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Abstract. Let R be a Noetherian prime ring with an automorphism o
and a left o-derivation §, and let X be an invertible ideal of R with o(X) = X.
We define an Ore-Rees ring S = R[Xt;0,d] which is a subring of an Ore
extension R[t;o,d], where t is an indeterminate. It is shown that if R is
a maximal order, then so is S. In case 0 = 1, we define the concepts of
(6; X)-stable ideals of R and of (§; X)-maximal orders and prove that S is a
maximal order if and only if R is a (§; X)-maximal order. Furthermore we
give a complete description of v-S-ideals, which is used to characterize S to
be a generalized Asano ring. In case § = 0, we define the concepts of (o; X)-
invariant ideals of R and of (¢; X)-maximal orders in order to show that S
is a maximal order if and only if R is a (o; X)-maximal order. We also give
examples R such that either R is a (d; X )-maximal order or is a (¢; X )-maximal
order but they are not maximal orders.

1. Introduction.

Throughout this paper, R denotes a Noetherian prime ring with quotient ring
otherwise stated (in other word, R is a Noetherian prime order in a simple Artinian ring
@), o is an automorphism of R, ¢ is a left o-derivation on R and X is an invertible ideal
of R. A subset S = R[Xt;0,0] = R&Xt®---@X"t"@®--- of the Ore extension R]t; 7, d]
in an indeterminate ¢ is called an Ore-Rees ring if S is a ring (see Lemma 2.2).

Generalized Rees rings were studied in [4] and [19] under PI condition and in the
book [20], they summarized them from torsion theoretical view-point under PI condition.
In this paper, we do not assume that Ore-Rees rings satisfy PI conditions.

The aim of this paper is to study the order theoretical properties of S.

The paper is organized as follows:

In Section 2, first we show that if R is a maximal order, then so is S (Theorem 2.4).

Secondly, we define the concepts of (o, §; X)-stable ideals of R, of (o, §; X )-maximal
orders and study some properties of prime ideals of S which are derived from the based
ring R and from the Ore extension Q[t;o,d] (Propositions 2.12 and 2.14). If R is a
(0,0; X)-maximal order, then the set of (o,d; X)-stable v-R-ideals is an Abelian group
generated by maximal (o, d; X)-stable v-ideals of R (Proposition 2.17).

These results are used to obtain more detailed properties of S in case either o = 1
or § = 0 in Sections 3, and 4, respectively.

In case o = 1, we write S = R[Xt;d] for R[Xt;1,d]. We just say (J; X)-stable ideals
for (1,4; X)-stable ideals and (J; X )-maximal orders for (1,0; X )-maximal orders.
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In Section 3, we show that S = R[X¢;4] is a maximal order if and only if R is a
(6; X)-maximal order (Theorem 3.5). Furthermore if R is a (J§; X)-maximal order, then
we give a complete description of v-S-ideal A as follows; A = wa[Xt; d] for some (J; X)-
stable v-R-ideal a and w € Z(Q(T)), the center of Q(T) which is the quotient ring of
T = Q[t; 0], the differential polynomial ring over @ (Proposition 3.6).

Proposition 3.6 is applied to get a characterization of a generalized Asano ring S
(Corollary 3.7).

In case § = 0, we write S = R[Xt; 0] for R[Xt;0,0]. We say (0; X)-invariant ideals
for (o, 0; X)-stable ideals and (o; X)-maximal orders for (¢, 0; X )-maximal orders.

In Section 4, we show that S = R[Xt;0] is a maximal order if and only if R is
a (0; X)-maximal order (Thereom 4.4). If R is a (o; X )-maximal order, then any v-S-
ideal is of the form t"wa[Xt; o], where a is a (o; X)-invariant v-R-ideal, w € Z(Q(T))
(T = Q[t; o], the skew polynomial ring over @) and n is an integer.

In Section 5, we provide examples of orders such that either (§; X)-maximal orders
or (o; X)-maximal orders but not maximal orders. Furthermore we give an example R
such that S = R[Xt; 0] is a maximal order but the skew polynomial ring R[t; o] is not a
maximal order.

We refer the readers to the books [16] and [17] for some elementary properties and
some definitions of order theory which are not mentioned in the paper.

2. Ore-Rees rings.

Let ¢ be an automorphism of R, § be a left o-derivation on R. o is naturally
extended to an automorphism o of @ by o(rc¢™1) = o(r)o(c)~!, where r, ¢ € R and c is
regular, and § is extended to a left o-derivation on Q by §(c™!) = —o(c71)d(c)c L.

Let R[t; o, ] be an Ore extention of R in an indeterminate ¢, that is tr = o (r)t+4d(r)
for any r € R and put T = Q[t; 0, ] throughout the paper. For symmetric argument,
it is sometimes convenient to write the coefficients of a polynomial in 7" the right hand
side. In this case T' = Q[t; o', ¢'], where 0/ = 0~ and ¢’ = —6o !, a right o’-derivation
on Q.

Let X be an invertible ideal of R. We need the following lemmas for symmetric
argument.

LEMMA 2.1. Let X be an invertible ideal of R with o(X) = X. Then for any
natural numbers | and n,

(1) 8(x1) € X'-! (XO=R).
(2) XU C ST tniX and tn X C S0 XU where we put X0 = R if
n—i>0andl—i<0, and X'"" =6(R) ifn—i=0andl—1i<O0.

PROOF. (1) is clear by induction on I.

(2) Xt Cto'(X)+0'(X) CtX +0(R), X?t=X(Xt) C X(tX+R)C (tX+R)X +
XR =tX?+ X. So it inductively follows that Xt Ccext 4+ xi-1, By induction on n,
we may assume that X't" C S t"~ X!=" Then the following formula is proved by
checking in case [ > n and | < n separately:
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Xltn-i-l _ (Xltn)t C (Ztn—in—i>t C Z {tn—i(tXl—i + (SI(XI_I))}

i=0 i=0
n+1
C Z grtl—ixl—i
i=0
The second statement follows by symmetric argument. O

Now let X be a fixed invertible ideal of R. Put

S = R[Xt;0, 6] :R@Xt@X2t2@~~@X”t"@m

and

S =REPtxPerx’P---Pprx"Ph---.

which are both subsets of T'. If S is a ring, then it is called an Ore-Rees ring associated
to X. In this case S and R[t; o, §] have the same quotient ring Q(S) = Q(R|[t; o, d]) which
is a simple Artinian ring.

LEMMA 2.2. S is a ring if and only if 0(X) = X if and only if o/(X) = X if and
only if Sy is a ring. In this case, S = S1 and is Noetherian.

