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Abstract. In this paper we study short time asymptotics of a density
function of the solution of a stochastic differential equation driven by fractional
Brownian motion with Hurst parameter H (1/2 < H < 1) when the coeffi-
cient vector fields satisfy an ellipticity condition at the starting point. We
prove both on-diagonal and off-diagonal asymptotics under mild additional
assumptions. Our main tool is Malliavin calculus, in particular, Watanabe’s
theory of generalized Wiener functionals.

1. Introduction.

Let (w¢)i>0 be the standard d-dimensional Brownian motion and let V; (0 <4 < d)
be smooth vector fields on R™ with sufficient regularity. Consider the following stochastic
differential equation (SDE) of Stratonovich-type;

d
dye = > Vi(yr) o dwj + Vo(yu)dt with yo =a € R".
i=1

If the set of vector fields satisfies a hypoellipticity condition, the solution y; = y;(a) has
a smooth density p:(a,a’) with respect to Lebesgue measure on R"”. From an analytic
point of view, p;(a,a’) is a fundamental solution of the parabolic equation du/dt = Lu,
where L =V + (1/2) Zle V2, and is also called a heat kernel of L.

In many fields of mathematics such as probability, analysis, mathematical physics,
and differential geometry, short time asymptotic of p;(a,a’) is a very important problem
and has been studied extensively. Although analytic methods are also well-known, we
only discuss a probabilistic approach via Feynman—Kac formula in this paper. Malliavin
calculus is a very powerful theory and was used in many papers on this problem.

Among them, S. Watanabe’s result seems to be one of the best. (See [21] or Sections
5.8-5.10, [9].) His theory of distributional Malliavin calculus is not only very powerful,
but also user-friendly. Many heuristic operations are made rigorous in this theory and
consequently the theory gives us a good view. Moreover, this theory is quite self-contained
in the sense that all the argument, from an explicit expression of the heat kernel to the
final asymptotic result, is constructed without much help from other theories.
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The theory goes as follows. First, he constructed a theory of generalized Wiener
functionals (i.e., Watanabe distributions) in Malliavin calculus. Then, he gave a repre-
sentation of the heat kernel by using the pullback of Dirac’s delta function; p;(a,a’) =
E[da (y:(a))], where the right hand side is the generalized expectation with respect to
Wiener measure. Finally, by establishing an asymptotic expansion theory in the spaces
of generalized Wiener functionals, he obtained a short time expansion of p;(a, a’) under
very mild assumptions. In this method, an asymptotic expansion is actually obtained
before taking the generalized expectation.

In this paper we consider the following problem. Let (wf?);>o be d-dimensional
fractional Brownian motion (fBm) with Hurst parameter H € (1/2,1). Instead of the
above SDE, we consider

d
dye = > Vi(y)dw{"" + Vo(y)dt with yo=a € R".

i=1

This is an ordinary differential equation (ODE) in the sense of Young integral (see Lyons
[13]). In fact, this is actually an ODE with a random driving path, but we call this
SDE for simplicity. Some researchers have studied the solution of the above SDE with
Malliavin calculus. See [17], [8], [18], [1], [6] and references therein. Under the ellipticity
or the hypoellipticity condition, the solution y: = y:(a) has a smooth density p;(a,a’).
See [8], [18], [1].

In this paper, by using Malliavin calculus and, in particular, Watanabe distribution
theory, we will prove a short asymptotic expansion of this density in the elliptic case under
mild assumptions. This kind of asymptotics was already studied in [1], [2], but without
Malliavin calculus. In [1], they showed on-diagonal short time asymptotics when V) = 0.
In [2], by using Laplace’s method, they showed off-diagonal short time asymptotics when
Vo = 0 and the vector fields V;’s satisfy a rather special condition. Our results is a
generalization of these preceding ones. Notice that we do not assume the drift term Vj is
zero. One may think this is just a minor generalization, but this makes the asymptotic
expansion much more complicated.

The organization of this paper is as follows: In Section 2, we give settings, as-
sumptions, and precise statements of two main theorems. In Section 3, we recall basic
properties of a Young ODE and its Jacobian process for later use. In Section 4, we review
Watanabe’s theory of generalized Wiener functionals in Malliavin calculus. In Section 5,
we discuss the solution of Young ODE driven by {Bm with Hurst parameter H € (1/2,1)
from the viewpoint of Malliavin calculus. We also prove uniform non-degeneracy of Malli-
avin covariance matrix of the solution under the ellipticity condition. In Section 6, we
prove one of our main theorems, namely, on-diagonal asymptotics of the kernel. In sec-
tion 7, we show the shifted solution of the Young SDE admits an asymptotic expansion in
the sense of Watanabe distribution theory. In Section 8, we prove the other of our main
theorems, namely, off-diagonal asymptotics of the kernel. In Section 9, we prove that,
under the ellipticity assumption at the stating point, our main result (the off-diagonal
asymptotics) holds when the end point is close enough to the starting point. We also
make sure that Baudoin and Ouyang’s result in [2] is basically included in ours.
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2. Setting and main results.

2.1. Setting.

In this subsection, we introduce a stochastic process that will play a main role
in this paper. From now on, dropping the superscript “H”, we denote by (w¢)i>0 =
(w},...,wl)>o the d-dimensional fractional Brownian motion (fBm) with Hurst param-
eter H (1/2 < H < 1). It is a unique d-dimensional mean-zero Gaussian process with
covariance

o i
Elww{] = 7](|8|2H + [P — [t =), (s,t>0).

Note that, for any ¢ > 0, (we)i>0 and (cHw;)i>o have the same law. This property is
called self-similarity or scale invariance.

Let V; : R" — R" be C}°, that is, V; is a bounded smooth function with bounded
derivatives of all order (0 < ¢ < d). We consider the following stochastic ODE in the
sense of Young;

d
dye =y Vily)dw; + Volye)dt  with yo = a € R™. (2.1)

=1

We will sometimes write y; = yi(a) = y:(a, w) etc. to make explicit the dependence on a
and w.

2.2. Assumptions.
In this subsection we introduce assumptions of the main theorems. First, we assume
the ellipticity of the coefficient of (2.1) at the starting point a € R™.

(A1): The set of vectors {Vi(a),...,Vy(a)} linearly spans R™.

It is known that, under Assumption (A1), the law of the solution y; has a density p:(a, a’)
with respect to the Lebesgue measure on R for any ¢ > 0 (see [1], [18]). Hence, for any
measurable set U C R, P(y; € U) = [;; pe(a,a’)da’.

Let H = H* be the Cameron-Martin space of fBm (w;). For v € H, we denote by
#? = ¢9(v) be the solution of the following Young ODE;

d

dg) =Y Vi(¢))dy; with ¢f=aeR". (2:2)
=1

Set, for a # a/,
g ={ven| () =a}
If we assume (A1) for all a, this set K is not empty. If K% is not empty, it is a

Hilbert submanifold of H. From the Schilder-type large deviation theory, it is easy to
see that inf{||y|j3 | v € K%'} = min{||y| | v € K*}. Now we introduce the following
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assumption;
(A2): ¥ € K, g’ which minimizes H-norm exists uniquely.

In the sequel, 4 denotes the minimizer in Assumption (A2). We also assume that || - [|,/2
is not so degenerate at v in the following sense.

(A3): At 7, the Hessian of the functional K¢ 3 ~ — [v]|3,/2 is strictly positive in the
form sense. More precisely, if (—eg,20) 2 u+— f(u) € Kg/ is a smooth curve in K{jl such

that £(0) =5 and f/(0) # 0, then (d/du)|uo|l f(u)[3,/2 > 0.

Later we will give a more analytical condition (A3)’, which is equivalent to (A3)
under (A2). In [21], Watanabe used (A3)’. We will also use (A3)’ in the proof. In order
to state (A3)’, however, we have to introduce a lot of notations. So, we presented (A3)
here for ease of presentation.

2.3. Index sets.

In this subsection we introduce several index sets for the exponent of the small
parameter € > 0, which will be used in the asymptotic expansion. Unlike in the preced-
ing papers, index sets in this paper are not the set of natural numbers and are rather
complicated. Set

n
Alz{nl-l-]{z

ni,Ng € N}7

where N = {0,1,2,...}. We denote by 0 = kg < K1 < kg < --- all the elements of A; in
increasing order. Several smallest elements are explicitly given as follows;

1 1 2
o k3=2, kKa=14—, Ks=3A—,...

:]_ =
R1 PE) H H

As usual, using the scale invariance (i.e., self-similarity) of fBm, we will consider the
scaled version of (2.1). (See the scaled Young ODE (6.1) below). From its explicit form,

one can easily see why A; appears.
We also set

Ag:{m—1|mEA1\{O}}:{O,;I—l, 1, % <3A;>_1,...}
and
AIQ{H2|H€A1\{O,1,1/H}}{O,;[l, (3A;>2}

Next we set
As={a1+as+ -+ay,|meNyand ay,...,a, € Ao}

In the sequel, {0 = vy < v1 < vy < ---} stands for all the elements of A in increasing
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order. Similarly,
Ay ={a1+as+ - +an|meNy and ay,...,a, € Ay}

In the sequel, {0 = po < p1 < p2 < ---} stands for all the elements of A% in increasing
order. Finally,

A4:A3+Ag:{1/+p|VGAg,,OEAg}.

We denote by {0 =Xg < A\; < Ay < ---} all the elements of A4 in increasing order.

2.4. Statement of the main results.

In this subsection we state two main results of ours, which are basically analogous
to the corresponding ones in Watanabe [21]. However, there are some differences. First,
the exponents of ¢ are not (a constant multiple of) natural numbers. Second, cancellation
of “odd terms” as in p. 20 and p. 34, [21] does not happen in general in our case. (If
the drift term in Young ODE (2.1) is zero, then this kind of cancellation takes place as
in [1], [2]).

The following is a short time asymptotic expansion of the diagonal of the kernel
function. This is much easier than the off-diagonal case.

THEOREM 2.1.  Assume (Al). Then, the diagonal of the kernel p(t,a,a) admits
the following asymptotics as t \, 0;
(t )N 1 ( + ty1H+ tV2H+)
pit,a,a tniH (&4) CV1 CV2
for certain real constants cy,Cyy,Cpy,.... Here, {0 = vy < 11 < vo < ---} are all the
elements of A3 in increasing order.
We also have off-diagonal short time asymptotics of the kernel function.

THEOREM 2.2. Assume a # a’ and (A1)—(A3). Then, we have the following asymp-
totic expansion as t "\, 0;

/ Iz, 8 1
p(t,a,a)wexp(— 2t2H +t2H_1 tniH

{OO\O + a/\1tA1H + O‘)\zt)\QH +oe }

for certain real constants 3,ax, (j =0,1,2,...). Here, {0 =X o < A\ <Ay <---} are all
the elements of Ay in increasing order.

REMARK 2.3. (i) Consider the following simplest case; n = d = 1 and y; =
a + w; + bt with b € R. Then, for each ¢t > 0, this induces a Gaussian measure
with mean a + bt and variance t>#. Hence, the kernel is given by

1 (a+ bt —a')?
!
plta) = e (g
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_ 1 ef(afa')Q/(2t2H)efb(afa')/tQH_lefb2t2_2H/2
V2mtH

= e_(a—a/)z/@t“{)—b(a—a/)/ﬂHfl

1 R I
1 Y t-nm L O amt-ne
< ot ( 2 + 21

This example may illustrates that the asymptotics in Theorem 2.2 are not so
strange.

(ii) Some of the constants in Theorems 2.1 and 2.2 can be obtained explicitly. For
example, in Theorems 2.1, ¢g = [(27)"/? det(o(a)o(a)*)]~! and

e, = caym-1 = %i0(Vi(a)w] + -+ + Va(a)wf) - Vo(a) = 0.

=1

Here, o(a)o(a)* is the covariance matrix of the n-dimensional Gaussian random
variable Z?:1 Vj(a)w]. In Theorems 2.2, 3 = (7, }/H) The notations in this
remark will be given later.

