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Abstract. We investigate the explicit Galois structure of ray class
groups. We then derive consequences of our results concerning both the valid-
ity of Leopoldt’s Conjecture and the existence of families of explicit congruence
relations between the values of Dirichlet L-series at s = 1.

1. Introduction.

The primary aim of this article is to investigate aspects of the explicit Galois struc-
ture of a natural family of ray class groups of number fields. This subject has a rather
long history but aside from any intrinsic interest it may have there are also two ways in
which it can have important consequences.

Firstly, such Galois structures are closely linked to the validity, or otherwise, of
Leopoldt’s Conjecture. In this context they have already been much studied in the
literature, both in relatively simple cases (see, for example, Miki and Sato [22]) and in
more involved Iwasawa-theoretic contexts (see, for example, Khare and Wintenberger
18)).

Secondly, ray class groups arise in the cohomology of complexes that occur in the
formulation of the natural leading term conjectures for both p-adic and complex valued
equivariant L-series that have been studied in recent years and, via this interpretation,
explicit structural information on ray class groups directly translates into explicit con-
gruence relations between such leading terms.

To study this problem we combine aspects of the approach developed by the first
author in [5], [6] to investigate the explicit Galois structure of arithmetic cohomology
groups together with the approach used by Macias Castillo and the first author in [8]
to prove a natural interpretation of the validity of Leopoldt’s Conjecture in terms of the
cohomological-triviality, as Galois modules, of a natural family of ray class groups.

In particular, in our first result we shall give a new interpretation of Leopoldt’s
Conjecture in terms of the basic properties of certain canonical ‘étale’ and ‘cyclotomic’
Yoneda extension classes that we shall introduce (in Section 2.2).

We then prove some detailed results about the explicit Galois structure of ray class
groups and discuss consequences of these results for the validity of Leopoldt’s Conjecture
(see, for example, Theorem 2.14 and Remark 2.15).
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Finally, as a concrete application of this general approach, we combine our results on
Yoneda extensions and explicit Galois structures to prove several new results concerning
the arithmetic of cyclotomic fields of conductor a power of any prime p that validates
Vandiver’s Conjecture.

These results include establishing families of explicit congruence relations between
the values at s = 1 of the Dirichlet L-series associated to characters of p-power conductor
after normalisation by a natural p-adic logarithmic resolvent if the character is odd and by
a canonical L-invariant (that is defined by comparing archimedean and p-adic logarithm
maps) if the character is even.

We also prove a natural analogue of the classical fact that Stickelberger ideals ac-
count for all Galois relations in the ideal class groups of fields of p-power conductor
(see Washington [30, Section 10.3]) in which ideal class groups are replaced by the tor-
sion subgroups of ray class groups and Stickelberger elements by the values at s = 1
of Dirichlet L-series of even characters (normalised by the canonical L-invariants). For
more details of these results see Theorem 2.17 and Remark 2.18.

For convenience of the reader, we collect together the statements of all of our main
results in Section 2. These results are then proved in the remainder of the paper.

The authors are grateful to Daniel Macias Castillo for helpful discussions and to
the referee for a very careful reading of the article that led to important corrections and
improvements of our results.

2. Statement of the main results.

At the outset we fix an odd prime p and write F,, for the field of cardinality p.

For any abelian group M we write M, for its subgroup of elements of order dividing
p and M, for its torsion subgroup and set M= M /Mio,.

If M is a finitely generated Z,-module, then we set rkz, (M) := dimg, (Q, ®z, M)
and write rk,(M) for the p-rank dimg,(M/p) = dimg, (M) + rkz, (M) of M. In this
case we also often abbreviate Q, ®z, M to Q, - M.

For any commutative noetherian ring R we write D(R) for the derived category
of R-modules and DP*f(R) for the full triangulated subcategory of D(R) comprising
‘perfect’ complexes (that is, complexes isomorphic in D(R) to a bounded complex of
finitely generated projective R-modules).

We denote the Galois group of a Galois extension of fields I'//E by Gp/g.

2.1. Some general field notation.
We fix an extension of number fields L/K. We write L% for the cyclotomic Z,-
extension of L and set

FL = GLCyc/L.

We write ¥, for the set of p-adic places of K. We fix a finite set of places X of
K that contains ¥, and write M7 for the maximal abelian pro-p extension of L that is
unramified outside all places above those in X.

We then set
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s . .
A7 = GME/L and BL = GMLE/LCyc.

If L/K is Galois, then we regard both of these groups as Z,[G1/k]|-modules via the
natural conjugation action of G, /-

In the special case that ¥ = X, we often abbreviate M A .7 and B ? to M7, A}
and B} respectively.

2.2. The cyclotomic and étale extension classes.
For any finite group G, any non-negative integer n and Z,[G]-modules M and N we
write YExt¢ (N, M) for the group which classifies Yoneda n-extensions of N by M.

2.2.1. Then, after fixing a topological generator 7y, of G peyc /1, the canonical group
extension

0— By - A7 =T, =0 (1)

gives rise to an element ¢ L/}(L of the group

YExtg, . (Tr, Bf) = YExt¢, , (Zy, BY) = H'(Gr/x, BY)

where the first isomorphism is induced by the choice of v, and the second isomorphism
is canonical.
We refer to the element ¢ L/ng as the ‘cyclotomic extension class’ associated to L/ K, %

and ~p.

2.2.2. We next write O, 5, for the subring of L comprising elements that are in-
tegral at all non-archimedean places that do not lie above a place in . We regard
the Tate module Z,(1) as an étale pro-sheaf on Spec(Oy ») in the natural way and write
RT . 4(Op 5, Zy(1)) for the associated complex of compactly supported étale cohomology.

If L/K is Galois and X contains all places that ramify in L/K, then the action of
Gk on Opx means that RI'. ¢ (OL x, Zy(1)) is naturally an object of D(Z,[G,k]).

In addition, since the truncation 722RT 4 (Or 5,Z,(1)) of Rl (O x,Z,(1)) in
degrees greater than or equal to two is acyclic outside degrees two and three and has
cohomology in these degrees which identifies with A¥ and Zy, respectively (see Lemma 3.1
below), it gives rise in this case to a canonical element CE% of

YExtg, . (Zp, AL) = H*(Gr/x, AT).

We refer to C%/Esz as the ‘étale extension class’ associated to L/K and X.

REMARK 2.1. In [8, Theorem 3.1(ii)] it is shown that the Shafarevic—Weil Theorem
. . . . ¥,ét
gives an alternative, and more concrete, description of the extension class ¢ K"

2.2.3. Our first main result gives an explicit reinterpretation of the validity of

Leopoldt’s Conjecture at p in terms of the extension classes CE/’}? and cr) 12

THEOREM 2.2.  The following conditions are equivalent.
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(i) Leopoldt’s Congecture is valid at p.

(ii) For all finite Galois extensions of number fields L/K and all finite sets of places ¥
of K that contain all places that are either archimedean, p-adic or ramify in L/ K,
the complexr 722 RT ¢ ¢t (Op,5, Zp(1)) belongs to DP™(Z,[G 1 /k]).

(iii) For oll L/K and X as in claim (ii) one has both
(a) cf/;? generates H'(Gp i, BY), and
(b) c%/f(t generates H*(G /i, AY) and has order |G k.

REMARK 2.3. The proof of Theorem 2.2 given in Section 3.2 below shows that
claim (iii) is equivalent to asserting that the G ,x-module A} is a class module with
fundamental class c%/iz (as defined, for example, in [24, Chapter III, Definition (3.1.3)]).

This statement constitutes a natural p-adic analogue of the fact that the X-idele class
group of L is a class module for G, /k.

In Section 3.3 we will show that Theorem 2.2 has the following consequence.

COROLLARY 2.4. Let L/K be a finite Galois extension of number fields and ¥ a
finite set of places of K that contains all places that are either archimedean, p-adic or

ramify in L/K. If L validates Leopoldt’s Conjecture at p, then the following conditions
are equivalent.

(i) ci/}é vanishes (and so the canonical extension (1) splits).
(i) The Gy x-module B} is cohomologically-trivial.

(iii) Let P be a Sylow p-subgroup of Gr,x and set I := LP. Then one of the following
conditions is satisfied:

(a) L is contained in FY°;

(b) L is disjoint from F°, P is cyclic and for each non-trivial subgroup C of P,
with E = LC, the mazimal abelian extension of E<¢ in MY is equal to Mz
and the transfer map from A% = Guz/e = Gi}fDE/E to G?\?E/L =GyzL =

AT is injective upon restriction to the torsion subgroup of GME/LWC.

REMARK 2.5. One can show that, irrespective of any hypothesis on Leopoldt’s

Conjecture, if L is contained in K¢, then cf/}? vanishes (see Lemma 3.3(iii)).

REMARK 2.6. If K is totally real and L is a subfield of K¢ that validates
Leopoldt’s Conjecture, then BF is finite and Corollary 2.4 implies that either B} is
trivial or |B¥| > [L : K] (see Lemma 3.7). In the case that K is generated over Q by a

primitive p-th root of unity a stronger version of this result is proved in Theorem 2.17
below.



On the structure of ray class groups 485

2.3. The structure of A% in cyclic p-extensions.

To discuss Galois structures in greater detail, in this section we consider a cyclic
p-power degree Galois extension of number fields L/K and a finite set of places ¥ of K
that contains all places that are either archimedean, p-adic or ramify in L/K.

For each intermediate field F of L/K we set

TE/F = COk(GME/L,tor - GM?/L,tor%

where the arrow denotes the natural restriction map. This is a finite group and is
naturally isomorphic to the torsion subgroup of G(pmaxnpsz)/, where we write L™ for
the maximal Z,-power extension of L (see Lemma 4.3 below).

We write rp for the number of complex places of F' and §p for the p-adic ‘Leopoldt
defect” of F'. We recall that dp is a non-negative integer which vanishes if and only if
Leopoldt’s Conjecture is valid for F' at p and that

I‘kzp(BE) = I‘kZP(Agv) —1= rrp + 6F

(cf. [24, (10.3.7) Corollary]).
The following result is proved in Section 4.2.

THEOREM 2.7. Let L/K be a cyclic extension of number fields of degree p™ and
Y a finite set of places of K that contains all places that are either archimedean, p-adic
or ramify in L/K. For each integer i with 0 < i < n let L; denote the unique field with
KCL;CLand|[L:L;]=p.

Then the Z,|Gp k|-lattice A is determined up to isomorphism (in a sense to be
made precise in Section 4 below) by rk, the integers dr, for each ¢ with 0 < i < n and
the diagrams of finite groups

{TIX/J/Ll — TE/[Q e — TE/LTL (2)
TLE/L1 — TLZ/L2 VR — TE/Ln'

Here each homomorphism TE/Li — TLE/LZ_+1 is induced by the natural restriction map
- ® X
GME,-/L — GIV[§7:+1/L and each homomorphism TL/LH»I — TL/Li by the map GIV[§7:+1/L —

Gz p which sends x to 3 () where & is any lift of x to Gz /p and we

c€GL /L,y
use the natural conjugation action of Gr,/r,., on GME,i/L'

REMARK 2.8. A key ingredient in the proof of Theorem 2.7 is provided by a
representation theoretic result of Yakovlev [31]. With a little more effort (and by using
the results of [32] rather than [31]), all of the results discussed here extend to the setting
of Galois extensions L/K for which only the Sylow p-subgroups of G,k are assumed to
be cyclic. However, the essential ideas are the same and so, for simplicity, we prefer not

to deal with this more general case.

