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Abstract. In this paper, we give the Fourier coefficients of Siegel
Eisenstein series of degree 2, level p, in order to calculate the dimensions
of the space of Eisenstein series for low weights. The main methods of the cal-
culation is to compute the Siegel series of level p directly, following the similar
way to that of Kaufhold.

1. Introduction.

Let Z be an element of the Siegel upper half space H,. For a congruence subgroup
I' C Sp(g,7), the Siegel Eisenstein series E*(Z; I") are defined by

EMziI)= ) det(C,Z+ D)7, (1.1)
yEP,NI\T"

here Py is the subgroup of Sp(g,Z) consisting all the elements whose lower-left (g, g)-
block is the zero matrix. The infinite sum of the right-hand side converges uniformly
on Hy, when & > g+ 1. For example let I" = I'9(N) be the principle congruence
subgroup of level N. Put M(I'9(N)) the space of Siegel modular forms of weight
k and Li(I'(N)) the subspace of M(I'9(N)) consisting of the functions whose con-
stant term of the Fourier expansion vanishes at each O-dimensional cusp. We set
EL(I'(N)) = Mp(I'9(N))/Li(I'9(N)). Then it is easy to show that & (I'9(N)) is
spanned by {E*(Z; T'9(N))|xy}ers if k> g+ 1.

Now we consider the low weight cases. Since the right-hand side of (1.1) does not
converge, we use the “Hecke trick”. For s € C, the non-holomorphic Siegel Eisenstein
series are defined by

EXZs;T)= ) det(C, + Dy) *[det(C, + D,)| >,
yEPyNI\T

which has an analytic continuation to whole s-plane. The famous paper of Shimura [Sh2)]
starts from the following questions.

(1) For each Z € H,, E*(Z,s;T") is holomorphic at s = 0?
(2) If so, E*(Z,0;T") is holomorphic in Z?
(3) If so, the Fourier coefficients of E¥(Z,0,I") are algebraic numbers?
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One of the main results of [Sh2] says that all of the above questions are affirmative when
k > g+ 1, that is we can construct Eisenstein series of 1 lower weight than before.

In the classical case of elliptic modular forms, stronger results are shown by Hecke.
Let I' = I''(N). Then for k = 1,2, all the elements of & (I'*(N)) are constructed by
{E*(Z,0, TN (N)lwy | 7 € SL2.Z)}.

In this paper we consider the following problem:

(4) Calculate the dimension spanned by Eisenstein series for low weight.

We mainly consider the case g = 2 and I = I'%(p) or I'2(p) for an odd prime p. It suffices
to consider the case for I'}(p), since the case of I'?(p) can be induced from the results
for the case of I'¢(p) using the representation theory of Sp(2,F,). This natural question
(4) is not considered in [Sh2], because Shimura considered only the Fourier expansion
of E¥(Z,s;T3(N))|xJ2, and one has no information for other cusps. In order to get the
answer of (4), we have to consider the Fourier expansions at all cusps, in particular cusp
of infinity. The hardest part of the calculation is computing the Siegel series at p. In
Section 4 we compute the Siegel series directly. Recently Takemori [Ta] gives the explicit
formula of the Fourier expansion of EJQVM (the definition is given below) for any natural
number N and primitive Dirichlet character ¢ modulo N by a similar method.

ACKNOWLEDGEMENTS. The author thanks to Professor Takayuki Oda of the Uni-
versity of Tokyo for his constant support, also he thanks to Professor Hidenori Kat-
surada of Muroran Institute of Technology, who imformed him the work of Boecherer
and Schmidt [BS] and gave him quite useful discussions.

NoTATIONS. Let I'Y = Sp(9,Z) = {v € GLoy(Z) | "vJyy = Jg} with J, =
(fiq 105 ) For v € I'Y, square matrices A, By, C,, and D, of size g are defined by

— A'Y B'Y
T= (cW D, )-
Throughout this paper p denotes an odd prime number. We put I'{ (p) = {y € I'Y |

C, =0mod p} and I'(p) = {y € 'Y | v = 1, mod p}. We define for g > 2,

M, (I (p)) = {a holomorphic function f on Hy | flxy = f, Vy € I'(p)},

with f|py(Z2) = det(C,Z + D)% f(v(2)), v(Z) = (A, Z + B,)(C,Z + D.)~1. Moreover
we define

M(I5 (p), ¥) = {f € Me(I'*(p)) | flry = vb(det Dy f, Vf € IF (p)}

for a Dirichlet character ¥ modulo p. If ¢ = 1 we also require the holomorphic condition
at each cusp.