2.5. Outline of proof of off-diagonal asymptotics.

In this subsection we outline the proof of Theorem 2.2 in a heuristic way so that
the reader would not get lost in technical details. The argument in this subsection is not
rigorous. For ¢ € (0,1] and 7 as in (A2), consider the following SDE;

d
dj; =Y Vi) (edwi + d7;) + Vo(7)e'/ Pdt - with g5 =a

i=1

(We denote by y° the solution of the above ODE with 7 = 0.)
From the scaling property of fBm and a routine argument in Watanabe’s theory,

P/ 0, a) = E[bo (v /)] = E[5u ()] = E[8ur (45X (e, )] + (1 small term).

Here, x,(¢,w) is a Dy -functional which looks like the indicator of a small ball of a
certain radius i > 0 centered at 4. By Schilder-type large deviations, the second term
above is negligible. By Cameron—Martin theorem, the fisrt term is equal to

exp (— ”;i'ff)E[exp (— i<%w>)5w(zﬁ)xn(&w+ Z)]

Here, x,(e,w + 7/¢) does not contribute to the asymptotic expansion since it is of the
form 1 4+ O(e") for any large N € N. So, it is sufficient to consider the two factors;
dar (75) and exp(—(y,w)/e).

We will prove in Section 7 that g admits the following expansion for certain ¢"i’s
both in D, (R™)-sense and the deterministic sense.
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1
B 0 LG e e as e\, (meAl =N+HN>.

From the SDE for §°, one can easily see that the index set for this Taylor expansion of
It6 map should be A;. Set R* = §° — (¢° + ¢! + ' /H P/ H), In fact, ¢°, /7 do not
depend on w. Then, we see from ¢ = a’ that

~E

!
0 i) = (2 B2 ) o} 4 /1) g ),

Since (55 — a') /e = ¢} + /D =1¢V/H | c=1R2€ is uniformly non-degenerate in ¢ in the
sense of Malliavin under (A1) and indexed by As, its composition with the Dirac measure
dg is well-defined and admits a Taylor-like expansion with the index set As.

Next we consider the other factor. We will show that there exists # € R™ such
that (y,w) = (v, ¢1), where the right hand side is the inner product of R™. Under the
condition that ¢! 4+ (/) =1pl/H 1 c=1R2%e — () we have

oo (- L) = xp (38 (12220,

It is obvious that the index set for R?¢/c? is A}, which implies that the index set
1/H’ a, a/)

admits an asymptotic expansion and why Ay = A3 + A} appears as the index set of the

for exp({r, R*¢/e?)) is A5. From this heuristic explanation, we see that p(e

asymptotics. By setting € = t¥, we have the desired short time expansion.

When we try to make the above argument rigorous, the most difficult part is to prove
integrability of various Wiener functionals of exponential-type. This is highly non-trivial
and we will prove a few lemmas for that purpose in Subsection 8.2. Assumption (A3) is
actually a sufficient condition for those lemmas to hold.

3. Basic properties of Young ODE and L9-integrability of Jacobian
process.

In this section we recall the basic properties of a Young ODE and its Jacobian process
(i.e., derivative process). There is no new result in this section. These facts are scattered
across many literatures and it is not so easy to find a suitable one. (In this sense, Lejay
[11] may be useful.) Here, we summarize some results, in particular, L?-integrability of
the Jacobian process driven by fBm with Hurst parameter H > 1/2 for later use. (Zahle
[22] generalized Young integral and ODE by using fractional calculus, but we do not use
it in this paper.)

We always assume that 1/2 < a < 1 and the time interval is [0,1]. Let
Co=Md(]0,1];RY) be the spaces of R%valued a-Hélder continuous paths. The Banach
norms are defined by

|y — x4
Tlla—hld = |To| + Su —_—
l[#]a |0l s SRy
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The closed subspaces of paths that starts at the origin is denoted by C5~"4([0, 1]; R%).
Let o : R® — Mat(n,d) and b : R® — R"™ be sufficiently regular. Consider the
following ODE in the Young sense;

dys = o(yt)dxs + b(yr)dt  with  yo = a. (3.1)

Here, z € C5"9([0,1); R%) and @ € R™ is the initial value. Let V; : R® — R™ be the
ith column vector of o (1 < i < d) and set Vj = b. Then, ODE (3.1) can be rewritten
equivalently as follows;

d
dye = 3" Vilun)dey + Vo(y)dt  with o = a. (32)

=1

Some researchers prefer this style. In this paper we will use both (3.1) and (3.2).

Assume o and b are CZ, that is, maxo<i<2(||V'0| s + [|Vb]|oo) < 00, where || - |l
stands for the sup-norm. Then the above ODE has a unique solution for any given x and
a in a-Holder setting. Moreover, the map

co~Md(j0,1; RY) x R" 3 (z,a) — y € C*~"4([0,1]; R") (3.3)

is locally Lipschitz continuous (i.e., Lipschitz continuous on any bounded set). We will
sometimes write y = I(x, \), where A\; = ¢. (In this paper a is fixed.)

Now we discuss the Jacobian process (i.e., the derivative process) J of the ODE
(3.1), or equivalently (3.2). J; is a (formal) derivative of the solution flow a — y; = y:(a)
of the Young ODE (3.1).

For v € R", we denote the directional derivative along v by V,o(y) = Vo(y)(v, -),
etc. So, Vo takes its values in L(?)(R”, R%; R") = (R")*®(R%)*®@R", which is equipped
with the usual Hilbert-Schmidt norm. Notations such as V*V;, V?0 = VVo, V?b, etc.
should be understood in a similar way.

The Jacobian process J takes its values in Mat(n,n) = L(R™,R™) and satisfies

More precisely, by setting M, = fOt{VJ(ySX - dxs) + Vb(ys)( - )ds}, we may rewrite this
equation as follows;

The dot on the right hand denotes the matrix multiplication. When we need to specify
the driving path, we will write J(x, A), where A; = ¢. The equivalent equation for J that
corresponds to (3.2) is as follows;

d
dJy = VVily)(Jo)dai + VVo(ye) (Jo)dt  with Jo =1d,. (3.6)

i=1
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Assume for safety that o and b are Cj. It is known that the system of Young ODEs
(3.1) and (3.4) has a unique solution (y, J) for given = € CS"%([0,1];R%) and a € R"
in a-Holder setting and local Lipschitz continuity of (x,a) — (y,J) also holds in this
case.

Now let us consider the moment estimate for Hélder norms of J and J~', when
the driving path « is the d-dimensional fBm w = (wy)o<¢<1 with Hurst parameter H €
(1/2,1). Take any a € (1/2,H). Then, almost surely, ||w|q—na < co. (By the way,
lwll1 /5 —var = 00, a.s. See [7], [19]. Hence, ||w||z_niq = o0, a.s.)

The differential equations are given as follows;

dyr = o(y)dwy + b(y:)dt with yo =a and dJ; = dM, - J; with Jy = 1d,,, (3.7)

where M; = fOt{Vcr(ys)<~,dws> + Vb(ys)(-)ds}. For simplicity we call them SDEs,
though they are just deterministic Young ODEs driven by a random input w (and \).

PROPOSITION 3.1.  Let 1/2 < oo < H and assume that the coefficients o and b are
C3. Let J be as in (3.7) above. Then, || J||a—na and ||J | a—nia have moments of all
order, i.e., ||J||Oé,hld, ||J71Ha7hld S ml§q<oo Le.

Proor. This is already known. Here, we give a sketch of proof only.
Since (3.4) is linear, the solution can be written explicitly as follows.

)

J, = (Idn + ZMS““Q)JS 0<s<t<1), (3.8)
k=1

where

M = / dM,, - dMy,dM,, . (3.9)
§<t1 <<ty <t

We can apply the same argument as in the proof of Lyons’ extension theorem (p. 35,
[14]) to obtain

1/« 1/«
[T la—nia < 1+ ¢ (14 [[wl] %) exp (cllw]Y %a)- (3.10)

Here, positive constants ¢, ¢’ depend only on «,0,b. Since 1/a < 2, we can apply Fer-
nique’s square exponential integrability theorem for Gaussian measures.

J~1 has a series expansion similar to (3.8)—(3.9) and can be dealt with in the same
way.

It is also possible to prove Proposition 3.1 by using Hu and Nualart’s result on
integrability of supy<;<; |Jt| in [8] plus a cutoff argument. O

REMARK 3.2. This kind integrability problem for Jacobian process becomes very
difficult when H < 1/2. Cass, Litterer, and Lyons [5] recently proved it in rough path
setting for Gaussian rough path including fractional Brownian rough path with 1/4 <
H<1/2.
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4. Preliminaries from Watanabe’s asymptotic theory of generalized
Waiener functionals.

We recall Watanabe’s theory of generalized Wiener functionals in Malliavin calculus.
Most of the contents and the notations in this section are borrowed from [21] or Sections
5.8-5.10, Tkeda and Watanabe [9] with trivial modifications. Shigekawa [20] and Nualart
[16] are also good textbooks of Malliavin calculus and we will sometimes refer to them.
There is no new result in this section.

Let (W, H, i1) be an abstract Wiener space. (The results in [21] or Sections 5.8-5.10,
[9] also holds on any abstract Wiener space.) The following are of particular importance
in this paper:

(a) Basics of Sobolev spaces Dy . (KC) of K-valued (generalized) Wiener functionals, where
qg € (1,0), r € R, and K is a real separable Hilbert space. As usual, we will use
the spaces Dy (K), Doo(K) of test functions and the spaces D_ o (K), D_oo(K) of
generalized Wiener functionals (i.e., Watanabe distributions) as in [9].

(b) Meyer’s equivalence of Sobolev norms. (Theorem 8.4, [9]. A stronger version can be
found in Theorem 4.6, [20])

(c) Pullback T o F of tempered Schwartz distribution T € §’(R™) on R™ by a non-
degenerate Wiener functional F' € Do (R™). (see Sections 5.9, [9].)

(d) A generalized version of integration by parts formula in the sense of Malliavin calculus
for Watanabe distribution. (p.7, [21] or p. 377, [9])

Now we consider a family of Wiener functionals indexed by a small parameter € €
(0,1]. When the index set of asymptotics is N, it is explained in Sections 5.9, [9]. This
is just a slight generalization of it.

Consider a family of K-valued Wiener functionals {F(e,w)}o<e<1 and assume
F(e, ) € Doo(K) for each . We say F(e, -) = O(e") in D x(K), k € R, as ¢ \, 0, if
|F (e, )lgr = O(e"). Wesay F(e, -) = O(e") in Do (K) as € \, 0, if F(eg, -) = O(e")
in D, 1(K) for any 1 < ¢ < oo and k € N.

Let 0 =ko < k1 < ka2 < -+ /00 and fo, fiy, fras - € Doo(K). We write

Fe, )~ fo+e™fuo, +e™f, +--- InDg(K)ase\,0,
if, for any m € N, it holds that

Fle, )= (fo+e™ fu, +- & f,)=0(E") in Dyo(K) as e\, 0.

In a similar way, we can define asymptotic expansions in D_ o (K), Duo (K), D_oo (K)
for a general index set, too, but we omit them.

We recall basic facts for such asymptotic expansions in the Sobolev spaces. Let
0=4kKo < k1 < kg <--- /00 be as above. In Proposition 4.1 below, 0 = 1y < 11 < 15 <
.-+ / oo are all the elements of {k; +k; | 7, j € N} in increasing order. The fundamental
case k; = j is treated in Proposition 9.3, Section 5.9, [9]. The following is a straight
forward modification of it.

