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Abstract. A diffusion process associated with the real sub-Laplacian
Ay, the real part of the complex Kohn—Spencer Laplacian [, on a strictly
pseudoconvex CR manifold is constructed via the Eells—Elworthy—Malliavin
method by taking advantage of the metric connection due to Tanaka and
Webster. Using the diffusion process and the Malliavin calculus, the heat
kernel and the Dirichlet problem for A are studied in a probabilistic manner.
Moreover, distributions of stochastic line integrals along the diffusion process
will be investigated.

Introduction.

Let M be an oriented strictly pseudoconvex CR manifold of dimension 2n + 1, and
Ay be the real sub-Laplacian on M, i.e. the real part of the Kohn—Spencer Laplacian
p. For definitions, see Section 1. The first aim of this paper is to construct the diffusion
process generated by —A,/2 by extending the Eells-Elworthy—Malliavin method [2],
[10]. Precisely speaking, we consider stochastic development of the Brownian motion
on C" in the complex unitary bundle of M. The second aim is to apply the diffusion
processes. The heat kernel and the Dirichlet problem associated with A, will be studied
in a probabilistic manner with the help of the Malliavin calculus. Moreover, distributions
of stochastic line integrals along the diffusion process will be investigated by the partial
hypoelliptic argument.

The Eells-Elworthy-Malliavin method is one of constructions of the Brownian mo-
tion on a Riemannian manifold, and realizes the Brownian motion as the projection of the
solution of the stochastic differential equation (SDE in abbreviation) on the orthonormal
frame bundle over the Riemannian manifold (see, for example, [2], [6], [7], [10], [11]). We
will carry out this method on a CR manifold, but in the present paper we use a complex
unitary frame bundle instead of a real orthonormal frame bundle. This comes from the
fact that the CR structure is defined as a complex subbundle T} o of the complexified
tangent bundle CT M.

To be more precise, recall that in the Eells-Elworthy—Malliavin method on a Rie-
mannian manifold, the vector fields governing the SDE on the orthonormal bundle are
constructed with the help of the Riemannian connection. The SDE corresponds to the
stochastic parallel translation on the Riemannian manifold. In our constuction on a CR
manifold, we take advanage of the metric connection on the complex subbundle 77 ¢ due
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to Tanaka [14] and Webster [17] to have vector fields Li,..., L, on the unitary bundle
U(T1 ) over M. Solving the SDE on U(T4 o)

dr(t) = Z(La(r(t)) 0dB®*(t) + La(r(t)) o dB*(t)), r(0)=r¢€ U(Ti,), (0.1)

and projecting its solution onto M, we show the existence of the diffusion process
X = {{X(#)}i>0,Pr);x € M} on M generated by —A;/2 (Theorem 2.5). Here
(BY(t),...,B"(t)) is a C"-valued Brownian motion, and we have used super and sub-
scripts @'’s to indicate the complex conjugates by = b, and ¢® = ¢@.

By using the partial hypoelliplicity argument in the Malliavin calculus, we will obtain
the heat kernel related to this diffusion process. Precisely speaking, we will show the
transition probability function of X has a smooth density function p(t,z,y). Moreover,
we will give a sufficient condition for distributions of stochastic line integrals of 1-forms
on M along the diffusion process X to have smooth density functions (see Section 3).

We finally consider the Dirichlet problem associated with Ay. Let G be a relatively
compact open set in M with C3-boundary. We shall show in a probabilistic manner that,

for each f € C(0G), there is a u € C(G) such that
Apu =0 on G in the weak sense, and u = f on 0G. (0.2)

See Theorem 4.1. As will be seen in Remark 4.8, together with hypoelliplicity of Ay,
this u is a classical solution to the Dirichlet problem. In the proof, a key role is played
by the local representation of the sub-Laplacian A; so that, on every sufficiently small
coordinate neighborhood U, there are a® € C and C*°-vector fields Z, with C-valued
coefficients on U so that

Ay == (ZoZs+ ZaZo)+ Y (0" Zo +a" Zz), (0.3)
a=1 a=1
and
spanc{(Zo)z, (Za)xs [Za, Zalz; 1 <a <n} =CT, M, zeU, (0.4)

where [, ] denotes the Lie product, and T, M is the tangent space of M at x.

