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Abstract. We investigate the explicit Galois structure of ray class
groups. We then derive consequences of our results concerning both the valid-
ity of Leopoldt’s Conjecture and the existence of families of explicit congruence

relations between the values of Dirichlet L-series at s = 1.

1. Introduction.

The primary aim of this article is to investigate aspects of the explicit Galois struc-

ture of a natural family of ray class groups of number fields. This subject has a rather

long history but aside from any intrinsic interest it may have there are also two ways in

which it can have important consequences.

Firstly, such Galois structures are closely linked to the validity, or otherwise, of

Leopoldt’s Conjecture. In this context they have already been much studied in the

literature, both in relatively simple cases (see, for example, Miki and Sato [22]) and in

more involved Iwasawa-theoretic contexts (see, for example, Khare and Wintenberger

[18]).

Secondly, ray class groups arise in the cohomology of complexes that occur in the

formulation of the natural leading term conjectures for both p-adic and complex valued

equivariant L-series that have been studied in recent years and, via this interpretation,

explicit structural information on ray class groups directly translates into explicit con-

gruence relations between such leading terms.

To study this problem we combine aspects of the approach developed by the first

author in [5], [6] to investigate the explicit Galois structure of arithmetic cohomology

groups together with the approach used by Macias Castillo and the first author in [8]

to prove a natural interpretation of the validity of Leopoldt’s Conjecture in terms of the

cohomological-triviality, as Galois modules, of a natural family of ray class groups.

In particular, in our first result we shall give a new interpretation of Leopoldt’s

Conjecture in terms of the basic properties of certain canonical ‘étale’ and ‘cyclotomic’

Yoneda extension classes that we shall introduce (in Section 2.2).

We then prove some detailed results about the explicit Galois structure of ray class

groups and discuss consequences of these results for the validity of Leopoldt’s Conjecture

(see, for example, Theorem 2.14 and Remark 2.15).
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Finally, as a concrete application of this general approach, we combine our results on

Yoneda extensions and explicit Galois structures to prove several new results concerning

the arithmetic of cyclotomic fields of conductor a power of any prime p that validates

Vandiver’s Conjecture.

These results include establishing families of explicit congruence relations between

the values at s = 1 of the Dirichlet L-series associated to characters of p-power conductor

after normalisation by a natural p-adic logarithmic resolvent if the character is odd and by

a canonical L-invariant (that is defined by comparing archimedean and p-adic logarithm

maps) if the character is even.

We also prove a natural analogue of the classical fact that Stickelberger ideals ac-

count for all Galois relations in the ideal class groups of fields of p-power conductor

(see Washington [30, Section 10.3]) in which ideal class groups are replaced by the tor-

sion subgroups of ray class groups and Stickelberger elements by the values at s = 1

of Dirichlet L-series of even characters (normalised by the canonical L-invariants). For

more details of these results see Theorem 2.17 and Remark 2.18.

For convenience of the reader, we collect together the statements of all of our main

results in Section 2. These results are then proved in the remainder of the paper.

The authors are grateful to Daniel Macias Castillo for helpful discussions and to

the referee for a very careful reading of the article that led to important corrections and

improvements of our results.

2. Statement of the main results.

At the outset we fix an odd prime p and write Fp for the field of cardinality p.

For any abelian groupM we writeM[p] for its subgroup of elements of order dividing

p and Mtor for its torsion subgroup and set M :=M/Mtor.

If M is a finitely generated Zp-module, then we set rkZp(M) := dimQp(Qp ⊗Zp M)

and write rkp(M) for the p-rank dimFp(M/p) = dimFp(M[p]) + rkZp(M) of M . In this

case we also often abbreviate Qp ⊗Zp M to Qp ·M .

For any commutative noetherian ring R we write D(R) for the derived category

of R-modules and Dperf(R) for the full triangulated subcategory of D(R) comprising

‘perfect’ complexes (that is, complexes isomorphic in D(R) to a bounded complex of

finitely generated projective R-modules).

We denote the Galois group of a Galois extension of fields F/E by GF/E .

2.1. Some general field notation.

We fix an extension of number fields L/K. We write Lcyc for the cyclotomic Zp-
extension of L and set

ΓL := GLcyc/L.

We write Σp for the set of p-adic places of K. We fix a finite set of places Σ of

K that contains Σp and write MΣ
L for the maximal abelian pro-p extension of L that is

unramified outside all places above those in Σ.

We then set
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AΣ
L := GMΣ

L /L
and BΣ

L := GMΣ
L /L

cyc .

If L/K is Galois, then we regard both of these groups as Zp[GL/K ]-modules via the

natural conjugation action of GL/K .

In the special case that Σ = Σp we often abbreviate M
Σp

L , A
Σp

L and B
Σp

L to Mp
L, A

p
L

and BpL respectively.

2.2. The cyclotomic and étale extension classes.

For any finite group G, any non-negative integer n and Zp[G]-modules M and N we

write YExtnG(N,M) for the group which classifies Yoneda n-extensions of N by M .

2.2.1. Then, after fixing a topological generator γL of GLcyc/L, the canonical group

extension

0→ BΣ
L → AΣ

L → ΓL → 0 (1)

gives rise to an element cΣ,γLL/K of the group

YExt1GL/K
(ΓL, B

Σ
L )
∼= YExt1GL/K

(Zp, BΣ
L )
∼= H1(GL/K , B

Σ
L )

where the first isomorphism is induced by the choice of γL and the second isomorphism

is canonical.

We refer to the element cΣ,γLL/K as the ‘cyclotomic extension class’ associated to L/K,Σ

and γL.

2.2.2. We next write OL,Σ for the subring of L comprising elements that are in-

tegral at all non-archimedean places that do not lie above a place in Σ. We regard

the Tate module Zp(1) as an étale pro-sheaf on Spec(OL,Σ) in the natural way and write

RΓc,ét(OL,Σ,Zp(1)) for the associated complex of compactly supported étale cohomology.

If L/K is Galois and Σ contains all places that ramify in L/K, then the action of

GL/K on OL,Σ means that RΓc,ét(OL,Σ,Zp(1)) is naturally an object of D(Zp[GL/K ]).

In addition, since the truncation τ≥2RΓc,ét(OL,Σ,Zp(1)) of RΓc,ét(OL,Σ,Zp(1)) in

degrees greater than or equal to two is acyclic outside degrees two and three and has

cohomology in these degrees which identifies with AΣ
L and Zp respectively (see Lemma 3.1

below), it gives rise in this case to a canonical element cΣ,étL/K of

YExt2GL/K
(Zp, AΣ

L)
∼= H2(GL/K , A

Σ
L).

We refer to cΣ,étL/K as the ‘étale extension class’ associated to L/K and Σ.

Remark 2.1. In [8, Theorem 3.1(ii)] it is shown that the Shafarevic–Weil Theorem

gives an alternative, and more concrete, description of the extension class cΣ,étL/K .

2.2.3. Our first main result gives an explicit reinterpretation of the validity of

Leopoldt’s Conjecture at p in terms of the extension classes cΣ,γLL/K and cΣ,étL/K .

Theorem 2.2. The following conditions are equivalent.
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(i) Leopoldt’s Conjecture is valid at p.

(ii) For all finite Galois extensions of number fields L/K and all finite sets of places Σ

of K that contain all places that are either archimedean, p-adic or ramify in L/K,

the complex τ≥2RΓc,ét(OL,Σ,Zp(1)) belongs to Dperf(Zp[GL/K ]).

(iii) For all L/K and Σ as in claim (ii) one has both

(a) cΣ,γLL/K generates H1(GL/K , B
Σ
L ), and

(b) cΣ,étL/K generates H2(GL/K , A
Σ
L) and has order |GL/K |.

Remark 2.3. The proof of Theorem 2.2 given in Section 3.2 below shows that

claim (iii) is equivalent to asserting that the GL/K-module AΣ
L is a class module with

fundamental class cΣ,étL/K (as defined, for example, in [24, Chapter III, Definition (3.1.3)]).

This statement constitutes a natural p-adic analogue of the fact that the Σ-idele class

group of L is a class module for GL/K .

In Section 3.3 we will show that Theorem 2.2 has the following consequence.

Corollary 2.4. Let L/K be a finite Galois extension of number fields and Σ a

finite set of places of K that contains all places that are either archimedean, p-adic or

ramify in L/K. If L validates Leopoldt’s Conjecture at p, then the following conditions

are equivalent.

(i) cΣ,γLL/K vanishes (and so the canonical extension (1) splits).

(ii) The GL/K-module BΣ
L is cohomologically-trivial.

(iii) Let P be a Sylow p-subgroup of GL/K and set F := LP . Then one of the following

conditions is satisfied :

(a) L is contained in F cyc ;

(b) L is disjoint from F cyc, P is cyclic and for each non-trivial subgroup C of P ,

with E := LC , the maximal abelian extension of Ecyc in MΣ
L is equal to MΣ

E

and the transfer map from AΣ
E := GMΣ

E/E
= Gab

MΣ
L /E

to Gab
MΣ

L /L
= GMΣ

L /L
=:

AΣ
L is injective upon restriction to the torsion subgroup of GMΣ

E/L
cyc .

Remark 2.5. One can show that, irrespective of any hypothesis on Leopoldt’s

Conjecture, if L is contained in Kcyc, then cΣ,γLL/K vanishes (see Lemma 3.3(iii)).

Remark 2.6. If K is totally real and L is a subfield of Kcyc that validates

Leopoldt’s Conjecture, then BΣ
L is finite and Corollary 2.4 implies that either BΣ

L is

trivial or |BΣ
L | > [L : K] (see Lemma 3.7). In the case that K is generated over Q by a

primitive p-th root of unity a stronger version of this result is proved in Theorem 2.17

below.
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2.3. The structure of AΣ
L in cyclic p-extensions.

To discuss Galois structures in greater detail, in this section we consider a cyclic

p-power degree Galois extension of number fields L/K and a finite set of places Σ of K

that contains all places that are either archimedean, p-adic or ramify in L/K.

For each intermediate field F of L/K we set

TΣ
L/F := cok(GMΣ

L /L,tor
→ GMΣ

F /L,tor
),

where the arrow denotes the natural restriction map. This is a finite group and is

naturally isomorphic to the torsion subgroup of G(Lmax∩MΣ
F )/L where we write Lmax for

the maximal Zp-power extension of L (see Lemma 4.3 below).

We write rF for the number of complex places of F and δF for the p-adic ‘Leopoldt

defect’ of F . We recall that δF is a non-negative integer which vanishes if and only if

Leopoldt’s Conjecture is valid for F at p and that

rkZp(B
Σ
F ) = rkZp(A

Σ
F )− 1 = rF + δF

(cf. [24, (10.3.7) Corollary]).

The following result is proved in Section 4.2.

Theorem 2.7. Let L/K be a cyclic extension of number fields of degree pn and

Σ a finite set of places of K that contains all places that are either archimedean, p-adic

or ramify in L/K. For each integer i with 0 ≤ i ≤ n let Li denote the unique field with

K ⊆ Li ⊆ L and [L : Li] = pi.

Then the Zp[GL/K ]-lattice AΣ
L is determined up to isomorphism (in a sense to be

made precise in Section 4 below) by rK , the integers δLi for each i with 0 ≤ i ≤ n and

the diagrams of finite groups{
TΣ
L/L1

−→ TΣ
L/L2

−→ · · · · · · −→ TΣ
L/Ln

TΣ
L/L1

←− TΣ
L/L2

←− · · · · · · ←− TΣ
L/Ln

.
(2)

Here each homomorphism TΣ
L/Li

→ TΣ
L/Li+1

is induced by the natural restriction map

GMΣ
Li
/L → GMΣ

Li+1
/L and each homomorphism TΣ

L/Li+1
→ TΣ

L/Li
by the map GMΣ

Li+1
/L →

GMΣ
Li
/L which sends x to

∑
c∈GLi/Li+1

c(x̃) where x̃ is any lift of x to GMΣ
Li
/L and we

use the natural conjugation action of GLi/Li+1
on GMΣ

Li
/L.

Remark 2.8. A key ingredient in the proof of Theorem 2.7 is provided by a

representation theoretic result of Yakovlev [31]. With a little more effort (and by using

the results of [32] rather than [31]), all of the results discussed here extend to the setting

of Galois extensions L/K for which only the Sylow p-subgroups of GL/K are assumed to

be cyclic. However, the essential ideas are the same and so, for simplicity, we prefer not

to deal with this more general case.

Remark 2.9. The groups AΣ
L,tor have been extensively studied in the literature

(see, in particular, the computations of Hemard in [16]) and using these results one can
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often explicitly compute the groups TΣ
L/F that occur in Theorem 2.7. For an example of

such a computation see the proof of Lemma 6.1 below.

Remark 2.10. A Zp[G]-module is said to be a ‘permutation module’ if it is iso-

morphic to a direct sum
⊕

H≤G Zp[G/H]nH for suitable non-negative integers nH . The

proof of Theorem 2.7 implies AΣ
L is a permutation Zp[G]-module if and only if TΣ

L/E = 0

for all intermediate fields E of L/K (see Remark 4.2). In addition, TΣ
L/E = 0 if AΣ

E,tor = 0

and Gras has characterised, assuming Leopoldt’s Conjecture, those E with ApE,tor = 0

(see [13, Theorem I 2, Corollary 1]). It is also possible, and useful, to characterise the

vanishing of TΣ
L/E in terms of ‘Zp-extendable’ extensions (see Section 4.3).