PROPOSITION 4.1. (1) Suppose that F'(g, -) € Doo(K) admits an expansion such
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as
Fle, ") ~ fot+ ™ fuy + % fuy + -+ in Duoo(K) as e\, 0,

with f., € Doo(K) for all j € N. Suppose also that G(e, -) € Do (or D..) admits
an expansion such as

Gle, ") ~go+e™ g, +€™g, +-+ Dy (orresp. Do) ase \, 0,

with g., € Doo (01 resp. Do) for j € N. Then, H(e,w) = F(g,w)G(e, w) satisfies
that

H(e, ) ~ho+e"hy, +"%hy,, +-- inDy(K) (or resp. Doo(K)) as e\, 0,

where h,, € Do (K) (or resp. Do (K)) are given by the following formal multipli-
cation;

hyn = Z gmfnj-

. M 3 g=
(4,3);ki+Kj=vn

Suppose that G(e, -) € Doy (0r Do) admits an expansion such as

Gle, ")~ go+e™gu, g, +-+ Dy (orresp. Do) as e\, 0,

with g., € Do (or resp. Do) for all j € N. Suppose also that ®(e, -) € D_o(K)
admits an expansion such as

D(e, - )~ o+ M dy, +E™Pe, +---  in f)_OO(IC) as €\, 0,

with ¢, € D_o(K) for all j € N). Then, ¥(e,w) = G(e,w)®(e,w) satisfies that

(e, ) ~ o +e"hy, +%thy, + -+

in D_o(K) (orresp. D_s(K)) as e\, 0, (4.1)

where ¥, € D_oo(K) (or resp. D_o(K)) are given by the following formal mul-
tiplication;

Yo, = D GeOs, (4.2)

(4,);ki+Kj=FKn
Suppose that G(g, - ) € Do admits an expansion such as

Gle, ) ~go+e™gs, +e"gu, +--+ n Dy ase 0,
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with g.;, € Do for all j € N. Suppose also that ®(e, -) € D_(K) admits an
expansion such as

Dle, )~ o+ e, +E2¢, +--- inD_(K) ase \,0,

with ¢n, € D_o(K) for all j € N. Then, (4.1) and (4.2) hold in D_(K).

REMARK 4.2. In (i) of the above Proposition, the index sets {«;};—0,1,2,... for the
asymptotic expansions for F(g, -) and G(g, - ) are the same. However, these index sets
for F' and G may differ, because the union of the two index sets can be regarded as a
new index set. Similar remarks hold for (ii) and (iii), too.

Next we consider asymptotic expansions for the pullback. Let F(e, -) € Do (R™)
for 0 < e < 1. We say F is uniformly non-degenerate in the sense of Malliavin if

—1

1Si7jén||q <oo forall 1< gq< oo.

Oiggl H det(<DFi(E7 ')aDFj(57 )>H)

Here, D stands for the H-derivative.
The following is a straight forward modification of Theorem 9.4, [9]. In this theorem,
0=vg <1 <vy <--- /o are all the elements of

{kjy +---+kj, In=12,..., and j1,...,j, € N}
in increasing order.
THEOREM 4.3. Let F(e, -) € Do (R"™) (0 < & < 1) satisfy the following;
Fle, )~ fo+e™fe, +e™f, +--+ D (R™) ase 0,

with fi., € Doo(R"™) for all j € N. We also assume that F is uniformly non-degenerate
in the sense of Malliavin. Then, for any T € S'(R"), ®(e,w) := T o F(e,w) has the
following asymptotic expansion;

B(e, ) ~ o+ ™ o, + 2o, + - in]j_oo as e\, 0,

where ¢, € D_.. is determined by a formal Taylor expansion as follows;

Be, ) = 3 O T) (o)l fo + €% iy + 1% = G0+ €10, + 20, 4

«

where the (formal) summation is over all multi-indexes o = (av, ..., ) € N™. (We set
0~ = Hj(a/axj)aj and b = T, b?j for b= (b1,...,b,) € R™ as usual.) For instance,
do =T(fo) and b, =37, f1 (0T /0x7)(fo) and so on.

Unlike in the usual stochastic analysis, almost every Wiener functional in this paper
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is continuous with respect to the topology of an abstract Wiener space, because we work
in the framework of Young integration. Therefore, the following proposition will be
very useful. For Banach spaces X71,..., X, Y, L(m)(Xl, ...y Xm; V) denotes the space of
bounded m-multilinear maps from X; x --- x X,,, to ).

PROPOSITION 4.4.  Let (W, H, 1) be an abstract Wiener space. Then, we have the
following bounded inclusions;

LW, ..., W;R) — LU /(W,... ., W, H;R) — (H*)®™.
SN—— S——

m m—1
Here, the tensor product on the right hand side is Hilbert—Schmidt as usual.

PROOF. The left bounded inclusion is obvious. The right one is in p.103, Kuo
[10]. O

5. Some results on Malliavin calculus for the solution of Young ODE
driven by fBm with H > 1/2.

In this section we discuss the solution of Young ODE driven by fBm with Hurst
parameter H € (1/2,1). We give moment estimates for the derivatives of the solution
and prove uniform non-degeneracy of Malliavin covariance matrix of the solution.

Take o € (1/2, H). We denote by pu = pfl the law of d-dimensional fBm starting
at 0. This Gaussian measure is supported in Cg_hld([(), 1]; R%). Cameron-Martin space
is denoted by H = H. We set W to be the closure of H in C$~"4([0,1]; R?). Then,
(W, H, 1) becomes an abstract Wiener space. (Note that the separable Hilbert space H
is not dense in C&~"4([0,1); R%), which is not separable.) We denote by (w;)o<i<i =
(wf)o<t<1 the canonical realization of fBm.

From now on, we assume that ¢ : R” — Mat(n,d) and b : R” — R" are C;°. We
recall Young SDE (2.1) driven by fBm (w;) in the following form;

dy; = o(y)dw; + b(ye)dt  with  yo = a. (5.1)

Then y(w) = I(w, A), where A\; = ¢ and I is the It6 map corresponding to the coefficients
[o;b] = [V4, ..., Va; Vo). I is everywhere-defined and continuous from C~"%([0, 1]; R4*1)
to C*~hd(]0,1]; RY), as we have explained in Section 3.

Moreover, I is smooth in Fréchet sense (See Li and Lyons [12]) and, in particular,
y = I(-, ) is infinitely differentiable in H-direction (see Nualart and Saussereau [18]).
These are deterministic results. In the sense of Malliavin calculus, it is shown in Hu and
Nualart [8] that yr : W — R"™ is Dy, for any T € [0, 1].

We can obtain an explicit form of the directional derivative ¢ := Dpy; (h € H) by
differentiating (5.1);

el = Vo (y) (€], dwe) — Vb(ye) (') dt = o(y)dh,  with & =0, (5:2)

or equivalently,
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T
€ = J(w, \)r / J(w, N); Vo (o). (5.3)

Note that all the integrations above are in the Young sense. An ODE for J = J(w, A)
is given in (3.4). Let h,k € H. By differentiating the above ODE, we see that §f’h =
Dy Dpy, satisfies the following ODE;

deP" — Vo (y)(€5" dwy) — Vb(y ) (€5 dt
= V20 (y) (&5, & dwy) + Vo (y) (&, dke) + Vo (y) (€5, dhe) + V2b(ye ) (S5, ) dt

with €8 = 0. (5.4)

Equivalently, we have

T
et = J(w, N / J(w, N7 V20 (ye) (€5, €8, dwy) + Vo (ye) (€0, k)
0

+ Vo(yt)@f, dhy) + V2b(yt)(§f, £L>dt}~ (5-5)

We can also obtain higher order directional derivatives in a similar way, but we omit
them.

In a proof for the main theorem, we need to consider §°(w) = I(sw + v,e'/H\),
where v € H is a fixed element and ¢ € (0,1]. This process satisfies the following Young
SDE;

dije = o(§5)edw; + o (§)dye + b(§5)e/ Hdt  with 75 = a. (5.6)

When v = 0, we write y° for §°. In that case, self-similarity of (w;) implies that the two
processes (Yq1/m4)o<t<1 and (y§)o<i<1 have the same law.

In the next proposition we give estimates for the derivatives D*g5.. As we stated
above, it is known that yr (and hence 75) is Do. In that sense, this proposition is not
new. But, the estimate in powers of € in (5.7) may be new. Also, the proof is slightly
different from the preceding papers, because Proposition 4.4 is used.

PROPOSITION 5.1.  Take any v € H and fix it. Then, for any q € (1,00) and
k=0,1,2,..., there exists a positive constant Cy 1 such that

E[[| D*55 e yor]/? < Cope®  for alle € (0,1] and T € [0, 1]. (5.7)
PROOF. In this proof, an unimportant positive constant C' may change from line
to line. First, consider the case k = 0. Since w(s,t) = (|[w||?_,q + IVIE g + D (E—s)

satisfies

[(ewe +3) = (ews +35)| + [/ HE = /s <w(s, )7, (0<s <t <1, p=1/a),
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we can use a well-known estimate for the solutions of Young ODEs to obtain that
97| < N5 la-nia < lal + CA+ [[wllf g + 17115 —p1a) (5.8)

for some constant C' = C. Fernique’s theorem immediately implies (5.7) for k = 0.
Next let us consider the case k = 1. By slightly modifying (5.2)—(5.3), we can easily
see that £ := Dy, ¢ satisfies the following (5.9)(5.10);

dE;" — Vo GONE™, d(ews + 1)) — VO@(ETM e H dt = o (§5)edhy
with &5 =0, (5.9)

or equivalently,
~ ~ T ~
sh— Jp / J o (55)edhy, (5.10)
0

where J = J(ew + v,/ \). From this, we can easily see that

162" < 1€ la—nia < CellTNloo | I o (G lamnaalllla—nia

< Ce||Tlloo 1T lamnta(X + 15 la-nta) Bl (5.11)
and, hence,
IDF7 e < Cell Tllooll ™ Hla—nia(X + 15 [la—nta)-

By a slight modification of Proposition 3.1, L¢-norm of ||.J*!||4_pq is finite and bounded
in ¢ for any fixed ¢ € (1,00). (Just replace w and X in Proposition 3.1 by ew + v and
el/H ), respectively.) Hence, using Holder’s inequality, we obtain (5.7) for k = 1.

We prove the case k = 2. Set Dy, Dpy7 = é?k’h for simplicity. Then, in the same
way as in (5.4)—(5.5), we have

T
i =r / T V2o (G E &7 dlews + 7)) + Vo (G )E", edky)
0
+ Vo ()& edhy) + V() (EF", &) dt ). (5.12)
From this, we have
€55 | ahid
< O oo T amnia{ V20 () la—ntall &5 la—niall €5 | aniallew + Y|l a—nid

+ Vo (55) la—nia([|E5*

+ IV20 ()| a-nialE* a—ntall € |l a—nia}

| ntall€la—nta + 1€ | a—niall k] a—nid)




550 Y. INAHAMA

< TN H laia (X + wllE_pa + 1V i) 1Pl a—riallKlla—pia- - (5.13)
Here, we used (5.8) and (5.11) From Proposition 4.4, we see

IEZ" " - e < CENTIENT M I —pra(L + Nl + V1A i) (5.14)

Using the moment estimate for ||J=1||_ 4 again, we show (5.7) for k = 2.

Finally, we briefly explain the higher order cases (k > 3). We can show it in a
similar way by induction. (We assume a-Holder norm of Dy ., y° is dominated by
H;nzl 17l a—hia x O(e™) in any L7-sense for m < k—1 (as in (5.13) for m = 2) and then
we will prove that a-Holder norm of D}kil,---yhk 7° also does.)

For simplicity, set 7y = thwwhkgjf . It satisfies the following simple linear ODE
similar to (5.9);

dif; — Vo () {75 d(ewy + 7)) — Vb(G; ) (75)eV/ T dt = dG; - with 75 = 0.
Here, G* is of the form

~ ~ k—1
G =G* (y€7 Dhjlys’ cel, th’m,hj

Tk

71g€’w777h17"'5hk)t

and is of order k in £. Note that there is no derivative of order k on the right hand side.
As in (5.12), we have 75 = Jr fOT J,1dGs. Using this we can estimate a-Holder norm of
7° for k in the same way as in (5.13). O

REMARK 5.2.  We already have (i) Fréchet smoothness of g5 in the deterministic
sense and (ii) L?-estimates for derivatives as in this proposition. From these, we can
easily verify that 5. € D as follows. (For simplicity of notations, we only consider the
case v = 0,e = 1.) By using Taylor expansion, we have

yr(w +rh) — yr(w)

~ Dyyr(w) =r /0 d0(1 — 6) D2y (w + r0h) (h, h)

for all w € W, h € H¥, and r € R. Note that the derivative D on the both sides of the
above equation is in the deterministic sense. By Proposition 5.1 and Cameron—Martin
formula, the right hand side is O(r) as  — 0 in L%-norm for any ¢ € (1, 00). This implies
that yp € Dy 1 for any ¢ € (1, 00) and the derivative Dyp in (deterministic) Fréchet sense
is also the derivative in the sense of Malliavin calculus. (See Proposition 4.21, [20] for
instance.) The higher order derivatives can be dealt with in the same way.

