6.4) holds.
We begin with a few simple estimates and then proceed to more involved ones. The
most important statement is Proposition 6.8, in which we give a consequence of the

non-integrability condition (NI),. First of all, we note that
1Ly ll2r2 <1 forany ¢ >0 and j,j € J. (6.5)

This is obvious because neither of B, B* and £! increases the L? norm.

Observe that the operator ]L;f _,j 1s localized in the space from the expression (6.3)
of its kernel. In order to give quantitative estimates related to this observation, we
introduce a few definitions. Let m : R2*! — R? and 7 : R?*2+! — R? be the projections
to the first two components, that is, we set 7(w, z) = w, 7(w,&,n) = w. In order to cut
off the tail part of the operator L;? _,j» We introduce the C>° function

Xy :R*—=[0,1] (resp. &, :R*—10,1])

=
so that it takes the constant value 1 on the %;/2 (w(i))—1/2

(vesp. m(f{; (supp pj—y))), while it is supported in the 2%;/2(w(j)>_1/2—neighborhood

of the same subset. Further we may and do suppose that

-neighborhood of 7(supp pj—j)

—1/2, s —1/2, s
1D Ay l| < Cul@) o, 2w@)V2) 1D pl| < Cula) (o () 2)
(6.6)
for any multi-index a. For brevity, we will write Xj_; and &j ,; also for the functions
Xy o7 and Xj’_>j, o7 on R2T2+1 abusing the notation slightly. With this convention,

we define
Li, « L3(supp ) — L3 (suppvyy), Li,u= ], L (Xjny - u). (6.7)
REMARK 6.2. From Remark 4.5, we may assume that, for any w,w’ € Z and
m,m’ € Z and for each j € J with w(j) = w (resp. j € J with w(j’) = '), the
intersection multiplicity of
{supp Xjy |§' € T w(i’) = w',m(j) = m'}
(resp. {supp Xj_; | j € J,w(j) = w,m(j) = m})

is bounded by an absolute constant.

From the observation on IL; _,j mentioned above, it is not difficult to get the estimate

ILE . — Lt llpere < Cu(v)s™

AR A s #

for ty <t <2ty and j,j' € J (6.8)

for arbitrarily large v > 0. Actually the next lemma gives a little more precise estimates,
making use of the fact that the flow f! viewed in our local charts is just a translation in
each of the flow lines. (The proof is not difficult but deferred to Subsection 6.4.)

LEMMA 6.3.  For any v > 0, there exists a constant Cy(v) > 0 such that
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Ly omse < L)) — )™
and further

||]Lj*>‘]/ — ]L;*)j’”LQ%LZ S C*(V) %{U<W(j) — w(j/)>_”
forty <t <2ty and j,j € J.

Next we give estimates on ! obtained as consequences of the hyperbolic properties
(4.31) and (4.32) of the flow f*. We first introduce the following definition. This definition
is motivated by a simple geometric observation on the position of (D J-t ~y)" (supp ¥y)

relative to supp 1/~)j in the phase space. (See Remark 6.5 below.)

DEFINITION 6.4. For two pairs (m,w) and (m/,w’) of integers and a positive real
number ¢ > 0, we write (m,w) ' (m/,w’) if either

1. m>0and m' <0, or
2. m>0,m >0and m <m — [x.t/2] + |log({w')/{w))| + 10, or
3. m<0,m <0andm <m—[x.t/2] +|log({w)/{w))| + 10.

We write(m,w) ¥t (m/,w’) otherwise. We write j <! j’ (resp. j ' j') for (j,j') € T xJ
if and only if (m(j),w(j)) =" (m(j'),w(i")) (resp. (m(j),w()) #+* (m(i"),w(i")))-

REMARK 6.5.  The definition above is given so that subsets (D f{_,;)* (supp Y5) and
supp ) are separated in the case j ! j'. The terms |log((w')/{w))| in the conditions 2
and 3 above are put in order to deal with technical problems in the case where the ratio
between (w(j’)) and (w(j)) is not close to 1. (But such technical problems will turn out
to be far from essential.) At this moment, we ask the readers to observe that disjointness
between (D j’;j,)*(supp 5) and supp); would follow from the condition j #¢ j’ by
simple geometric argument, if we assumed 1/2 < (w(j’))/{w(j)) < 2 and ignored the
factor A; and the variation of e; in the definition of the function ﬁj. In the next lemma,
we give a related more quantitative estimate.

We henceforth consider two small constants
0 <8 < pa

whose choices are independent of ¢y, wy, my and made later in Lemma 6.8. In the lemma
below (and henceforth), the constants ¢4 and wy are suppose to be taken according to the
choice of 0, and p,. Let us recall the definition of A; from (4.28).

LEMMA 6.6. There exists a constant C, > 0 such that, if j,j’ € J satisfy j &t §
forty <t <2ty and if we have in addition that

Im()| = bty (resp. Im(3)] = d.ty) (6.9)

then we have
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)2’ = w2 - (@) 2 IATHE = ) = et @l (6.10)

for (w,&,m) € supp by and (w',&',1') € (Dfi5)* (supp dy) with w' € Vi (resp.
)2 = w])? - () RIAFE - ) = et (611

for (w,&,n) € (D jt%j’)*)_l(supp 1;3) and (w',&§',n') € supp 7;3‘/ with w € jtﬁj’(‘/jgj/))'

PrROOF. We are going to prove the former claim (6.10). The other claim (6.11)
is proved in a parallel manner replacing fjt _,j by its inverse. First of all, note that the
ratio between Ay > 1 and Aj > 1 is bounded by C. (ty + | log{w(j’))/{w(j))|) because so
is |Ay — Aj| from Lemma 2.19. Also note that, from the assumption (6.9), we may and
do suppose

el > (8ets 5, 41 (6.12)

To fix ideas, let us start with considering the case w = w’. In this case the points
(w,&,m) and (w’',€&',n') belongs to the same cotangent space {w} x R3 and we have

(Dfioy) (e (fimy (W) = e5(w).

By geometric consideration using (4.31) and (4.32), it is easy to see that images of the
subsets

supp ¢ N ({w} x R®) and  (Dff;)* (suppdy) N ({w} x R?)

projected to the &-plane along the direction of ej(w) and mapped by A; are separated
by the distance C; el . (w(§))1/? at least and hence the claim (6.10) holds in this
case. (To see this, we first consider the simple case where 1/2 < (w(j"))/{w(j)) < 2 and
then note that, in the other case, the term |log({w’)/(w))| in Definition 6.4 and also the
estimate on the ratio Ay /A; mentioned above help.) Next we extend this estimate to
the case w’ # w. To this end, we have to consider the difference between 7 - e;(w) and
n - ej(w’). If w and w’ are so close that (w(j))*/?||w’ — w|| < c.el™WI/2 with sufficiently
small ¢, > 0, we have

AT (- e3(') — - e5w))] < O (w(3) 2

from (4.27) and (6.12) and, therefore, (6.10) remains valid. Otherwise, the required
estimate (6.10) is trivial because of the first factor on its left-hand side. O

The next lemma is a consequence of the observation made in the last lemma. The
proof will be given in Subsection 6.7.