Proor. If S is a ring, then for any z,y € X, we have
wtyt = z(o(y)t + 6(y))t = vo(y)t* + zd(y)t € X** + Xt,

that is 0(X) C X and so o(X) = X, because R is Noetherian. Conversely if o(X) = X,
then, for any natural numbers [, n,

n n
XntnXltl g Xn<ZXlztnz>tl g zXn+lfitn+l7i g S
1=0 1=0

by Lemma 2.1. Hence S is a ring. If S is a ring, then S; is a ring and S = S; by Lemma
2.1. That S is Noetherian is proved in the similar way as [9, Proposition 2.1]. O

In the remainder of this paper, we assume that o(X) = X. First we show that if R
is a maximal order, then so is S by using following lemma.

LEmMA 2.3.  If A is an ideal of S, then AT is an ideal of T.

PRrROOF. We first prove that ¢ '!AT = AT for any regular elememt ¢ of R and
XYAT = AT. Since cAT C AT, AT C ¢ 'AT C ¢ 2AT C --- C T. Hence ¢ "AT =
¢~ ("D AT for some n because T is Noetherian, in fact, it is a principal ideal ring ([16,
Corollary 2.3.7]) and so AT = ¢ 1 AT. Similarly AT = X ~'AT holds.

Next, for any ¢(t) € T, there exists a regular element ¢ € R such that cq(t) = r(t) €



408 M. R. HELMI, H. MARUBAYASHI and A. UEDA
R[t; 0,6]. If degq(t) = n, then
q)AT = ¢ 'r(t) AT C ¢ 'Rr() AT = ¢ ' X " X"r(t)AT C ¢ ' X "AT
=c AT = AT
because X™r(t) C S. Thus AT is an ideal of T. O

THEOREM 2.4. If R is a mazimal order, then so is the Ore-Rees ring S =
R[Xt;0,0].

PROOF. For any ideal A of S, let
Co(Ay={a€eR|Th({t)=at"+---+ag € A} U{0}.

Then C),(A) is an ideal of R (note: C,(A) C X™). For a € C,,(A), there is some h(t)
at" +a,_1t"" 1+ +ag € A. Then (Xt)h(t) = Xo(a)t" ! + (the lower degree parts)
A and so Xo(a) € Cpy1(A) holds. Hence Xo(Cp,(A)) C Chy1(A), that is C,(A)
X~ to71(Cy41(A)) for any n. Thus we have a following chain of right ideals of R,

NNl

Co(A) C X to™HC1(A) € X 2672(Cy(A) C--- C X "o "(Cr(A) C---CR.

Because R is Noetherian, X "o~ (Cp,(A)) = X~ (m+k)lg=(m+k)(C, 11 (A)) for some m
and for any £ > 1. Thus we have

XEGH(Co(4)) = Conn(4)
for any k > 1.

Now let f € Q(S) such that fA C A, where Q(S) is the quotient ring of S. Then
fAT C AT and AT is an ideal of T' by Lemma 2.3. Since T is a maximal order,
f € O(AT) = T and so f = futh + -+ fo, where f; € Q. Let a € C,,(A4) and
h=at™+an,_1t" 1 +---4+a9 € A. Then

fh = fro®(a)t™* + (the lower degree parts) € A
and so fro¥(a) € Cpyr(A). Hence fro*(Cpn(A)) C Cpuyr(A) holds and

Crnti(A) 2 fro"(Cr(A)) = frRo™(Cra(A)) = fr X *X* 0" (Cpi(A))
= X FC ik (A).

Thus f,X % C O;(Cpuir(A)) = R because R is a maximal order and so we have f, € X*.
Hence fit* € S C T. Then f — fith = fr_1t*~' + (the lower degree parts) € T and

(f = fut™)AC FA— frtFA C A,
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and we obtain fr_; € X*~! in the similar way. Continuing this process, we have f € S
and so O;(A) = S. The symmetric argument shows that O,(4) = S (Lemma 2.2) and
hence S is a maximal order. (]

Second we study ideals of R and S which are induced by the properties of (o, d; X),
some of which are used in Sections 3 and 4 to give a necessary and sufficient conditions
for S to be a maximal order and to describe the complete structure of v-ideals in Q(S)
in case either c =1 or § = 0.

LEMMA 2.5. Let a be an ideal of R. Then A = a[Xt;0,4] is an ideal of S if and
only if Xo(a) = aX and X§(a) C a.

PRrROOF. Suppose A is an ideal of S. For any z € X and a € a, we have xta =
zo(a)t + x6(a). So Xo(a) C aX and Xé(a) C a. Since Xa C o 1(a)X, we have
a C X~ 1o~ (a)X which gives X 1o~ (a)X C X 2072(a)X?2. Thus inductively we have

aC X o)X CX %0 ()X C - CX "o (@) X" C - CR

There is an n such that X "¢ "(a)X" = X~ (tDg=(+)(q) X"+ and so o(a) =
X~1aX, that is Xo(a) = aX. Conversely suppose Xo(a) = aX and Xd(a) C a. To
prove that A is an ideal of S, it is enough to show that A is a left ideal. Since o(X) = X,
we have

tXaCo(Xa)t+d§(Xa) CaXt+aC A
Inductively assume that " X™a C A. Then, by Lemma 2.1,
"L g = (X ) C (XM o (a)t + 6(X T a)) C (X ™aXt + X™a) C A.

Thus for any n and [, t"X"aX't! C AX't! C A and hence A is a left ideal. O

An (R, R)-bimodule a in Q is called (o, §; X)-stable if Xo(a) = aX and Xé(a) C a.
We can see from Lemma 2.5 that the concept of (o,d; X)-stable is natural to study
Ore-Rees rings.

LEMMA 2.6. Let a be an R-ideal in Q. Then a is (o,6; X)-stable if and only if it
is (0',8'; X)-stable, that is Xa = o' (a)X and §'(a)X C a.

PrROOF. Tt is clear that Xo(a) = aX if and only if Xa = ¢/(a)X. If Xé(a) C a,
then for any a € a and # € X, we have 0~ (a)z € Xa. So §(c 1 (a)xr) € §(Xa) C
X6(a) + 8(X)a C a, that is §'(a)r € a since 6(c~(a)z) = ad(x) + do~(a)z. Hence
8 (a)X C a follows. If ¢'(a)X C a, then we have Xd(a) C a similarly. O

LEMMA 2.7. Ifa is a (0,0; X)-stable ideal of R, then

A =a[Xt;0,0] = a[tX;0’,0'] = Sia.
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PrOOF. By the right versions of Lemmas 2.5 and 2.6, Sya is an ideal of S; = S.
Hence A = aS O Sa = 51a D aS; = aS. Hence A = Sia. O

COROLLARY 2.8. XS = X[Xt;0,0] is an ideal of S with XS = SX.
ProoOF. This is clear because X is (o, §; X)-stable. O
LEMMA 2.9. (1) P, = XtS is an ideal of S which is equal to P = X§(R) ®
o0 n4n
>, X
(2) P, = StX is an ideal of S which is equal to Py = §(R)X &Y =, t"X".