In Section 1, we shall give a brief review on CR geometry. In the same section, we
shall construct vector fields on the complex bundle U (T o) over M, which are associated
with the metric connection due to Tanaka and Webster. These vector fields will be used
in Section 2 to construct a diffusion process X generated by —A;/2. The heat kernel and
distributions of stochastic line integrals along X are studied in Section 3. Section 4 will
be devoted to the study of Dirichlet problems associated with Ay.

1. CR geometry.

1.1. CR manifolds.
We begin this section with listing the results on CR manifolds which we shall use
later, following Dragomir-Tomassini [1] and Lee [9].
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A CR manifold M is a real differentiable manifold together with a complex subbundle
T o of the complexified tangent bundle CT'M = T'M ®g C such that Th o N Tp1 = {0}
and [Th,0,T1 0] C T1 0, where Ty 1 = T,o- We consider the case that M is orientable and
of real dimension 2n + 1 with n € N ={1,2,3,...} and 17 ¢ is of complex dimension n,
i.e. the CR codimension is 1.

Set H = Re(T1,0 @ To,1), which is called the Levi distribution of (M,T;). There
exists a pseudo-Hermitian structure, that is, a real non-vanishing 1-form # on M which
annihilates H. For such 0, the Levi form Ly of 6 is defined by

Lo(Z,W) = —/=1d0(Z, W), Z,W e T>®(Tyo® Tp.),

where I'** (V') stands for the space of C* cross sections of a vector bundle V. Throughout
the paper, we assume that M is strictly pseudoconvex, that is, the Levi form Ly is positive
definite. Then 71 o is an Hermitian fiber bundle with Hermitian fiber metric Ly. Let T’
be the characteristic direction, that is, the unique real vector field on M transverse to
H, defined by

T|do=0, T|6=1, (1.1)

where T'|w is the interior product: T'|w(X1,...,Xp—1) = w(T, X1,...,X,—1) for a p-form
w.

As M is strictly pseudoconvex, the (2n + 1)-form ¢ = 6 A (df)™ on M determines
a volume form, where we have chosen the orientation of M so that v is a positive form.
Then it induces the L?-inner product on functions:

<u,v>9:/Muw, v € CE(M;C) = {f +v/"1g; f.g € CE(M)).

The Levi form induces a metric on H (denoted by Ly again), and the dual metric L} on
H*. Then the L?-inner product on sections of H* is given by

(w, o = /N Ty, wn €T,

Denoting by r: T*M — H* the natural restriction mapping, we define a section dpu for
u € C*(M) by dyu = r o du. The real sub-Laplacian A, on functions is given by

<Abu,v>g = (dbu, dbv>9, RS Cgo(M)

Similarly, denoting by dyu the projection of du onto Ty, for u € C>°(M;C), we introduce
the Kohn—Spencer Laplacian [, defined by

(Dbu,v>9 = <5bu,5bv>9, v e CSO(M, C)
These two operators are related to each other by

Op=Ap++v—1nT on C*(M;C).
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1.2. Tanaka—Webster connection.

We now review a connection due to Tanaka [14] and Webster [17].

Let J: H — H be the complex structure related to (M, T} o); that is, the C-linear
extension of J is the multiplication by v/—1 on T} ¢ and —/—1 on Tp 1, where we have
used the fact that H ®r C = T1,9 @ Tp,1. Moreover, we extend J linearly to TM by
J(T) =0.

Since TM = H®RT = {X+aT | X € H,a € R}, there exists the unique Riemannian
metric gg on M satisfying that

90(X,Y) =do(X,JY), ¢o(X,T)=0, go(T,T)=1

for X,Y € H. gy is called the Webster metric. We extend gy to CT'M C-bilinearly.
The Tanaka—Webster connection is the unique linear connection V on M satisfying
that

VxY eT™(H), X eT>(TM),Y € I*°(H), (1.2)
VJ=0, Vgg=0, (1.3)
To(Z,W) =0, Z,W eTI>™(Tiy), (1.4)
Ty(Z,W) =2V =1 Le(Z,W)T, Z € T>®(T1),W € T>®(Ty,), (1.5)
To(T, J(X)) + J(Te(T, X)) =0, X €T>(TM), (1.6)

where V x is the covariant derivative in the direction of X and T+ is the torsion tensor
field of V: TG (Z,W) =V W - VwZ — [Z,W].