LEMMA 6.7.  For anyv > 0, there exists a constant C,.(v) > 0, which is independent
of ty, such that, for ty <t <2ty and j,j € J satisfying j £'j and (6.9), we have
5

i3

lr2sre < Cu(w)e” maxlm@LImEIN/2 . (y(5) — w(j)) ™ (6.13)
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and further
||]L§ﬂ'/ — LJ?HJ.,HLQHLZ < C*(V)e—max{\m(j)lvlm(j /2. %ﬁ*’/ Aw() —w(G)) .

The next proposition is the key to the proof of Proposition 6.1, which gives an
estimate on the components ILj 5, for which max{|m(j)[,|m(j’)[} is relatively small. The
proof of this proposition is the main ingredient of this section and will be given in the
next subsection.

PROPOSITION 6.8. There exist constants 0 < 0. < p. such that, if we let the
constants ty and wy be large depending on 6., then, for all j,j € J satisfying

max{lm() @) < 8.6 o] 2 5 and Joli) - ()] < e (%5E) . (019

we have
||L§Hj/||L2ﬁL2 < exp(—p*tﬁ) for ty <t < 2ty

Now we deduce Proposition 6.1 from the estimates on the norms of the components
L{ ,; given Lemma 6.3, Lemma 6.7 and Proposition 6.8.
PROOF OF PROPOSITION 6.1. Let 0 < 0, < psx be those constants in Proposition
6.8. Note that we may and do suppose that §, is much smaller than p,, because the
claims of Proposition 6.8 remains valid when we let J, be smaller (and Lemma 6.6 holds
for any choice ¢,). Below we suppose t; <t < 2¢; and proceed with the assumption

w| > 2
2

Ot
and |w' —w| < exp <a010 ﬁ) (6.15)

for w,w’ € Z, where oy € (0,1/6) is that in the definition of the anisotropic Sobolev
space ‘H. The argument in the remaining case is much simpler and will be mentioned at
the end.

Let us take m,m’ € Z and consider the components JLji5 S for j,j € J satisfying

w(ij) =w, m()=m, w(i)=uv, m{)=m'" (6.16)
Note that, for each j (resp. j’ € J), the cardinality of the set
{i' € T hiny #0,0() =’ m(j') =m'}
(resp. {j € T | pjny # 0,w(i) = w,m(j) = m})

may be large (i.e. grow exponentially with respect to t). This causes a problem when
we sum the estimates for the components LJ?HJ-, for j,j’ € J. Our idea to do with this
problem is as follows:

(A) if we consider the operator H;.%—m" defined in (6.7) instead of L ,;,, we will not have
this problem by virtue of the assumption noted in Remark 6.2, and
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(B) the norm HI[J}_,J-/ —Li_,;llz2 22 of the difference is very small and dominates the
cardinalities of the sets above, which is bounded by C, exp(City) < 4.

Below we consider the following three cases for the combination (m,m’) € Z2, but note
that we continue to assume (6.15) for (w,w’) € Z*:

(i) those (m,m') satisfying max{|m/|, |m/|} < 0.t;,
(ii) those (m,m’) not in (i), but satisfies (m,w) ¥t (m’,w’), or
(iii) those (m,m’) not either in (i) and (ii).

We first consider the case (i). If we consider Iﬂ}_m., in the places of L}—m’/’ then, by
Proposition 6.8 and the idea (A) mentioned above, the operator norm (with respect to the
norm on H) of the totality of components satisfying (6.16) is bounded by C,e?®0%+t:.c=P=t
where the first factor e20%+* comes from the weight in the definition of H. For the

differences between L ., and Lt we apply the second claim of Lemma 6.3 and, by

= i—=i"
the idea (B), find that the last estimate remains valid when we replace ]LJ? ~j by ]LJ? S
Next we consider the case (ii). If we consider H:§_>j, in the places of ]L}_U-/, then,

from the first claim of Lemma 6.7 and the idea (A), the operator norm of the totality of
components satisfying (6.16) is bounded by C,e~((1/2)=2a0) max{|m|.m’l} *We apply the
second claim of Lemma 6.7 for the differences between Lj _y and L ., and, by the idea
(B), find that the last estimate remains valid when we restore IL}t e

Finally we consider the case (iii). In this case, the weight in the definition on the
Hilbert space H plays its roll. Suppose that ILJ? _j are replaced by ]ij Sy b hen we can
apply the first claim of Lemma 6.3 to each of the components and, by the idea (A), show
that the operator norm of the totality of components satisfying (6.16) is bounded by
C*(l/)ea“(ml*m) (w" — w)™%. Then, applying the second claim of Lemma 6.3, we check

that this estimate remains valid when we restore IL;-5 _j- Note that, since (m,w) <t

(m’,«’) and max{|m|,|m’|} > 6.t; in this case, the factor e*(™ =™ is bounded by
C, max{e=@00=/2t: () — ) e~ @00t}

Collecting the estimates in the cases (i), (ii) and (iii) above and taking sum with
respect to the combinations (m,m’) € Z2, we see that the operator norm of I, o (! —
K) oIl on H is bounded by

C* maX{ 6*tﬁ . e(2(x05*—p*)tu, e_((l/Q)_an)é*tﬁ7 6*tn . e—aoé*tu’ e—ao(X*/Q)tu }.

Since we are assuming that |w’ — w| < exp(apdsty/10), this implies the conclusion of
Proposition 6.1, provided that d, is sufficiently small and ¢4 is sufficiently large.

In the case where the assumption (6.15) does not hold, the proof is parallel to the
argument above but it becomes much simpler. Indeed,

e In the case where |w| < wy/2 and |w'| < wy, we may assume max{|m|, |m/|} > my
since we subtract the compact part K from L!. Since we can choose large my
depending on t; and wy, we need not consider the case (i). Then the proof goes as
well as the argument above for the cases (ii) and (iii).