In the following we consider the case g = 2. Let Py = {v € Sp(2,Z) | C, = 0}. For
a Dirichlet character 1) modulo p such that 9(—1) = (—1)*, we put

E}(Zs)= > 4(det D,)det(C,Z + D,) *|det(C, Z + Dy)| 72",
YEP\IG (p)



On the Siegel Eisenstein series of degree two for low weights 1045

Then the infinite sum of the right hand side converges absolutely and uniformly on H,
for Re(s) + k> 3. If k£ > 4 then E;;,w(Z) = Ezlf,w(Z’ 0) € My(I2(p), ).
For a square matrix A € M, (R), we put e(A) = exp(2mitr(A4)).

2. Fourier expansion of the Siegel Eisenstein series.

In this section, we explain the Fourier expansion of E followmg [Ma]. All the
proofs of the facts below can be found in [Ma, Section 11, 12]

LEMMA 2.1.  For the pair (C, D) of integral (g, g)-matrices, the following conditions
are equivalent.

(1) There exist X,Y € My(Z) such that CX + DY =1,.
(2) For Q € My(Q), QC,QD € My(Z) if and only if Q € My(Z).
(3) There exist U € GLy(Z) and V € GLoy(Z) such that U(C,D)V = (1,,0).

Moreover theses conditions are stable under the left multiplication of the element of

GL,(Z).

Proor. (1) = (2) and (3) = (1) are obvious. For the proof of (2) = (3), by
the elementary divisor theorem, there exist U € GL4(Z) and V' € GLgy(Z) such that
U(C,D)V = (T,0) with T = diag(t1,...,t,0,...,0), t; € Zso. If T # 1, one can find
a diagonal matrix R € My(Q) \ My(Z) such that RT is integral. Put @ = RU, which
contradicts to (2). O

DEFINITION 2.1.  The pair of the matrices (C, D) € My 24(Z) is called co-prime if
it satisfies one of, hence all, the equivalent condition in Lemma 2.1. If (C, D) satisfies
C''D = D!C, then it is called symmetric.

We put
My ={(C,D) € My24(Z) | (C, D) is symmetric and co-prime}

and My = {(C, D) € M, |rankC = r}.

LEMMA 2.2.  The pair (C,D) € M, if and only if C = C and D = D., for some
v € Sp(g,Z). In particular the representative set Py\Sp(g,Z) corresponds to GLq(Z)\ M,
bijectively.

Let Ay, be the set of (g, r)-matrices Q € M, (Z) such that (Q, R) € GLy(Z) with
some R € My ,—.(Z).

LEMMA 2.3. For each Q € Ay, fix Q=(Q,% € GL4(Z). Then a representative
set of GLg(Z)\My, is given by

@0 (T20) )| getlans ™ 1
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These lemmas induce

E¥ (Z,5) = > ¢(det D) det(CZ + D)~*| det(CZ + D)|~2*

(C,D)€ GL2(Z)\ M

C=0 mod p
=1+ ) S @dEZI(B)) + D EZ($)] + )l
(a1,02) €72 /{£1} (e, d)e{£1}\ M}
(g1,92)=1 c=0 mod p
+ > ¢(det D) det(CZ + D) *|det(CZ + D)|~2°. (2.1)
(C,D)E G Ly (Z)\M3
C=0 mod p

There exists a bijective map
GLy(Z)\M§ — Sym?(Q), (C,D) +— C~'D.

The inverse map is given as follows. For all 7' € Sym?(Q), there exist U,V € SLy(Z)
such that

Vl/(Sl
UTV = , 0, >0, (v,6;) =1 (2.2)

Vg/dg
by the elementary divisor theorem. Then

51 141
U, L V*l

51 Vg

gives the corresponding element in MJ. We put §(7) = [[;d; and v(T) = [[;vi =
det(T)6(T) for T € Sym?(Q). Then 6(T) = |det C| and v(T) = £det D for T = C~'D
with (C,D) € MJ. Set Sym?(Q)" C Sym?(Q) the image of {(C,D) € MY | C =
0 mod p} under the above map.