Remark 2.11. If L/K is a cyclic extension of degree either p or p2, then the

indecomposable Zp[GL/K ]-lattices have been classified explicitly by Diederichsen [10]

and Heller and Reiner [14] and these classifications can be used to give a much more

explicit version of Theorem 2.7. If L/K has degree p such an analysis is effectively carried

out by Miki and Sato in [22] (see the proof of Proposition 5.1 below for more details).

However, if L/K has degree p2 the analysis is much more involved and is discussed in

the upcoming thesis of the second author.

Theorem 2.7 has an interesting consequence concerning the multiplicities with which

indecomposable modules occur as direct summands of the lattices ApL.

To state this result we write Cn for each non-negative number n for the cyclic group

of order pn. For each non-negative integer m with m ≤ n we regard Cm as a quotient of

Cn in the obvious way and we then fix a set IMn
p of representatives of the isomorphism

classes of all indecomposable Zp[Cn]-lattices that are not isomorphic to Zp[Cm] for any

m with 0 ≤ m ≤ n.
It is known that IM1

p can be taken as the singleton {Zp[C1]/(
∑
g∈C1

g)} (see [10])

and that the results of [14] give an explicit description of IM2
p showing that |IM

2
p| = 4p−2.

However, if n > 2, then in [15] Heller and Reiner have shown that IMn
p is infinite and,

even now, there is still no explicit description of these sets.

For each natural number b we also set

κbn :=
∑

J1×···×Jn

i=n−1∏
i=1

cJicJi+1 ,

where in the sum each Ji runs over a set of representatives of the isomorphism classes of

finite abelian p-groups of exponent dividing pi and p-rank at most b and cJi denotes the

number of conjugacy classes in Aut(Ji) comprising elements of order dividing pn.

We fix a primitive p-th root of unity ζp in Qc. In the sequel we also write ClF for

the ideal class group of a number field F and set hF := |ClF |.
The following result is proved in Section 4.4.

Corollary 2.12. We fix a natural number n and for each cyclic extension of

number fields L/K of degree pn that is unramified outside p we set

mL/K := maximum{gE + rkp(ClE(ζp))}E
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where in the set E runs over all proper subfields of L that contain K and gE denotes the

number of p-adic places of E.

For each natural number b we also write Fbn for the set of cyclic extensions L/K of

degree pn that are unramified outside p and satisfy mL/K ≤ b.
Then the following claims are valid.

(i) For any sufficiently large b the Zp-rank of ApL is unbounded as L/K ranges over

Fbn.

(ii) For each lattice I in IMn
p write mb

I for the maximal multiplicity with which I occurs

as a direct summand of ApL for any choice of L/K in Fbn (where in each case ApL
is regarded as a Zp[Cn]-module via some choice of isomorphism of GL/K with Cn ).

Then one has ∑
I∈IMn

p

mb
I ≤ pn(n−1)b2 · κbn. (3)

Hence, only finitely many isomorphism classes of indecomposable Zp[Cn]-lattices
occur as direct summands of any ApL as L/K ranges over Fbn.

Remark 2.13. In many cases the sets Fbn contain natural Iwasawa-theoretic fam-

ilies of extensions L/K (see Proposition 4.4). The finiteness assertion at the end of

Corollary 2.12(ii) is of interest in view of the result in claim (i). This finiteness assertion

naturally raises the question of whether there are general conditions under which, for

given values of n and b, one can explicitly describe the indecomposable Zp[Cn]-lattices
that arise, up to isomorphism, as direct summands of ApL as L/K varies over Fbn? This

question is similar in spirit to that considered in a different context by Elder in [11,

Section 7] but appears to be difficult.

2.4. The structure of AΣ
L over p-rational fields.

Following Movahhedi and Nguyen Quang Do [23], a number field is said to be ‘p-

rational’ if the Galois group of its maximal pro-p extension that is unramified outside p

is a free pro-p group.

It is known that a number field K has this property if and only if it both validates

Leopoldt’s Conjecture at p and is such that ApK is torsion-free (see Jaulent and Nguyen

Quang Do [17, Theorem 1.2]). We further recall that any K for which both K(ζp) has a

unique p-adic place and hK(ζp) is prime to p has these properties and hence in particular

that, if p is regular, then any absolutely abelian field of p-power conductor is p-rational

(see [17, Corollary 1.3(ii)]).

As another application of our methods, in Section 5 we prove the following result.

In the sequel we write Z(G) for the centre of a group G.

Theorem 2.14. Assume K is p-rational, let L be any finite p-power degree Galois

extension of K and set G := GL/K . Let Σ be a finite set of places of K that contains

all places that are either archimedean, p-adic or ramify in L/K and is also such that the

group AΣ
K is torsion-free.

Then the following claims are valid.
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(i) L validates Leopoldt’s Conjecture at p.

(ii) The Qp[G]-module spanned by BΣ
L is free of rank rK . The Zp[G]-module BΣ

L is free

if and only if one of the following conditions is satisfied :

(a) L is contained in Kcyc ;

(b) G is cyclic, L is disjoint from Kcyc and for every proper subfield F of L that

contains K the maximal abelian extension of F cyc in MΣ
L is equal to MΣ

F .

(iii) Fix a cyclic subgroup C of G and set F := LC .

(a) If γ is any element of GMΣ
L /F

of infinite order that projects to a generator of

C, then γ|C| ∈ Z(GMΣ
L /F

) ∩ AΣ
L and the Zp[C]-module AΣ

L/⟨γ|C|⟩ is free of

rank rF = [G : C] · rK .

(b) The Zp[C]-module AΣ
L is isomorphic to Zp[C][G:C]·rK ⊕ Zp.

(c) If rK = 0, then BΣ
L vanishes. If rK > 0, then there exists an exact sequence

of Zp[C]-modules

0→ Z1−nC
p → BΣ

L → Zp[C][G:C]·rK → Zp/(Zp · nC [L : L ∩ F cyc])→ 0

where nC is equal to 0 if L ∩ F cyc = F and equal to 1 otherwise.

Remark 2.15. The result of Theorem 2.14(i) is not new. It has been proved

both by Miki [21, Theorem 3] and by Jaulent and Nguyen Quang Do [17, Corollary 1.5]

by means of arguments that are different from ours because they make critical use of

Shafarevic’s description [28] of the minimal number of generators and relations of the

Galois group of the maximal pro-p extension of K unramified outside Σ. If L/K is Galois

of degree p it has also been proved by Miki and Sato in [22] by a method closer in spirit

to ours but still reliant on Sharaferevich’s results. Finally note that Theorem 2.14(i) is of

interest since it implies the validity of Leopoldt’s Conjecture for L at p can be deduced

from its validity for the subfield K.

Remark 2.16. The modified ray class groups AΣ
L/⟨γ|C|⟩ in Theorem 2.14(iii)(a)

play a key role in the approach of Macias Castillo and the first author in [8] where they

are used to reinterpret the validity of Leopoldt’s Conjecture at p.

2.5. Extensions of prime power conductor.

For each natural number n we now fix a primitive pn-th root of unity ζpn in Qc with
the property that ζppn = ζpn−1 for all n > 1.

In this section we assume p does not divide the class number of the maximal real

subfield of Q(ζp). (We recall the latter condition is automatically satisfied by regular

primes and that Vandiver’s Conjecture asserts it is satisfied by all primes.)

In this case we state several results concerning the arithmetic of abelian fields of

p-power conductor that are obtained by specialisation of the general approach discussed

above.

These include a natural analogue for ray class groups of Washington’s determination

of the Galois structure of ideal class groups of such fields [30, Theorem 10.14] and new



489(67)

On the structure of ray class groups 489

families of explicit congruence relations between (suitably normalised) values at s = 1 of

Dirichlet L-series associated to characters of p-power conductor.

2.5.1. We first fix some more general notation.

For each natural number n we set Ln := Q(ζpn), Gn := GLn/Q and Pn := GLn/L1
.

We also write Hn for the unique subgroup of Gn of order p − 1 and use the restriction

map Gn → G1 to identify Hn with G1.

For each finite abelian group Γ we set Γ∗ := Hom(Γ,Qc×p ) and for each ϕ in Γ∗ we

write eϕ for the idempotent |Γ|−1
∑
γ∈Γ ϕ(γ)γ

−1 of Qcp[Γ]. We write 1Γ for the trivial

element of Γ∗ and often abbreviate the idempotent e1Γ to eΓ. For each element x of

Cp[Γ] and each ϕ in Γ∗ we write xϕ for the unique element of Cp that is defined by the

equality x =
∑
ϕ∈Γ∗ xϕeϕ.

We use the fact that the natural direct product decomposition Gn = Pn×Hn implies

each element of G∗
n can be written uniquely as a product ψϕ with ψ in P ∗

n and ϕ in H∗
n

and also that for each ϕ in H∗
n the idempotent eϕ belongs to Zp[Hn].

We write τn for the (unique) complex conjugation in Hn and for any Zp[Gn]-module

M we writeM+ andM− for the submodules upon which τn acts as multiplication by +1

and −1 respectively. In particular, E+ denotes the maximal real subfield of each subfield

E of Ln.

We also write G∗,−
n and G∗,+

n for the subsets of G∗
n comprising characters that are

odd (that is, satisfy χ(τn) = −1) and even (satisfy χ(τn) = 1) respectively. We define

subsets H∗,+
n and H∗,−

n of H∗
n in a similar way and write ω for the Teichmuller character

in H∗,−
n = G∗,−

1 .

For any integer i and any Zp[Gn]-module M we write M (i) for the ωi-isotypic com-

ponent eωi(M) of M .

2.5.2. To define the necessary logarithmic resolvents and L-invariants we fix an

isomorphism of fields j between C and the completion Cp of an algebraic closure of

Qp and, to ease notation, often suppress explicit reference to this isomorphism in what

follows.

We also fix an embedding σn : Ln → Qc, set Ln,p := Qp ⊗Q Ln (which we iden-

tify with the completion of Ln at its unique p-adic place) and Zp⊗̂L×
n,p for the pro-p

completion of L×
n,p.

For any element u of Zp⊗̂L×
n,p and any character χ in G∗,−

n we then define a nor-

malised logarithmic resolvent by setting

LRχu :=
1

j(2πi)

∑
g∈Gn

χ(g)−1logp(σn(g(u))) ∈ Cp.

To define L-invariants we use the composite homomorphisms of Gn-modules

logn∞ : O×
L+

n
→

∏
σ

R× (log|·|)σ−−−−−→
∏
σ

R = R⊗Q L
+
n ,

where σ runs over the set of all embeddings L+
n → Qc and the first arrow is the diagonal

embedding, and
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lognp : O×
L+

n
→ O×

L+
n,p

logp−−→ L+
n,p = Qp ⊗Q L

+
n

where the first arrow is the obvious embedding and logp denotes Iwasawa’s p-adic loga-

rithm.

We write L+
n,0 for the kernel (1− eGn)L

+
n of the field-theoretic trace map L+

n → Q.

Then im(logn∞) is a full Z[Gn]-lattice in R⊗QL
+
n,0 and Zp ·im(lognp ) is a full Zp[Gn]-lattice

in Qp ⊗Q L
+
n,0 and so for any generator x of the Q[Gn]-module spanned by O×

L+
n
there is

in (Cp ⊗Q L
+
n,0)⊕ CpeGn an equality

(j ⊗ idL+
n,0

)(logn∞(x)) + eGn = Ln∞,p · (log
n
p (x) + eGn)

for an ‘L-invariant’ Ln∞,p in Cp[Gn]+,× that is independent of the choice of x.

For each character ψ in G∗
n we usually abbreviate the scalar Ln,ψ∞,p to Lψ∞,p.

2.5.3. In order to state the main result of this section we fix a topological generator

γQ of ΓQ. Noting Gn/Hn can be identified with the quotient of ΓQ of order pn−1 we also

fix a generating element γn of Gn that projects to the same element of Gn/Hn as does

γQ.

We write χQ for the cyclotomic character of ΓQ and define an element

ϵnγQ :=
∑
ψ∈G∗

n

ϵψγQeψ

of Qp[Gn]× by setting for each ψ in G∗
n

ϵψγQ :=


logp(χQ(γQ))

−1, if ψ = 1Gn ,

(1− ψ(γn))−1, if ψ(Hn) = 1 and ψ(γn) ̸= 1,

1, if ψ(Hn) ̸= 1.

Finally we set

θ∗n(1) := (1− p−1)e1Gn
+

∑
ψ∈G∗

n\{1Gn}

L(ψ, 1) · eψ ∈ Cp[Gn]×

(and we note that this element can be shown to be equal to the leading term at z = 1

of the p-truncated equivariant Dedekind zeta function that is naturally attached to the

extension Ln/Q).

The following result will be proved in Section 6.

Theorem 2.17. If p does not divide hQ(ζp)+ , then the following claims are valid

for every natural number n.

