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Conformal invariants defined by harmonic functions

on Riemann surfaces
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Abstract. In this paper, we consider conformal invariants defined by
various spaces of harmonic functions on Riemann surfaces. The Harnack dis-
tance is a typical one. We give sharp inequalities comparing those invariants
with the hyperbolic metric on the Riemann surface and we determine when
equalities hold. We also describe the Harnack distance in terms of the Martin
compactification and discuss some properties of the distance.

1. Introduction.

Let R be an open Riemann surface. Among many conformal invariants on R, we are
interested in quantities derived from some spaces of harmonic functions on R, such as
spaces of positive harmonic functions, bounded harmonic functions and harmonic Hardy
spaces. The classical Harnack distance is one of the important quantities. We compare
those invariants with the hyperbolic distance.

On the unit disk D = {z € C | |z| < 1}, the hyperbolic metric Ap(z)|dz| is defined
by

Ap(z)|dz| = 12:‘IZZ||2

We assume that the Riemann surface R admits the hyperbolic metric, namely, the univer-
sal covering of R is conformally equivalent to the unit disk D, and the hyperbolic metric
Ar(z)|dz| on R is defined by the relation 7* (Ar(w)|dw|) = Ap(z)|dz| for w = 7 (z), where
7 : D — R is a universal covering map and 7* stands for the pull back operation for met-
rics. For two points a, b in R, the hyperbolic distance dr(a, b) is defined by the standard
manner by Ag(z)|dz|.

In [4], Herron and Minda consider conformal invariants defined by the spaces of
bounded harmonic functions and positive harmonic functions on R, and compare them
with the hyperbolic distance on R. We shall give alternative proofs of their results. The
method we will take also works to show similar properties of conformal invariants for
harmonic Hardy spaces (Theorems 4.1 and 4.2).

It is rather known that the Martin compactification is a useful tool in studying pos-
itive harmonic functions. We describe the Harnack distance, which is defined by positive
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harmonic functions on a Riemann surface, in terms of the Martin compactification of
the Riemann surface. Using this description, we compute the Harnack distance on the
complement of a closed polar set on a Riemann surface. The result is obtained by Herron
[3] for the Harnack distance in a domain of the Euclidean space. We also discuss the
completeness of the distance.

2. Preliminaries.

2.1. Spaces of harmonic functions and invariants.

Throughout this paper, we consider a Riemann surface R which is open and admits
Green’s functions. Therefore, the universal covering of R must be conformally equivalent
to the unit disk. We consider the following spaces of harmonic functions on R:

HP(R) = {u : u is harmonic and positive on R},
HB(R) = {u : u is bounded harmonic on R},

and for p € (1,400),
hP(R) = {u : u is harmonic and |u|P has a harmonic majorant on R}.

We call h?(R) the harmonic Hardy space of rank p. We consider the norm ||u||n» called
the Hardy norm for u € h?(R) by

lullne = (LH.M.|ul(ao))"/?,

where L.H.M.|u|P is the least harmonic majorant and ag € R is a base point. It is known
that both (HB(R), || - ||so) and (h?(R), || - ||n») are Banach spaces.

Since the norm || - ||p» depends on choice of the base point ag, we call it the Hardy
norm with respect to the base point ag if we need to count the dependance of ag.

For two points a,b € R, we define

dit(a,b) = sup {

1ogzg’ = HP(R)}.

The quantity d%(-,-) is called the Harnack (pseudo-)distance on R.
For HB(R) and h?(R), we define

pi(a,b) = sup{|u(a) — u()|/|lulloc : w € HB(R) \ {0}}
and
py (a,b) = sup{|u(a) — w(b)|/||ullns : u € BP(R)\ {0}}.

We also consider conformal metrics corresponding to above spaces as follows:
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BE(2)|dz| = sup {uxuz;)uy'wd fu € HP(R)},

BE(2)ldz| = sup {Ww “ue HB(R)\ {0}},
and

BR(2)|dz| = sup {W|dz| cueh?(R)\ {0}}.

The metric 3%(2)|dz| is introduced by Oikawa [6] and it is called the harmonic metric.

Those quantities are defined by taking the supremums. However, using normal
family arguments, we verify that there are harmonic functions in their spaces such that
they attain their supremums.

Herron and Minda [4] compare d&, p&, 3% (2)|dz| and BE(2)|dz| with the hyperbolic
distance and the hyperbolic metric on R. In the later section, we shall give alternative
proofs of their results. We see that our method works to obtain similar estimates for pf
and 3f1(z)|dz| as well.