The third line of (2.1) becomes

> Y(det D) det C~%|det C|7%* det(Z + C~'D)~*|det(Z + C~'D)|~2*

(C, D)€ GLy(Z)\ M3
C=0 mod p

= Y p@(@)S(T) T det(Z + 1) det(Z + 1)

T€eSym?(Q)’
= Y @SR Y det(Z+T+S)F T det(Z+ T+ 5)
TeSym?(Q)’ SeSym9(Z)

mod 1
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Here we use the fact 6(T+S) = §(T') and v(T+S) = v(T) mod p; indeed for T = C~1D,
we have T+ S = C~1(D + CS) and (C,D + CS) € M3. Now for o, 3 € C we consider
the Fourier expansion of }gcq oz det(Z +5)7 det(Z + S)™” (the branches of the
complex powers are determined suitably as in [Sh1, (1.11)]). Let

SymY(Z)* = {h € Sym?(Q) | tr(hA) € Z for all A € SymY(Z)},

be the set of half integral matrices of size g, whose elements consist of integral diagonal
entries, and half integral off-diagonal entries. Put e(X) = e2m(X) for a square matrix
X. Then the Fourier expansion is written by

> det(Z+8)det(Z+8) = Y &(Viha Ble(hX),

SeSym9(Z) h€eSym9 (Z)*

with

& (Y, ha, ) = /S o, X)X i) (X aX. (2
ym?9

Thus the third line of (2.1) is given by

Z SQ(qpahak+28)§2(Y: h,a75)7

heSym9(Z)*

where for s € C, we set

Sg(th,hos) = Y p(D))5(T) *e(hT),

TeSym? (Q)’
mod 1

which is called the (generalised) Siegel series. As a consequence we get

Ef (Zs)=1+)_ Yo Si@mk+ 296 (Y ()] mk + s, 5)e(mX[(4)])

MEZL (q1,q2)€Z% /{+1}
(q1,92)=1

+ Y Sa(th bk +25)6 (Y, hk + s, s)e(hX). (2.4)
heSym?(Z)*

3. Known results.

There are some results for the computations of £, and S,. We collect them in this
section.

THEOREM 3.1 (Shimura [Sh1, (4.34.K), Theorem 4.2]). For h € Sym?(Q)* with
sgnh = (p,q,7),
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g+1

Y hia ) = 02, (a5 - 2

I ()
x det(Y)tD/2=a=Bgq  (py)o=(ot)/2Ha/4q_(py)S=(g+1)/2+p/4

X W(27TK h’a aaﬂ)y

with

U=<2p—g)a+(2q—g>ﬁ+%;g+”+%_9<92—1)7

r(r—1) —
U:pa—i—qﬁ—l—r—i—i( 2) Pa.

Here dy () (resp. d_(x)) denotes the products of positive (resp. negative) eigenvalues
of x and T,,(s) = xm(m=1/4 HZ:OI I'(s — k/2). Moreover w(2rY, h,a, ) is an entire
function with respect to a and 3.

The function w, can be written more explicitly in some special cases. We mainly
use the following:

1. ([Sh1, (3.15), (4.7.K), (4.10)]). If h > 0 then,
wy (27Y, h, v, 0) = 2799+ D/ 2¢(hY).
2. ([Shi, (4.9)]).
wy(27Y,0,0, B) = 1.
3. ([Sh1, (4.35.K)]). If the signature of h is (p,0,7) i.e. h is positive semi-definite then,
Wy (27, h, (g +1)/2, B) = 27PFTD/20pr2g(_pY).

Next we investigate the Siegel series S;(1, h,s). Let SymY(Q), be the set of T' €
Sym?(Q) such that §(T) is a g-power for prime numbers ¢, and Sym?(Q);, = Sym?(Q)’' N
Sym?(Q),. For all T € Sym?(Q) there exists a decomposition 7= Y._ T; € Sym?(Q)
with T; € Sym?(Q),,, which is unique modulo Sym?(Z); indeed if we write 1/6(T) =
Si_oxi/q;" with prime divisors ¢; of 6(T), each T is given by ¢; “z;6(T)T. If T €
Sym?(Q)’, one of the ¢;, say qo, equals to p and we have

o(T) =[] o(Ts). (1) = w(To) [T o(T3) mod p. (3.1)