(i) There are isomorphisms of Zp[Gn]-modules

ApLn

∼= BpLn
⊕ Zp and BpLn

∼= Zp[Gn]−.
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(ii) The groups ApLn,tor
and Bp,+Ln

coincide, the product θ∗n(1) · ϵnγQL
n
∞,p belongs to

Zp[Gn]+ ∩ (Cp[Gn]+)× and there is an isomorphism of Zp[Gn]-modules

ApLn,tor
∼= Zp[Gn]+/(θ∗n(1) · ϵnγQL

n
∞,p).

(iii) Fix an even integer i with 0 ≤ i ≤ p− 3 and for each ψ in P ∗
n set

L∗(ψωi, 1) :=

{
1− p−1, if ψ = 1Pn and i = 0,

L(ψωi, 1), otherwise.

(a) If p divides the generalised Bernoulli number B1,ωi−1 , then A
p,(i)
Ln,tor

has order

at least pn and the product ϵω
i

γQ
· Lωi

∞,p · L∗(ωi, 1) belongs to p · Zp.

(b) If p does not divide B1,ωi−1 , then A
p,(i)
Ln,tor

is trivial and the product ϵω
i

γQ
· Lωi

∞,p ·
L∗(ωi, 1) belongs to Z×

p .

(c) In all cases, for every element g in Gn the congruence∑
ψ∈P∗

n

(ψωi)(g) · ϵψω
i

γQ
· Lψω

i

∞,p · L∗(ψωi, 1) ≡ 0 (mod |G| · Zp)

is valid in Cp.

(iv) Fix an element u of (Zp⊗̂L×
n,p)

− that the global reciprocity map of Ln sends to a

generator of the (cyclic) Zp[Gn]-module BpLn
. Then for every odd integer i with

1 ≤ i ≤ p− 2 the product LRω
i

u ·L(ωi, 1) belongs to Z×
p and for every element g of

Gn the congruence∑
ψ∈P∗

n

(ψωi)(g) · LRψω
i

u · L(ψωi, 1) ≡ 0 (mod |G| · Zp)

is valid in Cp.

Remark 2.18. The known validity in this case of the p-adic Stark conjecture at

z = 1 (as discussed by Tate in [29, Chapter VI, Section 5] where it is attributed to

Serre [27]) implies that each of the expressions Lψωi

∞,p · L∗(ψωi, 1) in Theorem 2.17(iii)

can be replaced by the leading term at z = 1 of the p-adic L-function of ψωi. A similar

change can be made to the term θ∗n(1) · Ln∞,p that occurs in the displayed isomorphism

in Theorem 2.17(ii) and shows that this isomorphism gives a strong refinement of the

main results of Oriat in [25]. However we have preferred not to state Theorem 2.17 in

this way in order to stress the similarity between the results obtained for odd and even

characters.

3. The proofs of Theorem 2.2 and Corollary 2.4.

3.1. Compactly supported étale cohomology.

In this section we recall basic properties of the complex RΓc,ét(OL,Σ,Zp(1)) intro-

duced in Section 2.2.2 and make some preliminary observations concerning connections
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between Leopoldt’s Conjecture and groups of the form BΣ
L .

We use the notation and hypotheses of Theorem 2.2. We also write ΣL for the set of

all complex embeddings L→ C and consider the direct sum
⊕

ΣL
C as a GL/K ×GC/R-

module where GL/K acts on ΣL via pre-composition and GC/R acts both on C naturally

and on ΣL via post-composition.

We writeWL for the GL/K-submodule of
⊕

ΣL
2πi·Z ⊂

⊕
ΣL

C comprising elements

that are invariant under the action of GC/R.

In each degree i and for each ring extension Λ of Zp we set Hi
c,ét(OL,Σ,Λ(1)) :=

Λ⊗Zp H
i(RΓc,ét(OL,Σ,Zp(1))).

Proposition 3.1. Let L/K be a finite Galois extension of number fields and set

G := GL/K . Let Σ be a finite set of places of K containing all places that are either

archimedean, p-adic or ramify in L/K.

(i) RΓc,ét(OL,Σ,Zp(1)) is an object of the subcategory Dperf(Zp[G]) of D(Zp[G]).

(ii) The Euler characteristic of RΓc,ét(OL,Σ,Zp(1)) in K0(Zp[G]) vanishes.

(iii) RΓc,ét(OL,Σ,Zp(1)) is acyclic outside degrees one, two and three. There are natural

identifications H2
c,ét(OL,Σ,Zp(1)) = AΣ

L and H3
c,ét(OL,Σ,Zp(1)) = Zp and a natural

exact sequence

0→ Zp ⊗Z WL → H1
c,ét(OL,Σ,Zp(1))→ Zp ⊗Z O×

L

λL,p−−−→
⊕
w

Zp⊗̂L×
w

where in the direct sum w runs over all p-adic places of L and λL,p denotes the

natural diagonal localisation map.

(iv) The following conditions are equivalent.

(a) Leopoldt’s Conjecture is valid for L at p.

(b) H1
c,ét(OL,Σ,Zp(1)) identifies with Zp ⊗Z WL.

(c) The Qp[G]-modules Qp ·BΣ
L and Qp ⊗Z WL are isomorphic.

Proof. These results are essentially well-known.

Claims (i) and (ii) follow from standard properties of étale cohomology (see [12,

Theorem 5.1] and [7, Lemma 7] respectively).

The explicit descriptions in claim (iii) are obtained, for example, in the course of

the proof of [9, Proposition 2.1].

The equivalence of conditions (a) and (b) in claim (iv) follows directly from the

displayed exact sequence in claim (iii) and the fact Leopoldt’s Conjecture for L at p is

equivalent to the vanishing of ker(λL,p).

The equivalence of condition (b) and (c) relies on the fact that Qp[G] is a semisimple

Qp-algebra. In particular, whilst the exact sequence (1) implies theQp[G]-modulesQp·AΣ
L

and (Qp ·BΣ
L )⊕Qp are isomorphic, claim (ii) combines with the explicit descriptions in

claim (iii) to imply Qp ·AΣ
L is also isomorphic to H1

c,ét(OL,Σ,Qp(1))⊕Qp, and hence that

Qp ·BΣ
L and H1

c,ét(OL,Σ,Qp(1)) are isomorphic Qp[G]-modules.
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This makes clear the implication from (b) to (c) and also implies the converse since

ker(λL,p) is Zp-free and so the exact sequence in claim (iii) implies condition (b) is satis-

fied if and only if H1
c,ét(OL,Σ,Qp(1)) and Qp ⊗Z WL are isomorphic Qp[G]-modules. □

Corollary 3.2. Let L/K, Σ and G be as in Proposition 3.1. If no archimedean

place of K ramifies in L, then the following conditions are equivalent.

(i) Leopoldt’s Conjecture is valid for L at p.

(ii) Leopoldt’s Conjecture is valid for K at p and BΣ
L spans a free Qp[G]-module.

(iii) BΣ
L spans a free Qp[G]-module of rank rK .

Proof. If no archimedean place of K ramifies in L, then WL is a free G-module

of rank rkZp(Zp⊗ZWK) = rK , one has rL = |G| · rK and Leopoldt’s Conjecture for L at

p is valid if and only if dimQp(Qp ·BΣ
L ) = |G| · rK .

In particular, since the validity of Leopoldt’s Conjecture is inherited by subfields the

implication from (i) to (ii) follows directly from Proposition 3.1(iv).

Next we note that, under the conditions of claim (ii), one has dimQp(Qp ·BΣ
K) = rK

and dimQp(Qp ·BΣ
L ) = |G| ·dimQp(H0(G,Qp ·BΣ

L )). To deduce claim (iii) it is thus enough

to show dimQp(H0(G,Qp · BΣ
L )) = dimQp(Qp · BΣ

K) and this follows immediately from

Lemma 3.3(i) below.

Finally we note that claim (iii) implies dimQp(Qp · BΣ
L ) = |G| · rK = rL and hence

that claim (i) is true. □

Lemma 3.3. Let L/K, Σ and G be as in Proposition 3.1.

(i) Then the spaces Qp · H0(G,A
Σ
L) and Qp · H0(G,B

Σ
L ) identify with Qp · AΣ

K and

Qp ·BΣ
K respectively.

(ii) If G is cyclic of p-power order, then H0(G,A
Σ
L) identifies with GMΣ

K/L
.

(iii) If L is contained in Kcyc, then the canonical exact sequence (1) splits and

H0(G,B
Σ
L ) identifies with BΣ

K .

Proof. In view of Proposition 3.1(iii), claim (i) for the group AΣ
L asserts that

H0(G,H
2
c,ét(OL,Σ,Qp(1))) identifies with H2

c,ét(OK,Σ,Qp(1)). This identification is well-

known and is obtained, for example, by combining the hyper-tor spectral sequence with

the canonical descent isomorphism Zp ⊗L
Zp[G] RΓc,ét(OL,Σ,Zp(1)) ∼= RΓc,ét(OK,Σ,Zp(1))

in étale cohomology.

To deduce the analogous result for BΣ
L one need only note that the short exact

sequence of Qp[G]-modules induced by (1) splits.

If G is cyclic, then Galois theory identifies H0(G,A
Σ
L) with GE/L where E is the

maximal extension of L inside MΣ
L that is abelian over K. Claim (ii) is therefore true

because if G has p-power order, then E =MΣ
K .

To prove claim (iii) we assume L ⊂ Kcyc and fix an element γ of GMΣ
L /K

that

projects to give a topological generator of ΓK .
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Then γ|G| belongs to AΣ
L, is central in GMΣ

L /K
and projects to give a topological gen-

erator γ′ of ΓL = Γ
|G|
K . The unique homomorphism of Zp-modules ΓL → AΣ

L that sends

γ′ to γ|G| is therefore a homomorphism of Zp[G]-modules that splits the extension (1).

Since this sequence splits, the result in claim (ii) identifiesH0(G,B
Σ
L ) with the kernel

GMΣ
K/L

cyc of the restriction map GMΣ
K/L
→ ΓL and this is equal to BΣ

K since Kcyc = Lcyc.

This completes the proof of claim (iii) □

3.2. The proof of Theorem 2.2.

The key to our proof of Theorem 2.2 is provided by the following result of Macias

Castillo and the first author (from [8, Section 5]).

Lemma 3.4. Leopoldt’s Conjecture is valid at p if and only if for every Galois

extension L/K and set of places Σ as in the statement of Theorem 2.2, the GL/K-module

H1
c,ét(OL,Σ,Zp(1)) is cohomologically-trivial.

Given this result, Theorem 2.2 follows directly from the following observation.

Proposition 3.5. Fix a finite Galois extension L/K and set of places Σ as in the

statement of Theorem 2.2 and set G := GL/K .

(i) The following conditions are equivalent.

(a) The G-module H1
c,ét(OL,Σ,Zp(1)) is cohomologically-trivial.

(b) The complex τ≥2RΓc,ét(OL,Σ,Zp(1)) belongs to Dperf(Zp[G]).

(c) For each subgroup J of G, with E := LJ , one has both

(i) cΣ,γLL/E generates H1(J,BΣ
L ), and

(ii) cΣ,étL/E generates H2(J,AΣ
L) and has order |J |.

(ii) If L validates Leopoldt’s Conjecture at p, then the conditions in claim (i) are sat-

isfied.

Proof. We set C• := τ≥2RΓc,ét(OL,Σ,Zp(1)).
For any Zp-module M and integer m we also write M [m] for the complex M• with

M−m =M and M i = 0 for all i ̸= m (and with all differentials the zero map).

Then, since the complex RΓc,ét(OL,Σ,Zp(1)) is acyclic in degrees less than one (by

Proposition 3.1(iii)), there exists a natural exact triangle in D(Zp[G])

H1
c,ét(OL,Σ,Zp(1))[−1]→ RΓc,ét(OL,Σ,Zp(1))→ C• → H1

c,ét(OL,Σ,Zp(1))[0].

In particular, since RΓc,ét(OL,Σ,Zp(1)) belongs to Dperf(Zp[G]) (by Proposi-

tion 3.1(i)), this triangle implies C• belongs to Dperf(Zp[G]) if and only if the complex

H1
c,ét(OL,Σ,Zp(1))[−1] belongs to Dperf(Zp[G]).

In addition, since the Zp[G]-module H1
c,ét(OL,Σ,Zp(1)) is finitely generated, it is

clear that H1
c,ét(OL,Σ,Zp(1))[−1] belongs to Dperf(Zp[G]) if and only if the Zp[G]-module

H1
c,ét(OL,Σ,Zp(1)) has a finite projective resolution, or equivalently (by the argument of
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[3, Chapter VI, Theorem (8.12)]) that H1
c,ét(OL,Σ,Zp(1)) is a cohomologically-trivial

G-module. This shows equivalence of the conditions (i)(a) and (i)(b).

We next choose, as we may, a complex Ĉ• of finitely generated Zp[G]-modules that

represents C• and has the form M
d−→ N , where M occurs in degree two and N is free.