PROOF. (1) By using Lemma 2.1, we have #! X' X§(R) C X't +---+ Xt + X(R)
and so it is easily proved that P; is a left ideal of S. Thus, to prove P; is an ideal, it
is enough to prove Py = Pf. Note P, = XtS; = > o2 Xt"X" ! (X = R). It follows
that XtR C X(Rt + 6(R)) C Xt + XO6(R) C Pf. We may inductively assume that
XtrXxn—l C X" ...+ Xt + X§(R) C Py. Then

XX = Xt X X" C Xt (Xt + (X)X C XXX 4 XXt

CXt"X(X" M4+ 56X )+ Xt" X" C X" XXt 4 Xen X!

C(X™" 4+ Xt + X6(R)Xt + Xt" X",
and for each ¢ > 1,
XXt C XUXt'+ Rt + .-+ Rt +6(R))t C Py

by Lemma 2.1. Therefore we have Xt"t1 X" C Py and P, C Py follows.

To prove the converse inclusion, let z € X and r € R. Then P, > ztr = z(o(r)t +
o(r)) = xzo(r)t + z6(r) and so xd(r) € P;. Thus X6(R) C Py Since Xt C P;, we may
assume that X™t" C P, for a natural number n > 1. Then, by Lemma 2.1,

Xl = XX C X ("X 4 - 4+ tR + 8(R))
C XtrtiX? 4o XtR+ Xé(R) c P

Hence P; = P, follows.
(2) Similar to the proof of (1). O

We now introduce some notation and terminology in a prime Goldie ring R with its
quotient ring @: For any fractional right R-ideal I and left R-ideal J, let

(R:I);={qeQ|¢ICR}and (R:J),={qe Q]| JqC R},
which is a left (right) R-ideal, respectively and

I,=(R:(R:1I)),and ,J = (R:(R:J),),
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which is a right (left) R-ideal containing I(J). I(J) is called a right (left) v-ideal if
I, =1 (,J =J). In case I is a two-sided R-ideal, it is said to be a v-ideal if I, = I = I,
and if I C R, we just say [ is a v-ideal of R. An R-ideal A is said to be wv-invertible if
o(R:A)yA) = R = (AR : A);)y. The following properties are well known and we use
them without reference:

Let A be an R-ideal and I be a right R-ideal. Then

(1) If A is v-invertible, then O,.(A) = R = O;(A) and (R: A); = A~! = (R : A),, where
A7t ={qe Q| AgA C A} (e.g. [13]).
(2) (TAy)y = (IA),. If A is v-invertible, then (I, A,), = (IA), (e.g. [13]).

LEMMA 2.10. Let P, = XtS. Then Py, =5 =,P, if 6 #0.

PrROOF. By Lemma 2.9, P, N R = X46(R) # (0) which is an ideal since so is
Pi. So we have PPT =T. Let a € (S : P1);. Then a € oT = oP/T C T. Write
a=qut" + -+ q1t + qo, where ¢; € Q. It follows that, for any z € X,

S D aXts (qgut" +--- 4+ qit + qo)rt = ¢px't" ™ + (the lower degree parts)

for some 2’ € X. Thus ¢, X C X"*! and ¢, € X", that is ¢,t" € S. Put 8 = g,t" — a.
Then B8P, = (gut™ — )Py C S and inductively we get o € S, that is, (S : P), = S.
Hence P, = (S:(S: P1))r=(S:S5), =5. Similarly we have ,P; = S. O

LEMMA 2.11.  Let I be a right S-ideal and J be a left S-ideal. Then

W (T:IT), =TS 1)y and (T :TJ), =(S:J),T.

2) (IT), = I,T and (TJ)="T,J.

(3) If I is a right ideal of T, then I' = (I' N S)T. If I’ is an essential right ideal, then
Ir'ns),=I'ns.

Proor. (1) It is clear that (T : IT); 2 T(S : I);. Let ¢ € (T : IT); and
I=3"a;S, where a; € Q(S). Then ga; = ¢;(t) € T. Write ¢;(t) = > g7 for some
¢ij € Q, there exists a regular element ¢ € R such that cg;; € R and so cqa; € R[t;0,0].
Let I = lrglagcn{deg qi(t)}. Then

X'leqa; = Xl(Zcqijtj> C ZXle_jcqijtj caS.
J J

Thus X'cqgl C S and so X'eq € (S : I); which implies ¢ € ¢! XS : I); CT(S : I);.
Hence (T : IT); =T(S : I), follows and similarly (T': T'J), = (S : J),T.

(2) By (1) we have
IT=IT),=T:(T:IT)),=(T:T(S:D))r=(S:(S:1)),T=1,T.

Similarly TJ = T, J.
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(3) It is clear that (I'NS)T C I'T = I'. Since T is a principal ideal ring, I’ = ¢(¢)T,
for some ¢(t) € T with n = degq(t). There exists a regular element ¢ € R such that
q(t)c € R[t;0,6] and q(t)eX™ C I' NS which gives ¢(¢) € ()T = q(t)cX™T C (I'NS)T.
Thus, I’ = (I' N S)T. If I’ is an essential right ideal, then I’ = I = ((I' N S)T),
(I'NS),T and so I'NS = (I'NS), follows.

O

PROPOSITION 2.12.  There is a (1 — 1)-correspondence between
Specy(S) = {P : prime ideal of S| PNR=(0)} and Spec(T)

via P —— PT and P' — P'NS. In particular, P is a v-ideal.

PrOOF. Let P € Specy(S). Then P’ = PT = TP, a proper ideal of T by Lemma
2.3 and its right version. Put P = p;(¢)S and TPNS = " Sq;(t) where p;(t) € P and
g;(t) € TPNS. Since PT = )" p;(t)T, we have q;(t) = > pi(t)ui;(t), for some u;;(t) € T.
Then there exist a regular element ¢ in R and n > 1 such that u;;(¢)ceX™ C Sp = S. It
follows that (TP NS)cX™ =" Sq;(t)cX™ C P. Since PNR = (0), we have TPNS C P
and P =TP NS follows. Now it is clear from Lemma 2.11 (3) that P’ = PT =TP is a
prime ideal of T

Conversely, let P’ € Spec(T') and P = P'NS. It is easy to check that P € Specy(S).
The last statement is clear from Lemma 2.11 (3) and its left version. O

LEMMA 2.13. Let P be a prime ideal of S such that P 2 Xt and P 2 X. Then
XP=PX.

PrOOF. If X%t C P, then P O SX?t = SX Xt and SX is an ideal of S by Corollary
2.8, which is impossible by the assumption. So X?¢t ¢ P and then XPX'X?%t C P
implies XPX~! C P and hence XP = PX follows. O

PROPOSITION 2.14.  Let P be a prime ideal of S such thatp = PN R is (0,0; X)-
stable. Then Py = p[Xt;0,0] is a prime ideal. Furthermore, if Py is a v-invertible ideal
and P = P,, then P = Py (see Lemmas 3.3 and 4.2).