REMARK 2.9.  The groups A7 ;. have been extensively studied in the literature
(see, in particular, the computations of Hemard in [16]) and using these results one can
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often explicitly compute the groups TLZ/ r that occur in Theorem 2.7. For an example of
such a computation see the proof of Lemma 6.1 below.

REMARK 2.10. A Z,[G]-module is said to be a ‘permutation module’ if it is iso-
morphic to a direct sum @ ., Z,[G/H|"" for suitable non-negative integers ng. The

proof of Theorem 2.7 implies A¥ is a permutation Z,[G]-module if and only if 7T LE/ =0
for all intermediate fields E of L/K (see Remark 4.2). In addition, TLZ/E =0if A%tor =0
and Gras has characterised, assuming Leopoldt’s Conjecture, those E with A%,tor =0
(see [13, Theorem I 2, Corollary 1]). It is also possible, and useful, to characterise the

vanishing of TLE/ p in terms of ‘Z,-extendable’ extensions (see Section 4.3).

REMARK 2.11. If L/K is a cyclic extension of degree either p or p?, then the
indecomposable Z,[G 1/ k]-lattices have been classified explicitly by Diederichsen [10]
and Heller and Reiner [14] and these classifications can be used to give a much more
explicit version of Theorem 2.7. If L /K has degree p such an analysis is effectively carried
out by Miki and Sato in [22] (see the proof of Proposition 5.1 below for more details).
However, if L/K has degree p? the analysis is much more involved and is discussed in
the upcoming thesis of the second author.

Theorem 2.7 has an interesting consequence concerning the multiplicities with which
indecomposable modules occur as direct summands of the lattices Ti.

To state this result we write C), for each non-negative number n for the cyclic group
of order p™. For each non-negative integer m with m < n we regard C,, as a quotient of
Cp in the obvious way and we then fix a set IM} of representatives of the isomorphism
classes of all indecomposable Z,[C,,]-lattices that are not isomorphic to Z,[Cy,] for any
m with 0 <m <mn.

It is known that Ile) can be taken as the singleton {Z,[C1]/(3,cc, 9)} (see [10])
and that the results of [14] give an explicit description of IM?, showing that |IMI2,| =4p—2.
However, if n > 2, then in [15] Heller and Reiner have shown that IM} is infinite and,
even now, there is still no explicit description of these sets.

For each natural number b we also set

% 1

=n—
b .__
Ky = CJiCliy1>

Jy X xJ, =1

where in the sum each J; runs over a set of representatives of the isomorphism classes of
finite abelian p-groups of exponent dividing p’ and p-rank at most b and c;, denotes the
number of conjugacy classes in Aut(J;) comprising elements of order dividing p™.

We fix a primitive p-th root of unity (, in Q°. In the sequel we also write Clg for
the ideal class group of a number field F' and set hp := |Clp|.

The following result is proved in Section 4.4.

COROLLARY 2.12.  We fix a natural number n and for each cyclic extension of
number fields L/ K of degree p™ that is unramified outside p we set

mp k= maximum{gg + rk,(Clg,))} &
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where in the set E runs over all proper subfields of L that contain K and gg denotes the
number of p-adic places of E.

For each natural number b we also write F for the set of cyclic extensions L/ K of
degree p" that are unramified outside p and satisfy mp x <.

Then the following claims are valid.

(i) Fobr any sufficiently large b the Z,-rank offTIi is unbounded as L/K ranges over
Fo.

ii) For each lattice I in IM™ write mb for the maximal multiplicity with which I occurs
P I

as a direct summand ofAizL’ for any choice of L/K in F° (where in each case AY
is regarded as a Z,|Cy,]-module via some choice of isomorphism of G,k with Cy,).
Then one has

3 my <P (3)
IEIM;;

Hence, only finitely many isomorphism classes of indecomposable Zy|Cy]-lattices
occur as direct summands of any A} as L/K ranges over Fb.

REMARK 2.13. In many cases the sets 7 contain natural Iwasawa-theoretic fam-
ilies of extensions L/K (see Proposition 4.4). The finiteness assertion at the end of
Corollary 2.12(ii) is of interest in view of the result in claim (i). This finiteness assertion
naturally raises the question of whether there are general conditions under which, for
given values of n and b, one can explicitly describe the indecomposable Z,[C),]-lattices
that arise, up to isomorphism, as direct summands of /Ti as L/K varies over F2? This
question is similar in spirit to that considered in a different context by Elder in [11,
Section 7] but appears to be difficult.

2.4. The structure of AE over p-rational fields.

Following Movahhedi and Nguyen Quang Do [23], a number field is said to be ‘p-
rational’ if the Galois group of its maximal pro-p extension that is unramified outside p
is a free pro-p group.

It is known that a number field K has this property if and only if it both validates
Leopoldt’s Conjecture at p and is such that A%, is torsion-free (see Jaulent and Nguyen
Quang Do [17, Theorem 1.2]). We further recall that any K for which both K ((,) has a
unique p-adic place and hg(c,) is prime to p has these properties and hence in particular
that, if p is regular, then any absolutely abelian field of p-power conductor is p-rational
(see [17, Corollary 1.3(ii)]).

As another application of our methods, in Section 5 we prove the following result.

In the sequel we write Z(G) for the centre of a group G.

THEOREM 2.14.  Assume K is p-rational, let L be any finite p-power degree Galois
extension of K and set G := G k. Let 3 be a finite set of places of K that contains
all places that are either archimedean, p-adic or ramify in L/K and is also such that the
group A% is torsion-free.

Then the following claims are valid.
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(i) L walidates Leopoldt’s Conjecture at p.

(ii) The Q,[G]-module spanned by B is free of rank ri . The Z,[G]-module BF is free
if and only if one of the following conditions is satisfied:

(a) L is contained in K¢,

(b) G is cyclic, L is disjoint from K¢ and for every proper subfield F of L that
contains K the mazimal abelian extension of F¥¢ in M7 is equal to M.

(iii) Fiz a cyclic subgroup C of G and set F := L.

(a) If v is any element of GMLE/F of infinite order that projects to a generator of
C, then vI€! € Z(Gpzyr) N A3 and the Z,[C]-module AT /{y\°l) is free of
rank rp =[G : C]-rk.

(b) The Z,[C]-module AT is isomorphic to Z,[CI¢ 1 x & 7,.

(¢) If rx = 0, then B% vanishes. If g > 0, then there exists an exact sequence
of Zp[C]-modules

0= Z, "¢ = B — Z,[C]\9 ™ — 7,/(Z,, - ne[L : LN FY]) = 0
where ne is equal to 0 if LN FY° = F and equal to 1 otherwise.

REMARK 2.15.  The result of Theorem 2.14(i) is not new. It has been proved
both by Miki [21, Theorem 3] and by Jaulent and Nguyen Quang Do [17, Corollary 1.5]
by means of arguments that are different from ours because they make critical use of
Shafarevic’s description [28] of the minimal number of generators and relations of the
Galois group of the maximal pro-p extension of K unramified outside X. If L/ K is Galois
of degree p it has also been proved by Miki and Sato in [22] by a method closer in spirit
to ours but still reliant on Sharaferevich’s results. Finally note that Theorem 2.14(i) is of
interest since it implies the validity of Leopoldt’s Conjecture for L at p can be deduced
from its validity for the subfield K.

REMARK 2.16. The modified ray class groups A7 /(y/!) in Theorem 2.14(iii)(a)
play a key role in the approach of Macias Castillo and the first author in [8] where they
are used to reinterpret the validity of Leopoldt’s Conjecture at p.

2.5. Extensions of prime power conductor.

For each natural number n we now fix a primitive p"-th root of unity (,» in Q¢ with
the property that (. = (,n-1 for all n > 1.

In this section we assume p does not divide the class number of the maximal real
subfield of Q((,). (We recall the latter condition is automatically satisfied by regular
primes and that Vandiver’s Conjecture asserts it is satisfied by all primes.)

In this case we state several results concerning the arithmetic of abelian fields of
p-power conductor that are obtained by specialisation of the general approach discussed
above.

These include a natural analogue for ray class groups of Washington’s determination
of the Galois structure of ideal class groups of such fields [30, Theorem 10.14] and new
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families of explicit congruence relations between (suitably normalised) values at s = 1 of
Dirichlet L-series associated to characters of p-power conductor.

2.5.1. We first fix some more general notation.

For each natural number n we set L, := Q((yn), Gn := G, ) and P, := G, /1,
We also write H,, for the unique subgroup of G,, of order p — 1 and use the restriction
map G, — G to identify H, with G;.

For each finite abelian group I" we set I'* := Hom(T', Q;X) and for each ¢ in I'* we
write e for the idempotent [I'|™1 37 . ¢(v)y~" of Qp[I']. We write 1p for the trivial
element of I'* and often abbreviate the idempotent e;,. to epr. For each element z of
C,p[I'] and each ¢ in I'* we write 2% for the unique element of C, that is defined by the
equality =}, . r%ey.

We use the fact that the natural direct product decomposition G,, = P,, x H,, implies
each element of G, can be written uniquely as a product ¢ with ¢ in P} and ¢ in H}
and also that for each ¢ in H} the idempotent ey belongs to Zy[H,].

We write 7,, for the (unique) complex conjugation in H,, and for any Z,[G]-module
M we write M and M~ for the submodules upon which 7,, acts as multiplication by +1
and —1 respectively. In particular, ET denotes the maximal real subfield of each subfield
Eof L,.

We also write G~ and G5t for the subsets of G}, comprising characters that are
odd (that is, satisfy x(7,) = —1) and even (satisfy x(7,) = 1) respectively. We define
subsets H»" and H>~ of H} in a similar way and write w for the Teichmuller character
in H»~ =G7J.

For any integer i and any Z,[G,]-module M we write M) for the w'-isotypic com-
ponent e, i (M) of M.

2.5.2. To define the necessary logarithmic resolvents and L-invariants we fix an
isomorphism of fields j between C and the completion C, of an algebraic closure of
Qp and, to ease notation, often suppress explicit reference to this isomorphism in what
follows.

We also fix an embedding o, : L, — Q°, set L, := Q, ®g Ly (which we iden-
tify with the completion of L, at its unique p-adic place) and ZP®LTXL’p for the pro-p
completion of L .

For any element u of ZP®L,XW and any character x in G);~ we then define a nor-
malised logarithmic resolvent by setting

1

X .
LRy 7 (2mi)

3™ x(g)og, (0, (9(w)) € T

geGn

To define L-invariants we use the composite homomorphisms of G,,-modules
1 1o
logh : (9;I — HRX Logl Do, HRZRQ@QLZ,
g (e

where o runs over the set of all embeddings L;} — Q¢ and the first arrow is the diagonal
embedding, and
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logy: 07, — 0F, = Lt =Q, @0 L}
where the first arrow is the obvious embedding and log,, denotes Iwasawa’s p-adic loga-
rithm.

We write L, for the kernel (1 — eg, )L, of the field-theoretic trace map L} — Q.
Then im(log?, ) is a full Z[G,]-lattice in R&g L} ; and Z,-im(logy ) is a full Z,[G,]-lattice
in Q, ®q L:,o and so for any generator z of the Q[G,]-module spanned by (’)2< : there is
in (C, ®q L} ) ® Cpeg, an equality ’

(j ®idys )(logl(x)) + ec, = L2, (logh(x) +ec,)

for an ‘L-invariant” L7, , in C,[G,]"* that is independent of the choice of .
For each character ¢ in G}, we usually abbreviate the scalar L% to LY, .