Such a representative gives rise to (tautological) short exact sequences of Zp[G]-modules

0→ AΣ
L →M → im(d)→ 0 (4)

and

0→ im(d)→ N → Zp → 0 (5)

and hence, in each degree i and for each subgroup J of G, to two connecting homomor-

phisms in Tate cohomology

κiJ,1 : Ĥi(J, im(d))→ Ĥi+1(J,AΣ
L), κiJ,2 : Ĥi(J,Zp)→ Ĥi+1(J, im(d)).

Now by an argument similar to that used above (to prove equivalence of the con-

ditions (i)(a) and (i)(b)) it is clear that the complex Ĉ•, and hence also C•, belongs to

Dperf(Zp[G]) if and only if M is a cohomologically-trivial G-module.

In addition, by [3, Chapter VI, Theorem (8.9)], the latter condition is satisfied if and

only if for every subgroup J the group Ĥi(J,M) vanishes for both i = 1 and i = 2. By

analysing the long exact cohomology sequence of (4) one finds that the latter condition

is equivalent to requiring that κ0J,1 is surjective, κ1J,1 is bijective and κ2J,1 is injective.

We next note that the group Ĥa(J,Zp) vanishes for a = −1 and a = 1 and is

isomorphic to Zp/|J | if a = 0. Since each homomorphism κiJ,2 is bijective (as the module

N that occurs in (5) is a free Zp[G]-module), it follows easily that κ2J,1 is injective, that

κ0J,1 is surjective if and only if Ĥ1(J,AΣ
L) vanishes and that κ1J,1 is bijective if and only

if (κ1J,1 ◦ κ0J,2)(1|J|) has order |J | and generates Ĥ2(J,AΣ
L) where we write 1|J| for the

image of 1 in Zp/|J |.
In addition, the composite κ1J,1 ◦ κ0J,2 coincides, up to sign, with the map given by

taking cup product with the element cΣ,ét
L/LJ of

Ĥ2(J,AΣ
L) = H2(J,AΣ

L)
∼= YExt2J(Zp, AΣ

L)

that is defined by the complex res
Zp[G]

Zp[J]
C• and so one has (κ1J,1 ◦ κ0J,2)(1|J|) = ±cΣ,ét

L/LJ .

The bijectivity of κ1J,1 is thus equivalent to the condition (i)(c)(ii).

To prove C• belongs to Dperf(Zp[G]) if and only if the explicit conditions in (i)(c) are

satisfied it is thus enough to show that Ĥ1(J,AΣ
L) vanishes if and only if cΣ,γL

L/LJ generates

H1(J,BΣ
L ). This equivalence in turn follows easily from the fact that the long exact

sequence of cohomology of (1) gives an exact sequence

Ĥ0(J,Zp)
α−→ H1(J,BΣ

L )→ H1(J,AΣ
L)→ H1(J,Zp)

in which α sends the element 1|J| of Ĥ
0(J,Zp) = Zp/|J | to cΣ,γLL/LJ and the groupH1(J,Zp)
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vanishes.

We have proved claim (i). To prove claim (ii) we need only note that if Leopoldt’s

Conjecture is valid for L at p, then Proposition 3.1(iv) implies H1
c,ét(OL,Σ,Zp(1)) iden-

tifies with Zp ⊗Z WL and so is a cohomologically-trivial G-module. □

3.3. The proof of Corollary 2.4.

We again fix L/K and Σ as in Theorem 2.2 and set G := GL/K . To prove Corol-

lary 2.4 we assume L validates Leopoldt’s Conjecture at p.

At the outset note the implication from (ii) to (i) is clear since if BΣ
L is a

cohomologically-trivial G-module, then H1(G,BΣ
L ) vanishes and so the sequence (1)

splits.

Next note that if (1) splits, then in each degree i and for each p-subgroup P of G

there are isomorphisms of Tate cohomology groups

Ĥi−2(P,Zp) ∼= Ĥi(P,AΣ
L)
∼= Ĥi(P,BΣ

L )⊕ Ĥi(P,Zp). (6)

Here the first map is the composite κi−1
P,1 ◦κ

i−2
P,2 and is an isomorphism since the assumed

validity of Leopoldt’s Conjecture for L at p combines with the proof of Proposition 3.5

to imply that the maps κi−1
P,1 and κi−2

P,2 are both bijective.

If i = 0, then the map (6) is an isomorphism between the abelianization P ab ∼=
Ĥ−2(P,Zp) of P and the group Ĥ0(P,BΣ

L ) ⊕ Zp/|P | and so induces a surjective homo-

morphism from P ab to Zp/|P |. This shows both that P is cyclic and that Ĥ0(P,BΣ
L ),

and hence (since the Tate cohomology of cyclic groups is periodic of order two) also

Ĥa(P,BΣ
L ) in every even degree a, vanishes.

In a similar way, the vanishing of Ĥ−1(P,Zp) combines with (6) to imply the van-

ishing of Ĥa(P,BΣ
L ) in every odd degree a.

This shows that BΣ
L is a cohomologically-trivial P -module for any p-subgroup P

of G and hence also a cohomologically-trivial G-module (by [3, Chapter VI, Proposi-

tion (8.8)]), thus verifying the implication from (i) to (ii).

It only now remains to prove the equivalence of the conditions (ii) and (iii) and to

do this we fix a Sylow p-subgroup P of G and set F := LP .

Noting that condition (ii) implies P is cyclic (by the above argument) and that the

same is clearly true under condition (iii)(a) and by explicit assumption under condition

(iii)(b), we assume in the rest of the argument that P is cyclic.

In particular, since BΣ
L spans a free Qp[P ]-module (by Corollary 3.2), in this case a

Herbrand quotient argument combines with [3, Chapter VI, Proposition (8.8)] to imply

BΣ
L is a cohomologically-trivial G-module if and only if for each non-trivial subgroup C

of P the group Ĥ−1(C,BΣ
L )
∼= H1(C,BΣ

L ) vanishes.

In addition, if L ⊆ F cyc, then Lemma 3.3(iii) implies (1) splits as a sequence of

Zp[P ]-modules and hence, by Proposition 3.5 and the assumed validity of Leopoldt’s

Conjecture for L at p, that each group H1(C,BΣ
L ) vanishes.

In the sequel we will thus assume both that P is cyclic and L ̸⊂ F cyc and must

show, under these hypotheses, that the conditions in (iii)(b) are satisfied if and only

if the P -module BΣ
L is cohomologically-trivial, or equivalently Ĥ−1(C,BΣ

L ) vanishes for

each non-trivial subgroup C of P .
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When proving this we can also assume both L∩Kcyc = K and that for each subgroup

C as above, with E := LC , the maximal abelian extension of Ecyc in MΣ
L is equal to

MΣ
E since these conditions are explicitly assumed in (iii)(b) and also follow, under the

present hypotheses, from the cohomological-triviality of BΣ
L by Lemma 3.6 below (with

L/K replaced by L/F ).

Now, as C is cyclic, the last assumption implies that the restriction map BΣ
L =

GMΣ
L /L

cyc → GMΣ
E/L

cyc induces an identification of H0(C,B
Σ
L ) with GMΣ

E/L
cyc . In addi-

tion, the finite group Ĥ−1(C,BΣ
L ) is equal, by its very definition, to the kernel of the

map TC : GMΣ
E/L

cyc = H0(C,B
Σ
L )→ BΣ

L induced by the action of
∑
c∈C c on B

Σ
L and so

vanishes if and only if TC is injective on the torsion subgroup of GMΣ
E/L

cyc .

The equivalence, under the stated hypotheses, of the conditions (ii) and (iii)(b) is

thus a consequence of the fact that TC is equal to the restriction to GMΣ
E/L

cyc of the

transfer map from AΣ
E = GMΣ

E/E
= Gab

MΣ
L /E

to Gab
MΣ

L /L
= GMΣ

L /L
= AΣ

L.

This completes the proof of Corollary 2.4.

Lemma 3.6. Let L/K be a cyclic p-power degree extension of number fields that is

unramified outside a finite set of places Σ of K that contains all archimedean and p-adic

places and is such that BΣ
L is a cohomologically-trivial GL/K-module.

Then the following claims are valid.

(i) For any subgroup H of GL/L∩Kcyc , with F := LH , the maximal abelian extension

of F cyc in MΣ
L is equal to MΣ

F and hence H0(H,B
Σ
L ) identifies with GMΣ

F /L
cyc .

(ii) If L∩Kcyc validates Leopoldt’s Conjecture at p, then either L ⊆ Kcyc or L∩Kcyc =

K.

Proof. With H and F as in claim (i) we write E for the maximal abelian exten-

sion of F cyc in MΣ
L .

One has L ∩ F cyc = F so the natural restriction maps give identifications ΓL = ΓF
and GLcyc/F cyc = H.

Then, since H is cyclic, the natural conjugation action of H on BΣ
L identifies GE/Lcyc

with H0(H,B
Σ
L ) and so gives a field diagram of the following kind(Figure 1).

Now the stated assumption on BΣ
L implies the exact sequence (1) splits and hence

induces an identification of GE/Lcyc = H0(H,B
Σ
L ) with the kernel of the restriction

map H0(H,A
Σ
L) → H0(H,ΓL) = ΓL. Since the restriction map AΣ

L → AΣ
F induces an

identification of H0(H,A
Σ
L) with GMΣ

F /L
(by Lemma 3.3(ii)) this implies that E = MΣ

F ,

and hence that H0(H,B
Σ
L ) = GMΣ

F /L
cyc , as required to prove claim (i).

To prove claim (ii) we assume L ̸⊆ Kcyc and set F := L∩Kcyc so that the subgroup

H := GL/F is both non-trivial and naturally isomorphic to GLcyc/F cyc . Then the above

argument gives a natural short exact sequence of Zp[G/H]-modules

0→ H0(H,B
Σ
L )→ BΣ

F → GLcyc/F cyc → 0

in which G/H acts trivially on GLcyc/F cyc .

Now the cohomological-triviality of BΣ
L as a G-module implies H0(H,B

Σ
L )
∼=

H0(H,BΣ
L ) is a cohomologically-trivial G/H-module. In addition, if F validates
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Leopoldt’s Conjecture at p, then (since F ⊆ Kcyc) the implication from Corol-

lary 2.4(iii)(a) to Corollary 2.4(ii) (with L/K replaced by F/K) proved above implies

that BΣ
F is a cohomologically-trivial G/H-module.

From the above displayed exact sequence it therefore follows that the G/H-module

GLcyc/F cyc ∼= H ∼= Zp/|H| is cohomologically-trivial and, as p divides |H|, this is only

possible if G/H is the trivial group and hence F = K. This proves claim (ii). □

The following result justifies Remark 2.6 and will also be useful in the sequel.

Lemma 3.7. Let P be a finite abelian group of p-power order and write ∆P for the

number of orbits of the natural action of GQc
p/Qp

on P ∗ := Hom(P,Qc×p ). Then any non-

trivial finite abelian group of p-power order that is a cohomologically-trivial P -module

has order divisible by p∆P .

Proof. Set R := Zp[P ]. Then R is a local ring and hence if M is a finite abelian

group of p-power order of the stated kind the argument of [3, Chapter VI, Theorem (8.12)]

shows there exists an exact sequence of finitely generated R-modules of the form

0→ N
θ−→ N →M → 0 (7)

where N is free. This sequence implies that |M | = |Zp/(dθ)| with dθ := detZp(θ).

To compute dθ we write r for the rank of N and represent θ by a matrix Θ in

Mr(R) ∩ GLr(Qp[P ]). Then dθ =
∏
χ∈P∗ dθ(χ) with dθ(χ) := det(Θχ) where Θχ is the

matrix in Mr(Zp[χ]) obtained by applying the Zp-linear extension R→ Zp[χ] of χ to each

entry of Θ. In particular, since dθ(ω ◦ χ) = ω(dθ(χ)) for each χ ∈ P ∗ and ω ∈ GQc
p/Qp

,

one has

dθ =
∏
χ∈Υ

NQp(χ)/Qp
(dθ(χ)) (8)
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where Υ is a set of representatives of the orbits of the action of GQc
p/Qp

on P ∗.

Upon taking P -coinvariants of (7) we obtain an exact sequence of Zp-modules 0→
H0(P,N)

H0(P,θ)−−−−−→ H0(P,N) → H0(P,M) → 0 and, since H0(P,M) is non-zero, this

sequence implies that dθ(1P ) belongs to the ideal (p) of Zp.
In addition, if for each χ ∈ Υ we write pχ for the maximal ideal of Zp[χ], then

one has dθ(χ) ≡ dθ(1P ) modulo pχ. This implies dθ(χ) belongs to pχ and hence that

NQp(χ)/Qp
(dθ(χ)) belongs to (p).

These observations combine with (8) to imply dθ belongs to (p)|Υ| and hence that

|M | is divisible by p|Υ| = p∆P , as claimed. □

4. The proofs of Theorem 2.7 and Corollary 2.12.

4.1. A result of Yakovlev.

A key role in these arguments is played by a purely representation-theoretic result

of Yakovlev in [31].

To recall this result we fix a cyclic group Γ of order pn and for each integer i with

0 ≤ i ≤ n write Γi for the subgroup of Γ of order pi.