804 M. Tsuin

e In the remaining case, we may suppose that the factors (W' — w)™" that appear
in the claims of Lemma 6.3 and Lemma 6.7 are small enough by letting wy and
v be large. Therefore we can go through the argument above with much cruder
estimates. (In the case (i), we use Lemma 6.3 instead of Proposition 6.8.)

We therefore obtain the conclusion of Proposition 6.1. O

In the following subsections, we prove Lemma 6.3, Lemma 6.7 and Proposition 6.8.
We present the proof of Proposition 6.8 first.

6.3. Proof of Proposition 6.8.

Let us consider the operator ]I;;_U., for j,j € J satisfying (6.14) and set w = w(j),
w' =w(j), m = m(j) and m’ = m(j) for brevity. Recall the argument in Subsection 4.3,
we express the diffeomorphism fjt Ly as

t . t t
fimy = Ajoy 0 Gy

in parallel to (4.36). Accordingly we write ]I;EHJ-, as

]L?aj/ = M(i/ij/ L x! JoAoG (6.17)

J =

where M(y) denotes the multiplication operator by ¢ and we set

G: L2(supp1/1j) — L*(R*™Th, Gu=15 ((p}_mu B ( Xy u)) o (G}_,j/)fl)

and

A LA(RPPHN) o 2R, Au=B((Bu)o (4] _,;) 7).

Below we disregard the part G for a while and concentrate on the part M (v -Xj’ ﬂ.,) oA.
In the last part of this proof, we will show that the pre-composition of G is negligible.

The operator A is a rather simple integral operator and its kernel can be presented
explicitly by computing Gaussian integrals. (See [16, Chapter 3].) But our main concern
in the argument below is actually the variations of the functions v; and 1/~1j with respect
to the space variable w. Recall from (5.4) and (5.5) that their definitions involve the
mapping ej(w) : eq(j),w(),n() (W) To proceed, we introduce the functions

PR (0,1, U (w,&,n) = ><(4—1e—‘5*‘f“|w|‘”2 JaytE—n- ej(w))H)
(6.18)

and
Uy R (0,1], Wj(w,&,n) = qugy(n) - T (w,€,m) (6.19)

where q,, is the function defined in (5.6). We prove the following lemma as the main step
of the proof of Proposition 6.8.
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LEMMA 6.9.  Under the assumptions as above, we have

[M(Wy - X ;) 0 A L (supp (¥ - Xjy)) — L (supp (T - X)) < e 7. (6.20)

=3
In the following, we prove this lemma by showing that the operator norm of

Ao M(Ty - X 5)% 0 At L2 (supp (W5 - Xjosy)) — L2 (supp (U5 - Xjyr))  (6.21)

=y

is bounded by e~2/+!. (Notice that we suppose the image of this operator to be restricted
to supp (¥j - Ajj).) Let us recall the expression (4.34) of the diffeomorphism Aj ;.

Below we suppose AJ? _>j,(0) = 0 by shifting the coordinates, hence

Al (x,y,2) = (A, My, 2z + @ (z,y) + Bry)

where A, A and w are those given in (4.35) for f = f{j- The inverse of A}, is then
written

(AL) (g, 2) = <A1 <Z) z—w- 7! (”y”) — o(z, y)> (6.22)

where

A= <())\ g\) and  o(z,y) = AT A ey

We write the operator A as an integral operator

Au(w”, ", m) :/KA(wyﬁ;w"@”;n)u(w@,n) dwdg

with the kernel

17,01

Ka(w”, €5 w,&n) = e 60278002, (0! 7w, €5 1)

where
kA(w”, ";w,f;n) = eigwﬂ“g”w”/?/¢w“,§”m(ﬁ’aZ)'¢w,£,n((A§—>j/)71(@az)) dw. (6-23)

(Note that the right-hand side of (6.23) does not depend on z. We separated the term
e~ i6w/2=i€"w" /2 iy order to simplify the expressions below.) Using the expression (6.22)
of (Aj _>J.,)_1 and changing the variable @ to w + w”, we rewrite the last expression as

kA(’lU, 57 U)N, 5//; 77)

=(n) /dﬁ) exp(i(€(A™H(w +w")) = " —nw - A~ +w”") —n - o +w')))
A~ (@ +w") — w|

e~ . -l
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Then we can write the operator (6.21) as

(Ao M(Wy - X5 )2 0 A)u(w', &', ) = /e%w/wglwl/2 K(w', 5w, & m) u(w, €, n) dwdE
(6.24)
where, introducing the variable ¢ = £ — ney (w”), we set

K €. im) = aur)? [ de [ w1705l 2 AR 2

X kp(w”, ¢+ ney (w”);w, &5 n) - ka(w”, ¢+ ney (w”);w', 5 m).
(6.25)

In the integral on the right-hand side of (6.25), we are going to compute the integration
with respect to the variable w” = (z”,y"). If we write the integral by putting (6.23) and
extract the parts that involve the variable w” = (2", y"), then, setting

ey (w) = (6%(w), 0°(w)),

we find
I(wvg;w/’gl;w7wl;77) = dx”dy// 2(‘]/—[] ( l/?y”)2
cexp(—in(j — ') - 0° (2", ") +i(& — EIA " —iBATIAT 77( g)z")
cexp(—in(z — &) - 0" (2", y")) x exp(i(&, — &Ny —inBATINTH @ — &)y

7+ ") — x|? T x”—m’2
(- Va SR

- exp ( — ) NG +y") —yl? ) AT +y") - y’l2)

5 5 (6.26)

and (6.25) is written as
KW', & 5w,&n) = o (n)” - <77>2~/dCdu7du”/-I(w,f;w’,f’;@,w’;n)

X (4_16_6*tu|w|_1/2|‘A;1C||)2 - exp (_<n> ||l —; ||1I)’|2>
cexp (i(EAT D — EATM — (0 — @) — nwATH (@ — @) — n(o(D) — o(@)))) .

In the following, we consider the following two cases separately:
(1) A < &30+, (I1) Ay > e3o+t2,

In the case (I), we will use the non-integrability condition (NT), to deduce the required
estimate. In the case (II), we will use the fact that the approximate non-integrability
A; = A(p, 24(w(j))) is sufficiently large. In the following, we suppose that

(w,&m), (w',&,n) € supp (5 - Xjj). (6.28)
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Note that this implies in particular that ||w|| and ||w’|| are bounded by C. s (w)/2.

Case (I).