The first equation is obvious. For the second, write T = C~'D with (C, D) € MY so
that det C' = §(T"). Then for the decomposition

D=CTy+CTy + -+ CT},
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CT; € My(Z) and CT; = 0 mod p for i > 1. Thus

v(T) = det(D) = det(CTy) mod p = v(Tp) ﬁ(S(Tz)

i=1

1049

Notice that for the decomposition T = Y7 T;, T € Sym?(Q)’ if and only if Ty €
Sym?(Q);,- As a consequence we have

with

Sg(w7h”8): H S‘g(wvhas)7

q: prime

> Y((T))o(T) *e(hT) q # p;

TeSym9(Q)g mod 1

> YW (T)s(T) "e(hT) q=p.

TeSym?(Q)j, mod 1

Sg(¥,h,s) =

If g = 1, the Siegel series are easy to compute as follows.

PROPOSITION 3.2.  Let v be a Dirichlet character modulo p and q # p a prime.

If m =0, the local Siegel series is given by
1—4(g)q"
S4(2,0,8) = .
N TP

If m = ¢*m’ with (m/,q) = 1, we have

ST, m,s) = (1= (@) ") Fam(¥(a)g™"),  with Fym(X) = (¢X)".

k=0

PROPOSITION 3.3.  Let ¢ be a Dirichlet character modulo p.

If m =0, the Siegel series are given by

0 vEL
S{)(’(/J,O,S) =\p (p — 1) o
Ty ¥=1

If m = ptm’ with (m’,p) =1, then

P )G)pt =t YL

SP(p,m, s) =
() {(1—qS)Fq,m(q5)—1 =1
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Here G(v) is the Gaussian sum.

For g > 2, Si(¢,h,s) (¢ # p) are studied by many Mathematicians, for example
Kauthold, Siegel, Feit, Shimura, Kitaoka and finally Katsurada gave the explicit formula
[Kat]. Our case g = 2 is the Kaufhold’s result.

THEOREM 3.4 (Kaufhold [Kau, (2,10), Hilfsatzs 10]).

L(s —2,¢)L(2s — 3,1?) o
L(s,¥)L(2s — 2,9?) =0;
L(2s — 3,?) - o
gsg(¢’h’s): L(s,v)L(2s — 2,1?) HF rank h = 1;
L(s —1,9xn) ( ) ) -
L(s,¢)L(2s — 2,1?) HGq rank h = 2.

Here xp, F,gq) and Gglq) are defined as follows. For the discriminant Dy of quadratic
extension Q(+/—det(2h))/Q, the quadratic character x, is given by xn(q) = (Dpn/q)
for prime numbers q. Let an = ord,(g.c.d(hi,2ho, hs)) for h = (Z; Zi) and a =
(1/2) ordp(det(2h)/Dp). Then the polynomials Fy, and Gy, are defined by

g

FO(X) =Y (gX)?,

1=

aq a—l1 a—l—1
Z gX 21{ D @EXH)™ = xn(@)egX (q3X2)m}-
=0 m=0

m=0

[}

Note that F}(LQ) = GELQ) =1 for all but finite primes q.

4. Terms corresponding to p.

In this section we calculate the Siegel series SP (1), h,s). For our problem of the
dimension of the space of Eisenstein series, it suffices to compute the constant term of
Ek . However the Fourier expansion of EF . 1tself is interesting problem, so we calculate

(7,0, h,s) for all h.
First we consider the case h = 0.

LEMMA 4.1.  Let 9 be a non-trivial Dirichlet character modulo p.

0 VP #£1

SP(¢70,5) = - 1-2s
’ 1/)(—1)(])1_1]3)525 PP=19#1
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PRrROOF. Before the calculation, we rewrite the set of summation. Let
M(p) = {(C,D) € M3 | C7'D € Sym*(Q)}}
and
M(p) = {(C, D) € My4(Z) | det C' is a p-power, C' =0 mod p, (C,D) is symmetric}.

Property (3) of the co-prime condition in Lemma 2.1 shows that

(%) if (C, D) is symmetric, there exists M € My(Z) such that C' = MC, D’ = M D with
(C',D") € M3.