Let {Za}ae(n), where (n) = {1,...,n}, be a local orthonormal frame for 77 o on
an open set U, that is, Z, is a T} g-valued section defined on U and ¢y(Za, ZE) = dag,
where Z5 = Zg. If we set (n)) ={0,1,...,n,1,...,n} and Zy = T, then {Za} aciny is
a local frame for CT'M. We define Christoffel symbols I'S ; for A, B, C € ((n)) by

Vz.Zp= Y T$pZc.
cen)

Note that IG5 = 0 unless (B, C) € {(8,7),
1

B.79); B, € (n)}, because Vx (I**(Th,0)) C
I'*°(T1,0) and VT = 0 by the conditions (1.2) a

( Y
2) and (1.3). We also have that

Ph +Ths =0, B,y € (n), A € () (17)
by the condition (1.3).

1.3. Canonical vector fields.

To construct diffusion processes on CR manifolds in the next section, we introduce
suitable vector bundles and principal bundles on them. The method employed there is
a modification of the Eells—Elworthy—Malliavin method, which constructs the Brownian
motion on a Riemannian manifold via the SDE on the orthonormal frame bundle [2], [6],
(7], [10], [11].

Let p: [a,b] — M, where a < b, be a smooth curve. We say that a smooth curve
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W: la,b] — Ti is a parallel section along p if W(t) € (T1,0)p) and VW = 0, where
the dot means the differentiation in ¢.

For any v € (T1,0)p(a), there exists a unique parallel section W with W(a) = v.
This can be seen by the localization argument as follows: Let {Z4}ae(m) be a local
orthonormal frame for T7 o on U and suppose that p([a,b]) C U. Then for a smooth
curve W [a, b] — T} o satisfying W (t) € (T1,0)p(s), it holds that

W(t)= Y " (O)(Za)p),

a€e(n)

where c¢*(t) = go(W (1), (Za)p)) for a € (n). By the very definition of the covariant
derivative,

VW () = Y (€ (0)(Za)pey + (V5 Za(t))

ae(n)
= Y EO Gl + Y, OB, (Z2)p)Taa P0)(Z8)p(t)s
ag(n) Ae((n)

a,Be(n)

where we have used the convention that 0 = 0. Therefore V,W = 0 if and only if

FH)+ D Wgo(B), (Z2)pe) M aa(p(t) =0
Ae(n)
ae(n)

for each 8 € (n). Now, as an elementary application of the theory of ordinary differential
equations, for given v € (T1,0)p(q) there exists a unique parallel section 1/ along p such
that W(a) =

Let U(n) be the group of n X n unitary matrices. We denote the n x n identity
matrix by I,. Parallel sections can be represented locally as follows:

LEMMA 1.8.  Let {Za}aen) be alocal orthonormal frame for Ty o on U and suppose
that p([a,b]) C U. Then there exists a unique Ap: [a,b] — U(n) such that Ay(a) = I,
and

Z Ap (590 (B(E)s (Z5)p )T a5 (0(2)) = 0, (1.9)

(n)
56( )

where A,(t) = (Ap(t)g)AY Bemy, holds for each B,y € (n). Moreover, for given v €
(Tl,O)p(a):

Z A 590 ( ) (a))(Zv)p(t)

ByE(n)
is a parallel section along p and satisfies W (a) = v.