We consider the integration in (6.26) with respect to the variable z”. Notice that
the factor on the second line of the right-hand side of (6.26) is of the form to which we
can apply (4.13) in Lemma 4.7 with setting

(& — €A = BA A (G — )

h:)\1/2|w‘—1/27 b:_h.n(g_g/% a= - (6.29)

provided that b > by. For the remaining part on the right-hand side of (6.26), observe
that

e the factor on the third line is almost constant as a function of z” in the scale
|w|~1/2 from (4.12) in Lemma 4.7. (We may suppose that |#| and |2’| are bounded
by s (w)=1/2
small.)

because otherwise the factors on the fourth and fifth lines are very

e the factor on the fourth line is also almost constant in " viewed in the scale |w| /2,
precisely, its derivative with respect to =’ is bounded by A~ (n)*/? < 2X~w|/2,

e the factor on the fifth line does not depend on z”.

These observations motivate us to divide the domain of integration with respect to z”
(i.e. the real line R) into intervals with length 2k = 2AY/?|w|~'/2 and apply (4.13) in
Lemma 4.7 to the integral (6.26) with respect to '/ on each of those intervals with the
setting (6.29). We approximate the remaining parts (i.e. the factor X/, (z”,y"”)* on the
first line and those on the third to fifth lines) on the right-hand side of (6.26) by their
averages on the interval and, to ensure the assumption of Lemma 4.7, we suppose

bo < (bl = Ih (G =) = NPw| 72 (G = §)] < 5 (6.30)

Then we see that the integral (6.26) with resect to z” on each of the intervals of length
2h = 2\Y/2|w|~'/2 is bounded by

Cu(bo) - 2+ ((N2Jl V(5 = )72 + A72)).
Hence, evaluating the factors on the fourth and fifth lines of (6.26), we conclude

[T (w, & w', &5, 9" m)]
< Ca(wbo) [l 71 (2] V21 — )72 + A7)
(Wl PATHE = 7)) = (@ =))W PTG - ) — (v =)D (6.31)
for arbitrarily large v, under the condition (6.30).

We put the last estimate into the expression (6.27) of the kernel K(-). And, for the
integration with respect to (, we apply a simple estimate about Fourier transform to see
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C.(v) - et - Ay - |w)
(e w2 ]| Ay (@' — )]}
(6.32)

2
[ (el te agial)” (et - e <
for arbitrarily large v > 0. Therefore we see that (6.27) is bounded by

Culv o) () - 52y lof? [ i

X (AV2Jl 21 = /1y + X72) (VA @ — ) — (o = w)l) ™
% <€6*tu|w|1/2||Aj/(1I}/ _ w)”)—l/ . <|W|1/2||1I)H>_V<‘w|l/2||w/||>_y (633)

in absolute value. Notice that, in the last claim, we actually had to restrict the domains
of integrations in (6.27) and (6.33) by the condition (6.30). However, since the factor
exp(—(n)(||@||? + [|@||?)/2) on the second line of (6.27) is very small in the case where
the right inequality of (6.30) fails, the claim remains valid without such restrictions.
Inspecting the integral (6.33) with respect to w and @’ above, we conclude

C. (1, b0) ur ()2AL - (A"V/2|w[YV2]y — o/ |)=P/2 + A=1/2)

\K(w/,€/§ w,ﬁ; 77)\ < <|w|1/2||(A72 + 1)71/2(11; — w/)H>l/

(6.34)

Finally note that (6.20) is an operator on L?(supp (¥; - xj—j)) and that the 2d-
dimensional Lebesgue measure of supp ¥; N ({w} x R? x {n}) for w € R? and n € supp q.,
is bounded by C.e?>* Aj|w| < C.e8%+t|w|. (Note that we have the last inequality since
we are considering the case (I).) Hence, by simple estimate using Schur test([16, p.50]),
we conclude that the operator norm of (6.21) is bounded by

O, (bo)e®8-ts XN=P/4 < O, (by) e=PX+4/8 < O, (bg) e~ 2+t (6.35)

provided that we let the constants 0 < d, < p, be sufficiently small. This gives the
required estimate (6.20) as we noted in the beginning.

REMARK 6.10. In the argument above for the case (I), we actually used the es-
timate (4.13) only for b (which was the same as that in (2.20) in the non-integrability
condition (NT),) in a bounded interval contained in [bg, 7). And we will not use the
non-integrability condition (NI), in the argument for the case (II) below.

REMARK 6.11. It is natural to think that we may be able to apply the argument
above also to the case (II), one because the case (IT) should be simpler and one because
the estimate (4.13) holds for any «. But the author found a technical problem in such
argument and had to argue about the case (II) separately. The problem will be presented
in the argument for the case (II) below.

Case (II).

We now consider the case (II) where the approximate non-integrability A; is large.
Let us begin with a preliminary discussion. Observe that, from (4.9) and (4.12) in Lemma
4.7, the unstable subspace I, viewed in the local chart ; twists along segments parallel
to the y-axis by the rate proportional to Aj > e3%t > 1, while it is almost constant on
segments parallel to the z-axis. Hence, recalling the definition (6.19) of ¥;, we see that
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6o — &l = CTMA; - Jwl - Jy —3/| > 1 (6.36)

for (z,y, &, ys m), @,y &0 1//7 1) € supp U N Ujsy, provided ly' —y| > Ce’+ts <w>_1/2'
This motivate us to regard the integral with respect to z” in (6.26) as an oscillatory
integral with the oscillating factor exp(i(&, — &.)A~1z"). To estimate that oscillatory
integral, we need the following formula of reqularized integration by parts because the
function ey (w”) = (0“(w"),6°(w")) is not differentiable. (The proof is obtained by a
simple computation.)

LEMMA 6.12 ([3, p.137]). Let p: R — R be a C™ function supported on [—1,1]
such that [ p(s)ds = 1. Let 9 € C*(R) and g € C2(R). If ¥'(s) # 0 on a neighborhood
of supp g, then we have, for sufficiently small € > 0, that

[t gtis =i [0 () s+ [ glo) - gulsnas (637

1

where g. = p- x g and p-(s) = e 1p(e71s).

Now we start the proof in the case (II). As in the case (I), we estimate the integral
(6.26). To fix ideas, we first proceed with the assumption that

|w\1/2|y _ y/| > )\1/2 for w = (1'7y) and v’ = (x’,y') (638)
and also

g -7

< ;
ly — /|

1
3 <2 forw=(%,9) and 0’ = (¥',7). (6.39)

We are going to apply Lemma 6.12 to the integral (6.26) with respect to z”/, with setting

A
Iz") = (& — &N 12", €= w2,

In order to evaluate the result of integration by parts, we prepare a few simple estimates.
First we note that, from (6.28) and (6.38), we can estimate e from above and below as

‘w‘_1+9* < C*—l)\AJ—I .%ﬁ—l|w|—l/2 <e< )\1/2Aj_1|w|_1/2 < %ﬁ‘w‘—l/Z.