2.5.3. In order to state the main result of this section we fix a topological generator
vg of I'g. Noting G,,/H,, can be identified with the quotient of I'g of order p"~!
fix a generating element ~, of G, that projects to the same element of G, /H,, as does

Q-

we also

We write xg for the cyclotomic character of I'p and define an element

no._ P
€0 T €%
PeEGT

of Qu[G,]* by setting for each ¢ in G},
log, (xa(1)) ™!, if ¢ =1q,,

e = (1= v(w)7t, i Y(H,) =1and ¢¥(y,) #1,
1, if (Hy,) # 1.

Finally we set

92(1) = (1 - p_l)elcn + Z L(wa 1) T €y € Cp[Gn]X
YeGi\{1a, }

(and we note that this element can be shown to be equal to the leading term at z = 1
of the p-truncated equivariant Dedekind zeta function that is naturally attached to the
extension L, /Q).

The following result will be proved in Section 6.

THEOREM 2.17.  If p does not divide hg,)+, then the following claims are valid
for every natural number n.

(i) There are isomorphisms of Zy|G,,]-modules

Al =B} ©Z, and B} =Z7,[G,]".
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(i) The groups A7 ... and BT coincide, the product 6(1) - €5, Lo p belongs to

Zp|Gr]™ N (CH[Gr]T)* and there is an isomorphism of Z,|Gy]-modules

Alin,tor = ZP[Gn]-F/(e:;(l) et L )

Yg™~o0,p
(iii) Fiz an even integer i with 0 <i < p — 3 and for each ¢ in P’ set

1—p 1, ify=1p, and i =0,

L* (' 1) == .
W', 1) {L(wwz,l), otherwise.

AZ%(i)

L tor has order

(a) If p divides the generalised Bernoulli number By ,i-1, then
at least p" and the product e‘,*y’(; . £§;p - L*(w', 1) belongs to p - Z,.

(b) If p does not divide By -1, then Ai’if%or is trivial and the product e%’@ ~£g;7p .
L*(w',1) belongs to L.

(¢) In all cases, for every element g in G, the congruence

37 (wwi)(g) - el - L8 - L (wi 1) = 0 (mod |G - Z,)
YeP:

is valid in C,.

(iv) Fiz an element u of (ZP®L§J,)* that the global reciprocity map of L, sends to a
generator of the (cyclic) Z,|G,]-module an, Then for every odd integer i with
1 <7< p-—2 the product CR‘;’i - L(w?, 1) belongs to Zy and for every element g of
G, the congruence

3" (wwi)(g) - LRYY - Ly, 1) = 0 (mod |G| - Z,)

peEP)
is valid in C,.

REMARK 2.18. The known validity in this case of the p-adic Stark conjecture at
z = 1 (as discussed by Tate in [29, Chapter VI, Section 5] where it is attributed to
Serre [27]) implies that each of the expressions £4% - L*(¢w',1) in Theorem 2.17(ii)
can be replaced by the leading term at z = 1 of the p-adic L-function of 1w?. A similar
change can be made to the term 6} (1) - LT, , that occurs in the displayed isomorphism
in Theorem 2.17(ii) and shows that this isomorphism gives a strong refinement of the
main results of Oriat in [25]. However we have preferred not to state Theorem 2.17 in
this way in order to stress the similarity between the results obtained for odd and even
characters.

3. The proofs of Theorem 2.2 and Corollary 2.4.

3.1. Compactly supported étale cohomology.
In this section we recall basic properties of the complex RI'.4:(Opr 5, Zp(1)) intro-
duced in Section 2.2.2 and make some preliminary observations concerning connections
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between Leopoldt’s Conjecture and groups of the form BF.

We use the notation and hypotheses of Theorem 2.2. We also write ¥, for the set of
all complex embeddings L — C and consider the direct sum Py, C as a G x x G/r-
module where G/ acts on ¥, via pre-composition and G¢/r acts both on C naturally
and on Xy, via post-composition.

We write W, for the G,/ g-submodule of @ZL 2mi-7, C EBZL C comprising elements
that are invariant under the action of G¢ /.

In each degree i and for each ring extension A of Z, we set H; (O, A(1)) :=
A @z, H(RU . &(OL 5, Zy(1))).

PROPOSITION 3.1.  Let L/K be a finite Galois extension of number fields and set
G = Gp/k. Let X be a finite set of places of K containing all places that are either
archimedean, p-adic or ramify in L/ K.

(1) RT.e(OL 5, Zy(1)) is an object of the subcategory DP*™(Z,[G]) of D(Z,|G)).
(ii) The Euler characteristic of RT¢ 6(Or 5, Zp(1)) in Ko(Z,[G]) vanishes.

(i) RTcet(OL,s,2Z,(1)) is acyclic outside degrees one, two and three. There are natural
identifications H? , (Or x,Z,(1)) = A¥ and H?, (Or %,Z,(1)) = Z, and a natural

c,ét c,ét
exact sequence

AL p N
0= Zp @z, WL, = H, (O1.5,Z,(1)) = Zy @7 OF =2 P Z,BL

where in the direct sum w runs over all p-adic places of L and A, denotes the
natural diagonal localisation map.

(iv) The following conditions are equivalent.

(a) Leopoldt’s Conjecture is valid for L at p.
(b) H!(OLx,Zy(1)) identifies with Z, @z W,
(c) The Qp[G]-modules Q, - BY and Q, ®z Wy, are isomorphic.

PRrROOF. These results are essentially well-known.

Claims (i) and (ii) follow from standard properties of étale cohomology (see [12,
Theorem 5.1] and [7, Lemma 7] respectively).

The explicit descriptions in claim (iii) are obtained, for example, in the course of
the proof of [9, Proposition 2.1].

The equivalence of conditions (a) and (b) in claim (iv) follows directly from the
displayed exact sequence in claim (iii) and the fact Leopoldt’s Conjecture for L at p is
equivalent to the vanishing of ker(Ar ;).

The equivalence of condition (b) and (c) relies on the fact that Q,[G] is a semisimple
Q,-algebra. In particular, whilst the exact sequence (1) implies the Q,[G]-modules Q,- A7
and (Q, - BY) & Q, are isomorphic, claim (ii) combines with the explicit descriptions in
claim (iii) to imply Q, - A¥ is also isomorphic to H! (Or5,Q,(1)) ®Q,, and hence that
Q, - BY and H!, (Or.x,Q,(1)) are isomorphic Q,[G]-modules.

c,ét
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This makes clear the implication from (b) to (c¢) and also implies the converse since
ker(Ar p) is Zy-free and so the exact sequence in claim (iii) implies condition (b) is satis-
fied if and only if Hc{ét(OL’E, Qp(1)) and Q, ®z Wy, are isomorphic Q,[G]-modules. O

COROLLARY 3.2. Let L/K, Y and G be as in Proposition 3.1. If no archimedean
place of K ramifies in L, then the following conditions are equivalent.

(i) Leopoldt’s Conjecture is valid for L at p.
(ii) Leopoldt’s Conjecture is valid for K at p and BY spans a free Q,[G]-module.
(iii) BY spans a free Q,[G]-module of rank ri.

ProOOF. If no archimedean place of K ramifies in L, then W, is a free G-module
of rank rkz, (Z, ®z Wk) = rx, one has rf, = |G| - rx and Leopoldt’s Conjecture for L at
p is valid if and only if dimg, (Q, - BY) = |G| - rk.

In particular, since the validity of Leopoldt’s Conjecture is inherited by subfields the
implication from (i) to (ii) follows directly from Proposition 3.1(iv).

Next we note that, under the conditions of claim (i), one has dimg, (Q, - BE) = rx
and dimg, (Q,,- BY) = |G|-dimg, (Ho(G, Q- BF)). To deduce claim (iii) it is thus enough
to show dimg, (Ho(G,Q, - BF)) = dimg,(Q, - B) and this follows immediately from
Lemma 3.3(i) below.

Finally we note that claim (iii) implies dimg, (Q, - B}) = |G| - 7k = rz and hence
that claim (i) is true. O

LEMMA 3.3. Let L/K, ¥ and G be as in Proposition 3.1.

(i) Then the spaces Q, - Ho(G, AT) and Q, - Ho(G, BY) identify with Q, - A% and
Q, - B respectively.

(ii) If G is cyclic of p-power order, then Ho(G, AY) identifies with GM‘%/L.

(iii) If L is contained in K¢, then the canonical exact sequence (1) splits and
Ho(G, BY) identifies with B%.

PROOF. In view of Proposition 3.1(iii), claim (i) for the group A¥ asserts that
Hy(G, ch’ét(OL7E,Qp(1))) identifies with Hf’ét(OK@, Qp(1)). This identification is well-
known and is obtained, for example, by combining the hyper-tor spectral sequence with
the canonical descent isomorphism Z, ®7 (5 Rlc.et(Or,5, Zp(1)) = RTe,6t(Ok 5, Zp(1))
in étale cohomology.

To deduce the analogous result for BY one need only note that the short exact
sequence of Q,[G]-modules induced by (1) splits.

If G is cyclic, then Galois theory identifies Ho(G, AY) with G/, where E is the
maximal extension of L inside M} that is abelian over K. Claim (ii) is therefore true
because if G has p-power order, then E = M3.

To prove claim (iii) we assume L C K¢ and fix an element v of G»/ that
projects to give a topological generator of 'k .
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Then +/¢| belongs to A7, is central in GME/K and projects to give a topological gen-
erator 7' of T'y, = 1"‘5‘. The unique homomorphism of Z,-modules I';, — A¥ that sends
7" to vI€! is therefore a homomorphism of Z,[G]-modules that splits the extension (1).

Since this sequence splits, the result in claim (ii) identifies Ho(G, BY) with the kernel
GMZ/LWC of the restriction map GME/L — Tz, and this is equal to By since K¢ = L,
This completes the proof of claim (iii) O

3.2. The proof of Theorem 2.2.
The key to our proof of Theorem 2.2 is provided by the following result of Macias
Castillo and the first author (from [8, Section 5]).

LEMMA 3.4.  Leopoldt’s Conjecture is valid at p if and only if for every Galois
extension L/K and set of places X as in the statement of Theorem 2.2, the G,k -module
cet(OL s, Zp(1)) is cohomologically-trivial.

Given this result, Theorem 2.2 follows directly from the following observation.

PROPOSITION 3.5.  Fiz a finite Galois extension L/ K and set of places ¥ as in the
statement of Theorem 2.2 and set G := G k.

(i) The following conditions are equivalent.

(a) The G-module H} (O 5, Zy(1)) is cohomologically-trivial.
(b) The complex T22RT 4 (0L x, Zy(1)) belongs to DP°™(Z,[G]).
(c) For each subgroup J of G, with E := L, one has both

(i) ¢ L/’:f generates H'(J, BY), and

(ii) ¢ L/E generates H*(J, AY) and has order |.J|.

(ii) If L validates Leopoldt’s Conjecture at p, then the conditions in claim (1) are sat-
isfied.

PROOF.  We set C* := 722Rl & (Op 5, Z(1)).

For any Z,-module M and integer m we also write M[m] for the complex M*® with
M~™ = M and M*® =0 for all i # m (and with all differentials the zero map).

Then, since the complex RT. (O x,Z,(1)) is acyclic in degrees less than one (by
Proposition 3.1(iii)), there exists a natural exact triangle in D(Z,[G])

H; (O, Zy(1))[=1] = Reet(Or5, Zp(1)) = C° — H; (O3, Zy(1))[0].