2.2. The Martin compactification.
Let g%(-,q) be Green’s function on R with pole at ¢ € R. Take a base point ag € R,
and consider a function
wo() = 9" (- q)
0 g% (a0, q)

for ¢ € R. The function u, is in HP(R \ {¢}) and ug(ap) = 1. Thus, a family {ug, }52;
becomes a normal family on any compact subset of R when the sequence {g,}52; tends
to the ideal boundary of R. We may add a boundary point ¢ as the limit of {g,}52, if
kq(-) :=lim,,— o ug, () exists and it belongs to HP(R). The positive harmonic function
kg is called the Martin kernel with pole at g.

All such boundary points together with R is called the Martin compactification of
R with base point ag and it is denoted by Rj,. It is known that R}, is a metrizable
compactification of R. The set A := R}, \ R is called the Martin boundary. A boundary
point ¢ € A is called minimal if the Martin kernel k,(-) is minimal, where v € HP(R)
is minimal if 0 < v < u (v € HP(R)) implies v = cu for some constant c¢. The set of
minimal points is called the minimal boundary and it is denoted by A;.

It is known that the Martin compactification does not depend on the choice of the
base point. Indeed, for two Martin compactifications R} and Rj5 of R with different base
points, the identity map ¢ : R — R extends to a homeomorphism ¢* from R} onto Rj.
Furthermore, minimal points of R} are mapped those of R} via t*. As for the fundamental
facts of the Martin compactification, one may refer Constantinescu and Cornea [2].

The minimal boundary A; plays an important role in HP(R).

THEOREM 2.1.  For each u € HP(R), there exists a unique measure p on Ay such
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that

u(p) = | kq(p)du(q). (2.1)
Ay

It is known that the Martin compactification D3}, of the unit disk D = {|z| < 1}
is identified with the Euclidean closure D = {|z| < 1} and k, is the Poisson kernel at

g € OD. Hence, Theorem 2.1 is a generalization of the classical Herglotz theorem (cf. [1,
6.14 Corollary]) for HP (D).

3. Invariants for HP(R) and HB(R).

This section devotes to give alternative proofs of results by Herron and Minda [4]
and our proofs give an idea used in the later sections. Some computations in this section
are also found in [1] for the same quantities in the unit ball of the Euclidean space.

Let T be a Fuchsian group acting on the unit disk D so that D/T' = Rand 7 : D — R
the universal covering map. For every function f on R, the function f := for is a -
automorphic function for I, that is,

for=7 (3.1)

holds for any v € I'. Conversely, if (3.1) holds for any v € I, then f defines a function f
on R with f = fom. Therefore, HP (R)r, the space of I'-automorphic positive harmonic
functions on D is identified with H P(R). Similarly, H B(R)r, the space of I'-automorphic
bounded harmonic functions on D, is identified with HB(R).

Now, we show the following theorem:

THEOREM 3.1. Let R be an open Riemann surface and a,b two distinct points on
R. Then,

d%(a,b) < dg(a,b) (3.2)

and
pR(a,b) < 8 arctan (tanh dR(4a7b>> (3.3)
™

hold, where dg(-,-) is the hyperbolic distance on R.

Furthermore, if R = D, then equalities hold in (3.2) and (3.3) for any points a,b € D.
More precisely, let uq,p € HP(D) denote a function which gives the equality of (3.2).
Then, uqp(2) = cP(a; z) or cP(0;z) for some positive constant ¢, where o, 5 € 0D are
the endpoints of the hyperbolic geodesic passing through a,b; let vgp, € HB(D) ||vgplloo =
1 denote a function which gives the equality of (3.3). Then, up to sign, v, has boundary
value 1 on Iy and —1 on I_, where Iy are the connected components of OD\ {o/, 8’} for
the endpoints o', 3" of the hyperbolic bisector between a and b.
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PROOF. Take @,b € D such that 7(ad) = a, 7(b) = b and dr(a,b) = dp(a,b). Using
the above identifications HP(R) ~ HP(D)r and HB(R) ~ HB(D)r, we see that

log ZEZ‘; ‘ = HP(]D))F},

d% (a,b) = sup {

and
pis(a,b) = sup {|u(@) — u(d)|/|[u]lw : v € HB(D)r \ {0}}.