(For the left-most inequality, recall that we have |w| > wy and take large wy depending
on ty.) Hence we can apply (4.11) of Lemma 4.7 with setting h = € and get

16° (2" +eT,y") — 0° (2", y")| < Cielog(344;) for 7 € [—1,1].
This together with (6.39) and the fact C;' < [AX| < C, yield that, for 7 € [~1,1],

lexp(in(g — §)0° (2" +eT,y")) — exp(in(§ — §)0" (=", y"))|
< Cufw) - Aly — | - elog(sa ) < CLAT! - log(s4.44) < CLA] V2,

Similarly we get, from (4.12) in Lemma 4.7, that, for 7 € [—1, 1],
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|exp(in(z — 7')0" (2" +eT,y")) — exp(in(z — 2")0" (=", y"))|
< C*%§’<w>_1/2 -log w| < C*Agl/z.
From (6.39) and (4.40), we have also
151 . - - ~1/2
IBATIAT (G — ) el < Cuty A < CLA, 2,
On the other hand, from (6.28), (6.36) and (6.38), we have
ATME =€ > COIAT A wl - |y — | = CTIATTRA w2,

Now we can apply Lemma 6.12 to the integral in (6.26) with respect to the variable
x”. We write g(z") = g(z";y";w, & w', &' w, w';n) for the part of the integrand of (6.26)
other than the factor ¢/’"). Note that the factors on the last two lines of (6.26) vary
relatively slowly with respect to 2" as well as the factor &]_,; (2", y" )2 on the first line.
Hence, if we put

ho (") = hy (" w0, @, @) = (o] AT (@+w") —w]) ™ (w2 ATH (@ +w") —w') 7
for v > 0 and let ¢y and wy be larger if necessary, the resulting terms are estimated as

lge = gllse < CL)ATY? by (w”)

/

9e

19/

-1

and
9=\ ~1/2 < ~1/2
H (y) - ‘ =C(m)a; 7 P hy(w") < Co()A; 7 hy (w”)

for arbitrarily large v > 0. Therefore, integrating the result with respect to w”, we obtain

Cu(v) A; 2 Jw|

(w2 IA N (@ — @) = (w — w')])”

[ (w, &w', &0, 0" m)] < (6.40)
for arbitrarily large v > 0, under the assumptions (6.38) and (6.39).

The last estimate (6.40) corresponds to (6.31) in the case (I). But we can not conclude
the required estimate from (6.40) in the case (II) because Aj may be large and hence we
can not follow the argument in the last part of the proof in the case (I) using the Schur
test. In order to resolve this problem, we actually need a little more information on the
result of (regularized) integration by parts. As the result of (regularized) integration by
parts, the integral I(w,&;w’,&';w,w';n) is written in the form

/eXp(i(é —&)AT") - To(w" s w, &gy, €5, @' ) du” (6.41)

where, correspondingly to the two terms on right-hand side of (6.37), Iy(-) is of the form

Il (w//; w, ’LU/; QI], 11/7 77)

A& — &)

Io(w"sw, &y w', 5w, 05 n) = + L(w";w,w';w, w's n).
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From the argument above, we already have

C*(V)Aj_l/25_1hl,(w”), and
C

L)A] PRy (w").

Note that the dependence of Iy(:) on the variables £ and & is rather simple. Indeed,
using (6.36) and the assumption (6.38), it is easy to see

|08, OF To(w" s w, &0, €0, '3 )| < Culw, o, K'Y (A2 Aglw[V2) KR by (w”)  (6.42)

for any k,k’ > 0 with (k, k) # (0,0). This together with the estimate on I(-) above

gives

Cu(v, b, k) max{A~V4, A2}y (w”)
(015 I\ w| 1 /2) R

|0F 0F Ty (w5 w, &30, €y 0,05 m)| < (6.43)

for any k, k' > 0.

REMARK 6.13. Notices that the estimates above are obtained under the assump-
tions (6.38) and (6.39). For the proof of the next lemma we note that, in the case where
the condition (6.39) fails while (6.38) remains valid, we have the estimate (6.40) with
Aj_l/2 replaced by A1, that is,

Co() A7t |w| ™t

|I(w7§;wl7f/;wvu~)l;n)‘ S (\w|1/2|A*1("J) _ ’(I)/) _ (w _ wl)')z/'

(6.44)

Indeed it is easy to see that simple estimates without using integration by parts yield
this estimate (6.44) without the factor A=1 (or the estimate (6.40) without the factor
Aj_l/z). But, if the condition (6.39) fails while (6.38) remains valid, we have

To1~ S1~ 1. - y—y _
G G+ —9) G @+~ 2 A G- ) - -y > LY 5 SAWRIONE

and therefore we can get the estimate (6.44), making use of arbitrariness of v. Let us
note also that, in such argument without using integration by parts, we may express
(6.26) in the form (6.41) with the function Iy(-) independent of the variables £ and £’.

The next lemma is our remedy to the problem in the case (II) mentioned above. Re-
call the definition of the function Xj_,; and consider another C'*° function )?j—m” ‘R2 -
[0,1] that takes value 1 on the 4%ﬁl/2<w(j)>_1/2—neighborh00d of the subset 7(supp pj—j’)
and is supported in the 8%;/2 (w(j))~/?-neighborhood of that subset. Clearly the esti-
mate parallel to (6.6) holds for this function. Let \T/j : R#+2+1 5 [0, 1] be the function
defined by
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B0, €) = x50l 1A E - )] ) - B ()
Notice that this function differs from ¥j in (6.19) only in the factor 87! and the multi-
plication by the function Xj_j (w).
LEMMA 6.14.  We have

H%*OCI;‘?OA*OM(\I/J/ . / )2OAOCI//?O%||L2(R2+1)_>L2(R2+1) S C* max{)fl/ig,Aj_lM}.

=y

Before proving this lemma, let us see that Lemma 6.9 follows from it. Letting 1;_,;
be the multiplication by the characteristic function of the support of \I!JQ - Xjy and
writing,

D= (1—@?0%0’3*)olj_>j/ and D* zljﬁj:o(l—%o%*o\i?),
we see

1‘]*)‘]/ OA*OM(\I/j/-)(:i/ )20Aolj*>j/

—j’
_1jﬁj,o%o %*o\flgoA*oM(@j, .%’Hj,)Qvo@?o% o%*oljﬁj/
:D*OA*OM(\I’J' j/—)j’)2OAO]'j4)j/

+1jﬁj/0%0%*o\i?oz&*o/\/{(\l’j/ X ;)% 0AoD.