Then the results of [31, Theorem 2.4 and Lemma 5.2] combine to imply that if

M and N are any Zp[Γ]-lattices for which, for each integer i with 1 ≤ i < n, there

exists an isomorphism of Zp[Γ/Γi]-modules θi : Ĥ
−1(Γi,M) → Ĥ−1(Γi, N) that lies in

commutative diagrams

Ĥ−1(Γi,M)
κi
M //

θi
��

Ĥ−1(Γi+1,M)

θi+1

��
Ĥ−1(Γi,N)

κi
N // Ĥ−1(Γi+1,N)

Ĥ−1(Γi,M)

θi
��

Ĥ−1(Γi+1,M)
ρiMoo

θi+1

��
Ĥ−1(Γi,N) Ĥ−1(Γi+1,N)

ρiNoo

(9)

where the horizontal arrows are the natural corestriction and restriction homomorphisms,

then there are isomorphisms of Zp[Γ]-modules of the form

M ∼= X ⊕
i=n⊕
i=0

Zp[Γ/Γi]ai and N ∼= X ⊕
i=n⊕
i=0

Zp[Γ/Γi]bi (10)

for a suitable Zp[Γ]-lattice X and suitable non-negative integers ai and bi.

4.2. The proof of Theorem 2.7.

We use the notation and hypotheses of Theorem 2.7. We also set A := AΣ
L and

G := GL/K and for each integer i with 0 ≤ i ≤ n also Gi := GL/Li
and Ti := TΣ

L/Li
.

We start by making a useful technical observation.

Lemma 4.1. Fix an integer i with 0 ≤ i ≤ n.

(i) The group Ti is naturally isomorphic as a Zp
[
G/Gi]-module to Ĥ−1

(
Gi, A

)
.

(ii) If i < n, then the corestriction map Ĥ−1
(
Gi, A

)
→ Ĥ−1

(
Gi+1, A

)
corresponds,

under the isomorphisms in claim (i), to the homomorphism Ti → Ti+1 that is
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induced by the natural restriction map AΣ
Li
→ AΣ

Li+1
.

(iii) If i > 0, then the restriction map Ĥ−1
(
Gi, A

)
→ Ĥ−1

(
Gi−1, A

)
corresponds, under

the isomorphisms in claim (i), to the homomorphism Ti → Ti−1 that is induced by

the map GMΣ
Li
/L → GMΣ

Li−1
/L which sends x to

∑
c∈GLi−1/Li

c(x̃) where x̃ is any

lift of x to GMΣ
Li−1

/L.

Proof. Upon taking Gi-coinvariants of the tautological exact sequence

0→ Ator → A→ A→ 0,

recalling that H0(Gi, A) identifies with GMΣ
Li
/L (by Lemma 3.3(ii)) and then passing

to torsion subgroups in the resulting exact sequence one obtains an exact sequence of

Zp[G/Gi]-modules

Ator

πL
Li−−→ GMΣ

Li
/L,tor → H0(Gi, A)tor → 0.

Given this exact sequence and the definition of Ti as the cokernel of π
L
Li
, the isomor-

phism in claim (i) follows from the fact that H0(Gi, A)tor is equal to Ĥ
−1(Gi, A). Indeed,

since Ĥ−1(Gi, A) is finite and A is Zp-free, the latter equality follows immediately from

the tautological exact sequence

0→ Ĥ−1(Gi, A)
⊆−→ H0(Gi, A)→ H0(Gi, A)→ Ĥ0(Gi, A)→ 0

where the third arrow is induced by the action of the element
∑
g∈Gi

g of Zp[G].
Given these isomorphisms, the assertions of claims (ii) and (iii) follow by straight-

forward computation (which we leave to the reader). □

To prove Theorem 2.7 we now apply the result of Yakovlev recalled in Section 4.1

with Γ = G and M = A. In this context Lemma 4.1 implies that the upper rows of the

diagrams (9) for each integer i collectively correspond to the diagrams that are described

in (2).

Given Yakovlev’s theorem, the proof of Theorem 2.7 will therefore be complete if we

show that, given an isomorphism of Zp[G]-modules of the form A ∼= X⊕X ′ in which X is

uniquely determined up to isomorphism and X ′ is a module of the form
⊕i=n

i=0 Zp[G/Gi]ai
for suitable non-negative integers ai, thenX

′ is determined up to isomorphism as a Zp[G]-
module by rK and the integers δLi for each integer i with 0 ≤ i ≤ n.

But the explicit structure of the module X ′ makes it clear that it is determined up

to isomorphism by the integers dimQp(Qp ·H0(Gi, X
′)) for each integer i with 0 ≤ i ≤ n,

and so the required fact follows from the equalities

dimQp
(Qp ·H0(Gi, X

′)) = dimQp
(Qp ·H0(Gi, A))− dimQp

(Qp ·H0(Gi, X))

= dimQp(Qp ·AΣ
Li
)− dimQp(Qp ·H0(Gi, X))

= rLi + δLi − dimQp(Qp ·H0(Gi, X))

= pni · rK + δLi − dimQp(Qp ·H0(Gi, X)),
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where the second equality is true because Lemma 3.3(i) implies that the Qp-spaces Qp ·
H0(Gi, A) ∼= Qp ·H0(Gi, A) and Qp ·AΣ

Li
are isomorphic.

This completes the proof of Theorem 2.7.

Remark 4.2. If, in the notation of Section 4.1, M is any lattice for which

Ĥ−1(Γi,M) vanishes for each integer i, then in the decomposition (10) we may take

the lattice N , and hence also X, to be the zero module and therefore deduce that M is

itself a direct sum of modules of the form Zp[Γ/Γi]. This observation (with Γ = G and

M = AΣ
L) combines with the explicit computation of Lemma 4.1(i) to justify the first

assertion of Remark 2.10.

4.3. The vanishing of TΣ
L/K .

We recall that an extension of number fields L/K is said to be ‘Zp-extendable’ if
there exists a Galois extension L′ of K which contains L and is such that GL′/K is

isomorphic to Zp. Such extensions have been extensively investigated in the literature,

for example by Seo in [26].

It is clear that for any finite set of places Σ of K that contains all p-adic places

the group AΣ
K is torsion-free if and only if all cyclic degree p extensions of K that are

unramified outside Σ are Zp-extendable.
In the following result we use the concept of Zp-extendability to give a useful criterion

for the vanishing of the groups TΣ
L/K that occur in Theorem 2.7.

For a number field E we write Emax for the maximal Zp-power extension of E inside

Qc.

Lemma 4.3. Assume L/K is cyclic of finite p-power degree and unramified outside

a finite set of places Σ that contains all p-adic places.

(i) TΣ
L/K is naturally isomorphic to the torsion subgroup of G(Lmax∩MΣ

K)/L.

(ii) The following conditions are equivalent :

(a) TΣ
L/K vanishes.

(b) For any degree p extension F of L that is abelian over K one has

F/L is Zp-extendable
⇐⇒ F is contained in a Zp-extension of L that is abelian over K.

(iii) If L/K is Zp-extendable, then TΣ
L/K is equal to the cokernel of the restriction map

AΣ
L,tor → AΣ

K,tor. In this case the following conditions are equivalent :

(a) TΣ
L/K vanishes.

(b) Lmax ∩MΣ
K = Kmax.

(c) For any degree p Galois extension K ′ of K in MΣ
K that is not Zp-extendable

the extension LK ′/L is not Zp-extendable.
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Proof. To prove claim (i) we note AΣ
L,tor = GMΣ

L /L
max and that GMΣ

K/L,tor
=

GMΣ
K/E

with E a subfield of Lmax such that E/L is Zp-free and (MΣ
K ∩Lmax)/E is finite.

The claimed isomorphism thus follows from the fact that the image of GMΣ
L /L

max under

the restriction map GMΣ
L /L
→ GMΣ

K/L
is GMΣ

K/(M
Σ
K∩Lmax).

Set E∗ :=MΣ
K ∩Lmax. Then claim (i) implies TΣ

L/K vanishes if and only if GE∗/L is

Zp-free. The latter condition is satisfied if and only if every intermediate field of E∗/L

of degree p over L is contained in an intermediate field that is a Zp-extension of L and

hence is equivalent to the condition in claim (ii)(b).

The first assertion of claim (iii) is true because if L/K is Zp-extendable, then L ⊆
Kmax and so GMΣ

K/L,tor
= GMΣ

K/K
max = AΣ

K,tor.

In this case therefore the group TΣ
L/K vanishes if and only if the natural restriction

map θ : AΣ
L,tor → AΣ

K,tor is surjective, or equivalently L
max ∩MΣ

K = Kmax.

If the latter equality is valid, then for any degree p Galois extension K ′ of K in MΣ
K

with K ′ ̸⊂ Kmax one has LK ′ ̸⊂ Lmax (since LK ′ ⊂MΣ
K).

To prove the converse implication, and hence complete the proof of claim (iii), we

argue by contradiction and thus assume im(θ) ̸= AΣ
K,tor. After choosing a direct sum

decomposition of Zp-modules AΣ
K = AΣ

K,tor ⊕H we then write K∗ for the fixed field of

MΣ
K with respect to the subgroup im(θ) ⊕ H. Then K∗ ̸= K and GK∗/K is naturally

isomorphic to AΣ
K,tor/ im(θ). Hence, for any intermediate field K ′ of K∗/K with K ′ ̸= K

one has K ′ ̸⊂ Kmax and LK ′ ⊂ MΣ
K ∩ Lmax and this contradicts the condition in

(iii)(c). □

4.4. The proof of Corollary 2.12.

We continue for the moment to use the notation of Section 4.1.

4.4.1. For any natural number d and each indecomposable lattice I in IMn
p we

write m̃d
I for the maximal multiplicity with which I occurs as a direct summand of any

Zp[Γ]-lattice N for which one has rkp(Ĥ
−1(Γi, N)) ≤ d for all i with 1 ≤ i ≤ n.

Then the key point in the proof of Corollary 2.12(ii) is that Yakovlev’s theorem

combines with an analysis of the diagrams (9) to show that∑
I∈IMn

p

m̃d
I ≤ pn(n−1)d2 · κdn

where κdn is the integer defined just prior to the statement of Corollary 2.12 (for a proof

of this fact see [6, Lemma 3.2]).

To deduce the inequality (3) from this it is thus enough to note that if for any

non-trivial subgroup H of GL/K we set E := LH , then one has

rkp(Ĥ
−1(H,ApL)) = rkp(T

p
L/E) ≤ rkp(A

p
E,tor)

= gE − νE + rkp(Cl
′
E(ζp))− δE ≤ mL/K ,

where gE denotes the number of p-adic places of E, νE is either 0 or 1 (depending

on whether E contains ζp or not) and Cl′E(ζp) is a subquotient of ClE(ζp). Here the first

equality follows from Lemma 4.1(i) and the second is proved by Gras in [13, Theorem I2],
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the first inequality is true since T pL/E is (by its definition) a subquotient of ApE,tor and

the second inequality follows directly from the definition of mL/K in the statement of

Corollary 2.12 and the fact that each Leopoldt defect δE is non-negative.

To complete the proof of Corollary 2.12(ii) it is now enough to note that the in-

equality (3) directly implies that mb
I can be non-zero for only finitely many lattices I in

IMn
p .

4.4.2. The following result justifies the first sentence of Remark 2.13 and is also

key to the proof of Corollary 2.12(i).

For any subfield F of Qc we write XF for the Galois group of the maximal unramified

abelian pro-p extension of F .

Proposition 4.4. Let E∞ be a Zp-extension of a number field E for which all p-

adic places of E have open decomposition groups in GE∞/E and the Zp-module XE∞(ζp)

is finitely generated. Let F be a finite p-power degree extension of E∞ that is both

unramified outside p and Galois over E.

Then there exists an integer d that depends only upon F/E and is such that gL +

rkp(ClL(ζp)) ≤ d for all finite extensions L of E in F .

Proof. The stated assumption on the decomposition behaviour of p-adic places in

F/E implies gL is bounded above (independently of L) as L varies over finite extensions

of E in F and so it suffices to show the same is true of rkp(ClL(ζp)).

For any L as above the compositum of L(ζp) and E∞ is an intermediate field of

F (ζp)/E∞(ζp) that is a Zp-extension of L(ζp). Since there are only finitely many in-

termediate fields of F (ζp)/E∞(ζp) a standard Iwasawa-theoretic argument (as in [30,

Proposition 13.23]) means it will be enough for us to show that, for each such interme-

diate field D, the Zp-module XD is finitely generated.

To show this we note each such D is a finite p-power degree extension of E∞(ζp)

and hence that one can choose a finite chain of subgroups

GF (ζp)/D = J0 ⊴ J1 ⊴ · · · ⊴ Jm = GF (ζp)/E∞(ζp)

with |Ji+1/Ji| = p for all i with 0 ≤ i < m. For each such i we set Di := F (ζp)
Ji . Then

D0 = D, Dm = E∞(ζp) and each extension Di/Di+1 is Galois of degree p.

Now the stated assumptions imply each field Di has only finitely many p-adic places

and XDm
= XE∞(ζp) is a finitely generated Zp-module. The required result can there-

fore be obtained by successively applying the result of Lemma 4.5 below to each of the

extensions Di/Di+1 starting at i = m− 1 and descending to i = 0. □

Lemma 4.5. Let D be a subfield of Qc with only finitely many p-adic places and

such that the Zp-module XD is finitely generated. Then for any Galois extension D′ of

D of degree p the Zp-module XD′ is finitely generated.