In particular, since RD.¢(Op s,Z,(1)) belongs to DP*(Z,[G]) (by Proposi-
tion 3.1(i)), this triangle implies C* belongs to DP**{(Z,[G]) if and only if the complex
H. (0L 5, Zy(1))[~1] belongs to Drer(Z,1GY).
In addition, since the Z,[G]-module Hc1 «(Or 5, Zy(1)) is finitely generated, it is
clear that HC1 (OL.5, Zp(1))[—1] belongs to Dperf(Zp[G]) if and only if the Z,[G]-module

H! (O 5,Z,(1)) has a finite projective resolution, or equivalently (by the argument of
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[3, Chapter VI, Theorem (8.12)]) that H] (O x,Zy(1)) is a cohomologically-trivial
G-module. This shows equivalence of the conditions (i)(a) and (i)(b).

We next choose, as we may, a complex C*® of finitely generated Z,[G]-modules that

represents C'® and has the form M 4N , where M occurs in degree two and N is free.

Such a representative gives rise to (tautological) short exact sequences of Z,[G]-modules

0— AT = M — im(d) — 0 (4)
and
0—=im(d) = N—+2Z, =0 (5)

and hence, in each degree ¢ and for each subgroup J of G, to two connecting homomor-
phisms in Tate cohomology

kYt H'(Jim(d)) — H'TN(J, AT, KYy 0 HY(J,Zp) — H™(J,im(d)).

Now by an argument similar to that used above (to prove equivalence of the con-
ditions (i)(a) and (i)(b)) it is clear that the complex C*, and hence also C*, belongs to
Drert(7,[G)) if and only if M is a cohomologically-trivial G-module.

In addition, by [3, Chapter VI, Theorem (8.9)], the latter condition is satisfied if and
only if for every subgroup J the group H ¢(J, M) vanishes for both i = 1 and i = 2. By
analysing the long exact cohomology sequence of (4) one finds that the latter condition
is equivalent to requiring that £ is surjective, £ is bijective and 3, is injective.

We next note that the group H *(J,Zy) vanishes for ¢ = —1 and a = 1 and is
isomorphic to Z,/|J| if a = 0. Since each homomorphism 7 , is bijective (as the module
N that occurs in (5) is a free Z,[G]-module), it follows easily that x%, is injective, that
I<L‘O],1 is surjective if and only if H 1(J, AY) vanishes and that Ii}])l is bijective if and only
if (K, 0K5,)(1),)) has order |J| and generates H?(J, AT) where we write 15 for the
image of 1 in Z,/|J|.

In addition, the composite ’?11,1 o 59’2 coincides, up to sign, with the map given by

taking cup product with the element cg/e;, of
H?(J, A¥) = H?(J, A7) = YExt%(Z,, AT)

that is defined by the complex reséz 5]} C* and so one has (k}, 0 £5,)(1),)) = :I:cf/’itJ.
The bijectivity of k), is thus equivalent to the condition (i)(c)(ii).

To prove C'* belé)ngs to DP*{(Z,[G]) if and only if the explicit conditions in (i)(c) are
satisfied it is thus enough to show that H L(J, A¥) vanishes if and only if c%/’zﬁ generates
H'(J,BF). This equivalence in turn follows easily from the fact that the long exact

sequence of cohomology of (1) gives an exact sequence
a°(J,z,) % H'(J,BY) — H'(J,AT) = H'(J,Z,)

in which « sends the element 1,7 of H°(J,Z,) = Z,/|J] to c%’/yLLJ and the group H'(J,Z,)



496 D. BUurNs and A. KUMON

vanishes.

We have proved claim (i). To prove claim (ii) we need only note that if Leopoldt’s
Conjecture is valid for L at p, then Proposition 3.1(iv) implies Héét(OL,g,Zp(l)) iden-
tifies with Z, ®z W and so is a cohomologically-trivial G-module. g

3.3. The proof of Corollary 2.4.

We again fix L/K and ¥ as in Theorem 2.2 and set G := Gp/x. To prove Corol-
lary 2.4 we assume L validates Leopoldt’s Conjecture at p.

At the outset note the implication from (ii) to (i) is clear since if BY is a
cohomologically-trivial G-module, then H!(G, BF) vanishes and so the sequence (1)
splits.

Next note that if (1) splits, then in each degree 7 and for each p-subgroup P of G
there are isomorphisms of Tate cohomology groups

Here the first map is the composite /{3{11 o /ij;g and is an isomorphism since the assumed
validity of Leopoldt’s Conjecture for L at p combines with the proof of Proposition 3.5

to imply that the maps /—@3;11 and ,%3;22 are both bijective.

If i = 0, then the map (6) is an isomorphism between the abelianization P’ =
H~2(P,Z,) of P and the group H°(P, BY) & Z,/|P| and so induces a surjective homo-
morphism from P® to Z,/|P|. This shows both that P is cyclic and that H°(P, BY),
and hence (since the Tate cohomology of cyclic groups is periodic of order two) also
He(P, BY) in every even degree a, vanishes.

In a similar way, the vanishing of H~'(P,Z,) combines with (6) to imply the van-
ishing of H’“(R B?F) in every odd degree a.

This shows that BF is a cohomologically-trivial P-module for any p-subgroup P
of G and hence also a cohomologically-trivial G-module (by [3, Chapter VI, Proposi-
tion (8.8)]), thus verifying the implication from (i) to (ii).

It only now remains to prove the equivalence of the conditions (ii) and (iii) and to
do this we fix a Sylow p-subgroup P of G and set F := L.

Noting that condition (ii) implies P is cyclic (by the above argument) and that the
same is clearly true under condition (iii)(a) and by explicit assumption under condition
(iii)(b), we assume in the rest of the argument that P is cyclic.

In particular, since BF spans a free Q,[P]-module (by Corollary 3.2), in this case a
Herbrand quotient argument combines with [3, Chapter VI, Proposition (8.8)] to imply
B? is a cohomologically-trivial G-module if and only if for each non-trivial subgroup C
of P the group H'(C, BY) = H'(C, B}) vanishes.

In addition, if L C F%°, then Lemma 3.3(iii) implies (1) splits as a sequence of
Z,[P)-modules and hence, by Proposition 3.5 and the assumed validity of Leopoldt’s
Conjecture for L at p, that each group H'(C, B¥) vanishes.

In the sequel we will thus assume both that P is cyclic and L ¢ F<° and must
show, under these hypotheses, that the conditions in (iii)(b) are satisfied if and only
if the P-module BF is cohomologically-trivial, or equivalently H ~1(C, BY) vanishes for
each non-trivial subgroup C of P.
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When proving this we can also assume both LNK ¢ = K and that for each subgroup
C as above, with E := L% the maximal abelian extension of E<¢ in MY is equal to
MZE since these conditions are explicitly assumed in (iii)(b) and also follow, under the
present hypotheses, from the cohomological-triviality of BY by Lemma 3.6 below (with
L/K replaced by L/F).

Now, as C' is cyclic, the last assumption implies that the restriction map B% =
Gz peve = Gz ypeve induces an identification of Ho(C, BY) with Gz peve- In addi-
tion, the finite group H_I(C7 B7F) is equal, by its very definition, to the kernel of the
map T : Gprzypeve = Ho(C, B?) — BF induced by the action of Y . ¢ on B and so
vanishes if and only if T¢ is injective on the torsion subgroup of G ME/Leve-

The equivalence, under the stated hypotheses, of the conditions (ii) and (iii)(b) is
thus a consequence of the fact that T is equal to the restriction to G M/ Leve of the

tO Gab :GME/L:A%‘

transfer map from A% = GME/E =G ME/L

e

This completes the proof of Corollary 2.4.

LEMMA 3.6. Let L/K be a cyclic p-power degree extension of number fields that is
unramified outside a finite set of places ¥ of K that contains all archimedean and p-adic
places and is such that B% is a cohomologically-trivial G, -module.

Then the following claims are valid.

(i) For any subgroup H of Gp pnkeve, with F := LY the mazimal abelian extension
of F¥¢ in M} is equal to M7 and hence Ho(H, BY) identifies with Grrzypeve-

(ii) If LNK%¢ validates Leopoldt’s Conjecture at p, then either L C K¢ or LNK%¢ =
K.

PrRoOOF. With H and F as in claim (i) we write E for the maximal abelian exten-
sion of F¢ in M7

One has L N F¥° = F so the natural restriction maps give identifications I'y, = T'p
and G eye/peye = H.

Then, since H is cyclic, the natural conjugation action of H on BY identifies G JLeve
with Ho(H, BY) and so gives a field diagram of the following kind(Figure 1).

Now the stated assumption on B¥ implies the exact sequence (1) splits and hence
induces an identification of Gg/peve = Ho(H, BY) with the kernel of the restriction
map Ho(H,A¥) — Ho(H,T'1) = I'. Since the restriction map A¥ — A% induces an
identification of Ho(H, AT) with Gy (by Lemma 3.3(ii)) this implies that E' = ME,
and hence that Ho(H, BY) = GrzLeve, as required to prove claim (i).

To prove claim (ii) we assume L € K¢ and set F := LN K% so that the subgroup
H := G /p is both non-trivial and naturally isomorphic to G'reve/peve. Then the above
argument gives a natural short exact sequence of Z,[G/H]-modules

0 — Iqo(]y7 B%) — B% — GLcyc/Fcyc — 0

in which G/H acts trivially on G peye/peye.
Now the cohomological-triviality of B} as a G-module implies Ho(H,BY) =
H°(H,BY) is a cohomologically-trivial G/H-module. In addition, if F validates
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Leve

I'r
H

L Feve

~

H
F
G/H

K
Figure 1.

Leopoldt’s Conjecture at p, then (since F' C K<) the implication from Corol-
lary 2.4(iii)(a) to Corollary 2.4(ii) (with L/K replaced by F/K) proved above implies
that BZ is a cohomologically-trivial G /H-module.

From the above displayed exact sequence it therefore follows that the G/H-module
Grevejpeve = H = 7, /|H| is cohomologically-trivial and, as p divides |H]|, this is only
possible if G/H is the trivial group and hence F' = K. This proves claim (ii). O

The following result justifies Remark 2.6 and will also be useful in the sequel.

LEMMA 3.7. Let P be a finite abelian group of p-power order and write Ap for the
number of orbits of the natural action of GQZ/QD on P* :=Hom(P,Qy*). Then any non-
trivial finite abelian group of p-power order that is a cohomologically-trivial P-module
has order divisible by p™F.

PROOF. Set R :=Z,[P]. Then R is a local ring and hence if M is a finite abelian
group of p-power order of the stated kind the argument of [3, Chapter VI, Theorem (8.12)]
shows there exists an exact sequence of finitely generated R-modules of the form

0NLNo M0 (7)

where N is free. This sequence implies that |M| = |Z,/(dg)| with dg := detz_ ().

To compute dg we write r for the rank of N and represent 6 by a matrix © in
M, (R) N GL(Qp[P]). Then do =[], cp- do(x) With dg(x) := det(Oy) where O, is the
matrix in M,.(Zp[x]) obtained by applying the Z,-linear extension R — Z,[x] of x to each
entry of ©. In particular, since dg(w o x) = w(dp(x)) for each x € P* and w € Ggg /g,
one has

do = ] Na,ose, (da(x)) (8)
xX€T
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where T is a set of representatives of the orbits of the action of G@E /Q, on P~
Upon taking P-coinvariants of (7) we obtain an exact sequence of Z,-modules 0 —

Hy(P,N) RELIGIN Ho(P,N) — Ho(P,M) — 0 and, since Ho(P, M) is non-zero, this
sequence implies that dg(1p) belongs to the ideal (p) of Z,.