PrOOF. It is clear that the condition for A, defines a unique curve on M, (C),
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where M,,(C) is the group of n x n complex matrices. By (1.7) and (1.9) it is easy to
check that

jt( ) Ap(ﬂl&.ﬁ)}) =0

YE(n)

holds for «, 8 € (n), which in conjunction with A,(a) = I,, implies that A,(t) € U(n).
We next show the second assertion. Recall that

VW) = > 96(0,(Z5)p@) Aot} (Z3)p(e) + Ap(B) V5 Z4 (1))
B,vE(n)

Plugging (1.9) and the identity

VpZ,(t) = Z 90(D(1), (Z7)p))(V 24 27 )p2)
A€((n))

into this, we obtain the desired equality VW = 0. 0

Now we introduce the bundles over M given by

L(Ty ) = H {r: C" — (T1,0)s; 7 is a non-singular linear map},
zeM
U(Tyo) = {r € L(T1);r is isometric}.

For r € L(T1 ) with 7: C" — (T1,0)s, let w(r) = z. We write r{ for the image of £ € C"
by r € L(Tv).

The Lie group U(n) acts on U(Typ). For each A € U(n) we have the map
RA: U(TL(]) — U(TL(]) defined by

(Rar)(§) =rAE, 1 eU(Tip),§ €C™

Moreover, if A : [a,b] — U(n) is a smooth curve with A(a) = I,, and r € U(T1 ), then
A(a) is a skew Hermitian matrix and (d/dt)|i—a Rayr = A(A(a)),, where A is given by

_4
T ds s—0

)‘(U)T Rexp(su)T'

It should be remarked that, while the fiber of U(T1,) is a complex vector space and
complex group U(n) acts on it, U(T10) is a real manifold since so is the base manifold
M.

For smooth curves p: [a,b] = M and p: [a,b] = U(Th ), we say that pis a horizontal
lift of p to U(Th ) if mop = p and p(t)es is a parallel section for any a € (n), where
{ea}ae(n) is the standard coordinate of C". For v € T, M, r € n~*(z) and n € T,.U(T1 ),
we say that 7 is a horizontal lift of v if there exist a smooth curve p on M and a smooth
curve p on U(T1,) which is a horizontal lift of p, satisfying p(0) = r, ﬁ(O) = 7 and
Wl = 0.

For each v € T, M, there exists a unique horizontal lift 7, (r) € T,.U(T1,0). Indeed,
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let {Za}ac(ny be a local orthonormal frame for 719 on U and suppose the curve p is
contained in U. Let Z: U — U(T1o) be the section determined by {Z,}ae(n), i-e.
Z(x)eq = (Zuo)z. Let p:a,b] — M be a smooth curve. By virtue of Lemma 1.8,
p: [a,b] = U(Th o) is a horizontal lift of p if and only if 7(p(a)) = p(a) and

P(t) = Rz(p(a))~1op(a) © Ba, 1) Z(p(1)), (1.10)

where Z(p(a))~ op(a): C" — C" is regarded as an element of U(n) and A, is the curve
defined in Lemma, 1.8.

Under the identification of Z(z) € U(T1,0) with ((Z1)e,...,(Zn)z) € (T1,0)%, we
have RyZ(x) = Z(x)A for A € U(n). Then we can calculate as

d .

B, Z(0(0)) = 5 (204 (1)) = ZeGONAE) + Z(p(6)) Ay (1)

dt

By differentiating (1.10) and substituting the above identity, we arrive at the unique
horizontal lift of v:

Ur(“) = (RZ(x)*lor)*<Z*(v) - )‘((I)(U))Z(m)) € TTU(TI,O)a (1'11>

where ®: T, M — u(n) (u(n) is the set of n x n skew Hermitian matrices) is defined by

d(v) :( > g, (ZA)I)Flﬁ(a:)> .
Byy€(n)

A€g((n)
For each r € U(T1,9), the horizontal subspace at r is defined by
Hor, U(T1,0) = {n-(v);v € T,M} C T, U(11,0).

If we set the vertical subspace Ver,U(Ti o) by Ver,U(T10) = Ker(m.: T,U(T10) —
TW(T)M), then

TT»U(TL()) = VeI‘T-U(Tl,o) S5 HOI‘,-U(TLQ)

holds.