PROOF. We may assume that p # (0). On the contrary assume that P is not a
prime ideal. Then there are ideals A, B of S such that AB C Py, A D Py and B D P,.
We may assume that A = (Py : B); NS, where (Py : B); = {¢ € Q(S) | ¢B C Fy}.
Let a(t) = ajt' +--- +ag € A\Py and [ = deg(a(t)) is minimal for this property, where
a; € X' and a; € pX'. Then we claim that

X lo @) CANR=aand X o7 (a;) Z p.

It is easy to see that X ~'o~!(a;) € p because o'(p) = X 'pX".
Consider a(t)™'Py = {b(t) € S | a®)b(t) € P} 2 B. If we prove
X~lo=Ha;)(a(t)" Py) C Py, then Py O X~ lo~!(a;)B. Hence X lo~!(a;) C ANR.
Assume that X ‘o~ (a;)(a(t) ' Py) € Py. Then there exists b(t) = b, t™ +---+by €
a(t)"1Py with X~ lo=!(a;)b(t) € Py. We may assume that degb(t) = m is minimal
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for this property. Since Py 2 a(t)b(t) = a;ol(by)t™ + (the lower degree parts), we
have a;a'(b,,) € pX'T™. This shows a;0!(b,,)X ™™ C pX'. On the other hand, A D
a(t)by, X ~™ and deg a(t)b,, X ~™ < I with a;o!(b,,) X ™ C pX'. So, by the choice of a(t),
a(t)by, X~™ C Py and so0 a(t)bp,t™ € a(t)by, X " X™t™ C Py. Thus a(t)(b(t) — by,t™) €
Py, that is, b(t) — by, t™ € a(t) "1 Py with deg(b(t) — b,,t™) < m. Hence, by the choice of
b(t),

X0 ay) (b(t) — byt™) C Py. (*)

Again a;0l(b,) € pX*™ implies X laol(b,) C X lpX*t™m = ol(p)X™.  So
X~lo=Hay)b,, € pX™ and X 'o~!(a;)bmt™ C Py. Hence, by (%), X lo~!(a;)b(t) C Py
which is a contradiction. Thus X ~'o~!(a;) C AN R = a, that is a D p. The symmetric
argument shows b =B N R D p.

Now since AB C Py C P, we have either A C P or B C P and so either a C p
or b C p, a contradiction. Hence Py is a prime ideal. Assume that P, is v-invertible
and P = P,. To prove P = Py, suppose on the contrary, P D Py. Since (S : P); C
(S: Py = PO_I7 we have Py(S : P); C S and Py(S : P),P C Py. So Py(S: P), C P
and hence (S : P); C O,(Fy) = S. It follows that P, = S, a contradiction and P = P
follows. O

LEMMA 2.15.  Let a be a right R-ideal and b be a left R-ideal. Then
(S:a[Xt;0;6])=S(R:a), and (S:S5b),=(R:b).S.

In particular, (a[Xt;0,0]), = a,[Xt;0,0] and ,(Sb) = S,b.

PrROOF. It is clear that S(R : a); C (S : a[Xt;0,6]);. To prove the converse
inclusion, let ¢ € (S : a[Xt;0,6]);. Then ¢ € T, because a[Xt;0,0]T = T. Write
q=qo+tq +---+1t"q, and ga C S = S; entails t'q;a C t'X*. Thus X ‘q; C (R : a);,
that is ¢; € X*(R : a); and t'q; € t*X*(R : a); C S(R : a);. Hence q € S(R : a);, showing
(S : a[Xt;0,0]); = S(R : a);. Similarly (S : Sb), = S(R : b),. Hence (a[Xt;0,0]), =
a,[Xt;0,0] and ,(Sb) = S, b. O

LEMMA 2.16. Let a and b be R-ideals which are (c,d; X)-stable. Then the following
are all (o, 6; X)-stable;

(1) ab and anb.
(2) (R:a); and (R: a),.
(3) c={reR|raC R} andd={re R|ar C R}.

PROOF. (1) It is easy to see that ab and aN b are (o, J; X)-stable.
(2) To prove that (R : a); is (o, d; X)-stable, first note that o(a) = X 'aX. So

o((R:a))=(R:0(a);=(R: X to(a)X); =X "(R:a)yX

and Xo((R:a);) = (R : a); X follows. To prove Xd((R:a);)) C(R:a),letz € X, g€
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(R:a); and a € a. Then
R > zé(qa) = x(0(g)d(a) + 6(g)a) = zo(g)d(a) + zd(q)a
and
xo(q)d(a) € Xo((R:a))X 'X8(a) C (R:a)aC R.

Thus zd(¢)a € R and X((R : a);)a C R, that is X0((R : a);) C (R : a);. Hence (R : a),
is (o, d; X)-stable. Similarly (R : a), is (o, d; X)-stable.
(3) This follows from (2), because X is flat, c = (R:a);NSand 0= (R:a),NS. O

R is called a (o,0; X)-mazimal order in Q if O;(a) = R = O,(a) for any (o,d; X)-
stable ideal a of R. If R is a (o, d; X )-maximal order in @, then for any (o, §; X)-stable
R-ideal a, we have O;(a) = R = O,(a) by using Lemma 2.16. Hence (R : a); = a~! =
(R:a),, where a™! = {g€ Q| aga C a} and a, = a~!~! = ,a follows.

Let Dy s5,x (R) be the set of all (o,0; X)-stable v-ideals. For any a, b € D, s, x(R),
we define a o b = (ab),. Then we have the following.

PROPOSITION 2.17.  Let R be a (o,; X)-mazimal order in Q. Then D s.x(R) is
an Abelian group generated by mazimal (o, d; X)-stable v-ideals of R.

PROOF. This is proved in a standard way by using Lemma 2.16 (cf. [16, Theorem
2.1.2)). 0

3. Differential Rees rings which are maximal orders.

In case 0 = 1 and § # 0, we write S = R[Xt; 0] for R[X¢;1,0], which is called
a differential Rees ring. We just say (0; X)-stable ideals for (1,0; X)-stable ideals and
(6; X)-maximal orders for (1,d; X)-maximal orders. Let R be a (§; X)-maximal order.
Then we write Ds.x (R) for Dy 5.x (R).

In this section, we will prove that the differential Rees ring S = R[Xt; ] is a maximal
order if and only if R is a (§; X )-maximal order. Furthermore, we describe the structure
of v-ideals of S in case R is a (4; X)-maximal order by using some properties prepared
in Section 2. Note that ¢ is naturally extended to a derivation ¢ on Qt; 4] by d(q(t)) =

S 0(a:)tt, where q(t) = S5 qit’ € Q[t; 0]

LEMMA 3.1.  Let A be an ideal of S with XA = AX. Thena= ANR and A are
both (8; X )-stable, that is Xa = aX, Xd(a) C a and X5(A) C A.