Proof. Write MD′ and MD for the maximal unramified abelian pro-p extensions

of D′ and D and set ∆ := GD′/D.

Then MD′/D is Galois and H0(∆, XD′) identifies with GM/D′ where M is the max-

imal abelian extension of D in MD′ .
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The inertia degree inM/D of each of the finitely many p-adic places ofD is at most p

and so the subgroup I of GM/D that is generated by the inertia subgroups of these places

is finite. In addition, the fixed field M I is a subfield of MD and so (GM/D)/I ∼= GMI/D

is isomorphic to a quotient of the finitely generated Zp-module XD. Since I is finite, this

shows that the Zp-module GM/D, and hence also its submodule GM/D′ = H0(∆, XD′),

is finitely generated.

Then, since ∆ is finite, Nakayama’s Lemma implies that the Zp-module XD′ is

finitely generated, as required. □

To prove Corollary 2.12(i) we fix a complex absolutely abelian field E and recall

that the Zp-module XEcyc(ζp) is known to be finitely generated (this is equivalent to the

vanishing of Iwasawa’s µ-invariant for the Zp-extension Ecyc(ζp)/E(ζp)).

From Proposition 4.4 (with F = E∞ = Ecyc) there is therefore an integer d such

that gEm + rkp(ClEm(ζp)) ≤ d for all natural numbers m, where Em denotes the unique

intermediate field of Ecyc/E of degree pm over E.

In particular, if b is any integer with b ≥ d, then for any natural numbers n and a

the extension Ea+n/Ea belongs to Fbn.
It is thus sufficient to note that, since each field Ea+n is both totally complex and

validates Leopoldt’s Conjecture at p (by Brumer [4]), Corollary 3.2 implies that the

Zp-rank of ApEa+n
is pa+n · rE + 1 = (pa+n[E : Q])/2 + 1.

This completes the proof of Corollary 2.12.

5. The proof of Theorem 2.14.

We start the proof by making an important technical observation.

Proposition 5.1. Let L/K be a cyclic extension of number fields of degree pn and

Σ a finite set of places of K containing all places that are either archimedean, p-adic or

ramify in L/K. Set G := GL/K and fix an element γ of GMΣ
L /K

that has infinite order

and projects to give a generator of G. For each integer i with 0 ≤ i ≤ n write Li for the

intermediate field of L/K that has degree pi over K and γi for the image of γp
i

in AΣ
Li
.

If both K validates Leopoldt’s Conjecture at p and the group AΣ
K is torsion-free, then

L validates Leopoldt’s Conjecture at p and for each integer i the groups AΣ
Li

and AΣ
Li
/⟨γi⟩

are torsion-free.

Proof. For integers i and j with 0 ≤ i < j ≤ n we set Ai := AΣ
Li
, Di := AΣ

Li
/⟨γi⟩

and Qj,i := GLj/Li
.

For each integer i as above one can use the multiplication-by-p map on the tauto-

logical exact sequence 0→ ⟨γi⟩ → Ai → Di → 0 to obtain an exact sequence

0→ Ai,[p] → Di,[p] → ⟨γi⟩/⟨γpi ⟩
di−→ Ai/(Ai)

p.

Since the image of γi generates GLi+1/Li
one has γi /∈ (Ai)

p. The map di is thus

injective and so the above sequence implies that the natural map Ai,[p] → Di,[p] is

bijective. This implies, in particular, that the group Di is torsion-free if and only if the

group Ai is torsion-free.
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Until further notice, we now assume that the integer i is such that the following

hypothesis is satisfied.

(∗)i Li validates Leopoldt’s Conjecture at p and the group Di = Ai/⟨γi⟩ is torsion-free.

In this case, for each integer j with i < j ≤ n the group H0(Qj,i, Aj) identifies with a

subgroup of Ai and the torsion subgroup of H0(Qj,i, Dj) = H0(Qj,i, Aj)/⟨γp
j−i

i ⟩ is equal
to

(Ai/⟨γp
j−i

i ⟩)tor ∩H0(Qj,i, Aj)/⟨γp
j−i

i ⟩ = ⟨γi⟩/⟨γp
j−i

i ⟩ ∩H0(Qj,i, Aj)/⟨γp
j−i

i ⟩.

Furthermore, this group vanishes since for any integer a with 0 ≤ a < j − i the element

γp
a

i does not act trivially on Lj and so does not lie in H0(Qj,i, Aj).

It follows that under hypothesis (∗)i the groupH0(Qj,i, Dj) is torsion-free and hence,

by the same argument as used in the proof of Lemma 4.1, the group Ĥ−1(Qj,i, Dj)

vanishes.

In the case j = i + 1 we set Qi := Qj,i. Then, since Qi has order p, there are only

three isomorphism classes of indecomposable Zp[Qi]-lattices, represented by Zp,Zp[Qi]
and Zp[Qi]/(

∑
g∈Qi

g), each being endowed with the natural Qi-action (cf. the discussion

before Corollary 2.12). One also knows that the groups Ĥ−1(Qi,Zp) and Ĥ−1(Qi,Zp[Qi])
vanish and that Ĥ−1(Qi,Zp[Qi]/(

∑
g∈Qi

g)) has order p.

Thus, since Ĥ−1(Qi, Di+1) vanishes, the Krull-Schmidt theorem implies that the

Zp[Qi]-module Di+1 is isomorphic to a direct sum of the form Zap ⊕ Zp[Qi]b for suitable
(non-negative) integers a and b.

Now

dimQp(Qp ·Di+1) = dimQp(Qp ·Ai+1)− 1 = rLi+1 + δLi+1 ≥ rLi+1 = p · rLi

whilst, since (under hypothesis (∗)i) we are assuming that Li validates Leopoldt’s Con-

jecture at p, one also has dimQp(Qp ·Di) = rLi . This gives an inequality

a+ p · b = dimQp(Qp ·Di+1) ≥ p · rLi

= p · dimQp(Qp ·Di) = p · dimQp(Qp ·H0(Qi, Di+1)) = p(a+ b)

and hence implies that a = 0 and b = rLi . This shows both that Li+1 validates Leopoldt’s

Conjecture at p and also that Di+1 is a free Zp[Qi]-module.

Then, since Di+1 is a free Zp[Qi]-module, the tautological exact sequence

0→ (Di+1)tor → Di+1 → Di+1 → 0

splits as a sequence of Zp[Qi]-modules and so H0(Qi, (Di+1)tor) is isomorphic to a finite

submodule of H0(Qi, Di+1). We have already shown the latter module to be torsion-free

and so H0(Qi, (Di+1)tor) vanishes. By Nakayama’s Lemma, this fact then implies that

(Di+1)tor, and hence also (Ai+1)tor, vanishes.

At this stage we have shown that the validity of hypothesis (∗)i implies the validity

of hypothesis (∗)i+1.
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Thus, since the stated assumptions on L0 = K are equivalent to the validity of

hypothesis (∗)0, an induction on i shows that hypothesis (∗)i is true for all integers i

with 0 ≤ i ≤ n and this fact is equivalent to the claimed result. □

We can now prove Theorem 2.14. As a first step we choose a finite chain of subgroups

{id} = J0 ⊴ J1 ⊴ · · · ⊴ Jn = G in which |Ji+1/Ji| = p for all i with 0 ≤ i < n (in doing so

we can also ensure that, for any given intermediate field E of L/K, one has Ji = GL/E for

some i). For each such i we set Li := LJi . Then by successively applying Proposition 5.1

to each of the extensions Li/Li+1 for 0 ≤ i < n we deduce that L validates Leopoldt’s

Conjecture at p and that each group AΣ
Li is torsion-free. In particular, this proves claim

(i).

The first assertion of claim (ii) follows directly upon combining the fact that L

validates Leopoldt’s Conjecture at p with Corollary 3.2. Next we note that, since BΣ
L

is torsion-free (as a subgroup of AΣ
L), it is a free Zp[G]-module if and only if it is a

cohomologically-trivial G-module (by [3, Chapter VI, Theorem (8.7)]). Thus, since the

above argument shows that the group GMΣ
E/L

cyc is torsion-free for every intermediate

field E of L/K, the second assertion of claim (ii) follows directly from Corollary 2.4.

Turning to claim (iii)(a) it is clear γ|C| belongs to Z(GMΣ
L /F

) ∩ AΣ
L and hence that

the conjugation action of C on AΣ
L induces an action on DL := AΣ

L/⟨γ|C|⟩.
We show first that DL is a permutation module over Zp[C]. To do this we note

that, as DL is torsion-free (by Proposition 5.1), the observation of Remark 4.2 shows it

is enough to prove that for each subgroup J of C the group Ĥ−1(J,DL) vanishes and we

recall that the latter groups were shown to vanish in the course of proving Proposition 5.1.

By a straightforward exercise one checks that a permutation module over Zp[C] is
free if and only if it spans a free Qp[C]-module and so claim (iii)(a) will follow if we can

show that the Qp[C]-module Qp ·DL is free. To do this we note that the Zp[C]-module

⟨γ|C|⟩ is isomorphic to Zp (since C acts trivially on γ|C| which has infinite order). Then,

by comparing the tautological exact sequence

0→ ⟨γ|C|⟩ → AΣ
L → DL → 0 (11)

with the sequence (1), one deduces that the Qp[C]-module Qp · DL is isomorphic to

Qp ·BΣ
L and hence, by Corollary 3.2, is free, as required.

The isomorphism in claim (iii)(b) is obtained by simply noting that DL is a free

Zp[C]-module of rank rF = [G : C] · rK and hence that the exact sequence (11) splits.

Turning to claim (iii)(c) we note that the first assertion is an immediate consequence

of the isomorphism in (iii)(b). We thus assume rK > 0. To derive the claimed exact

sequence in this case we note first that (1) induces a natural exact sequence of Zp[C]-
modules

0→ ⟨γ|C|⟩ ∩BΣ
L → BΣ

L → DL → ΓL/⟨γ̃⟩ → 0 (12)

where we write γ̃ for the image of γ|C| under the projection AΣ
L → ΓL. Further, by claim

(iii)(a) we know the Zp[C]-module DL is a free of rank [G : C] · rK and it is also clear

that the Zp[C]-module ⟨γ|C|⟩ ∩ BΣ
L is either isomorphic to Zp or vanishes and that the
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element γ̃ is correspondingly either zero or non-zero. To discuss these possibilities we set

E := L ∩ F cyc.

We assume first that E = F , and hence that L and F cyc are disjoint over F . Since

the Zp-rank of AΣ
L is |G| · rK + 1 > 1, we may therefore in this case choose the element

γ so that γ̃ vanishes. After choosing γ in this way, the sequence (12) directly gives the

exact sequence in claim (iii)(c) with nC = 0.

We assume next that E ̸= F . In this case the restriction of γ to E generates the

non-trivial quotient GE/F of ΓF and so the restriction of γ to F cyc must generate ΓF .

The image of γ̃ in ΓF therefore generates (ΓF )
|C| and hence, since ΓL identifies with

(ΓF )
[E:F ], one has ⟨γ̃⟩ = (ΓL)

[L:E] and so the Zp[C]-module ΓL/⟨γ̃⟩ is isomorphic to

Zp/(Zp · [L : E]). Given these observations, the exact sequence in claim (iii)(c) (with

nC = 1) again follows directly from (12).

This completes the proof of Theorem 2.14.

6. The proof of Theorem 2.17.

In this section we fix an odd prime p that does not divide hQ(ζp)+ .

We adopt the general notation of Section 2.5. In addition, for each natural number n

we abbreviate the groups ApLn
and BpLn

to An and Bn respectively, we set Rn := Zp[Gn]
and for any homomorphism ϕ in H∗

n and any Rn-module M we set Mϕ := eϕ(M) and

regard this as a module over the ring Rϕn in the natural way.

6.1. The proof of Theorem 2.17(i).

At the outset we recall that Ln, and hence also L+
n , validates Leopoldt’s Conjecture

at p.

The first claimed isomorphism of Rn-modules An ∼= Bn ⊕ Zp is thus a consequence

of Corollary 2.4 with L = Ln,K = Q and Σ = {∞, p}.
To prove Bn is a free R−

n -module we show first that (Bn)
+ vanishes. To do this

we note the maximal abelian extension of L+
n in Mp

Ln
is E := Ln ·Mp

L+
n
. This implies

A+
n = GE/Ln

and hence that B+
n is equal to GE/Lcyc

n
which is naturally isomorphic to

GMp

L
+
n
/(L+

n )cyc = Bp
L+

n
. Thus, since L+

n is totally real and validates Leopoldt’s Conjecture,

the group (Bn)
+ = B+

n
∼= Bp

L+
n
vanishes, as required.

We now need to prove that Bn = (Bn)
− is a free R−

n -module of rank one. To do

this we note Zp ⊗Z WLn is a free rank one R−
n -module, where WLn is as defined at the

beginning of Section 3.1, and hence that for each ϕ in H∗,−
n Proposition 3.1(iv) implies

the Zp-ranks of Rϕn and (Bn)
ϕ are equal. Since each ring Rϕn is local it is thus enough to

show that Bn is a free Zp[Pn]-module, or equivalently (by [3, Chapter VI, Theorem (8.7)])

that Bn is a cohomologically-trivial Pn-module.