From the estimate on the kernel of 8 = BoB* in Lemma 5.2, it is clear that the operator
norms of D and D* with respect to the L? norm are bounded by

C, exp(—et) < \7V/8,

Since the operators A, B and B* do not increase the L? norm, the same estimate holds
for the operator norms of the two operators on the right-hand side above. Therefore the
required estimate (6.20) follows from Lemma 6.14.

PROOF OF LEMMA 6.14. The proof is easy once we have the estimate (6.43) and
note Remark 6.13. Let us write the operator under consideration as an integral operator

(B*o \T/? o A* o M(T5 - X5 )2 0 Ao \T/_? oB) u(w}, ') = //E(w;, 25wy, 2)u(wy, 2) dwidz.
From the description (6.24) of A* o (U; - Xj_,5)? o A, we can write the kernel as
K(wt, 25wy, 2) = / dwdédw'dg/dn - e~ K (w!, € 5w, &51) (6.45)

: CI}JO(wvgan) : CI}.(j)(w/ﬂg/vn) : d)wéﬂ?(wT? Z) ' ¢w/75,a77(wjr7 ZI)

where
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K(w', &5 w,&n) = qur(n)*(n)? - /dgdwdw’dwu - exp < <77>(”wH22+ ”Mz))

exp(ic( — ) - x (87 el 2 | AFACH) - Aoy (w)?

cexp(i(€ - ATHw" + @) — € AT W + @) - Io(w"sw, & w', €D, @' m)

exp(—inwA~H(w — @) — in(o(w) — o(@))). (6.46)
For a while we restrict the domain of integration (6.45) to the region where the condition
(6.38) holds. We are going to estimate the integration with respect to the variables ¢, &,
¢ and 7. For the integration with respect to ¢, we apply the plane estimate (6.32) on
Fourier transform. For the integration with respect to the other variables £, £ and 7, we

apply similar estimates, making use of the estimates (6.40) and (6.42) if the condition
(6.39) holds and recalling Remark 6.13 otherwise. Then we find

|I€(wf(,z’;wT,Z)| < Ci(v) max{/\*1/4,Aj_1/2} Az =2V wl? - /dwdw’dw”du?du?’
w2l )7 (ol 2 ) (e A w22 - (e w2 A (1 — ) ][)
(e B w2 A (AT " @) —wp) )T (w2 ATH AT (" @) = w)l])
(51 AP |2 (2w — ) - (ol = wh])

By estimating the integral above with respect to w, w’, w”, we continue

Uz(wfr,z’;wf,zﬂ < C,(v) max{A\~1/* Aj_l/z} Az =2V \w\/dﬁ)dﬁ/
o2 )7 (o210 ()7 (€%t A 2 o[ 2)2 (2 o] 2 A (0 — ) [y
(2 AP |wl2)2 (et o V2] A (AT (@ — @) — (wy — wh) )
Further, changing variables (w,w’) to (w,w” := @' — @) and computing the integral
above with respect to w and then to @”, we reach the estimate

\l%(wfr,z’;wT,ZH < Cy(v) max{)\_l/4,AJ 1/2 /dw”
(A1) <65*t”lw|1/2||Aij”H>
1/2 1 —
: (eé*t“A-/ jw['/2)2 - (2 || V2| Ay (AT " = (wy = w)))])

( )tu+2 max{/\_1/4 A;l/z} . <Z _ Z/>—u

U AL ] V22 - (5t 2 A (A% + 1) g — )
(6. 47)

In the last inequality, we have used the fact that the ratio between Aj and Aj is bounded
by C.ts, as we noted in the proof of Lemma 6.6.

Now recall that we have restricted the domain of the integration by the condition
(6.38) in the argument above. For the integral on the remaining region where (6.38)
does not hold, we can argue in parallel without using integration by parts and get the
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1/4,A;1/2}. But, since we have the

1/2

corresponding estimates without the term max{A~
restriction |w|!/2|y—y| < A'/2 in this case, we restore the additional factor C, A~/ when
we estimate the integral with respect to w and w’. Therefore we obtain the estimate (6.47)
without the restriction of the domain. Finally we conclude the required estimate from

(6.47) by using Schur test, provided that ¢4 is sufficiently large. O

We have finished the proof of Lemma 6.9. To complete the proof of Proposition 6.8,
we recall the expression (6.17) of }L;? _j and consider the effect of the pre-composition
of G.

REMARK 6.15. As we will see, the estimates given below are rather crude and
can be obtained in many different ways. But one have to be attentive to the fact that

th_,J/ and Gt iy are assumed to be only C" with some r > 3. It makes the argument

below a little technical. This remark applies also to the proof of Lemma 6.7 in the next
subsection.

Let p},; : R**' — C be the Fourier transform of p} ,;, solely in the variable z:

ﬁﬁﬁj,(w,n) = /e‘mz . pfifﬂ-, (w, z)dz.

In the next lemma, we compare G with the operator
P: L*(supp ;) — L*(R***), Pu(w,&,n) = /ﬁf_u-/(w,n—n’)-‘ﬁ(’fm/-u)(wé,n’)dn'

where 8 = B o B* is the Bargmann projection operator in (5.3).

—-1/2
LEMMA 6.16. ||G *P”L’"(suppzpj)ﬁLQ(R”rQ*l) < 7y / .

Before proving this lemma, we finish the proof of Proposition 6.8 using it. Since the
operator A does not increase the L2 norm of functions, the lemma above implies

||M( JHJ ) oAo (G P)HLz %uppwJ)aLz(suppqu ) < %ﬁ 1/2 < e_P*tu.

Let 1,5 : R#T2T1 — [0, 1] be the characteristic function that we have introduced in (the
last part of) the proof of Lemma 6.9 and write

M(’L/)j/ j—)J)OAO]P M(¢ _]—>J)OA01J—>J/OP+M(¢ J—}J)OAO(I_ Jﬁj')op'

From Lemma 6.9 on A, the operator norm of the former part on the right-hand side is
bounded by C,e™?+%. From the localized property of the kernel of IP as a consequence of
Lemma 4.11 and Lemma 5.2, we also see that the operator norm of the latter is (much)
smaller than e=”+%. We therefore obtain Proposition 6.8.