PROOF. Since A= X1AX,wehavea= X"1TAXNRD X Y(ANR)X = X 'aX.
Hence aX = Xa. Forany a € aand z € X, xta = zat+zd(a) and zat € Xat = aXt C A.
Hence zd(a) € A, that is Xd(a) C a follows. To prove A is (d; X)-stable, let z € X and
a(t) = 22:0 a;t' € A. Then
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$udﬂ::x(;;t@ﬁ)::x<§i(mt+5@u»ﬂ>

1=0
! . ! .
= m{ (; aitz)t + (; 5(ai)tl> } = za(t)t + z6(a(t)).

By assumption, za(t)t € XAt = AXt C A and so zd6(a(t)) € A. Hence X§(A) C A. O

LEMMA 3.2. Let P be a prime ideal of S such that P 2 Xt and P 2 X. Then
p=PNRis (0; X)-stable.

PROOF. For any x € X and p € p, we have zpt = tep — é(ap) = tap — 6(x)p —
26(p) € P since P D X. So Xpt C P and XpX P, = XpX~1XtS = XptS C P.
Thus XpX ! C P by Lemma 2.9 and Xp = pX follows. Hence p is (J; X)-stable since
Xo(p) CPNR=p. 0

LEMMA 3.3.  Suppose R is a (0; X)-mazximal order in Q. Let A be an ideal of S
with A=A, anda=ANR # (0). Then A = a[Xt;d] and a € Ds.x(R). In particular,
A is v-invertible.

PROOF. First assume that A is maximal in the set B = {B : ideal | B, = B}.
Then A is a prime ideal and A 2 Xt by lemma 2.10. So, by Lemmas 2.13, 3.1 and
3.2, a is (0; X)-stable and a, = a by Lemma 2.15, that is a € Ds, x (R). It follows that
Ap = a[Xt; 0] is v-invertible. Hence A = a[X¢; ] by Proposition 2.14.

If there is an A in B such that A D a[Xt; 6], then there exists maximal P with
P > A and P = p[Xt;0], where p = PN R € Ds.x(R). We assume that A is maximal
for this property. Then S O AP~! D A. If AP~ = A, then AP~'Sp = ASp, where
Sp is a localization of S at P wihch is a local Dedekind prime ring with J(Sp) =
PSp by [13, Lemma 2.1], and since AP~1Sp = ASpP~1Sp and ASp is an ideal of
Sp, we have P~1Sp C O,(ASp) = Sp and Sp = P~1Sp, a contradiction. Hence
(AP~™1), D A and so (AP™1), = b[Xt;6] for some b € Ds.x(R). It follows that A =
(AP~P), = (AP7Y),P), = (b[Xt;8]p[Xt;6])y = (bp),[Xt; 8] by Lemma 2.15, where
(bp)y € Ds.x (R), which is a contradiction. This completes the proof. O

LEMMA 3.4. Suppsoe R is a (§; X)-mazimal order. Let A be an ideal of S such
that A= A, and AN R = (0). Then A is v-invertible.

ProoF. By Lemma 2.3, AT is an ideal of T". Thus, by Lemma 2.11, T'= AT(T :
TA), = A(S : A),T, which implies A(S : A), N R # (0). So (A(S : A),), = a[Xt;0]
for some a € Ds x(R) by Lemma 3.3. Thus (A(S : A), - a7 1[Xt;0]), = ((A(S :
A))wa Xt 6])y = S by Lemma 2.15 and (S : A),.a '[Xt;6] = (S : A),. Hence
(A(S:A))p =5. Similarly S = ,((S: A);A) and hence A is v-invertible with ,A = A.

U

We are now in position to prove the main theorem of this section:

THEOREM 3.5. Let R be a Noetherian prime ring with a non-zero derivation § and
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X be an invertible ideal. Then R is a (§; X )-mazimal order if and only if the differential
Rees ring S = R[Xt;0] is a mazimal order.

PrROOF. Let R be a (d; X)-maximal order and A be an ideal of S. Since S C
0,;(4) C 0;(4,), it suffices to prove O;(4,) = S in order to prove O;(A) = S. By
Lemmas 3.3 and 3.4, A, is v-invertible and so O;(A,) = S. By left versions of Lemmas
3.3 and 3.4, O,(A) = S. Hence S is a maximal order.

Conversely, let S be a maximal order and a be a (J; X)-stable ideal. To prove that R
is a (0; X)-maximal order, we may assume that a, = a. Put A = a[X?;0]. Then A = A4,
by Lemma 2.15 and so A is a v-ideal. Since (S : A); = (R : a),[Xt; d], we have

S =,((S:A)A) = ,((R:a)[Xt; 0] a[Xt;0]) = o((R : a)a)[Xt; 0]

Hence R = ,((R : a);a) and similarly (a(R : a);), = R. Hence a is v-invertible and so
O;(a) = R = O,(a). Hence R is a (§; X)-maximal order. O

Now we explicitly give the structure of all v-ideals in Q(S) in case R is a (4; X)-
maximal order as follows:

PROPOSITION 3.6.  Suppose R is a (§; X)-mazimal order. Let A be a v-ideal in
Q(S). Then A = a[Xt;]w for some a € Dy, x (R) and w € Z(Q(T)), the center of Q(T).

PROOF. Since S is a maximal order, it is well known that the set of all v-ideals
in Q(5) is an Abelian group generated by maximal v-ideals of S and that a v-ideal of S
is a maximal v-ideal if and only if it is a prime v-ideal. Thus, by Proposition 2.12 and
Lemma 3.3, any maximal v-ideal is of the form either P = p[X¢;d] with p € Ds,x (R) or
B, a v-ideal such that BT is a maximal ideal of T'.

Let A be a v-ideal in Q(S). If A C S, then AT is an ideal of T and so
AT = wT for some w € Z(T), the center of T by [5, Corollary 6.2.11] (also, see
[16, Corollary 2.3.11]). Then w AT = T and w'A is a v-ideal in Q(S) and so
w A = (P ~--Pf"‘B{1 -+~ Bf*),, where P; = p;[Xt;0] are maximal v-ideals with
p; € Dsx(R), B; are maximal v-ideals such that B; N R = (0) and B;T are maxi-
mal ideals of T" and e;, f; are integers. It follows that

T=w AT = (P{*--- P B{* ... B{*), T = (P{* --- P& B{" ... BI)T = B]" ... Bl T.

Hence f; = --- = fs = 0, that is w™ !4 = (P{*---P), = a[Xt;8], where a =
(pi* -+ -p&)y € Ds.x(R) and thus A = a[X¢; 0]w as desired.