Now we show that, under the ellipticity condition (A1) for o (i.e., for Vi,...,Vy),
the Malliavin covariance matrix for

€ Vi
Yy —a

- (5.15)
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is uniformly non-degenerate in the sense of Malliavin as € \, 0. Here, we set a’ = ¢? for
the solution of the following ODE; d¢? = o (¢?)dy: with ¢ = a.

(A1): The set of vectors {Vi(a),..., Vy(a)} linearly spans R™.

Nualart and Saussereau [18] showed non-degeneracy of Malliavin covariance matrix
of yr under (Al). Baudoin and Hairer [1], proved non-degeneracy under Hérmander’s
hypoellipticity condition for vector fields {Vi,...,Vy; Vo}.

In the next proposition, we will prove uniform non-degeneracy of (5.15) under (Al)
by slightly modifying Baudoin—Hairer’s argument. (The special case v = 0 has already
appeared in Baudoin and Ouyang [3].)

PROPOSITION 5.3. Let 5° = (§°%,...,95™) be the solution of (5.6) and assume
(Al). Then, (g5 —a')/e is uniformly non-degenerate in the sense of Malliavin as € \, 0.

PrROOF. Let y = (y;) be the solution of (5.1). In p.388-389, [1], an explicit
form of the Malliavin covariance matrix for y; is given. By replacing the vector fields
[o;6] = [Vi,..., Va; Vo] with [eo; e/ Hb] = [V, ..., eVa; e/ Vp), we can easily see that

1 y P
?(<Dyi7l’Dyi7]>H)lgi,jgn = H(2H — 1)J(€w,81/H)\)1
1 1
< [ aew ooy
0 0
X J(é"w,gl/H/\);Lﬂu - U|2H—2duva(€w’€l/H/\)x{.

Here, \; =t and A* denotes the transposed matrix of A. By shifting w — w + (v/¢), we
have

1 s s N
= (DG D)), oy s, = HE2H = 11O, (5.16)
where J; = J(sw + 7, e/H ), as before and we set
1ol
C= [ [0 o@Rat) it s - o2 2dsae.
o Jo

Since supg..<; |JiE |, < oo for any g € (1,00), it is sufficient to prove

sup |||detC|™Y||, < oo forany 1 < ¢ < oc. (5.17)
0<e<1

We will follow the argument in pp. 340-387, [1]. In order to show (5.17) above, it is
sufficient to prove that, for any 1 < ¢ < oo, there exists po(q), which is independent of &
and satisfies that,

sup  p({a,Ca) < p) < p? for any p € (0, po(q)) and £ € (0,1]. (5.18)
acR" |a|l=1
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(For a proof, see Lemma 2.3.1, Nualart [16]). As in [1],

@ ca) Z// (@, ISV @), I Vi (57)) s — 2 dsdt

d
- Zum,j_—lx/j(g?»”;. (5.19)

By a Norris-type lemma (Corollary 4.5, [1]), there exists 0 < 8 < 1/2 such that for any
r < H—(1/2) and 0 < p < 1, the following inequalities hold;

,u(<a, Ca) < p)

< min p(|(a, V)|, < 07?)

1<j5<d
< i [n(a. TV e < 07%) + 0@ T V@, g > 077%)]
< min [n(|(@.Vy(@)l < p"?) + (@ IV, W a > 772)] (5:20)

Here, in the last inequality, we evaluated at ¢ = 0 and used r < «. Note that the set in
the first term on the right hand side is already independent of ¢ and non-random (i.e.,
either @) or the whole set W).

Recall that, for any g, E[||J=1% .0+ 175112 5,.4) < 1 for some constant ¢; = ¢;(q)
which is independent of €. Then, using Chebyshev’s inequality, we have

w(Ia, IV g > P772) < c2p?

for some constant ca = c2(q) which is independent of .
Let us consider the first term on the right hand side of (5.20). By (A1), there exists
¢ > 0 such that o(a)o(a)* > ¢'Id,, in the form sense. We have

n max [(a, Vj(a > Y [{a,V;(a))]* = (a,0(a)o(a)*a) > ¢ > 0.
1sjs 1<j<d

Hence, if p%/2 < \/c//n, then mini<j<q pu(|(a, V;(a))| < p?/?) = 0 and

1((a, Ca) < p) < ca(q)p?.

From this, we can easily see (5.18) holds with po(q) = c2(q + 1)~ A (¢//n)Y/B. This
completes the proof. O

REMARK 5.4. In the above proof, H is another Hilbert space that is unitarily
isometric to H. Loosely speaking, it is defined as follows: Denote by £ the set of R
valued step functions on [0, 1]. Let H be the Hilbert space defined as the closure of £ by



Short time asymptotics for Young SDE 553
the inner product
<I[0,S]U? I[O,t]w>’}:( = R(S,t)<’U, w>Rda (ta s € [Oa 1]7 v,w € Rd)a

where we set R(s,t) = E[wlw!]. (For instance, see Section 5.1, Nualart [16] or [1], [18]
for more information on H.)

6. On-diagonal short time asymptotics.

The aim of this section is to prove Theorem 2.1, namely, on-diagonal short time
asymptotic expansion of the density of the solution of the Young SDE (2.1) (or equiva-
lently (5.1)) under the ellipticity assumption (A1).

Let us consider the solution (y:) = (y:(a)) of Young differential equation (2.1) with
an initial condition yo = a € R™ driven by fBm (w;) with H > 1/2. It is shown in [18],
[1] that, under (A1), the law of the solution has a smooth density p(t, a,a’), i.e.,

P(y:(a) € A) = /Ap(t,a, a’)da’  (for any Borel set A C R").

For t > 0, y+ = yi(a) is Do, and non-degenerate in the sense of Malliavin. By the same
argument as in Tkeda and Watanabe [9], we have the following expression; p(t,a,a’) =
E[da (y:(a))] = p_o(dar(ye(a)),1)p,. By the self-similarity of fBm, (y.1/#,)i>0 and
(y§)e>0 have the same law, where y° is given by (5.6) with v = 0. From this, we see that
p(/H, a,0') = Bl (45 (a)].

The most important part of the proof is an asymptotic expansion of 5 in e € (0, 1]
in Ds.-topology. For that purpose, we introduce the following index set for exponent of
. Set

n
Al—{n1+;

niy,ng € N}.
We denote by 0 = kg < k1 < kg < --- the elements of A; in increasing order. Several
smallest elements are explicitly given as follows;

1 1 2
— =2, =1 =3A—,...
H K3 K4 + K5

:]_ = _—
K1 ) H’ H

PROPOSITION 6.1.  The family of Wiener functional y5 (0 < & < 1) admits the
following asymptotic expansion as e \, 0;

yi ~atefi +e™fu, +e fu, +--- in Do (R™)

for certain fi,, fry,--- € Doo(R™).

ProOF. For j = (j1,...,5m) € {0,1,...,d}™, we set |j| =m and
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HJ'H=mgkg;”’“:o}+ﬂ{1§k§m\jk7eo}_

We denote by Z,,, the totality of such j’s with |j| = m and set Z = J,-_,

We will use the following convention. We set ¢ = w?. Then, the ODE for y© (that
is, (5.6) with v = 0) reads;

d
dyf = "MV (y)dw) + > eVi(yf)dw!  with y§ = a. (6.1)

Jj=1

It is easy to see that
1 d 1 )
si—a=< [ vipand + Y [ ViR
0 = Jo
_gl/H/ Vo(a)duw? +Z / a)dw!

+51/H/O {Vo(yf)—Vo(a)}dw?JrZs/o (Vi(E) — V;(a) }dw

=1V (a) + Z eVj(a
1
L /H / Vot )dbs + Z eV Volys, ) dwl, Ydws),
0 0

ty
L1+ ) / / VoV (v, )duw, duw], + Z / / Vilyi,)dut,dul,

J,j'=1

= Y1V (a) +ZsV a)wl + Z 6“3“/ / VhVJl(yh)dwijdwgll (6.2)

7]=2
Here, VZVJ denotes a vector field V; (as a first order differential operator) acting on a
R"-valued function V.

Repeating the same argument for the last term on the right hand side of (6.2), we
have

yi —a = Y1V (a) +Z€V ywl + Y WV, (a // dw]? dw]!

l31=2

ta
+ ZEHJ”/ / / Vj3 th)dthdngdw ) (6.3)

[7]=3
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Here, ng,f/jZle = Vj:,,(ij Vj, ). In general, we have

Z R " e

g _ — J . .. Jn—1 2 .71

yi—a= Vins Vi Vi ( // / dwy"” ] dwt dwy
1<|jl<n

LY / / / Vo Vi Vi Ydwi™ - dwldwl’. (6.4)

l3|=n

Let us observe the first term. From basic properties of Young integral, we easily see
that, for any m, the real-valued functional fol Otl ...fo””"l dwt':: . dwﬁdwh is in mth
(inhomogeneous) Wiener chaos and hence it is in any Dy (1 < ¢ < 00,k € N).

Next we consider the last term in (6.4). We set

1 ty1 tn1 R .
<[ [ i
0 0 0

and will prove Q. = O(1) as € \, 0 in Dqk( ™) for any 1 < ¢ < oo, k € N. (For

simplicity of notation, we denote G = V -V;,Vj, and assume j; # 0 for all . The

other case is actually easier.)
Since ||y¢||a—hia is O(1) in any L9 as € \, 0, Q. (w) is O(1) in any L7, too. Now we
estimate the derivatives. For h € H, we have

n—1 . . .
DrQ.(w / / Gy, ) (D, i - - duwi? du?

tn—1 . .
+Z/ / £ )dw]n - dhit - dw].

Holder norms of y© and Dpy® were estimated in (5.8)—(5.11). From these, we see that
|DQ. - = O(1) in any L1,
Similarly, h, k € H, we have

tn—1
Dy DpQc(w / / G(y;, )(DrDny;, >dwt”- dwtjdwj1

n—1 . . P

/ / Y(Dis., Dyl Vi - - dwf?
th—1 . . .

+Z / / VG(y7. ) (D, )dwi - dife - duo:
n—1 . .

+Z / / N (Dyys Vdw]™ - - dhi! - - dw]!
tn 1 . . .

+Z/ / £ Vdwln - dhit - dRim - dw]l.

l#m
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Holder norm of Dy Djy® was estimated in (5.13). Combined with Proposition 4.4, the
above implies that |D2Q. |32+ = O(1) in any L?. Higher order derivatives can be
done in the same way.

Now we prove the proposition. In order to get the asymptotic expansion up to order
Km (i.e., the remainder is of order ky,+1), it is sufficient (i) to consider the expansion
(6.4) with n — 1 being the smallest integer which is not less than x,, and (ii) to set

) ) 1 pta tn—1 ‘ _ )
fulw) = 30 Vi) [ [ el dudzan
ll4]l=r1 0 7o 0
forall 1 <1< m. O

Before we prove on-diagonal short time kernel asymptotics, we define two more index
sets for exponent of e. Set Ao = {k — 1| k € A1 \ {0}}. Smallest elements of Ay are

1 1 2
-1, 1, = =)-1,...
07 ) H? (SAH> Y

Next we set A3 = {a1 +as+ -+ apy | me Ny and ay,...,a,, € Az}, In the sequel,
{0 =1y <wv1 <wp <---} stands for all the elements of Az in increasing order.

PROOF OF THEOREM 2.1. First, note that

(e a,a) = E[0.(y5(a))] = E [50 <Ey1(“2_a)] = "E [50 (yl(“z_“ﬂ .