Ny extends naturally to a C-linear map from T, M ®g C to Hor,U(T1,9) ®r C. Then
for each £ € C", we can define the canonical vector field L(§) by L(§), = n.(rf) for
re U(Ty o). We set

L, =L(es), a€(n)

and call {Lq}ae(n) the canonical vector fields.

Let {Za}ae(ny be alocal orthonormal frame for T on U. Define {e5(r)} € C"®@C"
for r € L(Ty,0) with m(r) € U by r(ea) = > 5e(n) €5 (r)(Z3)x(r)- We can then introduce
a local coordinate system {(z*,e2)} of L(Ty ), where (z%)1<p<2,11 is a local coordinate
system of M. With respect to this coordinate we represent the canonical vector field L,
a € (n) as follows.

Recall that U(T},0) can be identified with M x U(n) locally, and under this identi-
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fication Ra((z,€)) = (z,eA) for (z,e) € M x U(n). Therefore it holds that
(Rz(z)-10r)xZx(v) =v, veT,M®rC, recU(Tip),

where Z: U — U(T} ) is the section determined by {Z4 }qeny as before. Since

1 —
@(Re > e'gZ5> = (2 > (el +e§%)) .
) v¥,0E(n

BE(n BE(n)
1 J—
@(Im > egzﬁ> = <2ﬁ > (el —eﬁrgé)) :
Be(n) Be(n) 7,0€(n)
we have
AMe(re Y ez _1 3 (T4 T2 ) 2 4 (P74 efr7 )L
€ €asp _2 €o Bé e Bs ae’)’ res Bs Ca ir} 867 ’
Be(n) B,y,5€(n) J 5
A(o(m X z)) =g X (el el g - g - o)
« — (0% « 5 « 5 (o7 5 ~ N
Be(n) 2Vl ey 70" e o " deg
Therefore we have from (1.11) that
6 v s.p 0 5 5.8 0
(Lo)r= Y €hZg— > Thseeazr = > Fﬂgegeaﬁ. (1.12)
Be(n) B.y.0.6€(n) © Badee(n) 6?

2. Construction of a diffusion process.

In this section, we construct a diffusion process X = {({X(t)}i>0, Py);z € M}
generated by —Ay/2.

Let {La}ae(n) be the canonical vector fields on U(T1) constructed in the pre-
vious section. Take a C"-valued Brownian motion {B(t) = (B'(t),...,B"(t))}t>0,
that is, {B(t)}+>0 is a C"-valued continuous martingale with (B Bf)(t) = 0 and
(B, BP)(t) = 0apt, where (M, N)(t) denotes the quadratic variation of continuous mar-
tingales {M (t)}+>0 and {N(¢)}i>0. Let {r(t) = r(t,r, B)}+>0 be the unique solution to
an SDE on U(T1,0):

dr(t) = Z (Lo(r(t)) 0 dB*(t) + La(r(t)) o dB%(t)), 7(0)=r ¢ U(T1yp), (2.1)
ae(n)
or equivalently
dr(t) = Z (V2ReLy (r(t)) 0 dE“(t) + V2ImLy (r(t)) o dn®(t)), r(0) =r € U(Ti o),

aE(n)

(2.2)

where ReLy, = (Lo +Lg)/2, ImLy = (Lo — L) /2¢/—1, £%(t) = v/2ReB®(t) and n®(t) =
v2ImB®(t). The process r(t) may explode. Note that (£X(t),n'(t),...,&"(t),n"(t)) is
an R?"-valued Brownian motion. The manipulation of taking the real part on the right
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hand side of the SDE (2.1) is due to that U(T} o) is a real manifold.