Obviously, HP(D)r ¢ HP(D) and HB(D)r C HB(D). We have

Sup{ log ZEZ)) ‘u € HP(D)F} < d%(a,b), (3.4)
and
sup {|u(@) — w(d)|/||ufloo : uw € HBD)r \ {0}} < p}3(@,b). (3.5)
Hence, it suffices to show that
dzy (@, b) = dp(a,b) (3.6)
and
P2 (a,b) = % arctan (tanh dID’(Z’E)) . (3.7)

To show (3.6), we use the Herglotz theorem for positive harmonic functions.
We may assume that @ = 0 and b =r € (0,1). Let u be in HP(D). It follows from
the Herglotz theorem that there exists a unique positive measure p on 9D such that

= eia'z z .
u<z>f/8DP< 2)du (z€D), (3.8)

where P(e?;2) is the Poisson kernel. We may also assume that u(0) = 1. Then, from
(3.8), we obtain

1=u(0) = du.
oD

Thus, u is represented by a probability measure in (3.8) and immediately we obtain

o) 127 oy IR dnon
1+7r 1-—

<
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Indeed, both equalities hold for Dirac measures d;_;y and d;;) with support at —1 and
1, respectively. In other words, for u = P(—1;-) and u = P(1;-), the equality (3.6) holds
and only those functions give the equality (3.6) under the condition that «(0) = 1. Since
{—1,1} is the set of the end points of the geodesic passing through 0 and r, we have
shown the statement for d%.

To prove (3.7), we use other integral representation for bounded harmonic functions.
Fatou’s theorem (cf. [1, Chapter 6]) guarantees us that every bounded harmonic function
u has non-tangential limits u*(¢?”) almost everywhere on 9D and u is represented by the
Poisson integral of «*, namely,

1 27 . .
u(z) = —/ u*(e?)P(e?; 2)db. (3.9)
2 0
In showing (3.7), we may assume that @ = —r, b = r for some r € (0,1) and
||| o = |u*]|oo = 1. Then, we have
1 27 . . .
u(r) —u(=r)| = 5 u*(eza)(P(ew;T) — P(e";—r))do
2 )
< 7/ ¢V [(P(e;r) — P(e; —r)|db
< 27r |(P(ei9; r) — P(e?; —r)|de.

Therefore, we have

2
@mwsi/\www—m%ﬂW&
27T 0

On the other hand,

4r(1 —r?) cos 0

P ia. _P ie._ —
(6 ,7") (e ) T) (1—|—T2—2TCOSH)(1+T2+2TCOSG)

and we see that P(e?;r) — P(e?; —r) > 0 for 6 € (0,7/2) U (37/2,27) and < 0 for 6 €
(7/2,37/2). We define ugj € L>(OD) by setting ug(e?®) =1 for 6 € (0,7/2) U (37/2,27)
and = —1 for 0 € (7/2,37/2). Then the Poisson integral ug of ug,

1 27 ) )
ug(z) = %/o ul (e P(e'?; 2)dh

is in HB(D) with |Ju||s = 1. Furthermore, we have

1

o)~ ir) = 5 [ 1P - P )l
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Therefore, we obtain

1 2 . i
phir-r) = 5= [ 1Peir) — P(es =),
T Jo

Since it is not hard to verify that

1 2

(P(ei7) = Pl =)fa0 = 2 anctan (s 1)),
™

2 Jo
we obtain (3.7) and we verify that only +ug gives the equality (3.7) among functions in
u € HB(D) with |lu|]|cc = 1. Since {i, —i} is the set of the end points of the bisector
between —r and r, we verify that the proof is completed. O

Using this theorem, we may determine Riemann surfaces where equalities hold for
some points a,b € R in (3.6) and (3.7).

THEOREM 3.2.  Suppose that R is not a simply connected Riemann surface. Then,

(1) there exist distinct points a,b in R such that d&(a,b) = dr(a,b) if and only if R is
(conformally equivalent to) the punctured disk D*, and a,b lie on the same radius of
D*;

(2) there exist distinct points a,b in R such that p%(a,b) = (8/7) arctan(tanh(dg(a,b)/
4)) if and only if R is (conformally equivalent to) an annulus A(k) = {0 < k <
|z| < 1} and a,b are symmetric with respect to the core curve {|z| = Vk} of A(k).

ProOF. Let I' be a Fuchsian group acting on the unit disk I which represents R
and 7 : D — R = D/T be the universal covering map.