By the same reduction argument used in the proof of Corollary 2.4, it is thus enough

to prove that the group Ĥ−1(J,Bn) vanishes for each subgroup J of Pn and this follows

directly from Lemma 6.1 below. This completes the proof of Theorem 2.17(i).

In the sequel, for a number field F we write PF and HF for the subgroups of F×

comprising p-units and those elements x for which the extension F ( p
√
x) is unramified

outside p respectively, and ClpF for the quotient of ClF by the subgroup generated by
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the classes of ideals above p. We use the fact that these groups are related by a natural

exact sequence

0→ PF /P
p
F → HF (F

×)p/(F×)p
∆F−−→ ClpF,[p] → 0 (13)

(see, for example, the proof of [1, Proposition 2.4]).

Lemma 6.1. If p does not divide hQ(ζp)+ , then for each integer a with 1 ≤ a ≤ n

the group Ĥ−1(GLn/La
, Bn) vanishes.

Proof. If n = 1, this result is obvious because GLn/La
is the trivial group.

If n > 1, then, as already observed above, the exact sequence (1) splits and so

the description of Lemma 4.1 shows it is enough to prove T pLn/La
vanishes. Recalling

Lemma 4.3(iii), it therefore suffices to show that for any degree p Galois extension E of

La that is not Zp-extendable the extension LnE/Ln is not Zp-extendable.
To check this condition we use the fact that if F is either Ln or La and x is any ele-

ment of F×, then Bertrandias and Payan [1, Proposition 2.7] have shown that F ( p
√
x)/F

is Zp-extendable if and only if x belongs to PF (F
×)p. From the sequence (13) it is thus

enough to show that if x is any element of L×
a with ∆La(x) ̸= 0, then also ∆Ln(x) ̸= 0.

Since there is a commutative diagram

HLn(L
×
n )

p/(L×
n )

p ∆Ln−−−−→ ClpLn,[p]x ιna

x
HLa(L

×
a )

p/(L×
a )

p ∆La−−−−→ ClpLa,[p]

where the left hand vertical map is induced by the inclusion La ⊆ Ln and ιna is the

natural inflation, it thus suffices to show ιna is injective.

This is true because for b ∈ {n, a} one has ClpLb,[p]
= ClLb,[p] (as all prime ideals of

Lb above p are principal), because Cl+Lb,[p]
vanishes (by the stated assumption on p) and

because the inflation map Cl−La,[p]
→ Cl−Ln,[p]

is injective (as is shown, for example, by

Kida in [19, Proposition 1, (1.2)]). □

6.2. The proof of Theorem 2.17(ii).

The key fact that we use in the proof of Theorem 2.17(ii) is the known validity

(due to Flach and the first author) of the appropriate case of the equivariant Tamagawa

number conjecture. However, we must also first prove several auxiliary results.

We recall that for each integer i the ring eωiRn is abbreviated to R
(i)
n . For conve-

nience we also write en for the idempotent eω0 = eHn
of Zp[Hn].

6.2.1. A useful exact triangle.

At the outset we fix, as we may, an element γ of GMp
Ln
/Q which projects to give

both the element γn of Gn and the element γQ of ΓQ that are fixed at the beginning of

Section 2.5.3.

We then write C•
n,γ for the complex of projective Rn-modules
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R(0)
n

dγ−→ R(0)
n

where the first term is placed in degree two and dγ satisfies dγ(en) = (1 − γn)en. We

identify the groups H2(C•
n,γ) = ker(dγ) and H3(C•

n,γ) = cok(dγ) with Zp via the maps

of Rn-modules ι : Zp → R
(0)
n and ϵ : R

(0)
n → Zp with ι(1) =

∑
g∈Pn

gen and ϵ(gen) = 1

for all g ∈ Gn.
Finally we set Wn,p := Zp ⊗Z WLn and write C•

n for the complex

Wn,p[−1]⊕R−
n [−2].

The following result refines the description of RΓc,ét(OLn,Σp ,Zp(1)) given in Propo-

sition 3.1.

Proposition 6.2. Assume p does not divide hQ(ζp)+ and fix an element b of B−
n =

A−
n that projects to give a basis of the (free, rank one) R−

n -module Bn. Then there exists

a canonical exact triangle in Dperf(Rn) of the form

C•
n,γ ⊕ C•

n

θγ⊕θb−−−−→ RΓc,ét(OLn,Σp ,Zp(1))→ An,tor[−2]→ (C•
n,γ ⊕ C•

b )[1]

in which H2(θγ)(1) = γ|Gn| ∈ An, H3(θγ) is the identity on Zp, H1(θb) is the canonical

identification Wn,p = H1
c,ét(OLn,Σp ,Zp(1)) (see Proposition 3.1(iv)) and H2(θb) sends

each element x of Zp[Gn]− to x(b).

In particular, the Gn-module An,tor is cohomologically-trivial.

Proof. Set E•
n := RΓc,ét(OLn,Σp ,Zp(1)).

Then all of the complexes C•
n,γ , C

•
n and E•

n belong to Dperf(Rn). In the first case

this is clear, in the second it is true because Wn,p is a free R−
n -module of rank one and

in the third case it follows from Proposition 3.1(i).

The descriptions of the cohomology of E•
n given in Proposition 3.1(iii) then make

it clear that there exists a unique morphism θb : C•
n → E•

n in D(Rn) with the given

descriptions of H1(θb) and H2(θb). In addition, the construction of a morphism θγ :

C•
n,γ → E•

n in Dperf(Rn) with the given descriptions of H2(θγ) and H
3(θγ) is described

by Macias Castillo and the first author in [8, Proposition 4.3].

Writing D•
n for the mapping cone of θγ ⊕ θb, it therefore suffices to show that the

long exact cohomology sequence of this cone implies it is acyclic outside degree two and

such that the Rn-module H2(D•
n) is naturally isomorphic to An,tor.

This long exact sequence makes the vanishing of Hi(D•
n) for i /∈ {0, 1, 2, 3} imme-

diately clear and shows that the vanishing of H0(D•
n) and H

3(D•
n) follows directly from

the (obvious) injectivity of H1(θb) and surjectivity of H3(θγ) respectively, that the van-

ishing of H1(D•
n) follows from the (obvious) surjectivity of H1(θb) and injectivity of both

H2(θγ) and H
2(θb) and that the (obvious) injectivity of H3(θγ) gives rise to a short exact

sequence

0→ im(H2(θγ ⊕ θb))→ An → H2(D•
n)→ 0. (14)

Now the group im(H2(θγ⊕θb)) = im(H2(θγ))+im(H2(θb)) is Zp-free and so disjoint



510(88)

510 D. Burns and A. Kumon

from An,tor = Bn,tor. Since the element H2(θγ)(1) = γ|Gn| is a topological generator of

ΓLn and our choice of element b implies Bn,tor+im(H2(θb)) = Bn, we therefore obtain a

direct sum decomposition An = An,tor⊕ im(H2(θγ⊕θb)). Given this, the exact sequence

(14) induces a natural isomorphism of Rn-modules H2(D•
n)
∼= An,tor, as required.

Finally we note that the given exact triangle implies An,tor[−2] belongs toDperf(Rn).

This in turn implies that the Rn-module An,tor has finite projective dimension and hence

that it is cohomologically-trivial over Gn, as claimed. □

Remark 6.3. It will be seen later (in Lemma 6.5) that if p does not divide

hQ(ζp)+ , then A
−
n,tor vanishes. Thus, since C•,−

n,γ is clearly the zero complex, in this case

the exact triangle in Proposition 6.2 induces an isomorphism in Dperf(Zp[Gn]) between
RΓc,ét(OLn,Σp ,Zp(1))− and the explicit complex C•

n = (C•
n)

−.

6.2.2. The Fitting ideal.

In this section we combine the exact triangle constructed in Proposition 6.2 with the

known validity, due to Flach and the first author, of the equivariant Tamagawa number

conjecture for the pair (h0(Spec(Ln))(1),Z[Gn]) to prove the following result.

Theorem 6.4. Fix an element u of (Zp⊗̂L×
n,p)

− as in the statement of Theo-

rem 2.17(iv) and set

LRu :=
∑

χ∈G∗,−
n

LRχu · eχ ∈ Cp[Gn].

Then θ∗n(1)(LRu + ϵnγQL
n
∞,p) belongs to Rn and generates the ideal FitRn(An,tor).

Proof. For any commutative noetherian ring R we write DetR(−) for the deter-

minant functor defined by Knudsen and Mumford in [20]. We recall that this functor is

well-defined on the category Dperf(R) and takes values in the category of graded invert-

ible R-modules.

If R is semisimple, C is an object of Dperf(R) that is acyclic outside degrees i and

i+ 1 for some integer i and µ is an isomorphism of R-modules Hi(C) ∼= Hi+1(C), then

we write ϑµ for the composite isomorphism

DetR(C) ∼= DetR(H
i(C))(−1)i ⊗DetR(H

i+1(C))(−1)i+1

∼= DetR(H
i+1(C))(−1)i ⊗DetR(H

i+1(C))(−1)i+1

∼= (R, 0)

where the first map is the canonical ‘passage to cohomology’ isomorphism (which exists

since R is semisimple), the second is DetR(µ)
(−1)i ⊗ id and the third is induced by the

evaluation pairing on Hi+1(C).

To prove the stated result we set E•
n := RΓc,ét(OLn,Σp ,Zp(1)) and use, without

explicit comment, the descriptions of the cohomology groups Hi(E•
n) that are given in

Proposition 3.1. We also write Λn for the semisimple algebra Cp ·Rn.
It clearly suffices to show both that (θ∗n(1)LRu)R−

n = FitR−
n
(A−

n,tor) and that

(θ∗n(1)ϵ
n
γQ
Ln∞,p)R

+
n = FitR+

n
(A+

n,tor).
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To prove the first equality we note that the proof of Castillo and Jones [9, Proposi-

tion 2.2] (which depends on the result of Flach and the first author) describes an explicit

isomorphism of Λn-modules Φn : Cp · H2(E•
n)

− ∼= Cp · H1(E•
n)

− for which there is an

equality of graded invertible R−
n -modules

(θ∗n(1) ·R−
n , 0) = ϑΦ−1

n
(DetR−

n
(E•,−

n ))−1. (15)

To explicate this equality we write ϵu for the homomorphism of Rn-modules

H1(E•
n) =Wn,p → H2(E•

n) which sends the Rn-generator

wn := 2πi · (σn − σn ◦ τn)

of Wn,p to the image of the chosen element u under the global reciprocity map

(Zp⊗̂L×
n,p)

− → B−
n = A−

n = H2(E•
n)

−. Then an explicit comparison of the result of

[9, Proposition 2.3] with our definition of the equivariant resolvent LRu implies that

detΛn(Φn ◦ (Cp ⊗Zp ϵu)) = LRu.

Since our choice of u implies that the map Cp⊗ϵu is invertible, this equality combines

with (15) to give an equality of graded invertible R−
n -modules

((θ∗n(1) · LRu)R−
n , 0) = ϑCp⊗ϵu(DetR−

n
(E•,−

n ))−1. (16)

To compute the right hand side of this equality we use the exact triangle constructed

in Proposition 6.2 in the case that the element b is chosen to have the same image in Bn as

does the image of u under the reciprocity map. In this case the image ofH2(θb)((1−τn)/2)
in Bn is equal to the image of H1(θb)(wn) under Cp ⊗ ϵu. Thus, if we write µb for the

isomorphism of (free rank one) R−
n -modules Wn,p → R−

n which sends wn to (1 − τn)/2,
then one has

ϑCp⊗ϵu(DetR−
n
(E•,−

n )) = ϑCp⊗µb
(DetR−

n
(C•

n))⊗DetR−
n
(A−

n,tor[−2]) (17)

= DetR−
n
(A−

n,tor[−2])
= (FitR−

n
(A−

n,tor)
−1, 0).

Here the first equality follows from the exact triangle in Proposition 6.2 and the fact that

C•,−
n,γ is the zero complex; the second equality in (17) is true because

ϑCp⊗µb
(DetR−

n
(C•

n)) = (ϑev ◦ (DetR(µb)
−1 ⊗ id))((HomR−

n
(Wn,p, R

−
n ),−1)⊗ (R−

n , 1))

= ϑev((HomR−
n
(R−

n , R
−
n ),−1)⊗ (R−

n , 1))

= (R−
n , 0)

where ϑev is induced by the evaluation pairing on R−
n and the second equality follows

from the fact that µb(Wn,p) = R−
n ; the final equality in (17) follows from a general

property of Fitting ideals since Proposition 6.2 implies that the finite R−
n -module A−

n,tor

is of projective dimension at most one.

The equalities (16) and (17) then combine to imply that (θ∗n(1) · LRu)R−
n is equal
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to FitR−
n
(A−

n,tor), as required.