Let {Za}ae(n) be a local orthonormal frame for Ty o and (z*,eS) be the associated
local coordinate of L(T} o) as in the previous section. Then (2.1) can be rewritten locally
as

dr(t) = Y (eZ(t)Zﬁ(z(t))odBa(tHeg(t)Zg(x(t))odBa(t)L
a,Be(n)
del(t)=— (Fga(x(t))rfﬁ(t)eﬁ(t)odB“(t)+F%5(x(t))e§(t)e§(t)odBE(t))

a,B,66(n) ( )
2.3

Hence it follows from the uniqueness of {r(t,r, B)}+>o that r(¢t,rA,AB) = r(t,r, B) for
every unitary matrix A. Denoting by M a one-point compactification of M, we have
that the induced measures @, of m(r(-,r, B)) on C([0,00); M), the space of M-valued
continuous functions defined on [0, o), coincide for all r € 7~1(z). Put

P,=Q,on !, re 77_1(.13).
Set

1
£=3 > (LaLs + LaLa)|u-

ae(n)

It is easily seen that

X)) - / LF(X(s))ds

is a martingale under P, for every x € M and f € C§°(M), where X (t) denotes the
position of X € C([0,00); M) at time ¢t. By a straightforward computation, we have a
local representation of £ as follows:

1 [e% o
L= 2( o (ZaZa+ ZaZa) = Y, (0537 + rwza)). (2.4)
ae(n) a,Be(n)

Let {6,0% 6%} oc(n) be the dual basis to {T, Za, Za}ac(n)- Recall, moreover, an identity
that

dof = Y (Zaf0° + Zsf07)

aE(n)

and Greenleaf’s result [5] that

(Zof\9)0 = <f, (—Za+ > Fgﬁ>g> :
BE(n)

0

Plugging these into (2.4), we see that
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1
= A,
L=-3A

Thus we have shown that

THEOREM 2.5.  There exists a diffusion process X = {({X(t)}1>0, Py);z € M}
generated by —Ay/2 and which is obtained via the SDE (2.1).

ExaMPLE 2.6. Let H,, = C" x R be the (2n + 1)-dimensional Heisenberg group
with a coordinate system (z,t), z = (2%,...,2") € C", t € R. Define

1 - ~a o o J oo
02(dt\/1 ;(z dz" — 2%dz )>,

T = @‘sz where Z, = % + \/_71271%

a=1

Then H, is a strictly pseudoconvex CR manifold, see [1]. Since {Z4}qen) is a global
orthonormal frame for 77 o and

df = /=1 dz* Ndz®, d(dz") =0,
a=1

the associated covariant derivation is a null mapping. In particular, Ay = — 3" (ZQZE+
ZaZa). The diffusion process described in Theorem 2.5 is exactly the same one as that
studied by Gaveau in [3].

REMARK 2.7. Diffusion processes on sub-Riemannian manifolds, which include CR
manifolds, are studied from the point of view of sub-Riemannian geometry. For example,
In Gordina-Laetsch [4] diffusion processes on sub-Riemannian manifolds are constructed
as the limit of random walks constructed piecewisely via the Hamiltonian-flow associated
with a sub-Riemannian structure.

3. Heat kernel and stochastic line integral.

In this section, we apply the result [15] on partial hypoellipticity to the diffusion
process constructed in the previous section and stochastic line integrals along the diffusion
process.

We first consider the heat equation

%u = —%Abu, u(0,z) = f(z), (3.1)

where f € Cp°(M), via the diffusion process X = {({X(t)}s+>0, Py); x € M} constructed
in Theorem 2.5.

By Whitney’s embedding theorem, we may think of U(77 o) as a closed submanifold
of R* for some k. We further assume that

(H) there exist C* vector fields L', a € (n), on R¥ with C-valued coefficients such
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that (i) Lo = L), on U(Tp.1), and (ii) the coefficients of L, and their derivatives of
all orders are bounded.

The hypothesis (H) implies that r(t) does not explode. For example, this hypothesis is
fulfilled if M is compact. We shall establish

THEOREM 3.2.  Assume that (H) holds. Then there is a p € C*°((0,00) x M x M)
such that

P:c(X(t) € dy) = p(t7a:7y)w(dy)'

PROOF. Recall the expression (2.2). By virtue of [15, Theorem 3.1] and [16,
Lemma 3.1], it suffices to show that

spang {(7m.)rReLq, (1), Im Ly, (), [ReLq, ImLo |; o € (n)} = Tr iy M (3.3)

for every r € U(T1,0), where spany stands for taking all real linear combinations.
To see this, let {Z4}aem) be a local orthonormal frame for 77 9. By (1.12), it holds
that