PROOF OF (1). We may assume that 7(0) = a and «(r) = b for some r € (0,1),
and dp(0,7) = dr(a,b). We take u € HP(R) satisfying u(a) = 1 and log(u(a)/u(b)) =
d%(a,b). Since @ = uom € HP(D), we have

dr(a,b) = df(a,b) = ‘ log ZE:ESQ ’ < d%(0,r) = dr(a,b).

Thus, we conclude |log(@(0)/a(r))| = d%(0,7). Since @(0) = u(a) = 1, it follows from
Theorem 3.1 that u(z) = P(1;2) or 4(z) = P(—1;z). We may assume u4(z) = P(1;2).
Since @ belongs to HP(D)r, we verify that T' is a parabolic cyclic group fixing z = 1.
Indeed, z = 1 is a unique singularity of P(1;z). Hence, every element of ' has to fix the
point because P(1;z) is automorphic for IT".

Therefore, R = D/T" is the punctured disk D*, and a = 7(0),b = 7 (r) lie on the
same radius in D* because the positive real axis in D is mapped a radius in D* via the
universal covering map .

PROOF OF (2). We may assume that 7(—r) = a and =« (r) = b for some r € (0,1),
and dp(—r,r) = dr(a,b). We take v € HB(R) with ||u|lcc = 1 such that |u(b) — u(a)| =
pR(a,b). Since & = uom € HB(D) with ||@] s = 1, we have
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pp(a,b) = 8 arctan (tanh = |a(r) — a(—r)|
™

dro (—
< po(r,—r) = Sarctan <tanh D(4T’T))

Thus, we conclude that |a(r) — a(—7)| = p%(r, —r) and therefore, @ = uy or = —uy,
where ug € HB(D) is the function obtained in the proof of Theorem 3.1. Since @ belongs
to HB(D)r, we verify that T' is a hyperbolic cyclic group fixing +i. Hence, R = D/T is
an annulus, and a = 7(—r), b = w(r) are symmetric with respect to 7({iy : —1 <y < 1})
which is the core curve of the annulus. O

We may show the similar results for conformal metrics by using the same ideas of
the proofs of Theorems 3.1 and 3.2.

THEOREM 3.3. Let R be a hyperbolic Riemann surface. Then,
Bt (2)|dz| < Ar(2)|dz] (3.10)

and
BE(:)Idz] < 2 An(2)ldz] (3.11)

hold at every point in R, where Ag(z)|dz| is the hyperbolic metric on R. If R =D, then
the equalities hold in (3.10) and (3.11) at every point in D. More precisely, if u, € HP(D)
gives the equality in (3.10) at a € D, then uq.(z) = cP(w; z) for some ¢ > 0 and o € ID;
if vo € HB(D) with ||vg|lec = 1 gives the equality in (3.11), then vy (2) = £v4,(2), where
Va,p 18 the function given in Theorem 3.1 for any b € D (a # b).

PRrROOF. The proof is done by the same idea as in Theorem 3.1. Exactly the same
reasons as in (3.4) and (3.5), we obtain

(B (w)|dwl|) < By (2)ldz],
and

(85 (w)|dwl) < BE5(2)|dz,
where R 5 w = 7(z) is a universal covering map as before. Hence, it suffices to show
that 8% (2)|dz| = Ap(2)|dz| and B3 (2)|dz| = (2/7)\p(z)|dz| at z = 0.

Let u be a function in HP(D) with u(0) = 1. It follows from the Herglotz theorem
that there exists a probability measure g on 9D such that

= Gie'Z
uz) = [Pz
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holds on . Thus,
|uz (0) — duy (0)] = 2‘/ ewdu‘ = 2‘/ cos fdy — z/ Sin@du‘
oD oD oD

2 2
= 2\/(/ cos@du) + </ sin@du> <2
oD oD

From Schwartz’ inequality,

2
(/ cosﬂdu) < (/ du) (/ cos? 9d/¢> :/ cos? Odp
oD oD oD oD

and

2
(/ sin@du) < (/ d,u> (/ sin? t‘)du) :/ sin? Odpu.
aD oD oD aD

Since the equalities hold only when both cosf and sinf are constants on the support
of p, ;1 must be a Dirac measure 0, for some o € dD. Indeed, for u(z) = P(a;z) =
Jop P('%%)déq, [uz(0) — iuy(0)] = 2. Therefore, P(«; 2) gives 87 (2)|dz| at z = 0. Since
Ap(2)|dz| = 2|dz| at z = 0, we have shown that 3% (z)|dz| = Ap(2)|dz| at 2 = 0.