In addition, if for each x € T we write p, for the maximal ideal of Z,[x], then
one has dg(x) = do(1p) modulo p,. This implies dy(x) belongs to p, and hence that
Ng, (v)/0, (de(x)) belongs to (p).

These observations combine with (8) to imply dy belongs to (p)!T! and hence that
|M]| is divisible by p/™l = p2? as claimed. O

4. The proofs of Theorem 2.7 and Corollary 2.12.

4.1. A result of Yakovlev.

A key role in these arguments is played by a purely representation-theoretic result
of Yakovlev in [31].

To recall this result we fix a cyclic group I' of order p™ and for each integer i with
0 < i < n write I'; for the subgroup of I" of order p.

Then the results of [31, Theorem 2.4 and Lemma 5.2] combine to imply that if
M and N are any Z,[I']-lattices for which, for each integer ¢ with 1 < ¢ < n, there
exists an isomorphism of Z,[I'/T";]-modules 6; : f[‘l(Fi, M) — I:I_l(Fi,N) that lies in
commutative diagrams

i
P

YT, M) —2 YTy, M) H YT, M) <22 A=Y Typ1,M) (9)

Qii l9i+1 Hil \L91L+1

H-YT;,N) —2% A-Y(T;,N)  H YT, N)<2 A-1T;41,N)

where the horizontal arrows are the natural corestriction and restriction homomorphisms,
then there are isomorphisms of Z,[I']-modules of the form

M =X & @ z,[r/1] and  N==XodHz, /)" (10)
=0 =0

for a suitable Z,[I']-lattice X and suitable non-negative integers a; and b;.

4.2. The proof of Theorem 2.7.

We use the notation and hypotheses of Theorem 2.7. We also set A := AF and
G = G i and for each integer ¢ with 0 <i <n also G; := G, and T} := T[%:/Li'

We start by making a useful technical observation.

LEMMA 4.1.  Fix an integer i with 0 <4 < n.
(i) The group T; is naturally isomorphic as a Z,[G/G;]-module to Hil(Gi,Z).

(ii) If i < n, then the corestriction map I:I_l(Gi,Z) — ﬁ_l(GiH,Z) corresponds,
under the isomorphisms in claim (i), to the homomorphism T; — T;i1 that is
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induced by the natural restriction map AY — AY .
3 i+1

(iii) Ifi > 0, then the restriction map H1 (Gi,Z) — H! (Gi,l,Z) corresponds, under
the isomorphisms in claim (i), to the homomorphism T; — T;_1 that is induced by
the map Gz /. = Gz L which sends x to c(Z) where T is any
lift of x to G]\:[a_l/L. Z

c€Gr,_y /1,

Proor. Upon taking G;-coinvariants of the tautological exact sequence
0— Aoy > A— A—0,

recalling that Ho(G;, A) identifies with Gp» , (by Lemma 3.3(ii)) and then passing

to torsion subgroups in the resulting exact sequence one obtains an exact sequence of
Z,|G/G;]-modules

7TL. J—
Ator i} G]\/[Ev/L,tOI“ — HO(Gi7A)tOr — O

Given this exact sequence and the definition of T; as the cokernel of wfi, the isomor-
phism in claim (i) follows from the fact that Ho(G;, A)or is equal to H~ (G, A). Indeed,
since H ~1(G;, A) is finite and A is Z,-free, the latter equality follows immediately from
the tautological exact sequence

0— H 4Gy, A) S Ho(Gy, A) — HGi, A) — HY(Gy, A) — 0

where the third arrow is induced by the action of the element > . g of Z,[G].
Given these isomorphisms, the assertions of claims (ii) and (iii) follow by straight-
forward computation (which we leave to the reader). O

To prove Theorem 2.7 we now apply the result of Yakovlev recalled in Section 4.1
with I' = G and M = A. In this context Lemma 4.1 implies that the upper rows of the
diagrams (9) for each integer i collectively correspond to the diagrams that are described
in (2).

Given Yakovlev’s theorem, the proof of Theorem 2.7 will therefore be complete if we
show that, given an isomorphism of Z,[G]-modules of the form A = X & X’ in which X is
uniquely determined up to isomorphism and X" is a module of the form EBES Z,|G /G,
for suitable non-negative integers a;, then X’ is determined up to isomorphism as a Z,[G]-
module by rx and the integers dr,, for each integer ¢ with 0 <4 < n.

But the explicit structure of the module X’ makes it clear that it is determined up
to isomorphism by the integers dimg, (Q, - H°(G;, X)) for each integer i with 0 < < n,
and so the required fact follows from the equalities

dimg, (Q, - H*(G;, X)) = dimg, (Q,, - H*(G;, A)) — dimg, (Q, - H*(G;, X))
= dimg, (Q, - AF,) — dimg, (Q, - H*(G;, X))
=ry, +0r, —dimg, (Q, - H*(G;, X))
=p" 1K + 01, —dimg, (Q, - HO(GZ-,X)),
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where the second equality is true because Lemma 3.3(i) implies that the Q,-spaces Q, -
HO(G;, A) = Qp - Ho(G;, A) and Qy - A% are isomorphic.
This completes the proof of Theorem 2.7.

REMARK 4.2. If, in the notation of Section 4.1, M is any lattice for which
H ~1(Ty, M) vanishes for each integer i, then in the decomposition (10) we may take
the lattice N, and hence also X, to be the zero module and therefore deduce that M is
itself a direct sum of modules of the form Z,[I'/T;]. This observation (with I' = G and
M = A%) combines with the explicit computation of Lemma 4.1(i) to justify the first
assertion of Remark 2.10.

4.3. The vanishing of TE/K.

We recall that an extension of number fields L/K is said to be ‘Z,-extendable’ if
there exists a Galois extension L’ of K which contains L and is such that G, JK 18
isomorphic to Z,. Such extensions have been extensively investigated in the literature,
for example by Seo in [26].

It is clear that for any finite set of places ¥ of K that contains all p-adic places
the group A% is torsion-free if and only if all cyclic degree p extensions of K that are
unramified outside ¥ are Z,-extendable.

In the following result we use the concept of Z,-extendability to give a useful criterion
for the vanishing of the groups TE/ i that occur in Theorem 2.7.

For a number field E we write E™** for the maximal Z,-power extension of E inside

Q.

LEMMA 4.3.  Assume L/K is cyclic of finite p-power degree and unramified outside
a finite set of places ¥ that contains all p-adic places.

(i) TLE/K is naturally isomorphic to the torsion subgroup of G(LmameIz()/L.
(ii) The following conditions are equivalent:
(a) TLE/K vanishes.

(b) For any degree p extension F of L that is abelian over K one has

F/L is Z,-extendable

<= F is contained in a Z,-extension of L that is abelian over K.

(ii) If L/K is Zy-extendable, then TLE/K is equal to the cokernel of the restriction map
Aitor — A%tor. In this case the following conditions are equivalent:
(a) TLE/K vanishes.
(b) Lmax ME = Kmax,

(c) For any degree p Galois extension K' of K in My that is not Z,-extendable
the extension LK'/L is not Z,-extendable.
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PrROOF. To prove claim (i) we note A%’tor = GME/L,MX and that GMI%/L,tor =
Gz e With E a subfield of L™** such that E/L is Zy-free and (M3 N L™ /E is finite.
The claimed isomorphism thus follows from the fact that the image of G Mz pmax under
the restriction map GMLE/L — GMIX()/L is G]\/[IZ(]/(MIX(IQLH;ax).

Set E* := MZ N L™ Then claim (i) implies TE/K vanishes if and only if Gg-/p, is
Z,-free. The latter condition is satisfied if and only if every intermediate field of E*/L
of degree p over L is contained in an intermediate field that is a Z,-extension of L and
hence is equivalent to the condition in claim (ii)(b).

The first assertion of claim (iii) is true because if L/K is Z,-extendable, then L C
K™® and so GMIZ(/L,tor = G]VIIZ(/K“‘“X = Alz(,tor

In this case therefore the group TLE/ x vanishes if and only if the natural restriction
map 0 : A7 . = A% i, is surjective, or equivalently L™ N Mz = K™,

If the latter equality is valid, then for any degree p Galois extension K’ of K in M2
with K’ ¢ K™ one has LK’ ¢ L™ (since LK' C M3).

To prove the converse implication, and hence complete the proof of claim (iii), we
argue by contradiction and thus assume im(6) # A%tor. After choosing a direct sum
decomposition of Z,-modules A% = A%tor @ H we then write K* for the fixed field of
M} with respect to the subgroup im(#) & H. Then K* # K and G-/ is naturally
isomorphic to A%tor/ im(6). Hence, for any intermediate field K’ of K* /K with K’ # K
one has K’ ¢ K™ and LK' C M3z N L™ and this contradicts the condition in
(iii)(c). O

4.4. The proof of Corollary 2.12.
We continue for the moment to use the notation of Section 4.1.

4.4.1. For any natural number d and each indecomposable lattice I in IM we
write m? for the maximal multiplicity with which I occurs as a direct summand of any
Z,[T)-lattice N for which one has rk,(H~*(I';, N)) < d for all i with 1 <i < n.

Then the key point in the proof of Corollary 2.12(ii) is that Yakovlev’s theorem
combines with an analysis of the diagrams (9) to show that

- 12
E m? < pn(n 1)d= | K;il
IemMn

where x¢ is the integer defined just prior to the statement of Corollary 2.12 (for a proof
of this fact see [6, Lemma 3.2]).

To deduce the inequality (3) from this it is thus enough to note that if for any
non-trivial subgroup H of G,k we set E := LH | then one has

vk, (H™Y(H, A?)) = rk, (T?

L/E) < rkp(A%,tor)

=Jrg — VE + rkp(CIIE(CP)) — (SE S mL/K7

where gp denotes the number of p-adic places of E, vg is either 0 or 1 (depending
on whether E contains ¢, or not) and CI}J(CP) is a subquotient of Clg(c,). Here the first
equality follows from Lemma 4.1(i) and the second is proved by Gras in [13, Theorem I2],
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the first inequality is true since T7 /B 18 (by its definition) a subquotient of A% =~ and
the second inequality follows directly from the definition of mp i in the statement of
Corollary 2.12 and the fact that each Leopoldt defect g is non-negative.

To complete the proof of Corollary 2.12(ii) it is now enough to note that the in-
equality (3) directly implies that m% can be non-zero for only finitely many lattices I in
IMy.

4.4.2. The following result justifies the first sentence of Remark 2.13 and is also
key to the proof of Corollary 2.12(i).

For any subfield F' of Q¢ we write X for the Galois group of the maximal unramified
abelian pro-p extension of F'.

PROPOSITION 4.4. Let Eo be a Z,-extension of a number field E for which all p-
adic places of E have open decomposition groups in Gg_ /g and the Zy-module Xg_(c,)
is finitely generated. Let F be a finite p-power degree extension of E., that is both
unramified outside p and Galois over E.

Then there exists an integer d that depends only upon F/E and is such that gy, +
tky(Clyc,)) < d for all finite extensions L of E in F.

PROOF. The stated assumption on the decomposition behaviour of p-adic places in
F/E implies gy, is bounded above (independently of L) as L varies over finite extensions
of Ein F' and so it suffices to show the same is true of rk,(Clg(c,))-

For any L as above the compositum of L((,) and E is an intermediate field of
F((p)/Eoxc(Cp) that is a Zp-extension of L((,). Since there are only finitely many in-
termediate fields of F((,)/Ex((p) a standard Iwasawa-theoretic argument (as in [30,
Proposition 13.23]) means it will be enough for us to show that, for each such interme-
diate field D, the Z,-module Xp is finitely generated.