By Proposition 5.3, (y5(a) — a)/e is uniformly non-degenerate. It admits asymp-
totic expansion in Dy (R™) as in Proposition 6.1. Then, by Theorem 4.3, the following
asymptotic expansion holds in D_, as € \, 0;

50(‘”%(“2_“) ~ o+ G+, + - ase N\, 0.
By taking the generalized expectation and setting ¢,, = E[¢,, ], we have
p(e a,a) ~ e (co+ ce”™ + e +--+) ase\,0.
Putting ¢ = ¢, we complete the proof of Theorem 2.1. O

7. Taylor expansion of Ité6 map around a Cameron—Martin path.

In this section we prove an asymptotic expansion for g = I(ew + 7, el/H A), which
was defined in (5.6). The base point v € H of the expansion is arbitrary, but fixed. First,
we prove that §° admits the following expansion in C*~4([0, 1]; R™);
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1
gsw¢0+8nl¢n1+€n2¢ﬁz+... as e \, 0, (HieAlzN—FHN), (71)
for some C*~M4([0, 1]; R™)-valued Wiener functional ¢°, ¢*1, ¢*2, .... Since the Itd6 map

I in the sense of Young integral equation is smooth in Fréchet sense (see [12]), this kind
expansion holds in deterministic sense. In this paper, however, we need to prove this
expansion in L?-sense.

Before we state the proposition precisely, we now give a heuristic argument to find
an explicit form of ¢*=. To find an ODE for ¢V is easy.

dijs = o (§5) (edwy + dryy) + (i) P dt with 75 = a,
dgy = o (¢y)dve with ¢) = a. (7.2)

Set A¢ := ¢ — ¢° and put it in the above ODE for 4°. Then we have
d(¢° + Ap) = o(¢° + Ag)(edw + dvy) + b(¢° + Ap)e'/ P dt

X 7k g (0 0
=> Mqu o Ay edw + dy) + Z *(6") (A, ..., Ap)e' Bt
k! ———— k! N ——
k=0 M k=0 %
Assume A¢ admits the asymptotic expansion (7.1). Then, by putting it in the above
equation and picking up the terms of order €"m, we find an ODE for ¢"m. Note that
¢o™ =0 for all m > 1.

For k., = 1,1/H,2, we can write down the ODEs explicitly as follows;

doy™ = Vo (9) (e dye) = b(e))dt, (7.4)
467 — Vo(6)(63 dw) = Vo) (0}, dwy) + L V2o()(0h, 6} ). (75)

Note that ¢/ is independent of w, i.e, non-random with respect to .
For k,, > 2,

k 0
dgi™ — Vo (¢) (o™, dye) = Z > VZ—EM S0 dwy)

k=1kKij++ri,=rm—1

oo vk 0 . :
> D %< Lty i)

k=2 Kiy +thRip =Km

o) ka(¢0) )iy Kip
Y e,
k:lf{i1+---+nik:nm7(l/H)

(7.6)
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The summations in the first term on the right hand side is taken over all k;,,...,k;, €
A1\ {0} such that ki, + -+ Ky, = km — 1 hold. &;; = 0 is not allowed. So, the sum is
actually a finite sum. The second and the third terms should be understood in the same
way. An important observation is that the right hand side of (7.6) does not involve ¢"m™,
but only ¢°,¢',...,¢"m-1. These ODEs have a rigorous meaning. So, we inductively
define ¢" as a unique solution of (7.3)—(7.6).

If the right hand side of (7.3)—(7.6) is denoted by dQ;™, then ¢"™ can be written
explicitly as follows;

T ~
T = J('V)T/ J(); 1dQ, (7.7)
0

where we set J(y) = J(v,0) = J(0w +~,0/7\). See (3.4) for the definition of .J.
Define the remainder term R"m+1:¢ by

RE™9% = G5 — (60 4 e + oo 4 emmglm).
We will estimate this remainder term in L7-sense.

PROPOSITION 7.1.  For any m € N and q € (1,0), ||¢"™||la—nia € L (1) and

E[HRHMH’EHifhzd]l/q =0(e"*) ase\0.

PROOF. From the expression (7.7) and induction, it is easy to see that
[¢" la—hia € M1<geoo LT for any m. Let us consider RS = Ap = §F — ¢° =
I(sw+7,e " \)~I(v,0). Here, I stands for the It6 map and 0 stands for one-dimensional
constant path staying at 0.

Define w(s,t) = ([[w||? _,a+ 715 _ja+1)(t—s) with e = 1/p. This control function
satisfies

|(ews +0) = (ews +76)| + |/t = e /Hs| < w(s,1)!/P
{(ewe + 1) = (ews +75)} = {ye = s} + [/ Ht = /55| < e (s, 1)/
forall 0 < s <t <1ande€[0,1]. Hence, by the local Lipschitz continuity of 1t6 map I,
|R;® — RY¥| < eC(1+w(0,1))P~ /P exp(Cw(0,1))w(s, t)"/?

for some positive constant C. Since p < 2, we can use Fernique’s theorem to obtain the
desired estimate holds when Ky, 41 = 1.

Before we prove the higher order cases, let us observe the concrete expression for
several R"m+1:¢’s In the sequel, we write Kk,,41 =: K+ for simplicity of notation. First
we consider Rt = RV/He = g5 — 90 — ¢!, A straight forward computation yields;
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AR = e{o () — o(6)) }duw,
+ [{o(@) = () ydy — Vo (o) (edy, dv)] + </ To(g;)dt.  (7.8)
From this, we immediately have
ARy = Vo(¢)) (R, %, dm)

€ ]‘ ! S [ € ~E
= e{o () — o (47) w; + 5/ A0V o (6 + OR ) (RS, RS, dye) + &'/ b (g dt
0

(= dL;T%). (7.9

Observe that, on the right hand side, there are only R, ¢, ¢",~,w, which are known
quantities, but no R, Since Ry = J(v)r foT J(7);7tdL; T as before, it suffices to
show that ||L'"||q_pa = O(e'/H) for any LA.

Since ||V H [0 b(§)dt|la—nia < CeH||§%||a—nia, the third term of LT is O(e¥/H)
in any L4. Similarly, || [ {o(75) — o(¢?) }dwi||a—nia < Cel|RY||a—nia|lw||a-nia, the first
term of L' is O(2) in any L9. For any 6, |[Vo(¢° + 0R")||lacnia < C(16°lahia +
| RY#||a—hta). Hence, we have

We see from the above inequality that the second term of L'+ is O(e?) in any L¢ and

-
/ / V(69 + ORY)(RES, RES, doy)
0 0

a—hld

< C(|6°|a—nta + IRV [la—nia) IR pia-

hence ||L'¢ | a—nia = O(e'/H) in any L9. Thus, we have obtained the desired estimate
for R'ts = R1/Hoe,

The estimate for R/ H)Te = ge — 40 — gl — I/ H@L/H can easily be obtained as
follows. We can immediately see from (7.5) and (7.9) that

AR TS — Vo) (R, dy)

~E 1 ! g g €
—=(o57) ~ olef)}duy + 5 [ d8Va(6f + ORIV R dv)
0

+ e {b(E) — b(@)}dt (=:dLg ). (7.10)

Notice that we have essentially shown that ||L(/H)*2||, 110 = O(¢?) in any L9. Thus,
we have obtained the desired estimate for RU/H)+e = R2=,

Next, we will estimate R?t¢ = §° — ¢0 — el — e/ Hpl/H — 2202 From (7.4), (7.5),
and (7.8), we see that

AR = [{o(§5) — o(60) Yedwy — Vo (6?)(e6!, edw)]

+ [{o@) — o(¢)}dy — Vo (éd)(edy + e /o' H + 222 dy)]
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— S0 (6}, 20 du) + <) — Do)t (7.11)

The second term on the right hand side is equal to
1
Vo(SART de) + 5 V2o (#)(Ry, By, dye)

1 2
1—0)2do_.
/ % V3o (¢ + 60R, ) (R %, RS, Ry®, dyy).

0 !

Hence, (7.11) is equivalent to the following;
ARy = Vo (@) (dR; %, dye) = [{0(57) — o(}) }edwe — Vo (¢7){edr, edw,)]

1
+ 5 (V2o (@R Ry® dye) — V20 (6)) (07, 20t dn)]

' (1-6)%do
+ [ OO+ 0RO R BRI )
0 .

+ b)) — b)Yt (=:dLiTe). (7.12)

Then, R%"° = J(3)r fy J(7)7 LT

Let us observe the right hand side of (7.12). There are no R?>*¢ or ¢2. By the
assumption of induction, we may only use the relation R*¢ = R(I/H)+e — ge _ 40 _
et —e /H U/ H and the estimates of R®* for k = 1,1/H, 2 (and of ¢*’s). In the same way
as above, by using the Taylor expansion, we can prove that ||L?1:2||q_pq = O(e'T1/H))
in any L?. Cancellation of the terms of order < 2 on the right hand side is no mystery
because of the way ¢"’s are defined. Thus, we have obtained the desired estimate for
R2te = R1+(1/H)75.

Higher order remainder terms can be dealt with in a similar way. We give a sketch
of proof. There exists

) _ 1
Lferl € _ L57n+1,5[¢0, e, @R . , Rrms, w,’Y]t

such that dR;™"° — Vo (V) (dR;™ ", dy;) = dLy™*"°. Due to cancellation
|| L7412 || e pia = O(e"m+1) holds in any L?. This proves the assertion. O

The next proposition shows that, when evaluated at ¢ = 1, Eq. (7.1) gives an
asymptotic expansion in Do, (R").

PROPOSITION 7.2.  We have the following asymptotic expansion in D (R™).
G5~ )+ eM P dem2ph 4o as e\, 0. (7.13)

Here, 0 = ko < k1 < ko < --- are all the elements of Ay = N+N/H in increasing order.
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PROOF. By using induction and basic properties of Young integral, we can easily
see that ¢7™ is in [ky,]-th inhomogeneous Wiener chaos for each ¢ and m. In particular,
¢ € Doo. If k > [km] + 1, then DR = DFgs. From Proposition 5.1, this is
O(g¥), and hence O(¢"=+1) in any LY. A stronger version of Meyer’s equivalence (e.g.,
Theorem 4.6, [20]) implies that RT™* is O(e®m+1) in D, for any ¢ and sufficiently
large k. Since Dy ;-norm is increasing in £, the proof is completed. O

We now recall the following Taylor expansion of It6 map around ~ in the determin-
istic sense.

LEMMA 7.3. (1) For each m, there exists ¢ = ¢(kn,) such that

16" lla—nia < e(1 + [[w]la—na)™  for allw € Cg~"4([0,1],R?).

(ii) For each m and r > 0, there exists ¢ = ' (km,r) such that
| R 402 e < € (€ + |lew|la—nia) ™, if [lew|la—nia < 7.

PrOOF. This is immediate since §° = I(sw + 7,e"/#\) and 1t6 map I is Fréchet
smooth by Li and Lyons’s result [12]. It is also possible to prove this lemma by using the
explicit expression of R"*m+1-¢ and mathematical induction as in the proof of Proposition
7.1 above. O

8. Off-diagonal short time asymptotics.

In this section we prove the short time asymptotics of kernel function p;(a,a’) when
a # a’. We basically follow Watanabe [21]. In this paper, however, we can localize around
the energy minimizing path in the abstract Wiener space since It6 map is continuous in
our setting. This makes the proof slightly simpler.

8.1. Localization around energy minimizing path.
For v € H, let ¢° = ¢°(y) be a unique solution of (7.2), which starts at a € R™.
Set, for a # a’,

K¢ ={yeH| () =d}.

We only consider the case that K, g’ is not empty. For example, if (A1) is satisfied for
any a, then K| g/ is not empty for any a’. From the Schilder-type large deviation theory,
it is easy to see that inf{[|y|[s | v € K¢} = min{||y||+ | v € K'}.

We continue to assume (Al). Now we introduce another assumption;

(A2): ye K g/ which minimizes H-norm exists uniquely.