Next, we consider 33 (2)|dz| at z = 0. Let u be a function in HB(D) with |lu/|. = 1.
We consider

|uz(0) — iuy (0)] = |grad u|(0) = max iu(re“")
¢ |dr

(3.12)
r=0

Since

1
T or

u(2) /0 ﬂu*(eie)P(ew;z)d&

for u* € L>°(0D) with ||u*||cc = 1, we have

1

27 . 1 27 4
f/ u*(ew)cosﬁdﬁ‘ < f/ | cos0|do = —,
™ Jo ™ Jo ™

and the equality holds only for u* = £v_,.,, the same function in Theorem 3.1 for some
r € (0,1). Thus, if » = 0 gives the maximum in (3.12), we conclude that 8% (2)|dz| =
(2/m)Ap(2)|dz| at z = 0 and +v_, , gives the equality. The same argument works for
any ¢ € [0,27) and we verify that the proof is completed. O

Equalities in (3.10) and (3.11) hold at every point on R if the Riemann surface is
simply connected. If R is not simply connected, then we may show similar results to
Theorem 3.2.
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THEOREM 3.4.  Suppose that R is not a simply connected Riemann surface. Then,

(1) there exists a point a in R such that 8% (z)|dz| = Ar(2)|dz| at o if and only if R is
conformally equivalent to the punctured disk;

(2) there ezists a point a in R such that BE(z)|dz| = (2/7)Ar(2)|dz| at « if and only if
R is (conformally) equivalent to an annulus A(k) := {0 < k < |z| < 1} and « lies
on the core curve {|z| = Vk} of A(k).

ProOOF. The proof is done by the same manner as that of Theorem 3.2. So, we
may leave it for the reader. O

4. Invariants for h?(R).

In this section, we compare pﬁ and ﬁf(z)|dz| (I < p < o0) with the hyperbolic
metric of R.
We note the following the decreasing property of those quantities.

LEMMA 4.1. Let f: X 3z f(2) =w €Y be a holomorphic map between two
Riemann surfaces X and Y. Then,

p:(f(a),f(b)) < pi){(%b)’
and
F1(8y (w)|dwl) < B\ (2)|dz],

where |[ul|pe = (L.H.M.|u|P(ao))*/? foru € h?(X) and ||u'||p» = (L. H.M.|u'|P(f(ag)))*/?
for v € hP(Y).

PrOOF. For u € hP(Y'), we denote by v the least harmonic majorant of |ul? and
by ¥ the least harmonic majorant of |uo f|P. Since |u|Po f < wvo f and vo f is harmonic,
we see that o < wvo f. Thus, we obtain ||uo f||pr < ||u|pe for u € K (Y'). Hence, we have

[uo f(b) —uo fa)| _ |uo f(b) —uo f(a)

[[ual| oo - l[wo fline

< py (a,b),
and we see that p) (f(a), f(b)) < p;X (a,b) because u o f € h?(X) for u € hP(Y).
The same argument yields that f*(8) (w)|dw|) < 6 (z)|dz|. O
Let m : D — R be a universal covering. From Lemma 4.1, we have
Py (a,0) < py(a,b),
for @,b € D with 7(ad) = a, 7(b) = b and dg(a,b) = dp(a,b).

We compute pg(a, b) for a,b € D. We may assume that a = —r,b =7 (0 < r < 1).
Let u be a function in hAP(D) with |lul[pe = 1. It is well known (cf. [1]) that there exists
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a function u* € LP(0D) such that

2
u(z) = —/ u*(ew)P(ew;z)dG. (4.1)
0
We also see that

1 27 ) ) 1/p
1=||u||hp:<L.H.M.|u|1’<ao>>”p:(zw/o |u*<e”>|pp<e29;ao>d") ‘

By Holder’s inequality, we have

ulr) = u()l =g [ @) - Pl -a
27 1/q
< (55 [ 1P - P -nppEia) )

where ¢ = p/(p — 1). Moreover, the equality is achieved if and only if v*P, =

| P-9|| Prl|q, gé” almost everywhere on 0D, where

Py() = (P(s7) = P(5=7))P(5a0) ™,

and || - [|q.qo is the Li-norm on OD with respect to df,, := P(e'’;ag)df. Therefore,
py(r,—r) is equal to the right hand side of (4.2).