To show this we note each such D is a finite p-power degree extension of E((p)
and hence that one can choose a finite chain of subgroups

Gr,y/p="JodJ1 4 LJm = Gr,)/Ba(cy)

with [J;41/J;] = p for all i with 0 < i < m. For each such i we set D; := F((,)”". Then
Dy =D, D,,, = Ex((p) and each extension D;/D;; is Galois of degree p.

Now the stated assumptions imply each field D; has only finitely many p-adic places
and Xp, = Xp_ () is a finitely generated Z,-module. The required result can there-
fore be obtained by successively applying the result of Lemma 4.5 below to each of the
extensions D;/D; 1 starting at ¢ = m — 1 and descending to i = 0. Il

LEMMA 4.5.  Let D be a subfield of Q° with only finitely many p-adic places and
such that the Z,-module Xp is finitely generated. Then for any Galois extension D' of
D of degree p the Z,-module Xp: is finitely generated.

ProOF. Write Mp and Mp for the maximal unramified abelian pro-p extensions
of D" and D and set A := Gp//p.

Then Mp:/D is Galois and Ho(A, Xp) identifies with G 7 p, where M is the max-
imal abelian extension of D in Mp:.
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The inertia degree in M/ D of each of the finitely many p-adic places of D is at most p
and so the subgroup I of GGj;/p that is generated by the inertia subgroups of these places
is finite. In addition, the fixed field M’ is a subfield of Mp and so (Gyp)/I = Giyp
is isomorphic to a quotient of the finitely generated Z,-module Xp. Since I is finite, this
shows that the Z,-module G ;/p, and hence also its submodule Gy pr = Ho(A, Xpr),
is finitely generated.

Then, since A is finite, Nakayama’s Lemma implies that the Z,-module Xp/ is
finitely generated, as required. g

To prove Corollary 2.12(i) we fix a complex absolutely abelian field E and recall
that the Z,-module X geye(c,) is known to be finitely generated (this is equivalent to the
vanishing of Iwasawa’s p-invariant for the Z,-extension E%°((,)/E((p)).

From Proposition 4.4 (with F' = Eo = E%°) there is therefore an integer d such
that gg,, + rk,(Cl Em(Cp)) < d for all natural numbers m, where E,, denotes the unique
intermediate field of EY°/E of degree p™ over E.

In particular, if b is any integer with b > d, then for any natural numbers n and a
the extension F,,/E, belongs to .7-'3.

It is thus sufficient to note that, since each field F,,,, is both totally complex and
validates Leopoldt’s Conjecture at p (by Brumer [4]), Corollary 3.2 implies that the
Zyrank of Af, is p*" rp + 1= (p*[E:Q])/2 + L.

This completes the proof of Corollary 2.12.

5. The proof of Theorem 2.14.

We start the proof by making an important technical observation.

PROPOSITION 5.1.  Let L/K be a cyclic extension of number fields of degree p™ and
Y. a finite set of places of K containing all places that are either archimedean, p-adic or
ramify in L/K. Set G := G/ and fix an element v of GMLE/K that has infinite order
and projects to give a generator of G. For each integer i with 0 <i < n write L; for the
intermediate field of L/ K that has degree p* over K and -y; for the image of P in A%i.

If both K walidates Leopoldt’s Conjecture at p and the group A% is torsion-free, then
L wvalidates Leopoldt’s Conjecture at p and for each integer i the groups Ai and A%/<%>
are torsion-free.

PrOOF. For integers i and j with 0 < i < j < n we set A; := A%i, D; .= A%/(fm
and Qj,i = GL]’/Li'

For each integer ¢ as above one can use the multiplication-by-p map on the tauto-
logical exact sequence 0 — (v;) = A; — D; — 0 to obtain an exact sequence

d;
0= Aijp) = Dip) = (i)/(0F) == A/ (Ai)P.

Since the image of ~; generates G, ,/r, one has v; ¢ (A;)?. The map d; is thus
injective and so the above sequence implies that the natural map A; ) — Dj ) is
bijective. This implies, in particular, that the group D; is torsion-free if and only if the
group A; is torsion-free.
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Until further notice, we now assume that the integer i is such that the following
hypothesis is satisfied.

(*); L, validates Leopoldt’s Conjecture at p and the group D; = A;/(~;) is torsion-free.

In this case, for each integer j with ¢ < j < n the group Ho(Q;:, 4;) identifies with a
subgroup of A; and the torsion subgroup of Ho(Q; ., D;) = Ho(Qj 4, Aj)/<7f]_l> is equal
to

G—i J—i G—i

A/ O Mtor NVHo( Q50 AN/ ) = (rad /(7 ) A Ho(Qyas A /(7).

Furthermore, this group vanishes since for any integer a with 0 < a < j — i the element
’yfa does not act trivially on L; and so does not lie in Hy(Q;,i, 4;).

It follows that under hypothesis (x); the group Ho(Q;,:, D;) is torsion-free and hence,
by the same argument as used in the proof of Lemma 4.1, the group H~(Q;., D;)
vanishes.

In the case j =i + 1 we set @; := @;;. Then, since ); has order p, there are only
three isomorphism classes of indecomposable Z,[Q);]-lattices, represented by Z,, Z,[Q;]
and Zp[Qs]/(3_ e, 9), each being endowed with the natural Q;-action (cf. the discussion
before Corollary 2.12). One also knows that the groups H~(Q;,Z,) and H=1(Q;, Z,[Qi])
vanish and that ﬁil(Qi, Zp|Qi]/(3_,c0, 9)) has order p.

Thus, since H1(Q;, D;11) vanishes, the Krull-Schmidt theorem implies that the
Zp|Qi]-module D,y is isomorphic to a direct sum of the form Z¢ & Z,[Q;]" for suitable
(non-negative) integers a and b.

Now

dim@p (Qp : Di+1) = dime (QP . AiJrl) -1= TLiy1 + 6Li+1 > TLiys =D"TL;

whilst, since (under hypothesis (x);) we are assuming that L; validates Leopoldt’s Con-
jecture at p, one also has dimg, (Q, - D;) = rr,. This gives an inequality

a+pb: dlmQP(Qp 'Di+1) Zp.rLi
= p-dimg, (Q, - D;) = p - dimg, (Qp - Ho(Qs, Di+1)) = p(a +b)

and hence implies that a = 0 and b = rr,. This shows both that L;;; validates Leopoldt’s
Conjecture at p and also that D, is a free Z,[Q;]-module.
Then, since D;11 is a free Z,[Q;]-module, the tautological exact sequence

0— (DiJrl)tor — Di+1 — DiJrl — 0

splits as a sequence of Z,[Q;]-modules and so Hy(Q;, (Di+1)tor) is isomorphic to a finite
submodule of Hy(Q;, D;+1). We have already shown the latter module to be torsion-free
and so Ho(Q;, (Djt+1)tor) vanishes. By Nakayama’s Lemma, this fact then implies that
(Di+1)tor, and hence also (A;t1)tor, vanishes.

At this stage we have shown that the validity of hypothesis (x); implies the validity
of hypothesis (*);41.
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Thus, since the stated assumptions on Ly = K are equivalent to the validity of
hypothesis (x)g, an induction on ¢ shows that hypothesis (x); is true for all integers ¢
with 0 <7 < n and this fact is equivalent to the claimed result. O

We can now prove Theorem 2.14. As a first step we choose a finite chain of subgroups
{id}=Jo < J; <--- < J, =G inwhich |J;1/J;| = pforall i with 0 < ¢ < n (in doing so
we can also ensure that, for any given intermediate field £ of L/ K, one has J; = G/ for
some 7). For each such i we set L’ := L7i. Then by successively applying Proposition 5.1
to each of the extensions L¢/L**! for 0 < i < n we deduce that L validates Leopoldt’s
Conjecture at p and that each group A%, is torsion-free. In particular, this proves claim
(1).

The first assertion of claim (ii) follows directly upon combining the fact that L
validates Leopoldt’s Conjecture at p with Corollary 3.2. Next we note that, since BE
is torsion-free (as a subgroup of A¥), it is a free Z,[G]-module if and only if it is a
cohomologically-trivial G-module (by [3, Chapter VI, Theorem (8.7)]). Thus, since the
above argument shows that the group G ME /Leve is torsion-free for every intermediate
field E of L/K, the second assertion of claim (ii) follows directly from Corollary 2.4.

Turning to claim (iii)(a) it is clear /¢ belongs to Z(Gpzyr) N A% and hence that
the conjugation action of C' on A¥ induces an action on Dy, := A7 /(y!¢]).

We show first that Dy, is a permutation module over Z,[C]. To do this we note
that, as Dy, is torsion-free (by Proposition 5.1), the observation of Remark 4.2 shows it
is enough to prove that for each subgroup J of C the group H ~1(J, Dr) vanishes and we
recall that the latter groups were shown to vanish in the course of proving Proposition 5.1.

By a straightforward exercise one checks that a permutation module over Z,[C] is
free if and only if it spans a free Q,[C]-module and so claim (iii)(a) will follow if we can
show that the Q,[C]-module Q, - Dy, is free. To do this we note that the Z,[C]-module
(11} is isomorphic to Z,, (since C acts trivially on v/¢! which has infinite order). Then,
by comparing the tautological exact sequence

0— (7Y 5 AT - DL =0 (11)

with the sequence (1), one deduces that the Q,[C]-module Q, - Dy, is isomorphic to
Q, - B and hence, by Corollary 3.2, is free, as required.

The isomorphism in claim (iii)(b) is obtained by simply noting that Dy, is a free
Zy,[Cl-module of rank rp = [G : C] - rx and hence that the exact sequence (11) splits.

Turning to claim (iii)(c) we note that the first assertion is an immediate consequence
of the isomorphism in (iii)(b). We thus assume rx > 0. To derive the claimed exact
sequence in this case we note first that (1) induces a natural exact sequence of Z,[C]-
modules

0— (Y°NNnBY - BY = D, = T1/(7) =0 (12)

where we write 4 for the image of /¢l under the projection A¥ — T'1. Further, by claim
(iii)(a) we know the Z,[C]-module Dy, is a free of rank [G : C] - rx and it is also clear
that the Z,[C]-module (y/°!) N B} is either isomorphic to Z, or vanishes and that the
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element 7 is correspondingly either zero or non-zero. To discuss these possibilities we set
E:=LNFYe.

We assume first that £ = F, and hence that L and F'¥¢ are disjoint over F. Since
the Z,-rank of AT is |G| rx + 1 > 1, we may therefore in this case choose the element
~ so that 4 vanishes. After choosing v in this way, the sequence (12) directly gives the
exact sequence in claim (iii)(c) with nc = 0.

We assume next that F # F. In this case the restriction of v to E generates the
non-trivial quotient G r of I'r and so the restriction of v to F¥° must generate I'f.
The image of 4 in T'z therefore generates (I'z)!¢! and hence, since T'y, identifies with
(TF)FF] one has (7) = (I'z)IX*Fl and so the Z,[C]-module T'z /(%) is isomorphic to
Z,/(Zy, - |L : E]). Given these observations, the exact sequence in claim (iii)(c) (with
no = 1) again follows directly from (12).

This completes the proof of Theorem 2.14.