PROOF OF LEMMA 6.16. As an intermediate approximation, we consider the op-
erator

P =B o M(pi_;) 0B o M(Xjsy) : L*(suppyy) — L*(R*T2F1)
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which is obtained by letting G} _jo be the identity map in the definition of G. The
operator norm of G — P : L2(supp ¢5) — L2(R2+2+1) coincides with that of

B* o (G —P) : L*(supp ¢5) — L*(R**1) (6.48)

because B* 0B = Id and B is an isometric embedding with respect to the L? norms.
We may write this operator as an integral operator

B* o (G —Pu(w',2) = /K(w’, 2w, &,m) u(w, £, 1) dwdédn. (6.49)

From Lemma 4.9 and Lemma 4.11 (see also Remark 4.10), the kernel satisfies

KW, #50,6m)] < \(pg-;y ) (G (W0, 2)) = (P - e (W z')]
< ) 20 (]2 (V20— ) ™) - ()

and vanishes unless (w', z’) € supp p_’i;j, and (w, &, n) € supp ;. Hence we have

sup [ | (w5, mlduds’ < Culul 12
w,§,n

and

sup / K (w', 2'sw, &, n)|dwdgdn < Cue®™ Aglw]*.
w’,z" Jsupp 1)
By Schur test, the operator norm of (6.48) (and hence that of G — P ) is bounded by
C’*e|m|A-1/2|w\_1/2+29* < Che’th ~w[1/2+30* < %;1/2 (6.50)
j = ’ :

where we used the estimate A; < C, log(w), which follows from Lemma 2.19, in the left
inequality. (For the right inequality, recall that we choose large wy depending on t;.)
Next we consider the difference P — P. Tts kernel K'(w, &, n;w’, &', n') is written

(ilEw—Ew) /2172 / dw" - i E—E N — () w —w|? /2

Gy e O U2t — ) = ()2 I U2l f — )
By integration by parts using the estimate in Lemma 4.11, we obtain that
K (w, &m0 &) < Cu(w) €5 5t (w2 w —w'|) ™ - (Jwl 7216 = €))7 (=)™

for arbitrarily large v > 0. Therefore the operator norm of P — P : L%(supp¢5) —

L2(R?T2H1) is bounded by Ci (e - 5 ') < %{1/2.

From the estimates on the differences G—P and P—P above, we obtain the conclusion
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of the lemma, provided that we take sufficiently large ¢4 and then take sufficiently large
wy according to the choice of t;. (|

6.4. Proof of Lemma 6.3 and Lemma 6.7.
The proofs of Lemma 6.3 and Lemma 6.7 presented below are based on straightfor-
ward estimates on the kernels of the operators using integration by parts. (But recall

Remark 6.15.) Below we will prove the claims for JLJ? _j in the conclusions, and those for

the difference L} N L} _j will follow immediately from that proof if we note that the

kernel of the operator ILj ,; is localized in the space.

PrOOF OF LEMMA 6.3. The operator norm of ILJ?_”-, is bounded by that of
(B* 0 M(Gur)) © B) 0 L5 0 (B* 0 M(Gu()) © B)

because we have (B* o M(Gu () © B) o B* = B* on L*(suppt)j) C L*(supp qu))- As
we noted in the proof of Lemma 5.6, the operators on the both sides of /JE_U-/ above are
convolution operators that involve solely the variable z. Thus it is easy to prove the
claims using the estimate on pj? _j in Lemma 4.11 (with the note that followed it) and
the fact that the map fjt _,j 1s just a translation on each of the lines parallel to the z-axis.
We omit the details of the proof since the argument is simple and will be clear from the
next proof where we consider a parallel but more involved situations. O

PROOF OF LEMMA 6.7. Let us set w = w(j), w’ = w(j’), m = m(j) and m’ = m(j’)

for brevity. We proceed with the assumption
|w/ o w| < emax{\m\,\m’|}/10 (651)
because the claims follow from Lemma 6.3 otherwise. Below we consider the operator

Ll o= (B o M(dy) 0 B) o Li_, o (B* o M(15) 0 B) : L*(R*T) — LH(R*HY)

and show that

||]Lt L2z < Cu(v)e™ max{m’m/}/2<w/ —w)~ . (6.52)

=i
Let us write the operator ]LJ? _,j above as an integral operator:

L (w2 :/K(w',z’;w,z)u(w,z)dwdz

=5
where the kernel is written explicitly as an integral
K, 2w, 2) = /dw"dz" diwdédn dw'de' dn’ - p}_ﬁ, (w”, 2"

’ (25@/75/)77/(10/, Z/) : Jjj’(w/a 5/7 77/) : ¢1D’,§/777’(f:jt—>j’ (w”a Z”))
: ¢@,§,n(wllaz//) ! 123,](114)75577) m (653)

We estimate this integral, regarding it as an oscillatory integral with the oscillatory term
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exp (i (&) - fioy (W, 2") = (&m) - (", 2"))).

More concretely, we apply the formula of integration by parts to the integral above, once
by using the differential operator D; below and several times using D5 in addition:

oL (PR € — €m) O i) -0,
S 02 I e (307 ] R T D] &

Further we apply integration by parts several times regarding the terms
exp(i€/(w' — fp(w")) and  exp(ig(w” — w))
as the oscillatory term and using the differential operators

o 1— el W2 Ay (0 — Ajtﬂ_,(wﬂ)? el WYY A B
L+ [lelm N w2 Ay (w' — fi; (w"))]]?

Jj=i’

and

D, — L —ielm(W2A (w” —w) - el™(w)1/2 A;0;
T 1+ [lelml{w) 2 A (w” — w)|]2 '

To evaluate the result, we use the basic estimates (4.33) and (4.41) for f!

iy Lemma
4.11 for pgﬂ-, and also (6.10) in Lemma 6.6. Then we can deduce

|K<’LU,Z;’U)I,Z/)| < (C*(l/) + C*<V, ﬁﬁ)e_lmlA;l i <€\M,/|Aj, . <w/>—1/2>> . e_|m| <zl _ Z)—u

. /dw// . 62|m’|AJ/ <w/> . <e|m"<w/>1/2||Aj/(w/ o fA:i—>j’ (w//))H>7u
- IMIAG (w) - (e W)V A (" = w) ) (6.54)
for arbitrarily large v, provided that we let the constant ¢4 and wy be large enough.

REMARK 6.17.  The estimate to get (6.54) is demanding but straightforward and
not too difficult. Note that we get the factor Dy ((Duwr f{ ;)5 (€',7')) in the (first)
integration by parts using D;, which is bounded as

/

1 Dawrr (D fr Vi (€I < Culw ) (€, 1)) < Cuvy ) (€7 Ay - (W) ™H2) - ().

The term C., (v, t3) (€™ Aj - (W')~1/2) in (6.54) is put in order to bound the terms related
to this factor. The estimates on the other terms are simple.