To prove (θ∗n(1)ϵ
n
γQ
Ln∞,p)R

+
n = FitR+

n
(A+

n,tor) we note first that the homomorphisms

logn∞ and lognp in Section 2.5.2 combine to give an isomorphism of Cp[Gn]-modules

logn∞,p : Cp ⊗Q L
+
n,0

(Cp·logn
∞)−1

−−−−−−−−→ Cp ⊗Z O×
L+

n

Cp·logn
p−−−−−→ Cp ⊗Q L

+
n,0,

and that, by the very definition of the L-invariant Ln∞,p, one has

Ln∞,p = detCp[Gn](log
n
∞,p). (18)

We also note that E•,+
n is acyclic outside degrees two and three and that there is a

canonical composite isomorphism of Qp[Gn]-modules

Ξn : Qp ·H2(E•,+
n ) = Qp · ΓL+

n

logp◦χQ−−−−−→ Qp = Qp ·H3(E•,+
n ).

Then, in terms of this notation, the validity of the equivariant Tamagawa number

conjecture for (h0(Spec(L+
n ))(1),Z[Gn]+) implies that

(θ∗n(1)Ln∞,p ·R+
n , 0) = ϑΞn(DetR+

n
(E•,+

n ))−1. (19)

(This equality follows directly from the explicit computation of Breuning and the first

author in [2, Section 5.3] after taking into account (18) and the fact that the isomorphism

Qp · Z×
p
∼= Qp · ΓQ induced by the reciprocity map is the inverse of the isomorphism

Qp · ΓQ ∼= Qp · Z×
p induced by χQ.)

In addition the exact triangle in Proposition 6.2 implies that

ϑΞn(DetR+
n
(E•,+

n )) = ϑΞγ
n
(DetR+

n
(C•

n,γ))⊗DetR+
n
(A+

n,tor[−2]) (20)

where we write Ξγn for the composite isomorphism

Qp ·H2(C•
n,γ)

Qp⊗ZpH
2(θγ)−−−−−−−−−→ Qp ·H2(E•,+

n )
Ξn−−→ Qp ·H3(E•,+

n ) = Qp ·H3(C•
n,γ).

It now suffices to prove that

ϑΞγ
n
(DetRn(C

•
n,γ)) = ((ϵnγQ)

−1R+
n , 0), (21)

since, if this is true, then it combines with (19) and (20) to directly imply the required

equality

(θ∗n(1)ϵ
n
γQ
Ln∞,p ·R+

n , 0) = DetR+
n
(A+

n,tor[−2])−1 = (FitR+
n
(A+

n,tor), 0)

(where the last equality follows in just the same way as the last equality of (17)).

It is enough to prove the ωa-component of (21) for every even integer a with 0 ≤
a ≤ p− 2. Further, if a ̸= 0, then C

•,(a)
n,γ is the zero complex and eωaϵnγ = ϵω

a

γ eωa = eωa

and so the ωa-component of the equality is clear.

To compute ϑΞγ
n
(DetRn(C

•
n,γ))

(0) we note that Det
R

(0)
n
(C

•,(0)
n,γ ) is generated over R

(0)
n
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by x := (en, 1)⊗ (e∗n,−1) where e∗n is the dual of en in Hom
R

(0)
n
(R

(0)
n , R

(0)
n ).

Now, since en = eGn+(en−eGn), Qp ·H2(C•
n,γ) = Qp ·eGn , dγ(en−eGn) = (1−γn)en

and Ξγn(eGn) = logp(χQ(γ)) = logp(χQ(γQ)) one has

ϑΞγ
n
(x) = ((1− γn)en, 0) + (ϑ′ev ◦ (DetQp·R+

n
(Ξγn)⊗ id))((eGn , 1)⊗ (e∗Gn

,−1))

= ((1− γn)en, 0) + ϑ′ev((logp(χQ(γQ))eGn
, 1)⊗ (e∗Gn

,−1))
= ((1− γn)en + logp(χQ(γQ))eGn , 0)

= (en(ϵ
n
γQ
)−1, 0)

where ϑ′ev is induced by the evaluation pairing on Qp · eGn , e
∗
Gn

denotes the dual of eGn

in HomQp(Qp · eGn ,Qp) and the last equality follows by explicit comparison with the

definition of ϵnγQ . This completes the proof of Theorem 6.4. □

6.2.3. Completion of the proof.

From Lemma 6.5 below one knows that the group B−
n,tor = A−

n,tor vanishes and that

the Rn-module An,tor = B+
n,tor = B+

n is cyclic.

By a general property of Fitting ideals the latter fact implies FitRn(An,tor) is equal

to AnnRn(An,tor) and hence also then combines with the formula of Theorem 6.4 to imply

that the Rn-module An,tor = A+
n,tor is isomorphic to

(Rn/(θ
∗
n(1)(LRu + ϵnγQL

n
∞,p)))

+ = R+
n /(θ

∗
n(1) · ϵnγQL

n
∞,p).

This completes the proof of Theorem 2.17(ii).

Lemma 6.5. Assume p does not divide hQ(ζp)+ and fix an integer i that satisfies

0 ≤ i ≤ p − 2. Then the group B
(i)
n,tor = A

(i)
n,tor vanishes if either i is odd or if both i

is even and the generalised Bernoulli number B1,ωi−1 is not divisible by p. In all other

cases this group is a non-trivial cyclic R
(i)
n -module.

Proof. Lemma 3.3(iii) induces an isomorphism of R
(i)
1 -modules H0(Pn, B

(i)
n ) ∼=

B
(i)
1 . Since the R

(i)
n -module B

(i)
n is projective (by Theorem 2.17(i)) this isomorphism

restricts to give an isomorphism

H0(Pn, A
(i)
n,tor) = H0(Pn, B

(i)
n,tor)

∼= B
(i)
1,tor = A

(i)
1,tor. (22)

Writing IPn for the augmentation ideal of Zp[Pn] the Jacobson radical Jac(R
(i)
n ) of

R
(i)
n is equal to p·R(i)

n +IPn ·R
(i)
n and R

(i)
n /Jac(R

(i)
n ) identifies with Fp. Since (22) induces

an isomorphism A
(i)
n,tor/(Jac(R

(i)
n ) · A(i)

n,tor)
∼= A

(i)
1,tor/p Nakayama’s Lemma therefore im-

plies the minimal number of generators of the R
(i)
n -module A

(i)
n,tor is dimFp(A

(i)
1,tor/p). We

now compute that dimFp(A
(i)
1,tor/p) is equal to

dimFp(A
(i)
1 /p)− dimFp(A

(i)
1 /p)

= dimFp((HL1(L
×
1 )

p/(L×
1 )

p)(1−i))− dimFp(B
(i)
1 /p)− dimFp(Z(i)

p /p)



514(92)

514 D. Burns and A. Kumon

= dimFp((PL1/P
p
L1
)(1−i)) + dimFp(Cl

(1−i)
L1

/p)− dimFp(B
(i)
1 /p)− dimFp(Z(i)

p /p)

= dimFp(⟨ζp⟩(1−i)) + dimFp((O×
L+

1

/(O×
L+

1

)p)(1−i)) + dimFp((Zp/p)(1−i))

+ dimFp(Cl
(1−i)
L1

/p)− dimFp(B
(i)
1 /p)− dimFp(Z(i)

p /p).

Here the first equality is true as Kummer theory combines with the definition ofHL1 (just

prior to (13)) to give an isomorphism A1/p ∼= Hom(HL1(L
×
1 )

p/(L×
1 )

p, ⟨ζp⟩) of Zp[G1]-

modules and because the tautological exact sequence of Zp[G1]-modules 0→ B1 → A1 →
ΓL1 → 0 splits. The second equality follows by taking ω1−i-isotypic components of the

exact sequence (13) and the last equality is derived easily from the following facts: since

the unique prime ideal of L1 above p is principal there is an exact sequence of G1-modules

0 → O×
L1
→ PL1

→ Z → 0 and, since O×
L1

= O×
L+

1

· ⟨ζp⟩ (by [30, Proposition 1.5]) there

is a direct sum decomposition of Fp[G1]-modules O×
L1
/(O×

L1
)p = O×

L+
1

/(O×
L+

1

)p ⊕ ⟨ζp⟩.

Next we note that dimFp(⟨ζp⟩(1−i)) and dimFp(Z
(i)
p /p) are both equal to 1 if i = 0 and

to 0 otherwise, that [30, Proposition 8.13] implies dimFp((O×
L+

1

/(O×
L+

1

)p)(1−i)) is equal to

1 if i is both odd and bigger than 1 and to zero otherwise, that dimFp((Zp/p)(1−i)) is

equal to 1 if i = 1 and to 0 otherwise, that [30, Corollary 10.15] implies dimFp(Cl
(1−i)
L1

/p)

is equal to 1 if i is even and such that B1,ωi−1 is divisible by p and to 0 otherwise, and

that Theorem 2.17(i) implies dimFp(B
(i)
1 /p) is equal to 1 if i is odd and to 0 otherwise.

Upon substituting these facts into the above displayed formula for dimFp(A
(i)
1,tor/p)

one finds that the minimal number of generators of the R
(i)
n -module A

(i)
n,tor is

dimFp(A
(i)
1,tor/p) =

{
1, if i is even and p divides B1,ωi−1 ,

0, otherwise,

as required. □

6.3. The proof of Theorem 2.17(iii).

In this section we fix an even integer i with 0 ≤ i ≤ p− 3.

To prove the first assertion of Theorem 2.17(iii)(a) we assume p divides B1,ωi−1 . In

this case Lemma 6.5 implies A
(i)
1,tor ̸= 0 and then the surjection (22) implies A

(i)
n,tor ̸=

0. Since Proposition 6.2 implies A
(i)
n,tor is a cohomologically-trivial Pn-module we can

therefore apply Lemma 3.7 to deduce |A(i)
n,tor| ≥ p∆Pn and since ∆Pn = n (as Pn is cyclic

of order pn−1) this proves the first assertion of claim (a).

The first assertion of Theorem 2.17(iii)(b) follows immediately from Lemma 6.5.

To prove all remaining assertions of Theorem 2.17(iii) we first note that Lemma 6.5

combines with the displayed isomorphism in Theorem 2.17(ii) to imply that the element

e(i)θ
∗
n(1) · ϵnγQL

n
∞,p belongs to R

(i)×
n if p does not divide B1,ωi−1 and to R

(i)
n \ R(i)×

n if p

divides B1,ωi−1 .

We also note that R
(i)
n is isomorphic to the ring Zp[Pn] and that for each ψ in P ∗

n

one has (e(i)θ
∗
n(1) · ϵnγQL

n
∞,p)

ψ = ϵψω
i

γQ
L
ψωi

∞,p
· L∗(ψωi, 1).
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Given these facts, all remaining assertions of Theorem 2.17(iii) are obtained directly

by applying the following result with Γ = Pn and x = e(i)θ
∗
n(1) · ϵnγQL

n
∞,p.

Lemma 6.6. Let Γ be a finite abelian p-group and fix x in Cp[Γ].

(i) x belongs to Zp[Γ] if and only if for every element γ of Γ the congruence∑
ψ∈Γ∗

ψ(γ)xψ ≡ 0 (mod |Γ| · Zp)

is valid in Cp.

(ii) If x belongs to Zp[Γ], then x belongs to Zp[Γ] \Zp[Γ]×, resp. to Zp[Γ]×, if and only

if x1Γ belongs to p · Zp, resp. to Z×
p .

Proof. To prove claim (i) note that

x =
∑
ψ∈Γ∗

xψeψ =
∑
ψ∈Γ∗

xψ|Γ|−1
∑
γ∈Γ

ψ(γ)γ−1 =
∑
γ∈Γ

|Γ|−1(
∑
ψ∈Γ∗

ψ(γ)xψ)γ−1

and hence that x belongs to Zp[Γ] if and only if for every element γ of Γ the sum∑
ψ∈Γ∗ ψ(γ)xψ belongs to |Γ| · Zp.
We note next that Zp[Γ] is a local ring with maximal ideal equal to the set of elements

x =
∑
γ∈Γ xγγ, with each xγ in Zp, such that

∑
γ∈Γ xγ belongs to p · Zp. This implies

claim (ii) because∑
γ∈Γ

xγ =
∑
γ∈Γ

∑
ψ∈Γ∗

|Γ|−1ψ(γ)xψ =
∑
ψ∈Γ∗

|Γ|−1(
∑
γ∈Γ

ψ(γ))xψ = x1Γ . □

6.4. The proof of Theorem 2.17(iv).

Fix an odd integer i with 1 ≤ i ≤ p− 3.

In this case Lemma 6.5 implies A
(i)
n,tor vanishes. This implies that FitRn(An,tor)

(i)

= Fit
R

(i)
n
(A

(i)
n,tor) is equal to R

(i)
n and hence, via the equality of Theorem 6.4, that

e(i)θ
∗
n(1)(LRu + ϵnγQL

n
∞,p) = e(i)θ

∗
n(1) · LRu is a unit of the ring R

(i)
n .

This fact implies Theorem 2.17(iv) via a simple application of Lemma 6.6 (in just

the same way that it was used to prove the second assertion of Theorem 2.17(iii)(b) and

the corresponding case of the congruences in Theorem 2.17(iii)(c)).

This completes the proof of Theorem 2.17.
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