6. The proof of Theorem 2.17.

In this section we fix an odd prime p that does not divide hg(c,)+-

We adopt the general notation of Section 2.5. In addition, for each natural number n
we abbreviate the groups A7 and B} to A, and B, respectively, we set Ry, := Z,[G.]
and for any homomorphism ¢ in H; and any R,-module M we set M? := es(M) and
regard this as a module over the ring R? in the natural way.

6.1. The proof of Theorem 2.17(i).

At the outset we recall that L,, and hence also L;}, validates Leopoldt’s Conjecture
at p.

The first claimed isomorphism of R,-modules A,, = B,, ® Z,, is thus a consequence
of Corollary 2.4 with L = L,,, K = Q and ¥ = {co, p}.

To prove B, is a free R, -module we show first that (B,)" vanishes. To do this
we note the maximal abelian extension of L) in M fn is B =L, - M zt' This implies

A} = Ggyp, and hence that B, is equal to G peve which is naturally isomorphic to
G MP (L) = Bix. Thus, since L} is totally real and validates Leopoldt’s Conjecture,

the group (B,,)" = B/ = BiiJr vanishes, as required.

We now need to prove that B, = (B,)~ is a free R, -module of rank one. To do
this we note Z, ®z Wy, is a free rank one R, -module, where Wy, is as defined at the
beginning of Section 3.1, and hence that for each ¢ in H~ Proposition 3.1(iv) implies
the Z,-ranks of R® and (B,,)? are equal. Since each ring R is local it is thus enough to
show that B,, is a free Z,[P,]-module, or equivalently (by [3, Chapter VI, Theorem (8.7)])
that B,, is a cohomologically-trivial P,-module.

By the same reduction argument used in the proof of Corollary 2.4, it is thus enough
to prove that the group H ~1(J, B,,) vanishes for each subgroup J of P, and this follows
directly from Lemma 6.1 below. This completes the proof of Theorem 2.17(i).

In the sequel, for a number field F' we write Pr and Hp for the subgroups of F'*
comprising p-units and those elements = for which the extension F'(¢/x) is unramified
outside p respectively, and Cl%. for the quotient of Clg by the subgroup generated by
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the classes of ideals above p. We use the fact that these groups are related by a natural
exact sequence

0 — Pp/Ph — Hp(FX)P/(F*)P 25 C1p

Fp 0 (13)

(see, for example, the proof of [1, Proposition 2.4]).

LEMMA 6.1.  If p does not divide ho,)+, then for each integer a with 1 < a <n
the group ﬁ_l(GLn/LwBin) vanishes.

ProoF. If n =1, this result is obvious because G, /1, is the trivial group.

If n > 1, then, as already observed above, the exact sequence (1) splits and so
the description of Lemma 4.1 shows it is enough to prove Tfn /La vanishes. Recalling
Lemma 4.3(iii), it therefore suffices to show that for any degree p Galois extension E of
L, that is not Z,-extendable the extension L, E/L,, is not Z,-extendable.

To check this condition we use the fact that if F' is either L,, or L, and x is any ele-
ment of F*, then Bertrandias and Payan [1, Proposition 2.7] have shown that F(¢/z)/F
is Zp-extendable if and only if « belongs to Pr(F*)?. From the sequence (13) it is thus
enough to show that if x is any element of L with Ay (x) # 0, then also A (z) # 0.

Since there is a commutative diagram

Hy, (LX)P/(LP =22 C1

[p]
Hy (L NE P s o

where the left hand vertical map is induced by the inclusion L, C L, and () is the
natural inflation, it thus suffices to show . is injective.

This is true because for b € {n,a} one has Clib’[p] = Clg, jp (as all prime ideals of
Ly, above p are principal), because Clzb 7] vanishes (by the stated assumption on p) and

because the inflation map Cl, w Clzn (9] is injective (as is shown, for example, by

as

Kida in [19, Proposition 1, (1.2)]). O

6.2. The proof of Theorem 2.17(ii).

The key fact that we use in the proof of Theorem 2.17(ii) is the known validity
(due to Flach and the first author) of the appropriate case of the equivariant Tamagawa
number conjecture. However, we must also first prove several auxiliary results.

We recall that for each integer i the ring e, : R, is abbreviated to Rgf ). For conve-
nience we also write e, for the idempotent e o = ep, of Z,[H,].

6.2.1. A useful exact triangle.

At the outset we fix, as we may, an element v of G MP /Q which projects to give
both the element v, of G, and the element yg of I'p that are fixed at the beginning of
Section 2.5.3.

We then write C} , for the complex of projective R;,,-modules
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RO Ly RO

where the first term is placed in degree two and d, satisfies d,(e,) = (1 — y)e,. We
identify the groups H?(Cy, ) = ker(d,) and H*(Cy, ) = cok(d,) with Z, via the maps
of R,-modules ¢ : Z, — RY and e: RY — Zp with o(1) = - cp gen and €(ge,) =1
for all g € G,,.

Finally we set Wy, ;, := Z, ®z W, and write C}, for the complex

Whpl—1] ® R, [-2].

The following result refines the description of RI'c (OL, x,,Zy(1)) given in Propo-
sition 3.1.

PROPOSITION 6.2.  Assume p does not divide hqc,)+ and fix an element b of B, =
A that projects to give a basis of the (free, rank one) R, -module B,,. Then there exists
a canonical exact triangle in DP™(R,) of the form

L] L] 07@9 (] L ]
Cn,'y D Cn —b> RFC7ét(0Ln72p’ Zp(l)) — ATl,tOF[_Q] — (Cn,'y D Cb)[l]

in which H*(0,)(1) = v1%=| € A,,, H3(0,) is the identity on Z,, H'(0y) is the canonical
identification W, , = Héét(Ongp,Zp(l)) (see Proposition 3.1(iv)) and H?(0y) sends
each element x of Z,|Gy]~ to x(b).

In particular, the Gy-module A, tor s cohomologically-trivial.

PrROOF. Set E‘:I = ch,ét(ongp, Zp(l))
Then all of the complexes Cp |, €} and E} belong to DPef(R,,). In the first case
this is clear, in the second it is true because W, , is a free R, -module of rank one and
in the third case it follows from Proposition 3.1(i).

The descriptions of the cohomology of E? given in Proposition 3.1(iii) then make
it clear that there exists a unique morphism 6, : C» — E® in D(R,) with the given
descriptions of H'(6,) and H?(6). In addition, the construction of a morphism 6., :
Cy.,— Eyin DPerf(R,,) with the given descriptions of H2(6,) and H3(6.) is described
by Macias Castillo and the first author in [8, Proposition 4.3].

Writing Dy, for the mapping cone of 8., @ 8, it therefore suffices to show that the
long exact cohomology sequence of this cone implies it is acyclic outside degree two and
such that the R,-module H%(Dg) is naturally isomorphic to A, tor-

This long exact sequence makes the vanishing of H*(D2) for i ¢ {0,1,2,3} imme-
diately clear and shows that the vanishing of H°(D®) and H?(D?) follows directly from
the (obvious) injectivity of H'(6,) and surjectivity of H3(6.,) respectively, that the van-
ishing of H'(D¢) follows from the (obvious) surjectivity of H*(6;) and injectivity of both
H?(0,) and H?(6,) and that the (obvious) injectivity of H3(6,) gives rise to a short exact
sequence

0 — im(H?(0, ® 6,)) — A, — H*(D2) — 0. (14)

Now the group im(H?(0,®6y)) = im(H?(0,))+im(H?(6y)) is Z,-free and so disjoint
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from A, tor = Bp tor. Since the element HQ(QW)(l) = ~lG»l is a topological generator of
'z, and our choice of element b implies B, tor +im(H?(0y)) = B,,, we therefore obtain a
direct sum decomposition A,, = A, tor @ im(H? (0@ 0y)). Given this, the exact sequence
(14) induces a natural isomorphism of R,,-modules H?(Dj2) = A, tor, as required.
Finally we note that the given exact triangle implies A,, tor[—2] belongs to DP*{(R,,).
This in turn implies that the R,-module A, s, has finite projective dimension and hence
that it is cohomologically-trivial over G,,, as claimed. O

REMARK 6.3. It will be seen later (in Lemma 6.5) that if p does not divide
hq,)+, then A vanishes. Thus, since ') is clearly the zero complex, in this case
the exact triangle in Proposition 6.2 induces an isomorphism in DP*f(Z,[G,,]) between
Rl (0L, x,,Zy(1))” and the explicit complex Cp = (C3)~.

n,tor

6.2.2. The Fitting ideal.

In this section we combine the exact triangle constructed in Proposition 6.2 with the
known validity, due to Flach and the first author, of the equivariant Tamagawa number
conjecture for the pair (h°(Spec(L,))(1),Z[G,]) to prove the following result.

THEOREM 6.4.  Fiz an element u of (Zy®L) )~ as in the statement of Theo-
rem 2.17(iv) and set

LRy = Y LRY-ey €CylGyl.

XEG ™

Then 0;,(1)(LRy + €5 L5, ) belongs to Ry, and generates the ideal Fitg, (An tor)-

o0,p

ProoF. For any commutative noetherian ring R we write Detp(—) for the deter-
minant functor defined by Knudsen and Mumford in [20]. We recall that this functor is
well-defined on the category DP®'f(R) and takes values in the category of graded invert-
ible R-modules.

If R is semisimple, C' is an object of DP**f(R) that is acyclic outside degrees i and
i+ 1 for some integer i and p is an isomorphism of R-modules H*(C) = H'*1(C), then
we write 9, for the composite isomorphism

Detr(C) = Detr(H' (€)™ @ Det (1 (C) D"
=] DetR(Hi-i-l(C))(—l)i o DetR(HHl(C))(_l)
= (R,0)

i+1

where the first map is the canonical ‘passage to cohomology’ isomorphism (which exists
since R is semisimple), the second is Det (1)~ @ id and the third is induced by the
evaluation pairing on H*1(C).

To prove the stated result we set E := RI'c4(OL, x,,%Zy(1)) and use, without
explicit comment, the descriptions of the cohomology groups H*(E®) that are given in
Proposition 3.1. We also write A, for the semisimple algebra C, - R,,.

It clearly suffices to show both that (6}, (1)LRu)R, = Fitp-(4, (o
(5 (D)e5, L0 ) R = Fit gy (A7 o)

YQ T o0,p

) and that
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To prove the first equality we note that the proof of Castillo and Jones [9, Proposi-
tion 2.2] (which depends on the result of Flach and the first author) describes an explicit
isomorphism of A,-modules ®,, : C, - H*(E%)~™ = C, - H'(E%)~ for which there is an
equality of graded invertible R, -modules

(67.(1) - R, ,0) = 941 (Detp— (En™)) " (15)

To explicate this equality we write €, for the homomorphism of R,-modules
HY(E?) =W, , — H?(E?) which sends the R,-generator

Wy, =270 - (0, — 0 © Th)

of W, , to the image of the chosen element u under the global reciprocity map
(Zp®Ly,)~ = B, = A, = H?(Ej)~. Then an explicit comparison of the result of
[9, Proposition 2.3] with our definition of the equivariant resolvent LR, implies that

detAn ((Dn o ((Cp ®Zp Eu)) — LRU

Since our choice of v implies that the map C,®e,, is invertible, this equality combines
with (15) to give an equality of graded invertible R, -modules

((65(1) - LRW)R;,,0) = Ve, ge, (Det - (E77)) 7 (16)

To compute the right hand side of this equality we use the exact triangle constructed
in Proposition 6.2 in the case that the element b is chosen to have the same image in B,, as
does the image of u under the reciprocity map. In this case the image of H2(6;)((1—7,)/2)
in B, is equal to the image of H'(6))(wy,) under C, ® €,. Thus, if we write y, for the
isomorphism of (free rank one) R; -modules W,, , — R, which sends w,, to (1 —7,)/2,
then one has

Ve, @e. (Det = (B3 7)) = I, 0u, (Det = (CF)) @ Det - (A, 10,[—2]) (17)
= DetR; (A'r:,tor[_2])
= (FitR* (A;,tor)ila O)

n

Here the first equality follows from the exact triangle in Proposition 6.2 and the fact that
Cy; is the zero complex; the second equality in (17) is true because

Ve, (DetR; (CR)) = (Jev 0 (DetR(Mb)_l ® id))((HomR; Wap, Ry),—1) @ (R, 1))
= Jov((Homp— (R, R,)), —1) @ (R, , 1))

where ¥, is induced by the evaluation pairing on R, and the second equality follows
from the fact that pp(W,,p) = R;; the final equality in (17) follows from a general

m

property of Fitting ideals since Proposition 6.2 implies that the finite R, -module A

n,tor
is of projective dimension at most one.