If A is a fractional v-ideal, then CA C S for an ideal C of S. So C, = ¢,[Xt; §w;
for some ¢ € Ds.x(R), wi € Z(T') and (CA), = b,[Xt; 6wy for some b € Ds. x(R) and

wo € Z(T). Hence
A= (C"tcA), = (c_l[Xt;é]wflb[Xt;é}wg)v = (c_lb)v[Xt;é]wflwg,

where (¢7'b), € Ds.x(R) and w; 'wa € Z(Q(T)). This completes the proof. O
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We recall that a ring is Asano if any non-zero ideal is invertible. Any Asano ring is
a maximal order. We say that a ring is a generalized Asano ring if it is a maximal order
and any v-ideal is invetible. Furthermore, a ring is called a generalized (0; X )-Asano ring
if it is a (&; X)-maximal order and any (&; X)-stable v-ideal is invertible.

From Theorem 3.5 and Proposition 3.6, we have

COROLLARY 3.7. R is a generalized (§; X)-Asano ring if and only if S = R[Xt; ]
is a generalized Asano ring.

4. Skew Rees rings which are maximal orders.

In case § = 0, as in Section 3 we write S = R[Xt; 0] for R[Xt;5,0], which is called
a skew Rees ring. A (0,0; X)-stable ideal a is called a (o; X)-invariant ideal, because
X0(a) C a is always satisfied and a (o;0; X )-maximal order is called a (o; X)-mazimal
order. If R is a (o; X)-maximal order, then we write D,.x (R) for D, o,x (R).

In this section, we will prove that a skew Rees ring S = R[Xt; 0] is a maximal order
if and only if R is a (o; X )-maximal order.

LEMMA 4.1.  Let P be a prime ideal of S.

(1) If P 2 Xt, then p = PN R is (0; X)-invariant (we do not assume p # 0).
(2) If P 2 Xt with P = P, then P = XtS and is invertible.

PrROOF. (1) First we will prove that P is (o; X)-invariant, that is Xo(P) = PX.
Consider XtP(Xt)~™1Xt C P. Then we have P O XtP(Xt)™! = Xo(P)X~!. Hence
Xo(P) € PX. To prove the converse inclusion, consider P D tX (tX) ! PtX then we
have P O (tX) " 'PtX = X 1071(P)X and PX C Xo(P). Hence Xo(P) = PX and
P is (0; X)-invariant. o(P) = X 1PX entails that o(p) = o(P)NR=X"'PXNR=
X"1(PNR)X = X~ 'pX and hence p is (o; X)-invariant.

(2) It is enough to prove that P, = S if P D Xt¢S. Suppose P D XtS. Then
P=pdXto X @ - @ X"t" @ --- for some non zero ideal p of R. Let ¢ € (S : P);.
Then ¢ = ¢, t" + - - - + 1t + qo € T since PT =T. It follows that ¢ Xt C qP C S and so
for each i, ¢; Xt't! = ¢;t* Xt C X"t which implies ¢; € X? and thus ¢ € S. Hence
(S:P)y=Sand P,=S. O

Suppose R is a (0; X)-maximal order. Let P be an ideal of S which is maximal
in the set B = {B : idealof S | B = B,} and p = PN R # (0). Then P is a prime
ideal and p is a (o; X )-invariant v-ideal by Lemmas 2.15 and 4.1. Thus P = p[X¢; 0] by
Proposition 2.14, v-invertible and p € D, x (R). So the following lemmas 4.2 and 4.3 are
obtained in similar ways as one in Lemmas 3.3 and 3.4.

LEMMA 4.2. Suppose R is a (0; X)-mazimal order in Q. Let A be an ideal of S
with A=A, anda=ANR # (0). Then A= a[Xt;0] and a € D,,x(R).

LEMMA 4.3.  Suppose R is a (0; X)-maximal order in Q. Let A be an ideal of S
such that A= A, and AN R = (0). Then A is v-invertible.

Now we obtain a necessary and sufficient conditions for S = R[Xt; 0] to be a maximal
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order by using Lemmas 4.2 and 4.3, whose proof is similar to one in Theorem 3.5.

THEOREM 4.4. Let R be a Noetherian prime ring with its quotient ring @, o be an
automorphism of R and S = R[Xt; 0] be a skew Rees ring associated to X, where X is
an invertible ideal with o(X) = X. Then R is a (0; X)-mazimal order if and only if S
is a maximal order in Q(R).

It is well known that any ideal of T = Q[t; 0] is of the form t"wT, where n is a
non-negative integer and w € Z(T) (see [5, Corollary 6.2.11] or [16, Corollary 2.3.11]).
Hence we have the following proposition whose proof is similar to one in Proposition 3.6.

PROPOSITION 4.5.  Suppose R is a (0; X)-mazimal order and let A be a v-ideal in
Q(S). Then A =t"wa[Xt;0] for some a € Dy, x(R),w € Z(Q(T)) and n is an integer.

As in case 0 = 1 and § # 0, we can define the concept of a generalized (o; X )-Asano
ring, that is it is a (o; X)-maximal order and any (o; X)-invariant v-ideal is invertible.
From Theorem 4.4 and Proposition 4.5, we have

COROLLARY 4.6. R is a generalized (c; X)-Asano ring if and only if S = R[Xt; 0]
is a generalized Asano ring.

5. Examples.

In this section, we provide examples of (4; X)-maximal orders and (o; X)-maximal
orders but not maximal orders. Furthermore we provide examples R with invertible
ideals X satisfying; R[t;o] is a maximal order but R[X¢;0] is not a maximal order, and
R[Xt; 0] is a maximal order but RJt; o] is not a maximal order.

Let D be an HNP ring satisfying the following conditions:

(a) There is a cycle my, mo,...,m, (n > 2) so that pp = my NmyN---Nm, is an
invertible ideal.
(b) Any maximal ideal different from m; (1 < i < n) is invertible.

See [1] and [10] for examples of HNP rings satisfying the conditions (a) and (b). It
follows from [8, Theorem 14] and [7, Proposition 2.8] that

(i) pomipy ' =ma, ..., pomupy ' = my and
(ii) ponpy ' = n for all maximal ideals n with n # m; (1 <i <n).

Let R = DJz], a polynomial ring over D in an indeterminate x. It is shown in [13] that
R is a v-HC ordre with enough v-invertible ideals since D has enough invertible ideals
(“v-HC orders” is a Krull type generalization of HNP rings. See [12] and [13] for the
definition of v-HC orders and some ideal theoretical properties of v-HC orders).

We define a derivation ¢ on R as follows; 6(z) = 1 and 6(a) = 0 for all @ € D and
put X = po[z], an invertible ideal of R. We will show that the differential Rees ring
S = R[Xt; 0] is a maximal order in case char D = 0.