(T )La = Y €iZp. (3.4)
BE(n)
We next observe that
(1) Loy La) = =2v=1T mod {Z4, Zg}a, (3.5)

where we have meant by “A = B mod {Za,Zz}a” that A = B+ o,y a%Za +
D we(n) b* Z for some a®,b™ € C. For this purpose, recall that

do(Z,W) = %(Z(G(W)) - W(0(2))—0(Z,W]), Z,W eCTM.
Since 0(T1,0 ® Tp,1) = 0, it holds that
0([Za, Z5)) = —2d0(Za, Z5) = =21 Lg(Za, Z5) = —2V/—16ap. (3.6)
Hence
(Za, Z3) = =2/ =16apT  mod {Za, Za}a, (3.7)

which yields that (3.5) holds.
(3.3) follows from (3.4) and (3.5). O

REMARK 3.8. By Theorem 3.2, a bounded solution to the heat equation (3.1) can
be written as

u(t,x) = E,[f(X ()] = /M F)p(t, 2, y)(dy).
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We next investigate stochastic line integrals. Let = be a 1-form on M, which, under
the imbedding made in the assumption (H), can be extended to a 1-form on R* such that
its derivatives of all orders are bounded.

Denote by fX[O’ﬂ = the stochastic line integral of = along {X (¢)}>0 from time 0 to
t. For definition, see [7]. It is easily checked that

/X[O,t] =T Ac Z

t
| =L 0 aBie)
{nH\{0}

where 7*E is the pull-back of E through 7: U(T1,0) — M and (7*E),(L4) is the pairing

*

of cotangent vector (7*E), and tangent vector (L), at r € U(T1p). Thus, {F(t) =
(r(t), fX[O,t] =)}t>0 obeys the SDE

di(t)= > La(F(t)) o dB(t),
Ae(ny\{0}

where L4’s are vector fields on U(T10) x R defined by

0

La=La+ (w*E)(LA)a—g,

and £ is the coordinate on R.

For x € M, take a local orthonormal frame {Za}a€<n> for T1 o on U, and set =4 =
E(Za) for A € ((n) \ {0}. For Ay,..., A, € {n) \ {0}, define @4, 4, (E):U = C
successively by

CI)AI (E) ZEAl and (I)Al,“.,Am(E) = ZAl@A27~wAm (E) — [ZA2, ['.'7[ZAm717ZAm} ~-~]]EA1~

THEOREM 3.9. Suppose that (H) holds and for each x € M there exists
Aq, .. Ay € () \ {0} such that D4, .. 4, (E)(x) #0. Then the distribution of fX[o,t] =
under P, admits a smooth density function with respect to the Lebesgue measure on R
for every x € M.

-1

PROOF.  Under the same notation as used in (1.12), set (f5)a. gemy = (€5 e (n)

and define locally
La= > fiLs.
Be(n)
Then it is easily seen that
Span(C{(EA)T, ([EAlﬂ [ cey [zAm,—17zAml .. 'H)T’;AaAla cee >Am € ((n))\{()},m =2,3,... }
=spanc{(La)r,([Lays[o-s[Lay s La, ] Drs A Ar, oy Ay € ((E)\{0},m=2,3,... }.

We have
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(7. =Y s >>35 Ba(E) (n(r) 2

B,vE(n)

where 7: U(T19) X R — R is the natural projection. By induction on m we have

~ = -~ -~ — 0
(T )r(Lags [ L, Lay ] De = Pay o, (:)(W(r))a—g.
Hence, applying [15, Theorem 3.1], we obtain the desired result. (]

REMARK 3.10.  Although Z4’s in the definition of ® 4, . 4, () are all in T3 ¢&Tp 1,
the direction T appearsin ® 4, . 4, (£)’s because the expression [Z,, Zz| contains T-part
by (3.7). Hence, for example, even if Z4(x) = 0 for each A € ((n)) \ {0}, the assumption
D4, .4, (2)(x) # 0 may be satisfied.