In the sequel, 7 denotes the minimizer in Assumption (A2) and we use the results of the
previous section for this 7.

Note that (i) the mapping v € H — W — ¢{(y) € R™ is Fréchet differentiable and
(ii) its Jacobian is a surjective linear mapping from H to R™ for any =, because there
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exists a positive constant ¢ = ¢(y) such that
(<D¢(1)7i(’7)a D¢(1)7j(7)>7'l*)1§i,j§n 2 ¢ ldy. (8.1)

This can be shown in the same way as in the proof of Proposition 5.3. (Actually, it is
easier since v is non-random and fixed here.)

Therefore, by the Lagrange multiplier method, there exists v = (9y,...,7,) € R®
uniquely such that the map
" 1
HXR" > (7,) = gl — . 60) — ) € R (52)

attains extremum at (7, 7). By differentiating in the direction of k € H, we have

(3, k)p = (7, Dre(3))rr = (7, J (V)1 /0 T o ($0(7))dke ) .- (8.3)

Here, the definition of J (¥) was given just below (7.7) and the integral on the right hand
side is Young integral. Hence, (7, - )3 extends to a continuous linear functional on W.
Let us introduce Besov-type norms. In the context of Malliavin calculus, these norms
are often more useful than Holder norms and p-variation norms since (a power of) these
norms become D -functionals. For m >0, 0 < 0 < 1, and = € Cy([0, 1], R?), we set

1
|llm,6-5 = // Jze =z N
0<s<t<1 It — 5|2+W9

and C’Sn’ofB([O, 1],RY) = {z € Co([0,1],RY) | ||z|lmeo—p < oo}. It is known that
llzllo—nia < c||x|lm,o—p for some constant ¢ = ¢, 9 > 0. Hence, C’S""g_B([O7 1],R%) C
Co=M4([0, 1], RA).

Let (w;) be fBm with Hurst parameter H € (1/2,1) and let a(= 1/p) < H as before.
Since Ef|lw; — ws|?] = d|t — s|*", we can easily see E[[|z||7? ,_p] < oo if m > 1/(H — a).
Therefore, the law of fBm, p = pu*, is supported in Cj"*~ B([O7 1],RY) if m > 1/(H —a).
Set Wp to be the closure of Cameron-Martin space H = H¥ in C5>*7([0,1], R%).
Then, (Wpg, H, 1) is also an abstract Wiener space.

Now we recall Schilder-type large deviation principle for scaled Gaussian measures.
For € > 0, let u. be the law of the process (ew;)o<t<1. This is a measure on Wg. Set
I(w) = ||w||7,/2 (if w € H) and Z(w) = oo (otherwise). It is well-known that Z : Wp —
[0, 00] is lower semicontinuous and that Z is good, i.e., the level set {w | Z(w) < r} is
compact in Wg for any r € [0, 00).

The family {u.}.>0 satisfies large deviation principle as € \, 0 with a good rate
function Z, that is, for any measurable set A C Wg

— inf Z(w) < liminfe?log p.(A°) < limsupe®log p.(A) < — inf Z(w). (8.4)
weA° e\.0 e\0 weA
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Next, set fie = fte ® d.1/m), Where A is a one-dimensional path defined by A\ = ¢
and ® stands for the product of probability measures. In other words, fi. is the law of
the (d + 1)-dimensional process (swy,e'/Ht)g<;<1 under p. This measure is supported
on Wi ® R(\) C € 2([0,1]; R*). Define Z(w;1) = ||wl|2,/2 (if w € H and I; = 0)
and Z(w, ) = oo (otherwise). Here, [ is a one-dimensional path.

From (8.4) we can easily show that {fi.}.>0 satisfies large deviation principle as
£\, 0 with a good rate function Z, that is, for any measurable set A C Wg @ R(\),

— inf Z(w) < liminf 2 log i (A°) < limsupe?log i (A) < — inf Z(w). (8.5)
weA° e\.0 e\.0 wEA

We will use (8.5) in Lemma 8.1 below to show that only a neighborhood of the minimizer
4 contributes to the asymptotic expansion.

From now on, we will fix an even integer m > 0 such that m > 1/(H — «). Then,
it is easy to check [[w[[}} ,_p € Doo. In fact, this functional is an element of mth
inhomogeneous Wiener chaos, i.e., Dm+1||w||7mn7a_3 =0.

Now we introduce a cut-off function. Let ¢ : R — [0, 1] be a smooth function such
that ¢(u) =1 if |u| <1/2 and ¥ (u) = 0 if |u| > 1. For each n > 0 and € > 0, we set

1 ~||m
Yolesw) = w(nmnsw - vnm,a_B).

We can easily see that x,(e, -) € Do. Shifting by 7/e, we have

gl g™
e+ 1) = oSl s ).

It is easy to see from Taylor expansion for v that, for any n > 0 and any M € N, the
following asymptotics holds;

v

Xn (s,w + 6) =14+ 0(EM) in Dy as e \,0. (8.6)

The following lemma states that only the paths sufficiently close to the minimizer 74
contribute to the asymptotics.

LEMMA 8.1. Assume (Al) and (A2). Then, for any n > 0, there exists c = ¢, > 0
such that

2e2

0 <B[(1 = e 8 (67)) = O e { ~IIEEEN) as v

PrROOF. We take / > 0 arbitrarily and we will fix it for a while. It is obvious that

£ _ a/ 2
0 < E[(1 - xo(esw) - (55)] = E[(l - xn<s,w>>w(yln,2') b <yi>} RNCES
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Set g(u) = uVO0 for v € R. Then, in the sense of distributional derivative, ¢" (u) = do.
Take a bounded continuous function C' : R® — R such that C(uy,...,u,) = g(u; —
ai)glug — ah) -+ gluy, — al) if Ju — a'| < 21/. Then, the right hand side of (8.7) is equal
to

B[0 - (Hlew-lma s ) w(BE) @ azo0n]. 69

Now, we use integration by parts for (generalized) Wiener functionals as in pp. 6-7,
[21] to see that (8.8) is equal to a finite sum of the following form;

e _ /2
» [Fj,k@, w) - (1— ) (nfnnew - vnz:,a_B) e ('yn') - cum]  (89)
7,k

Here, Fj (e, w) is a polynomial in components of (i) y§ and its derivatives, (ii) |lew —
Yl «—p and its derivatives, (iii) 7(¢), which is Malliavin covariance matrix of yf, and
its derivatives, and (iv) (e) := 7(¢)~!. Note that the derivatives of x(g) do not appear.

From Proposition 5.3, there exists 7/ > 0 such that |s”(g)] = O(™"") in L9 as e \, 0
for all 1 < g < oo. (Recall a well-known formula to obtain the inverse matrix A~! with
the adjugate matrix of A divided by det A.) Therefore, there exists 7 > 0 such that
|Fjr(e)|=0("")in L% as € \, 0 for all 1 < ¢ < oo.

By Holder’s inequality, (8.9) is dominated by

q’] 1/q

c nm 1/q'
— / /
< Sullew =l sz G -l <o | (8.10)

c _ 1 . q v — d|?
EYulja- w0 (lew -l )| [0 (M)
7,k

77/2

Here, 1/qg+1/¢' =1 and ¢ = ¢(q,¢’,n,7n’) is a positive constant, which may change from
line to line.
Since we may let ¢’ \, 1 after taking lim sup, we obtain the following;

lim sup £2 1ogE[(1 — Xn(e,w)) - 5a/(l/f)]
N0

m
< timsup 2o few = 715 = B v - o <1
N0

—timsup <tog i |{ (w.1) € W © RO o = 7105 > - 1100 =o'l < o'
N0

m

B € IR L U .
= m 9 ||,-y ’Y”m,a—B =9 |¢ [7]1 a ‘ > - (8 )

Here, I denotes the It6 map corresponding to ODE (5.1) and we have used the large
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deviation for the last inequality. (Note that continuity of It6 map is used.) Recall that
#°[y] = I(v,0) is given by ODE (7.2).

Now let 7 tend to 0. As 7’ decreases, the right hand side of (8.11) decreases. The
proof is finished if the limit is strictly smaller than —||¥||%,/2. Assume otherwise. Then,
there exists {7y, }72; C H such that

Y

m 2 =12

o=l = % 16hed - @) < o end, tpuing (- D) 5 e
In particular, {74} is bounded in H and, hence, precompact in Wg. Let 7, be any
limit point. For simplicity, a subsequence that converges to v, is again denoted by
{v}. Since v — ¢°[y]; is continuous with respect to the topology of Wg, we see that
¢°[Yool1 = @’ holds. Also, we have |[yoo =771 o5 = 1" /2. S0, Yoo # 7. From the lower
semicontinuity of the rate function, we see that vo € H and ||vso|3,/2 < ||7/13,/2. This
clearly contradicts Assumption (A2). O

8.2. Integrability lemmas.

In this subsection, we prove a few lemmas for integrability of Wiener functionals of
exponential type which will be used in the short time asymptotic expansion.

Throughout this subsection we assume (A2). Let 4 be as in (A2) and let ¢ and
RFite = Rri+12 (5 =0,1,2,...) be as in Section 7 with v = 7. First we consider

R2+,s

1 ~c
_ ?(y o ¢0 _€¢1 —51/H¢1/H _€2¢2)

_ 6;@4—2¢R4 + 555—2¢’€5 4o

2

Here, k4 =1+ (1/H) and k5 =3 A (2/H).

LEMMA 8.2.  Assume (A2). For any M > 0, there exists n > 0 such that

sup E[exp(M (7, R;") /e®) I{jcw|ma_n<n}] < 00
0<e<1

PrOOF. By Lemma 7.3, if ||ew||a—nia < 1, then there exists a constant ¢i,¢co > 0
such that

IR amia < e1(e +llewlamnia) "0/ < eole + [ewlma-s) .
Hence, if ||ew||m,a—5 <1 <1, then
IR*|la-nia/e® < ca(l + [wllm,a—p)? (e +m) /7L
Recall that, by Fernique’s theorem, there exists a positive constant 8§ > 0 such that

Elexp(B(1 + ||w|/m,a—5)?)] < 0o. Take 0 < 1 < 1 so that M|p|cg(2n7)H/H)=1 < 8. Then,
we see that
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sup E[exp(M(f/,Rf’h'g)/sg)l{‘|Ew|‘7n7a_33n}] < 00.

0<e<n

Note that, if ||ew||m,a—p < 1 and n < e < 1, then ||R*"¢||4_pia/e? is bounded. This
completes the proof. O

Next we consider

R1+,E 1

. _ g(gs 7(’250 7€¢1) :E(I/H)71¢1/H+51¢2+.“ .

LeEMMA 8.3.  Assume (A2). For any M > 0, there exists n > 0 such that

sup E[exp(M|R™ 2|2 14/ I{cw|m.an<n}] < 00
0<e<1

ProOF. By Lemma 7.3, if ||ew||a—ria < 1, then there exists a constant ¢; > 0 such
that

IR anta < er(e + lewlla—na)/™ < eae + [lew]lma—p)".

Hence, if |[ew||m,a—5 <1 <1, then
||R2+7€”§—hld/52 <e(l+ ||me,a—B)2(5 + W)(Q/H%Q-

Then, we can prove the lemma in the same way as in Lemma 8.2. O

From now on we assume (Al) and (A2). In addition, we introduce the following
assumption;

(A3)”: Elexp((7,¢1)) | ¢1 = 0] < oo.