Recall some properties of v-ideals of R = D|x] as follows.

(iii) For any ideal a of R, if a = a, (or a = ,a), then it is a v-ideal ([12, Lemma 1.2]).
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(iv) {n[z], X = po[z], @ | n are maximal ideals different from m; (1 < ¢ < n), and
a is a v-ideal of R such that aQ(D)[z] is a maximal ideal of Q(D)[x]} is the set
of maximal v-invertible ideals of R ([13]). Since gl.dim R < 1, any v-ideal is
projective and so v-invertible R-ideals in Q(R) are invertible. Hence D(R), the
set of all invertible R-ideals in Q(R) is a free Abelian group generated by maximal
invertible ideals of R ([12, Theorem 1.13]).

(v) Let m be a maximal v-ideal of R with mg = m N D # (0). Then either m = m;[z]
for some ¢ or m = nfz] for some maximal ideal n different from m,;.

PROOF. Since m is a prime ideal, it follows that mg is a prime ideal. Thus either
my = m; for some ¢ or mg = n and so either m D m;[z] or m D n[z]. Hence either
m = m;[z] or m = n[z] since m;[z] and n[z] are both maximal v-ideals. O

A v-ideal a of R is called v-idempotent if a = (a?),. It is called eventually v-
idempotent if (a™), is v-idempotent for some n > 1.

(vi) Let a be eventually v-idempotent. Then there are m;,,...,m;_ (iy < -+ <ip, 7 <
n) which are the full set of maximal v-ideals containing a and (a”), = ((m;, [z] N
---Nmy, [2])7) . This follows from [13, Proposition 1.4], (iv) and (v).

(vi)) Let a be a v-ideal of R. Then a = (bc),, for a v-invertible ideal b of R and eventually
v-idempotent ¢ ([14, Proposition 3]).

LEMMA 5.1. Let a be a v-ideal of R = D|x]. Then

(1) If a is eventually v-idempotent, then XaX ! # a and a is not (§; X)-stable.
(2) If char D =0 and an D = (0), then a is not (§; X)-stable.

ProOOF. (1) Let my, [z],...,m; [z] be the full set of maximal v-ideals containing
a. By (i), my,41[z],..., m; 41[z] is the full set of maximal v-ideals containing XaX ~*
(ir +1=1if i, =n). Hence XaX ! +# a.

(2) Let f(x) = qyz' + --- + ag be a non-zero element in a such that [ is minimal.
§(f(x)) =lagx' =t +---+a; € aand X6(f(x)) Z a, because X§(f(x)) contains a non-zero
polynomial whose degree is | — 1. Hence a is not (d; X)-stable. O

EXAMPLE 5.2. Let D be an HNP ring satisfying the conditions (a) and (b) with
char D = 0. Let R = D[z], X = po[z] and J be a derivation on R such that §(z) =1
and d(a) = 0 for all @ € D. Then the differential Rees ring S = R[Xt; ] is a maximal
order but R is not a maximal order.

PRrROOF. It is clear that R is not a maximal order. To prove that S is a maximal
order, it is enough to prove that any (J; X)-stable v-ideal of R is invertible by Theorem
3.5. Let a be a v-ideal of R. Then a = (bc), = bc for some invertible ideal b and
some eventually v-idempotent ¢ by (vii). Suppose a is (; X)-stable. Then bcX = aX =
Xa = Xbc = bXc by (iv) and ¢X = Xc¢ follows. Thus ¢ = R by Lemma 5.1. Hence
R is a (0; X)-maximal order. To describe (0; X)-stable invertible ideals, let b = by bo,

where by = X¢n{'[z]---n¢[z], where n; are maximal invertible ideals different from

s

m; (1 <1i < n), e, e; are non-negative integers, by = p{l ---pfs, where p; are maximal
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invertible ideals such that p,Q(D)[z] are maximal ideals of Q(D)[z] and f; are non-
negative integers. If by # R, then d(by) =1 > 1 and d(d(bz2)) = | — 1, where d(s) =
min{n : natural number | 0 # f(z) = a,a™ +--- + ag € s} for a subset s of R. Since

d(X0(b1b2)) = d(6(b1bs)) = d(8(bz)) < d(bz) = d(b1b2),

it follows that b = b1by is not (§; X)-stable and so by = R. Since by = X¢Nn{'[z]N---N

nér[z], we have

X60(b1) CX(O(X)NdmP [z N---Ndnerfz]) C XNt [z]N---Nndr[x] = by,

which implies that by is (6; X)-stable by (iv). Hence {X®n{'[z]---n¢"[z] | n; are maximal
invertible ideals different from m; (1 <1 < n) and e, e; are non-negative integers} is the
set of (J; X)-stable ideals of R. O

In order to obtain an example of a (¢; X)-maximal order but not a maximal order,
suppose that pg is principal, say po = aD = Da for some a € py. Define an automorphism
o of D by o(r) = ara™?! for all » € D. Then we have the following examples:

EXAMPLE 5.3. (1) Put X =n{'---n$, where n; are maximal ideals different from
m; (1 <i<n). Then D is a (o; X)-maximal order which is not a maximal order. So the
skew Rees ring S = D[Xt; 0] is a maximal order.

(2) Put X = pg. Then

(i) If n = 2l, an even number, then D is not a (o; X)-maximal order so that S =
D[Xt; 0] is not a maximal order.

(ii) f n = 20 + 1, an odd number, then D is a (o; X)-maximal order so that S =
DI[Xt; 0] is a maximal order.

PROOF. (1) Since the set of invertible D-ideals is an Abelian group generated by
maximal invertible ideals, say pg and n, we have, for any invertible ideal a, Xa = aX
and a is o-invariant, that is o(a) = a. Hence a is (o; X)-invariant. Let a be an ideal
such that it is not invertible and (o; X)-invariant. Then a = be, where b is invertible
and c¢ is eventually idempotent ([7, Theorem 4.2]). Hence ¢ is also (o; X)-invariatnt. As
in Example 5.2, let m;,,...,m;_ be the full set of maximal ideals containing c¢. Then
o(m;,),...,o(m; ) is the set of maximal ideals containing o(c) = X ~1¢X = ¢ (the last
equality follows from [7, Proposition 2.8]), which is a contradiction. Hence an ideal is
(0; X)-invariant if and only if it is invertible. Therefore D is a (o; X)-maximal order.

(2) Let a be eventually idempotent which is (o; X)-invariant. Then o(a) =
X 1aX =o07!(a), that is 0%(a) = a.

(i) Puta=m;NmgN---Nmg_;. Then o%(a) =mzgN---mgy_1;Nm; = a. Hence a is
(0; X)-invariant. Suppose O,.(a) = D = O;(a). Then it is easy to see that a is invertible,
which is a contradiction. Hence D is not a (o; X)-maximal order so that S = D[X¢; 0]
is not a maximal order.