4. Dirichlet problem.

In this section, we study Dirichlet problems related to A,. For f € C(9G), what to
be found is a uy € C?(G) N C(G) such that Ayus = 0 and us|sg = f. We first establish
a weak solution in a probabilistic manner following Stroock and Varadhan [13]. As will
be seen in Remark 4.8, we indeed obtain a classical solution stated above.

Let X = {({X () }+>0, Py); x € M} be the diffusion process obtained in Theorem 2.5.
Let G be a relatively compact connected open set in M with C® boundary. Define

=inf{t > 0; X(¢) ¢ G}.
We shall show that

THEOREM 4.1.  For f € C(0G), define up(x) = E.[f(X(7'))]. Then uy € C(G)
and satisfies that

(up, Apv)g =0 for anyv € C3°(G), and uy=f on0G.

Due to the result by Stroock and Varadhan [13], the theorem is verified once we
have established the following two lemmas.

LEMMA 4.2. It holds that

sup E,[7'] < co.
z€G

LEMMA 4.3.  Every boundary point is 7'-reqular, that is,
P.(r"=0)=1, ze€dqG.
PROOF OF LEMMA 4.2.  On account of [13, Remark 5.2], it suffices to show that

P.(r"<T)>0, z€Gand T >0. (4.4)
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To do this, take a family {Uj}é\’:1 of coordinate neighborhoods of M such that G C
UM, Uj. Let A = {j;U;N0G # 0}. Take j € A and a local orthonormal frame {Za }ae (n)
for Th 9 on U;. Then, by virtue of (2.4), we may assume that the part of {X(t)}:>0 on
Uj is governed by an SDE

dX(t) = Y (V2ReZa(X(t)) 0 d&™(t) + V2ImZa(X () o dn®(t)) + b(X (t))dt, (4.5)

ae(n)

where (€1(¢),nt(t),...,£"(t),n"(t)) is an R*"-valued Brownian motion and

b=— Y (15,70 +T557a).
o,BE(n)

Due to (3.7), applying the support theorem (cf. [8, Theorem 3.2]), we obtain that
P.(r"<T)>0, z€U;,je\NT>0. (4.6)

For Uy, such that k ¢ A and U, NU; # 0 for some j € A, by the same reasoning as
above, applying the support theorem again, we have that

P,(X(t) hits U; before T) >0, z € U, T > 0.
Combined with (4.6) and the strong Markov property, this yields that
P.(7"<T)>0, xe€U,T>0.
Repeating this argument successively, we can conclude (4.4). O

ProoOF oF LEMMA 4.3. Let z € 0G and U be a coordinate neighborhood of x.
For a local orthonormal frame {Z, }qe(n) for T1, defined on U, we may and will assume
that the part of {X(¢)};>0 on U obeys the SDE (4.5).

Let ¢ be a locally defining function of G around z, which means that there is an
open set V containing z such that ¢ € C3(V), VNG = {y € V;¢(y) < 0}, and dp(y) # 0
for y € 90G N V. If either (ReZy)p(x) # 0 or (ImZ,)p(x) # 0, then by [12, Corollary 4],
x is 7/-regular. Now we suppose that

(ReZy)p(z) = (ImZy)p(x) =0, « € (n). (4.7)

Since {ReZy, ImZ,, T'} e (ny forms a local basis of TM on U, this implies that T'p(x) # 0.
Moreover, in conjunction with (3.7) and (4.7) it also implies that

[ReZu, ImZ,|p(x) = Tp(x) # 0.

Hence it follows that, for each «, either (ReZ,)(ImZ,)p(z) # 0 or (ImZ,)(ReZ,)p(z) #
0 and that a matrix
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(ReZa)(ReZp) () (ReZa ) (ImZg ) ()

(ImZa)(ReZp)p(x) (0 Z)(ImZp)p(x) ) |

is not symmetric. Applying [12, Corollary 7], we see that x is 7/-regular. (|

REMARK 4.8.  Since A, is hypoelliptic ([1, Theorem 2.1]), that is, if Ayv = ¢g and

g € C®(U) then v € C*(U), uy is a classical solution to the Dirichlet problem, namely

it holds that uy € C*(G) N C(G), Apuy =0 and uslog = f.
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