If ap = 0, the midpoint between —r and r, then P.(-) = P(-;7) — P(-;—r) and
df,, = df. We also see that

Po(2) = R<)

1—r222
for z € OD. Since r = tanh(dp(a,b)/4) and pp is a conformal invariant, we have
Pp (@,0) = [vds () s, (4.3)

where

- (tanh(d/4))222> (z € D)

vg(z) = (tanh(d/4))2Re(

and the base point ag for the Hardy norm is the midpoint between a and b.

When the base point ag is not the midpoint between a and b, p?(a, b) depends on
hyperbolic distances among the three points, ag,a and b. We may take ag = 0. Then,
the same method as (4.2) shows
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1 1/q

olt) —uto) < (5 [ " PG 8) - Pl o'

for u € W?(D) with ||u||p» = 1. Putting

pa,b(z)zRe( 20 —a)z )

(1 —-az)(1-0bz2)

we see that P, ;(2) is harmonic on D and P, ;(-) = P(+;b) — P(-;a) on dD. Therefore, for
a,b € D, we obtain

Pp(a,b) = |[Pap

|na (4.4)

for the Hardy norm with respect to the origin. Although it is hard to describe the L%-
norm of P, ; by using hyperbolic distances among ag, a and b, we may express p;]?(cu b)
by means of the hyperbolic distance between a and b if ayg = a. When ay = a, we may
assume that ap =a =0 and b =r € (0,1). Then,

PO,T(Z)zRe( 2z )

1—rz
Hence, we have

pp(a,b) = ||Tas (a,p)llne, (4.5)
where

. B 2tanh(d/2)z
0q(z) = e<1—‘wmh(d/2)z> (z e D),

and the base point for the Hardy norm is a.
Now, we give the main results of this section.

THEOREM 4.1.  Let R be an open Riemann surface and hP(R) the harmonic Hardy
space of rank p (1 < p < 00) with the Hardy norm || - ||p» with respect to ag € R. Then,

(1) if ag is the midpoint of the shortest geodesic between a and b, then pf(a,b) <
[V (a.b) a3

(2) Pf(ama) < ”f}d}%(ao,a)th;

(3) pfi(a,b) < ||Pagllne, where a,3 € D are points satisfying conditions: w(a) = a and
m(B) = b for a universal covering m : D — R with 7(0) = ag.

Moreover, one of the equalities in the above inequalities holds if and only if R is confor-
mally equivalent to the unit disk.

Proor. All statements are proved by the same argument. It follows from Lemma
4.1 that pf,%(a, b) < pE(d,b), where a,b € D are lifts of a,b via 7 : D — R with dg(a,b) =
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dD(d,l;). Since we have already calculated p;]?(-, -), we obtain immediately the above
inequality in each case. Furthermore, it is easy to see that vg, 4 and F,; are not
automorphic for any non-trivial Fuchsian group. Thus, we conclude that R is conformally
equivalent to the unit disk if an equality holds. O

We also have a similar result for 31%(z)|dz| as follows.

THEOREM 4.2. Let R be an open Riemann surface and hP(R) the harmonic Hardy
space of rank p (1 < p < 0o) with the Hardy norm || - ||p» with respect to ag € R. Then,

R 1 o 1 1 1
ﬁp<z>|dz|s(27r / |coseqd9) Me)ld] 7 g =1 (46)

at ag. Moreover, the equality holds if and only if R is conformally equivalent to the unit
disk.

PROOF. From Lemma 4.1 we have
T (B (w)|dw]) < B (2)dz|  (w = 7(2)) (4.7)

for a universal covering map 7 : D — R.
We consider ()(z)|dz| at the base point ag € D of the Hardy norm of h?(D). We
may assume that ag = 0. Let u be a function in h?(D) with ||u||p» = 1. Then,

1

T or

u(z) /0 ! u* () P(e"; 2)do (4.8)

for some u* € L?(0D) with ||u*||, =1 (cf. [1]). Hence, we have

27
f/ u* (") cos 9d9‘
0

1 27 ) Vp oy p2n 1/q
§2</ |u*(e’9)|pd9> (/ |cost9|qd9>
2T 0 2 0
1 27 1/q
—9f — q
2(27r/0 | cos 0] d9> , (4.9)

and the equality holds only if u*(e’®) = |cosf|?cos™ ]| cosf[|2~" almost everywhere.
We consider

[uz(0) — iuy (0)| = [grad u|(0) = mgx

Thus, if ¢ = 0 gives the maximum, then
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1 2m 1/q
ﬂ?(z)|dz| = 2(277/0 |cos€|qd9) |dz|

at z = 0. Since Ap(z)|dz| = 2|dz| at z = 0, we have

1 2 1/q
ﬂ?(zﬂdz:(zﬂ/o |c080|qd9> Ap(2)]dz|.