For all 1 < j < n, (b}’j € Wy C 'H*. When we regard qS}’j as an element of H by
Riesz isometry, we write u(b}’j € 'H C Wpg. We have an orthogonal decomposition H =
ker ¢1 @ (ker ¢})L. We denote by 7 the orthogonal projection from H onto ker ¢1. Note
that (ker ¢1)* is an n-dimensional linear subspace spanned by {%%’1, ceey %i’”}. Since

Nm,a—B

dim(ker 1)+ < oo, the abstract Wiener space splits into two; Wp = ker (;5:1[” D

|m,a—B

(ker ¢})+. The projection 7 naturally extends to the one from Wg onto ker d)}” | ,
which is again denoted by the same symbol. There exist Gaussian measures p; and po

such that (ker gb%” 4 ”m'a_B,ker @1, 1) and ((ker ¢1)+, (ker ¢1)L, u2) are abstract Wiener

spaces. Naturally, u1 = mup, po = mp and g = pq X po (the product measure). One

may think s is the definition of the conditional measure P[-| ¢1 = 0] in (A3)’ above.
Therefore, (A3)’ is equivalent to the following;

E[exp((7, 2 o 7))] < oo. (8.12)

Set
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1
j(ﬁ)l/() J(3)i H{Va(97)(61 (w'), dwe) + Vo (¢7) (o4 (w), dw))}
L 10, 1\ I
5700 [ IOV @l w). ok w). i) (813)

where ¢k (w) = J(3)r fOT J3);'o(¢?)dw,. Then, ¢ is a bounded bilinear mapping
on Wpg and so is ¢(m-, 7). Clearly, ¥(w,w) = ¢?(w) and ¢(rw,7w) = ¢2(rw). By
Goodman’s theorem (see Theorem 4.6, p.83, [10]), restricted on H x H, (7, Y (n-, 7))
is of trace class and, in particular, Hilbert—Schmidt. The corresponding trace class
operator on H and corresponding element of the second Wiener chaos are denoted by A
and =4, respectively. Then, (7, ¢?(mw)) = Z4(w) + Tr(A). Hence, (8.12) is equivalent to
Elexp(Z4)] < 0o, which in turn is equivalent to sup Spec(A) < 1/2. Since the inequality
is strict, there exists 7 > 1 such that sup Spec(rA) < 1/2. This implies E[exp(Z,4)] =
Elexp(rZ24)] < co. Summing it up, we have seen that (A3)’ is equivalent to the following;

Elexp(r(7, ¢3 o 7))] < co  for some r > 1. (8.14)

Let us check here that (A3) and (A3)’ are equivalent under (A1), (A2).

PROPOSITION 8.4.  Under (Al) and (A2), the two conditions (A3) and (A3)’ are
equivalent.

PROOF. As is explained above, (A43)’ is equivalent to sup Spec(4) < 1/2. Keep
in mind that the only accumulation point of Spec(A4) is 0, since A is of trace class. Let
(—€0,€0) 3 u— f(u) € K¥ be a smooth curve in K% such that f(0) = 7 and f(0) # 0
as in (A3). Then, a straight forward calculation shows that

(M o) - )

| IfwlE 4

du?

2 du?

u=0

= £ O) 13 + (f"(0), 3 = (7, DAY S (0))) = (7, D2 ()(f(0), '(0)))

= £ (0)I3 — (7, D*¢} (7){m f'(0), 7 f'(0)))

= £ (O) 13 = 27 w{mf'(0), 7 f'(0))), (8.15)
where we used (8.2)-(8.3) and the fact that f’(0) is tangent to the submanifold K% .

Since f/(0) can be any non-zero element in Im 7, sup Spec(A4) < 1/2 is equivalent to that
right hand side of (8.15) is strictly positive, that is (A3). O

The following is a key technical lemma. It states that, restricted on a sufficiently
small subset, exp((7, R7°)/e2) € U «g<ooL? uniformly in e.

LEMMA 8.5. Assume (Al), (A2) and (A3). Then, there exists 11 > 1 and n > 0
such that
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— 2,
Oi‘iglE[eXp(h@’Rl E>/52)I{st|\m,a_sSn}I{|R}~E/e\gm}] <0

for any my > 0.

PROOF. By Lemma 8.2 and the relation R} /e2 = ¢? + R>T /&2, it is sufficient
to show that

Oiligl E[exp(rl (D, ¢%>)I{HEWHm‘a—BSH}I{\R}’E/5|§n1}] < 0. (8.16)

We give an explicit expression for the projection m. Set Cj;» = (qﬂ’j , gbi’j I>H* and
C = (Cjj)i<jjr<n € GL(n,R). The components of its inverse is denoted by C~! =
(Djjr)1<j,jo<n- By straight forward calculation, 7 : H — ker ¢1 is given by

mh=h— ZH*(QS}J’ hy Dy - 17

J3’
From this, it is easy to see that 7 : Wp — ker ¢1 is given by
1,5 1,5
mw=w—Y_ ¢ (w)Dj; -toy7 (8.17)
3,3’
Then, we have

$2(w) = Y(w,w) = 3 (rw) + 23 617 (w)Dyyr - p(w, *o1 )
3,3’
+ 3 o1 (W)er* (w)Dyy Dy - oy For ) =0 i+ D+ S5 (8.18)

73" kK

Exponential integrability of the first term J; on the right hand side of (8.18) is given
in (8.14). So, we estimate the second term J,. Since e¢l(w) = R} (w) — Ry (w),

. y 1+,e l,e
ot vt o] < o [ | B ot

& 13
CRITE(w)|? wliZ ap Ry (w
<af[ Ty Rmemn by o[ B
15 4¢ €

for any ¢’ > 0.
Set ¢y = 2¢1n? sup; ;| Dj j| and let M > 0. Then, by Hélder’s inequality,

M| J-
E[eM2 I cwn o s<m g a1e jej<m )

< E[exp(3Mesc| Ry Jel?) Iewp o nen)

x B[e3Merlwll /()] VPR [3Meamlwlm,a-5] 15
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For any M > 0 and n; > 0, the third factor is integrable. If ¢’ is chosen sufficiently large,
then the second factor is also integrable by Fernique’s theorem. By Lemma 8.3, there
exists 7 > 0 such that sup, of the first factor is finite and, hence,

M| Js)|
2 B L ewtn s <n Iy jerny ] < 00 (8.19)

Since ¢17 (w)p1 " (w) = e YR (w) — RYE(w)?}¢1 " (w), we can deal with J3 in
the same way. For any M > 0 and n; > 0, there exists 7 > 0 such that

M| Js|
2 Bl L ewtn s <n Iy jernny ] < 00 (8.20)

Let r > 1 be as in (8.14). Set r1 = (1 +7)/2 > 1, ¢ = 2r/(1 +r) > 1, and
1/¢+1/¢' = 1. Then, from Hélder’s inequality and (8.14), (8.18)—(8.20), we can easily
see that

E[eXp(Tl <17’ d)%))I{HEw”m,afBSU}I{|R1’E/E‘SW1}]

2
< ]E[exp(r(ﬂ, (z)% o 7T>)] /4 HE[62(/“‘EHJilI{HEme,a—BSW}I{|R}>E/5\gm}] 1/(2¢q ).
=1

From this, (8.16) is immediate. This completes the proof. O

8.3. Proof of off-diagonal short time asymptotics.

In this subsection we prove Theorem 2.2, namely, off-diagonal short time asymptotics
of the density of the solution (y:) = (y:(a)) of Young ODE (5.1) driven by fBm (w;) with
1/2 < H < 1 under Assumptions (Al)-(A3).

First, let us calculate the kernel p(¢,a,a’). Take n > 0 as in Lemma 8.5. Then, we
see

p(El/Hv a, a’,) = E[5a’ (yi)]

E[0a (y5)xn (6, w)] +E[0ar (y7){1 = xn(e,0) }] =2 [1 + L.

As we have shown in Lemma 8.1, the second term Iy on the right hand side does not
contribute to the asymptotic expansion. So, we have only to calculate the first term I7.
By Cameron—Martin formula,

95 1, e gl
IIZ]E|:eXp(_ 2e2 —g<%w> 5a’(yl)Xn E,UH‘E .

Recall that (3,w) = (7, ¢1(w)) for all w. Hence, noting that ¢'/# is non-random, we
have
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f=exp (= 0 Ve oxp (= 200 Jow 4 <0t + 2701 4 B (20 7|

1 c ~
X E[exp <— g@, (bb)éo((b% + 6(1/H)_1¢>}/H + 6_1R%’ )Xn (5, w + Z)]

1 12 - ,1/H
Lo (-l )
en

2¢2 c2—(1/H)

xE [eXp <<V, Rf’s>/62> So(¢pt + M/ —1gU/H o c—1R2e)\ (5, w+ Z)]

1 1712, | @.e'™) g —a
o OXP (— 922 + —2-(1/1) E|F(e,w)do . ,

where

F(e,w) = exp(g—2<D7 R%7E>)X"] <g,w + z>1l1(12
UR

€ !
Yy —a

2) (8.21)

for any positive constant n;. It is easy to see that (i) x,(e,w + 7/¢) and its derivatives

9

vanish outside {||ew||m,o—p < n} and (ii) 1/1(171_2|(gj§ - a’)/5|2) and its derivatives vanish
outside {|R}°/e| < mi}. Hence, by Lemma 8.5, F(e,w) € Dy and F(e,w) = O(1)
with respect to that topology. Roughly speaking, since do((g5 —a’)/e) admits an asymp-
totic expansion in D_.., the problem reduces to whether F'(e,w) admits an asymptotic
expansion in D...

LEMMA 8.6. Assume (A1)—(A3). For any M € N, we have

B[ Fe (B0 | <[ pewpudotmPian (B0 ) | + o)

as € "\, 0.

Proor. By using Taylor expansion for i, we see that, for given M, there exist
m € N and G,(e,w) € Do (1 < j < m) such that

1 A ¢’%2> S <j>(‘¢%
d)(nf >_w<‘m +;w T

in Dy as € \, 0. Gj(e,w) = O(1), but its explicit form is not important. Note that
SO (|6} /[T (@) = 0 j > 1 and supp(T) C {a € R" | [a] < n1/2).

By Theorem 4.3 and Proposition 5.3, do((§7 —a’)/¢) admits an asymptotic expansion
in D_o as follows. As before, we set {0 = vy < 11 < vo < ---} to be all the elements

~E !
Yy —a

2
)Gj(s, w) + 0(eM) (8.22)

£
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of A3 in increasing order. For given M, let | € N be the smallest integer such that
M < wviyy. Then, for some ®,, € D_, (1 <j <), it holds that

So((g7 — a)/e) = do(1) + 1@y, +--- + "D, + O(e" ) (8.23)
inD_, ase \ 0. Here, @, is a finite linear combination of terms of the form
0%0o(#1) x {a polynomial of the components of ¢4 ’s}.

Hence, ¢ (|¢1 /i [?)®,, vanish for all j, ;.
Now, using (8.22) and (8.23), we prove the lemma.

E[F (e, w)0(( — a')/e)]

- E{F(s,w)zﬁ(z

m

~E !
Yy —a

2
)%((ﬂi - a')/e)}
— E[F(e, w)b (16 /m D)ool — @)/e)]
+E|F(e,w) 3 )
o (S
— E[F(e, w)p (|6 /m ool — a')/e)

+E[F(s,w)<§w@( s

e

1

2>Gj(6»w))5o((z7§ —a)fe)] + o)

71
m

2>Gj(s,w)) (6o(1) + -+ + s”lq),l)} + O(eM)

1
1
Uit

= E[F(e,w)y(|o1/m|*)do (77 — a)[e)] + O™).
Thus, we have shown the lemma. O

Set Ab={k—2|rkeM\{0,1,1/H}} ={0<H'-1<@BA2H ) —-2<---}.
Next we set Ay = {a1 + a2+ + am | m € Ny and aq, ..., a, € AL} In the following
lemma, {0 = pg < p1 < p2 < ---} stands for all the elements of Aj in increasing order.

LEMMA 8.7. Assume (A1)~(A3) and let F(e,w) € Do as in (8.21). Then, for
every k=1,2,3,...,

F (e, w)(|é1(w)/m )
= exp((7, ¢F (w)) (|61 (w) /m|*)* {1 + "7, (w) + - -+ + ™, (W)} + Frpa (e, 0),

where Fiy1(e,w) € Do satisfies that
Fis(e,w)T(¢1) = O(e”+1)  inD_oo as e\, 0

for any T € S'(R") with supp(T) C {a € R" | |a| < n1/2}. Moreover, v, € Dy
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(j=1,2,...) are determined by the following formal expansion (k4 = H~1 + 1);

[e%} 7,R2+,E 2\m o o e m
Z%_Z '{554 21/¢ 4) 4 gho 2<u, 10>+,._}
m=0 ’ m=0

= 14 &Py P2y oo
PrROOF. Let r; > 1 be as in Lemma 8.5. First we show that, for any n; > 0,

We can choose a subsequence {e} such that, as k — oo, g \, 0 and Ri’e"' Jex — o1 as.
To prove (8.24), we apply Fatou’s lemma to (8.16) with 7); replaced by 27;.