(ii) Let a be eventually idempotent which is (o; X)-invariant and s = {m;,, ..., m;_}
be the set of maximal ideals containing a. We may assume that m;, = my. Since o%(a) =
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a, {ml, ms,... ,mng} Cs and so 02(m2l+1) = Mo. Thus we have s = {ml, e ,m21+1},
a contradiction. Thus a (o; X)-invariant ideal must be invertible. Hence D is a (o; X)-
maximal order and S = D[Xt; 0] is a maximal order. O

REMARK 5.4. (1) In case (1) and (2) (ii) in Example 5.3, as it is seen from the
proofs, D is a generalized (o; X)-Asano ring and S = D[Xt; 0] is a generalized Asano
ring.

(2) Suppose po = aD = Da. As in Example 5.2, put R = D[z]|. Then po[z] = aR =
Ra and let o be an automorphism induced by a. We have the following, by using the
properties of (iii) ~ (vii), whose proofs are similar to one in Example 5.3:

(1) Put X =n{'[z] - né[x], an invertible ideal. Then R is a (¢; X)-maximal order but
not a maximal order and S = R[Xt; 0] is a maximal order.
(2) Put X = po[z]. Then
(i) If n = 2l, an even number, then R is not a (o; X)-maximal order so that S =
R[Xt; 0] is not a maximal order.
(ii) If n = 2I+1, an odd number, then R is a (o; X )-maximal order and S = R[Xt; 0]

is a maximal order.

We are also interested in relations between R[Xt; 0] and the skew polynomial ring
RJt; o] from order theoretical view-point. It is known that R[t; o] is a maximal order if
and only if R is a o-maximal order, that is O;(a) = R = O,.(a) for any o-invariant ideal a
of R (see, e.g., [16, Theorem 2.3.19]). It is easy to see, from our observation in Example
5.3, that D is a o-maximal order so that DI[t; o] is a maximal order. However, as we have
already shown, in case (2) (i), D[Xt; 0] is not a maximal order and in case either (1) or
(2) (ii), D[Xt; 0] is a maximal order.

We finally give examples of rings which are (¢; X )-maximal orders but not o-maximal
orders.

Let k be a field with automorphism o and let K = (¥ %), the ring of 2 x 2 matrices

over k. Then we can extend o to an automorphism of K by o(q) = (38 :Eg), where

g=(2%). Let U = K[z;0] and I = eK + 22U, where e = ({ §). Then I is a o-invariant
maximal right ideal of U with UI = U. We consider R = {u € U | ul C I}, the idealizer
of I. By [17, Theorem 5.5.10], R is an HNP ring and I is an idempotent maximal
ideal of R. We note that R = K(1 —e) + eK + zU and o(R) = R. R has another
idempotent maximal ideal J = K (1 — e) 4+ 2U, which is a o-invariant maximal left ideal
of U with JU=U. Pt X =INnJ=eK(l1—e)+zU. Since O,(I) =U = O)(J) and
O.(J) =x71(eK(1 —¢)) + R=O,(I), {I, J} is a cycle and X is an invertible ideal of
R by [7, Proposition 2.5].

ExXAMPLE 5.5. Under the same notation and assumptions,

(1) R is not a o-maximal order and R[t;o] is not a maximal order.
(2) R is a (0; X)-maximal order and S = R[Xt;0] is a maximal order. In fact, it is a
generalized Asano ring.

Furthermore
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(i) If o is of infinite order, then XS and XtS are only maximal v-ideals of S.
(ii) If o is of finite order, say n, then there are infinite number of maximal v-ideals of

S.

PrOOF. (1) I is o-invariant ideal of R, and O,(I) = U D R. Hence R is not a
o-maximal order and R[t; o] is not a maximal order.
(2) First we note that X is o-invariant and so X is (o; X)-invariant. Next we have

IX =eK(1—¢)+2(eK + K1 —e))+2°U =XJ=1J and XI = JX = JI = aU

and IX # XTI follows. Since I is o-invariant, Xo(I) = XTI # IX. Hence I is not
(0; X)-invariant. Similarly J is not (o; X)-invariant, either. As U is a principal ideal
ring, each ideal of U is invertible and I contains non-zero prime ideal U of U. Then
{I,J} is the full set of idempotent maximal ideals of R by [17, Theorem 5.6.11]. Other
maximal ideals of R are invertible by [7, Proposition 2.2].

Let a be any ideal of R. Then, a = bc for an eventually idempotent ideal b and an
invertible ideal ¢. But there are no idempotent maximal ideals of R different from I and
J,and I NJ = X is invertible. Hence b = I or b = J by [7, Proposition 4.5] and so
a is invertible or of the form Ic¢ or J¢. If a = I¢, then aX = IcX = IXc = XJc. On
the other hand, Xo(a) = Xo(Ic) = XIo(c). Thus, if a is (o; X)—invariant, we have
XJc= XIo(c) and Jc = Io(c) follows. Since UI =U and UJ = J,

Io(¢)=Je=UJc=Ulo(c) =Uo(c)

and we obtain I = U, a contradiction. Hence a = Ic is not (o; X)-invariant. Similarly
Jc is not (o; X)-invariant. Thus (o; X )-invariant ideals of R are all invertible. Hence R
is a (0; X)-maximal order and so S is a maximal order. In fact, S is a generalized Asano
ring, because R is a generalized (o; X )-Asano ring.

(i) If o is of infinite order, then zU is the unique maximal ideal of U by [11,
Theorem 2]. Thus I and J are only maximal ideals of R by [17, Theorem 5.6.11] and
D,.x(R) ={X"™ | n €Z}. Let P be a maximal v-ideal of S with p = PN R # (0). Then
P =p[Xt;0] withp € D,.x(R) by Lemma 4.2 and so p = X. Furthermore T' = Q(R)|[t; o]
has the unique maximal ideal tT'N.S = XtS by Lemma 4.1 and Poroposition 2.12, because
tT' NS DO Xt. Hence XS and XtS are only maximal v-ideals of S.

(ii) If o is of finite order, say n, then Z(U) = k,[z"], where k, = {a € k | o(a) = a},
because U = (iﬁg} ZEZD Let P be a maximal ideal of U different from zU. Then
P = wU for some w € k,[z"], an irreducible element, by [3, Lemma 2.3] and p = PN R is
invertible and prime by [17, Theorem 5.6.11]. Furthermore, since o(w) = w, o(p) = p and
Xo(p) = Xp =pX. Sopis (o; X)-invariant. It follows that {p, X | p = PNR, where P =
wU} is the set of maximal (o; X)-invariant invertible ideals and that p[Xt; o] are all
maximal v-ideals. Therefore there are infinite number of maximal v-ideals of S, because
there are infinite number of irreducible elements w in k,[z™]. This completes the proof.

O
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