By the same argument, we obtain the same conclusion when other angle ¢ gives the
maximum. Hence, from (4.7) we verify that the desired inequality (4.6) holds. Obviously,
u* (") = | cos 0|7 cos™" 0] cos 0|4 which gives the equality is not automorphic for any
non-trivial Fuchsian group. Thus, we see that the equality holds in (4.6) if and only if
the Riemann surface R is simply connected. O

5. The Martin compactification and the Harnack distance.

In this section, we consider the Harnack distance dg (p1,p2) (p1,p2 € R) from view
point of the Martin compactification by using an idea in Section 3.

Let R}, be the Martin compactification of R with base point ag. We denote by
HPy(R) the set of positive harmonic functions v on R with u(p1) = 1. Then,

dB (p1,p2) = sup{|logu(ps)| : u € HPy(R)}.

It follows from Theorem 2.1 that there exists a measure u on A such that

u(p) = [ kq(p)dp(q)
Ay

for u € HPy(R). Since u(p;) = 1, we have
1=u(p) = /A kq(p1)du(q)-

Hence, dv = kq(p1)dp is a probability measure on A; and

ur) = [ dvto)

Conversely, if we put

hy(p) = /A 1 :q qgl))dV(Q)

for a probability measure dv on Ap, then h, is in HPy(R). Therefore, we verify that
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dﬁ(phm) = sup {

1og/ Ky (pQ)dV(q)’ : dv is a probability measure on Al}.
Aq kq(pl)

Since kq(ap) = 1, we obtain:

PRrRoPOSITION 5.1.  Let R}, be the Martin compactification of R with base point ag.
Then

kq (p?)

df(py, = sup |lo 5.1
H(p1 p2) qEApl s kq(pl) ( )
and
dﬁ(ao,p) = sup |logk,(p)l. (5.2)
qEAL

A subset E of R is called polar if for every p € E there exist a neighborhood U of p
and a positive superharmonic function s on U such that s|g = +00. Then, we have the
following;

THEOREM 5.1.  Let E be a closed polar subset of R. Then, for p1,ps € Rp := R\ E

log QR(’“Q)’} (5.3)

dpe (p1,p2) = maX{dR P1,P2), SUpP
H H( ) = gR(p%Q)

qe

where gT (-, p) is Green’s function of R with pole at p.

REMARK 5.1.  Using a different method, Herron [3] shows the same result on sub-
domains of the Euclidean space. It is not hard to see that our proof below works on the
Euclidean space.

PRrROOF. For a point p € R, we consider Green’s function ¢g*#(-,p) of Rp with
pole at p. From the minimality of Green’s functions, we see that g%= (-, p) < ¢%(-,p) on
Rg. On the other hand, since E is polar, gRE(~,p) is extended to a harmonic function
to any point of E. Thus, we have gf*(-,p) < ¢®#(-,p) on R because of the minimality of
Green’s functions again. So, we conclude that g2 (-, p) = gf*(-, p).

Since the Martin compactification is defined by using Green’s functions, we verify
that the Martin compactification (Rg)%,; of Rp is identified with the Martin compactifi-
cation R}, of R. More precisely, the inclusion map ¢ : R — R extends to a homeomor-
phism from (Rg)3},; onto R}, and lim,_., t(p) = ¢ for every ¢ € E. We also see that the
set of minimal points of O(Rg)%, \ E corresponds exactly to that of R},. Furthermore,
every point ¢ € E is a minimal point as a boundary point of (Rg)%,. Indeed, if a sequence
{pn}52, in RE converges to q € E, then obviously
i

R
lim I (&P) _ 9050 _ uq(z) € HP(Rg).

n—0o0 gR(a'07pn) gR(a()vq)
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If v € HP(Rg) is less than u,, then it is extended to R\ {¢} as a positive harmonic
function. Hence, by the minimality of Green’s functions, we conclude v = cu, for some
constant ¢ > 0 and u, is a minimal function on Rg.