.. — 92
00 > hkfg{gf]E[eXP(M% ¢1>)I{Hskw”m,a—Bgn}I{‘Ri’Ek/sk|§27]1}]

> Elexp(ri (7 ¢1>)hmm“{|R1 Ek/5k|<2n1}] > Eexp(ri (7 7¢%>)I{\¢Hém}]'

From (8.24), it is easy to check that exp((7, #7(w)))¥(|of(w)/m[?) € Do
Now we expand exp((7, R2°)/e2?) = exp((7, p3(w))) exp((7, R7T°)/e?) in e. Set
Qi1 :R—Rby

w2 l 1 1—6)
Qri1(u) =e" — Lhut o oo ) =l ﬂeeudﬁ (u € R).
2! ! 0 !

We will prove that, for sufficiently large [ € N, as € \, 0,
e Qi (7, RY4) /ey <€ w + ) (|61 (w)/m[*) = O(e”*+1) in Deo.  (8.25)

Note that x,(e,w+7/e) = O(1) in D as € \, 0 by (8.6). By Proposition 7.2, R2te /g2 =
O(eW/M =1 in D.. So, if [+1 > pry1/{(1/H) —1}, then ({7, R7)/e2)H1 = O(err+1)
in Do,. Therefore, in order to verify (8.25), it is sufficient to show that, as € \, 0,

1 _
/ (1= 0)le ™o /a0 .y, (aw + Z>¢(|¢i(w)/m|2) =0(1) inDy. (8.26)
0

To verify the integrability of this Wiener functional, note that e* < 1+¢% for all u € R
and 0 < # < 1. This implies that the first factor on the left hand side of (8.26) is
dominated by e 4 e™R)/=*  From Lemma 8.5 and (8.24), we see that the left
hand side of (8.26) is O(1) in any L? (1 < ¢ < o0). In the same way, the Malliavin
derivatives of the left hand side of (8.26) are O(1) in any L9.

It is easy to see that, as € \ 0,
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l D’R%"r,ff 21k
3 {( . )/e°}

k=0

=14+ey, + -+, +0(E”) in D. (8.27)

From this and (8.6), we see that

F(e,w)i (|1 (w)/m )

~E /
Y1 —a

1
"2

= exp((7, ¢>?(W))¢(|¢>%(111)/771|2)77/f(771 >{1 + P, (W) + -+ ey, (W)}

+O(e’ 1) in De.

Using (8.22), we finish the proof. O

PROOF OF THEOREM 2.2. Here we prove our main theorem in this paper. We set
A =As+A;={v+plvespeA}

We denote by {0 = Mg < A1 < A2 < ---} all the elements of A4 in increasing order.
There is no mystery why this index set appears in the short time expansion of the kernel
because, very formally speaking, the problem reduces to finding asymptotic behavior of
Elexp((7, R>%)/e2)-60(R1° /¢)], as we have seen. Now, by (8.21), Lemma 8.6, Lemma 8.7,
and (8.23), we can easily prove Theorem 2.2. (First, expand the Watanabe distribution
by (8.23), then expand F' by Lemma 8.7.) O

9. Sufficient condition for (A2) and (A3).

In this final section we give a sufficient condition for our main result (Theorem 2.2)
on the off-diagonal asymptotics and compare it with a preceding result by Baudoin and
Ouyang (Theorem 1.2, [2]), which is probably the only paper on this kind of problem.

PROPOSITION 9.1.  Assume (A1) at the starting point a € R™. If o’ is sufficiently
near a, then (A2) and (A3) are satisfied and, in particular, Theorem 2.2 holds for such
a'.

In the latter half of this section, we will prove this proposition in a rather general
setting so that the same argument applies to a wider class of Gaussian processes. (To
obtain Proposition 9.1, just set F' = ¢ and # = a’ in Proposition 9.4.)

Before doing so, we first recall the result in [2] and compare. They set n = d and
assume (A1) for any starting point @ € R? and, moreover, the following assumption (H):

(H): There exist smooth and bounded real-valued functions wﬁj such that

d
wh =—wl and [V;, V] = Zwﬁj‘/} for all 1 <i,5,1 <d.

)
i=1



574 Y. INAHAMA
Note that Vj does not appear in this condition. Under (Al) for any a, o(a)o(a)* is a
d x d positive symmetric matrix, where o(a) = [V1(a),..., Vy(a)] as before. As a result,
a Riemannian metric tensor (g;;(a))1<; j<a is defined on R by ¢ (a) = [o(a)o(a)*]".
The distance with respect to this Riemannian structure is denoted by d(a,a’). In terms
of Riemannian geometry, (H) is equivalent to the condition that VX¢Y = [X,Y] for
all smooth vector fields X,Y, where V¢ is the Levi-Civita connection for this metric.
From this, one can guess that this assumption may not be very mild.

They proved short time kernel asymptotics under these assumptions when a and o
are sufficiently near. The following is Theorem 1.2, [2] (Notations are adjusted):

THEOREM 9.2.  Assume that n = d, Vo =0, (H), and (A1) for any starting point
a € R, Then, in a neighborhood U of a, we have

d(a, a/)z)

, 1
p(t,a,a’) = tH—neXp T TopH

N
X <Za2i(aa a')t*" -yt a,a/)tQ(NH)H)a aeU
i=0

near t = 0 for any N = 1,2,.... Moreover, U can be chosen so that ag; are smooth on

U x U and for all multi-indices 3, 3’

sup  sup ‘8 85 rnti(t,a,a’)| < oo, (for somety > 0).
t<to a,a’cUXU

Now we compare the two results. The most important issue is of course whether the
asymptotic expansion holds or not. Concerning this point, we observe (i)—(ii) below;

(i) The conditions on the dimension (n = d), and on vector fields (Vo = 0 and (H))
in [2] are much stronger than ours. Moreover, the ellipticity condition (Al) is
assumed at any a in [2]. So we believe that our result is "basically” better than
Theorem 1.2, [2].

(ii) In our paper we did not give a quantitative estimate of how near a and a’ should
be in order for the asymptotics to hold (neither in [2]). Therefore, we could not
say our result completely includes Theorem 1.2, [2].

The following (iii) may not be a major issue, but Theorem 1.2, [2] is better than
ours concerning this point.

(iii) In Theorem 9.2, or Theorem 1.2, [2], they proved smoothness of the coefficient
and gave an uniform estimate of (derivatives of) the remainder terms. However,
we did not.

REMARK 9.3. If we assume (Al) everywhere, then a Riemannian structure on R"
is naturally induced as we explained above. If the case of the usual stochastic analysis
(i.e., H = 1/2), (A2) and (A3) have a geometric meaning. (See Remark 3.2, [21],
which was originally in [15], [4].) First, (A2) means that there is a unique shortest
geodesics between a and a’. Second, (A3) or (A3)’ means that these two points are not
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conjugate along the geodesics. So, Assumptions (A1)—(A3) are very mild and cover a lot
of examples.

It seems natural to guess from this that, in our case (i.e., 1/2 < H < 1), too,
Assumptions (A1)-(A3) are not bad. At this moment, however, the author is not aware
of a nice example except Proposition 9.1.

For the rest of this section, we discuss in a general setting. Our goal here is to prove
a generalized version of Proposition 9.1. The key is the implicit function theorem.

Let ‘H be a real separable Hilbert space and let F' : H — R" be a Fréchet smooth
map such that F(0) = a and the tangent map DF(h) : H — R™ is surjective at any
h € 'H. Necessarily, F' is a surjection onto a certain neighborhood of a in R™. By a well-
known application of the inverse/implicit function theorem, F~!(z) C H is a Hilbert
submanifold for any = € R™ if it is not empty. We define

d(a,x) = inf{[|h]l3 | h € F~'(x)}.

If « is sufficiently near a, then d(a,z) < co.

PRrROPOSITION 9.4.  Let the notations be as above. Furthermore, we assume that,
for any x sufficiently near a, the minimum in the definition of d(a,x) above is actually
attained. Then, for any x sufficiently near a, we have the following;

(i) There exists a unique h, € F~(z) such that d(a,z) = ||hs|/%-

(ii) The mapping x — d(a,z)? is smooth.

(iii) The Hessian of F~*(z) 2 h — ||h||3,/2 at hy is non-degenerate in the sense in
(A3).

PROOF. Set K = ker DF(0). This is a closed linear subspace in H which is tangent
to F~1(a) at 0. We denote by D and D+ the gradient operator on K and K1, respectively.
Then, D = D + Dt. We often write h = (k,1), where k and [ are the orthogonal
projections onto IC and K+, respectively.

Consider the following function G : K x K+ x R"(= H x R") — R" defined by
G(k,l;z) = F(k,1) — . Then, G(0,0;a) = 0. By the assumption, (DG)(0,0;a) =
(D+F)(0,0) is a linear isomorphism from Kt to R™.

Hence, we can use the implicit function theorem near (0,0;a) to have the following;
There exist open neighborhoods V C R" of a, W C K of 0 € K, and U C K+ of 0 € K+
such that a unique implicit function | = I(k;z) for G = 0 from W x V to U exists.
Moreover, [ is smooth. Therefore, if F~1(z) N (W x U) # 0, any element of the set is of
the form (k,I(k;z)) for some k € W. Note that [(0;a) = 0 and DI(0;a) = 0 € L(K,K*)
since F~1(a) and K are tangent at 0 € H.

Next, consider (k,z) — ||(k, 1(k;2))||3,/2 = (|k]|? + |[l(k;x)[|?)/2. Take D of this

function and we get
Gk, x) == (k, Vi + ({(k; ), Dl(k; 2)) v,

which is a smooth map from W x V to K*. Note that G(0,a) = 0 and
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DG(k,z) = (-, Vi + (U(k; ), D*I(k; 2))ier + (DI(k; ), DI(k;2)) e .

This takes values in L(K,K*) = L®® (K x K;R), where the latter space is the space of
bounded bilinear maps from K x K to R). Since DG(0,a) = (-, - )x, which is clearly
a linear isomorphism when regarded as an element of L(/C,C*), we can use the implicit
function theorem again. If we retake V' and W smaller, then there exists a unique implicit
function k = k(z) for G = 0 from V to W. Moreover, k is smooth in .

Take r > 0 small enough so that the open H-ball B, of radius r centered at 0 € H is
contained in W x U. Assume F~!(z)N B, # (. Then, the minimum is the definition of
d(x,a) must be achieved inside B,.. That point can be written as (ko, l(ko, z)) in a unique
way. Any point of F~1(x) near (ko,l(ko,x)) can also be expressed using the implicit
function like this. As a result, this point must be a critical point of k — || (k,l(k; x))||3,/2
and hence é(ko,x) = 0. Therefore, such ko must be unique, namely, ko = k(x). Note
that k(a) = 0. Thus, we have seen h, = (k(x),{(k(z),z)) and shown (i) and (ii).

We now show (iii). Let f : (—eg,e0) — F~1(z) such that f(0) = k(z) and f’(0) # 0.
Then, (d/du)?|u=o|f(w)||3,/2 depends only on f’(0), i.e., f”(0) is irrelevant. (We can
check this by using the Lagrange multiplier method in the same way as in (8.15) in the
proof of Proposition 8.4.) So, we have only to consider f(u) = (k(z)+u&;l(k(x) +u&; 7))
for any non-zero £ € K. By straight forward computation, we have

d\2
(&)

By the smoothness of [ and k, the right hand side is larger than ||¢]|?/2 if « is sufficiently

near a. This proves (iii). O

L — )+ a(hta)s ), (De)?10k (o)) + 1 Del ()i )

u=0
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