If we consider the change of variables w” to w” = f{,, (w") in (6.53) and proceed
in parallel to the argument above, replacing fjt _,j by its inverse in some places and using
(6.11) in the place of (6.10), then we reach the following estimate similar to (6.54),
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\K(w,z;w’,z’)| < (C*(V) + C*(V7 tﬁ) e*\m’|Aj—/1 . <6‘m|AJ . <w>1/2>> . e*|m’\ <Z/ _ Z>7V

~/dw” . €2|m/\Aj/ <w/> . <e\m/|<w/>1/2”Aj/(w/ _ f:i%j’(w”))m_y
Le?MIAG (w) - (e w) V2 ] A (w” = w)) T (6.55)
If we assume the conditions

min{w,w’'} > % and emax{imbim’[} < (,)1/10, (6.56)

the ratio between |w| and |w’| are close to 1, since we are assuming (6.51), and the second
term C. (v, ty) e“m|Aj_1 (el™ Ay - (w')~1/2) in the parentheses on the right-hand side of
(6.54) and (6.55) is bounded by C.(v). Hence, applying either (6.54) or (6.55) according
to whether |m| > |m/| or not, the claim (6.52) on ]LJ? _,j follows immediately from Schur
test.

Suppose on the other hand that the condition (6.56) does not hold. Then we have

emax{imlim’[} > minfems (,1/10) (6.57)

because, if the former condition in (6.56) fails, we have max{|m/|, |m/|} > my as we are

assuming (6.51) and disregarding the case where (6.4) holds. Hence, letting the constant

my be large according to wy and ¢y, we again see that (6.54) and (6.55) yield (6.52).
Finally we deduce the required estimate (6.13) from (6.52). Note that (6.52) implies

||€B o M(’(Z)J/) o ]Lgaj’ o,/\/l(lij) om”Lz’%L? < C*(V) e~ max{|m|,|m’|}/2 . <w/ _ w>—v

where P = B o B* is the (partial) Bargmann projector. Our task is to eliminate the
terms P o M(¢)) and M(35) o B on the both sides of LLj ,;,. From the description of
the kernel of P in Lemma 5.2, it is easy to see that

(1 = M(¥5)) © Bll L2 (supp ) > L2 (R2+2+1) < exp(—el™I/2)

and the same estimate with j and m replaced by j' and m’ respectively. Thus we obtain
the required estimate (6.13) provided that max{e!™!/2 el™1/2} > max{|m|,|m’|}. Un-
fortunately, the last condition fails if the ratio between |m| and |m’| is extremely large.
However the problem in such case is superficial and it is easy to provide a simple remedy
for it. Indeed, the argument above remains valid as far as 1%- and z/;j/ fulfill the conditions
that they are sufficiently smooth functions taking constant value 1 on a (scaled) neigh-
borhood of the supports of ﬁj and 1/33-/ respectively, and that the conclusion of Lemma
6.6 holds for them. Thus, modifying the definitions of 1/;j and 1;3/ appropriately, we
can get the conclusion (6.13). (For instance, when m > 0 and m’ > 0, the problem
happens when m is much smaller than m’ and the remedy is to enlarge the support of
1/~)j = 1/~)a(j)7n(j),w(j)7,,L(j) so that its size is comparable to that of 7,Z~JJ-/.) O

6.5. Local uniformity of exponential mixing.
Finally we prove Theorem 2.16. Let us write f¢ for the flow f* that we have consid-
ered in the previous subsections. We first show that, if we take a sufficiently small C?



Ezxponential mizing for Anosov flows 819

neighborhood V of f¢ in §2, each of the flows in V is exponentially mixing. To this end,
we recall the arguments in the previous subsections and check dependence of objects on
the flow. We can construct the local charts kq . and the functions pg .. so that each
of them depend on the flow continuously in C® sense. Then we can define the Hilbert
space H and H and also the operator L! : H — H in a parallel manner so that each of
the components ]LJ? _j» depend on the flow continuously. Recall from Remark 6.10 that,
to go through the arguments in the previous subsections, we actually needed the esti-
mate (2.20) only for b in a bounded interval [by, 5]. And, letting the neighborhood V
be smaller if necessary, we may assume that this is true for all f* € V. (Recall Remark
2.12 for the case || > b.) Therefore one can check that all the arguments in the previous
subsections remains valid for each f! € V and the constants denoted by the symbols with
the subscript * and also ¢4, wy, my can be taken uniformly. That is, each of the flows in
V is exponentially mixing.

We next consider uniformity of the constants ¢, and C, in the decay estimate
(1.1). This is not very simple to see because continuity in the dependence of the local
charts x; and the operators L} _,j on the flow in V is not uniform (especially in the limit
|w(j)| = o0). To do with this problem, we use an indirect argument by contradiction. Let
H(f) be the anisotropic Sobolev space H defined for a flow £ = {f'} € V and consider its
subspace Ho(f) = {u € H(f) | [udm = 0}. Let L} be the transfer operator £* defined
for f € V. To obtain the conclusion, it is enough to show, for some T" > 0 and ¢ > 0, that

||£fT||H0(f)—mo(f) <1-¢§ forallfeV

provided that V is a sufficiently small neighborhood of fy = {f{}. Suppose that this
assertion is not true, that is, for an arbitrarily large T' > 0, we can find a sequence of flows
f;, which converges to f in C*® sense and a sequence of distributions u;, € Ho(fr) such that

lukllsecen)—mey =1 and  [[LF wella(ey) ) =1 — T

Notice that the conclusion of Proposition 6.1 is valid uniformly for f € V, so that the
operators Eka contract the high frequency parts of functions (i.e. the components wu;
with |w(j)| > wy or |m| > my) by a uniform rate < 1. Hence, for the assumption above
on uy to be true, the high frequency part of uy must be relatively small uniformly in
k. This implies that there exists a subsequence uy) of uy which converges to some
Uoo € Ho(fp) satisfying

oo [ty >uct0) = ML [[urcollaue)—nie =1
and
127, ooty » 00ty = Jim (L5, unce s~ > 1
Clearly this conclusion for arbitrarily large 7' > 0 contradicts what we have proved for fj.

REMARK 6.18. The argument in the proof of local uniformity of the constants ¢,
and C, in the decay estimate (1.1) is indirect and not very satisfactory. It would be
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much better if we could apply the perturbation theory of transfer operator developed by
Keller and Liverani [14] (see also [12]). But, for the moment, it seems that the theory in
[14] is not applicable (at least, directly) to our setting because the anisotropic Sobolev
space H(f) depends sensitively on the flow f through the choice of infinitely many local
charts ;.
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