Let ky and kg g denote Martin kernels on R}, and (Rg)},, respectively. We also
denote by Ay and A; g the sets of minimal points of R}, and on (Rg)},, respectively.
From (5.1), we have

kq.E(p1)
dBE (p1,ps) = sup |log —L222 )
i (01 2) gEAL B kq,£(p2)
Since AI,E = (AI,E \ E) @] E’7
kq.m(p1) E(p1)
dfie P1, P :max{ sup log & ,sup | log .
H (p1.p2) 4€AL 5\E ke e(p2) | qeE kg5 (p2)

As we have already seen that Aq g\ E is identified with Aq,

k k
B o R L = L
Obviously, for ¢ € E
) = S0 e r),

and we have

kge(p1) _ 9" (p1,9)

kqe(p2)  9%(p2,0)
Thus, we verify that (5.3) is true. O

It is an important problem to find a condition under which the Harnack pseudo
distance becomes a distance on a Riemann surface R (see [7] for a discussion). We assume
that the Harnack pseudo distance is a distance on R. Then, we have the following:

PROPOSITION 5.2.  If the Harnack pseudo distance dt is a distance on R, then A,
consists of more than two points.

PrROOF. If Ay consists of one point, then it follows from Theorem 2.1 that H P(R)
does not contain non-constant functions. Hence, dg (p,q) = 0 for any p,q € R and dﬁ is
not a distance.

If Ay consists of two points, then Theorem 2.1 implies that there exists a non-
constant function u; € HP(R) such that every u € HP(R) is represented by

U = co + Ccruy



Conformal invariants defined by harmonic functions 457

for some constants cg,c; > 0. We may take a constant o > 0 such that L, :={p € R :
u1(p) = a} is not empty. In fact, L, contains an analytic arc. Then, for any distinct
points p,q € L, we have

u(p) = co + crur(p) = co + cra = u(q).

Thus, we see that d&(p,q) = 0 and d% is not a distance.
Therefore, we conclude that A; contains more than two points if dfl is a distance.
O

We consider conditions of R for the Harnack distance to be complete.
An open Riemann surface R is called regular for Green’s functions if for any € > 0,
{p€ R:g%(p,q) >} is compact on R.

THEOREM 5.2.  Let E be a non-empty closed polar subset of R. If R is reqular for
Green’s functions, then the Harnack distance dZE on Rg = R\ E is complete.

PROOF. Let {p,}52,; be a Cauchy sequence with respect to dﬁE. Then, there
exists a constance M > 0 such that dgE (p1,pn) < M for any n € N. It follows from
Theorem 5.1 that

R
log gR(pn, q)

sup
9%(p1,q)

qeE

<

for any n € N. If p,, — ¢ € E, then g%(p,, q) — oo and we obtain ¢%(p,,q)/g¢%(p1,q) —
oo. This is a contradiction. Next, assume that there exists a subsequence {py, }3>, of
{pn}524 such that it tends to the ideal boundary of R. Then, from the regularity of R
for Green’s functions, we see that g*(p,,,q) — 0. Hence, we have

Y

loggR )‘Hoo.
g% (p1,9)

This is also a contradiction.

We have seen that the Cauchy sequence {p,}>2 lies in a compact subset of R and
every accumulation point is not in E. Let p’, p” be accumulation points of the sequence.
Then, we see that dﬁE (p',p") = 0. Since d% is a distance and dﬁE > df on Rp x Rp,
we conclude that p’ = p” and {p, }>2; converges to p’ = p” € Rg. Thus, we verify that
the Harnack distance on Rp is complete. O

REMARK 5.2. The above argument shows that a Cauchy sequence {p,}52; with
respect to dgE is in a compact subset of Ry even if d& is not a distance.

Now, we introduce a property of the Martin compactification (cf. [5]): A Riemann
surface R is said to have Picard existence property (PEP) if every Martin kernel k,
extends to A\ {¢} and vanishes there.

THEOREM 5.3.  If a Riemann surface R has PEP, then the Harnack distance d%
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18 complete on R.

PrOOF. Let {p,}2; be a Cauchy sequence with respect to d%. We may show that
the sequence is contained in a compact subset of R. If not, by taking a subsequence, we
may assume that p, tends to a point ¢g in the Martin boundary A of R as n — oo. Since
dE is a distance on R, A consists on more than two points (Proposition 5.2). Therefore,
we may take a point ¢; € A; other than go. Since R has PEP, lim, .o kg, (prn) = 0.
Thus, we conclude that d%(py,p,) — oco. It is absurd because {p,}°; is a Cauchy
sequence with respect to d&. Hence, {p,}5°; is contained in a compact subset of R.
Applying the same argument as the proof of Theorem 5.2, we may show that {p,}72,
converges to a point in R. O
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