The equalities (16) and (17) then combine to imply that (67(1) - LR.)R,,

- is equal
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to Fitp- (A, o), as required.
To prove (0;,(1)el L3, )R} = Fitp (An tor) We note first that the homomorphisms
logyy, and log, in Sectlon 2. 5 2 comblne to give an isomorphism of C,[G,]-modules

((Cp~10ggo)71
_—

n Og'L
logoo’p 1 Cp ®g Li,o C, ®z O* —p> C, ®g L:,m

Lt

and that, by the very definition of the L-invariant £, . one has

00,p?
L, = detcp[gn](loggoyp). (18)

We also note that ES™ is acyclic outside degrees two and three and that there is a
canonical composite isomorphism of Q,[G,]-modules

logpoXQ

E,:Q, - H*(EXT)=Q,- Fpr ———Q,=Q,- H3(EST).

Then, in terms of this notation, the validity of the equivariant Tamagawa number
conjecture for (h®(Spec(L;}))(1),Z[G,]") implies that

(0n(1)LY, - RY,0) = 9=, (Detpy (Ep™)) 7 (19)

(This equality follows directly from the explicit computation of Breuning and the first
author in [2 Section 5.3] after taking into account (18) and the fact that the isomorphism
Qp-ZF = Qp - I'g induced by the reciprocity map is the inverse of the isomorphism
Qp - I‘Q =~ Qp - Z,; induced by xq-)

In addition the exact triangle in Proposition 6.2 implies that

¥z, (Det gy (Ey ™)) = V=y (Det s (C7 ) @ Detpy (A 1o [—2]) (20)
where we write 2 for the composite isomorphism

Qp®z, H

Q- H*(C} ) b Q- HAEYT) 2 Q- HY(EYY) = Q, - H(C ).

It now suffices to prove that
=y (Detg, (C ) = ((e5,) 'R}, 0), (21)

since, if this is true, then it combines with (19) and (20) to directly imply the required
equality
(9:;( ) 'y@‘cgo D Rr—t? O) = DetRi (Aj;tor[_Q])_l = (FitR,t (Aj;mr)a 0)
(where the last equality follows in just the same way as the last equality of (17)).
It is enough to prove the w®-component of (21) for every even integer a with 0 <

a < p — 2. Further, if a # 0, then C’;jg,a) is the zero complex and ega€? = "

~ 5 Cpa = €Eypa

and so the w®-component of the equality is clear.
To compute Y=y (Detg, (C,'L’,Y))(O) we note that Det ) (C,'LZEYO)) is generated over R
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by z := (en, 1) @ (e5,, —1) where e}, is the dual of e,, in Hom o) (R%O), R%O)).
Now, since e, = e, +(en—egq, ), QP-HQ(C:W) =Qp-eq,, dy(en—eqg,) = (1—7n)en
and £ (eq,, ) = log,(xq(7)) =log,(xa(1g)) one has

(1 —7n)en,0) + (95, o (Detg g+ (5)) @id))((ec,, 1) @ (eg,, —1))
(1 = m)en; 0) + 94, ((log, (xa(1e))ea, , 1) ® (g, , —1))
(1- %) + logp(XQ(VQ))BGWO)

where ¥, is induced by the evaluation pairing on Q,, - eg,,, eg; denotes the dual of eg,,

n?

in Homg, (Q,, - eGn7Qp) and the last equality follows by explicit comparison with the
definition of €7 . This completes the proof of Theorem 6.4. g

6.2.3. Completion of the proof.

From Lemma 6.5 below one knows that the group B,
the R,-module A,, tor = Bj;tor = B;} is cyclic.

By a general property of Fitting ideals the latter fact implies Fitg, (A tor) is equal
to Anng, (An tor) and hence also then combines with the formula of Theorem 6.4 to imply

that the R,-module A, tor = = A"

:A_

n.tor vanishes and that

n,tor

n.tor 18 isomorphic to

(B /(07 (D)(LRu + €5, L5, )T = By /(0;,(1) - €5, L7, )
This completes the proof of Theorem 2.17(ii).

LEMMA 6.5.  Assume p does not divide hgc,)+ and fix an integer i that satisfies
0 <i< p—2. Then the group BY = A

ntor n.tor vanishes if either i is odd or if both i

is even and the generalised Bernoulli number By ,i-1 is not divisible by p. In all other
i
)

cases this group is a non-trivial cyclic R; -module.

PROOF. Lemma 3.3(iii) induces an isomorphism of Rgi)—modules Hy(P,, B,(f)) =

BY). Since the RY)-module BY is projective (by Theorem 2.17(i)) this isomorphism
restricts to give an isomorphism

Ho(Pay Aylhor) = Ho(Pay Biltor) = Bilor = Al (22)
Writing Ip, for the augmentatlon ideal of Zy[P,] the Jacobson radical Jac(R(l)) of

R is equal to p- R +Ip, ‘R ) and RYY /Jauc(l:iglZ ) identifies with IF,,. Since (22) induces
an isomorphism Aff’)tor / (JaC(R( ) - Aff tor) = Aglwr /p Nakayama’s Lemma therefore im-
is dimp, (Agf)tor/p). We

plies the minimal number of generators of the R( ) _module A,(l ‘tor

now compute that dimp, (Agl;)mr /p) is equal to

dimg, (A" /p) — dimg, (A" /p)

= dims, (H, (LF)? /(L)) ) = dim, (B /p) — dims, (Z() /p)
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ZMWKEJW)I%+@W(Nlm)deEWMHm%@pm
= dime, ((G)"™") + dim, (O /(0}1)") ™) + dime, ((Z/p)* )

+ dimg, (C1 7" /p) — dimg, (B(” /p) — dimg, (Z( /p).

Here the first equality is true as Kummer theory combines with the definition of Hy,, (just
prior to (13)) to give an isomorphism A;/p = Hom(Hp, (L{)?/(Ly)?,((p)) of Z,[G4]-
modules and because the tautological exact sequence of Z,[G;]-modules 0 — B; — A; —
I'z, — 0 splits. The second equality follows by taking w!~‘-isotypic components of the
exact sequence (13) and the last equality is derived easily from the following facts: since
the unique prime ideal of L above p is principal there is an exact sequence of G1-modules
0— Of — Pr, = Z — 0 and, since Of = O;T - (Cp) (by [30, Proposition 1.5]) there

is a direct sum decomposition of F,[G1]-modules Of /(OF )P = O/, /(O 1) @ ().
1 1

Next we note that dimg, ((¢,)* =) and dimp, (Zg)/p) are both equal to 1 if ¢ = 0 and
to 0 otherwise, that [30, Proposition 8.13] implies dimyp((OZJr/(O;r)p)(l*i)) is equal to
1 1

1 if i is both odd and bigger than 1 and to zero otherwise, that dimg, ((Z,/p)?~?) is

equal to 1 if ¢ = 1 and to 0 otherwise, that [30, Corollary 10.15] implies dlm]pp(ClLl1 l)/p)
is equal to 1 if 4 is even and such that B -1 is divisible by p and to 0 otherwise, and

that Theorem 2.17(i) implies dimp, (B%i)/p) is equal to 1 if ¢ is odd and to O otherwise.

Upon substituting these facts into the above displayed formula for dimp, (Ag?mr /D)
(@)

one finds that the minimal number of generators of the RY)-module An tor 1

. ; 1, if ¢ is even and p divides B; i1,
dmh@%ﬂ@{ "

0, otherwise,

as required. O

6.3. The proof of Theorem 2.17(iii).
In this section we fix an even integer ¢ with 0 <7 <p — 3.
To prove the first assertion of Theorem 2.17(iii)(a) we assume p divides By ,i-1. In

this case Lemma 6.5 implies Ag lor # 0 and then the surjection (22) implies A( D #

n,tor

0. Since Proposition 6.2 implies AW

n.tor 18 @ cohomologically-trivial P,-module we can
therefore apply Lemma 3.7 to deduce |An tor\ > pAPn and since Ap, =n (as P, is cyclic
of order p"~!) this proves the first assertion of claim (a).
The first assertion of Theorem 2.17(iii)(b) follows immediately from Lemma 6.5.
To prove all remaining assertions of Theorem 2.17(iii) we first note that Lemma 6.5
combines with the displayed isomorphism in Theorem 2.17(ii) to imply that the element
ew0n(1) - €2 L, belongs to R if p does not divide Bj i1 and to RO\ RD™ it p

divides By ,i-1.
We also note that R is isomorphic to the ring Z,[F,] and that for each ¢ in P

one has (e(;)05(1) - e%ﬁgo’p)d’ = e%’iﬁiujp L (pw', 1),
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Given these facts, all remaining assertions of Theorem 2.17(iii) are obtained directly
by applying the following result with I' = P, and x = e(;)0; (1) - €. L% p-

LEMMA 6.6. Let I' be a finite abelian p-group and fiz x in C,[I.

(i) x belongs to Zy|I] if and only if for every element v of I’ the congruence

> w(y)a? =0 (mod |T| - Z,)

Ppel*
is valid in C,.

(i) If x belongs to Zy[T], then x belongs to Zy[L'1\ Z,[T]*, resp. to Zy[L)*, if and only
if 27 belongs to p - Z,, Tesp. to Zy.

ProoFr. To prove claim (i) note that

r=Y avey= > V[T )y =D T vy
v "

er= Pper= yel yel er

and hence that = belongs to Z,[I'] if and only if for every element v of I' the sum
Y per- ¥(y)x? belongs to I - Zy.

We note next that Z,[I'] is a local ring with maximal ideal equal to the set of elements
T = Z’yEF x7y, with each z in Z,, such that Z%P x, belongs to p - Z,. This implies
claim (ii) because

2 mr =2, 2 It = 3 [0 win)e” = .

yer YyE pel* per* ~yel

6.4. The proof of Theorem 2.17(iv).

Fix an odd integer ¢ with 1 <¢ < p— 3.

In this case Lemma 6.5 implies AE“Z,)tor vanishes. This implies that Fitg, (A, tor)?
= Fith)(AS})tor gf)

e 0i()(LRy + €2, L7 ) = ey0i(1) - LR, is a unit of the ring RY.

This fact implies Theorem 2.17(iv) via a simple application of Lemma 6.6 (in just
the same way that it was used to prove the second assertion of Theorem 2.17(iii)(b) and
the corresponding case of the congruences in Theorem 2.17(iii)(c)).

This completes the proof of Theorem 2.17.

) is equal to R;’ and hence, via the equality of Theorem 6.4, that
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