Then

SE@hhs) = > > ¥(det D)(det C)~*e(C~1Dh)
C D modC
(C,D)eSL(2,Z)\ M(p)
= > > ¢(det D)(det C)~*e(C~1Dh),
C DmodC"v
(C,D)eSL(2,Z)\ M(p)

by (x). For each (C, D) € M(p), there exists U,V € SL(2,Z) such that

p* 0
UCV(O pk+l>T(k,l), E>1,1>0.

Then C~'D = V- IT(k,)"'U D'V V=L Put U D'V = (‘c’g) The pair (C, D)
is symmetric if and only if ¢ = p'b. Now C runs through the representative set
SL(2,Z)\SL(2,Z)T (k,1)SL(2,Z). If I > 1, it is given by

{T(k,l)W ‘ W= (é 1;) L ue Z/plZ} U {T(k:,l)W ‘ W= (pq é) L ue Z/pl_1Z},

while it is given by a single element T'(k,k) if | = 0. For such C = T'(k,))W, D runs

through the set
a b\ i1
L o)

Now we shall compute S% (¢, 0, s). Assume that ¢ # 1. For a fixed C = T'(k,[)W,

a,b € Z/p*7, d e Z/pk'HZ}.

_ 1
> (et D)(det )" = S > ¢lad - p'v?). (4.1)
D mod C a,beZ/p" T
dez/p* 'z
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Put A(m) = #{(a,b,d) € Z/p*Z x Z/p*7 x Z)p**'Z | ad — p'b* = m mod p}. We
calculate A(m) for each m € (Z/pZ)*.

case 1) [ > 1. In this case A(m) = #{a,b,d | ad = m mod p}. Since Z/p*Z x Z/p**! >
(a,d) — ad € Z/pZ is a homomorphism, A(my) = A(my) for all my, ms € Z/pZ.
Thus values of (4.1) is 0 in this case.

case 2) | =0. Then

A(m) = #{(a,b,d) € (Z/p*Z)*®* | ad — b*> = m mod p}
PR 2(p+1) if —m € (FX)%
- it em g ()
Thus the values of (4.1) is
G(=)p= N p(m)2p® .
me(Fy)?

Asa consequence

Sp(¢’0 s _2¢ Z ¢ ipza 2s)k727
k=1

me (L)
which induces our lemma. O

Next we consider h € Sym?*(Z)* with rank h = 1. There exists U € SL(2,Z) such
that h[U] = diag(t,0), which shows that we only consider the diagonal case.

LEMMA 4.2. Assume that v is a non-trivial character. Then for h = (3 8) with
ord,t =m

0 VP #£1
So(th, by 5) = ,s
2(¢¥, h, s) alp=*) + m ¢2 =1,

with

a(p™®) = ¥(-1) (p_l %p(?"%)’“),

2
p k=1
b(p~*) = (—1)(p — 1)pB—2)mFa—ds,

PrOOF. We use the same notation as in the proof of Lemma 4.1. We have
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SP(4, h, 5) :iizp_(%”)s S Glad—pb)e ( (Z d;—l) (h’[W‘W)),

k=11=0 W a,beZ/p*2
dez/p" 'z

here b’ = diag(¢’,0).

In the calculation below, we put a = asp + a1, b = bop + by and d = dop + d;
with ay,by,dy € Z/pZ, az,by € Z/p*"Z and dy € Z/p*T'=1Z. First we consider the
summation for [ = 0, which we put Sy.

S= 0 Y wtad- e

k=1 a,b,d€Z/pFZ
oo
t'a t'a
_ —2ks 2 2 1
S Y e(pts) X e 15,
k=1 az,bz,dzEZ/pk’1Z al,b1,d1€Z/pZ

If £ > m + 1, the first summation vanishes. Let & < m + 1 and consider the second
summation. If a; = 0 then

Y2 #
o8 :{
bl;dé/pz =) P(-plp—1) p*=1.

If a1 # 0, then we exchange the variable d; — d; + b1a1 , and

Y dad)e < ta ) =0

al;éo b1 d1
As a consequence,
0 P E 1
S, — m—+1 (4 2)
P oD —1) Y pU R g2 =1 '
k=1

Next consider the case | > 1 and C' = T(k,)W with W = ({ %), this summation is
written by S2. Then

Zp GRs N Y yY(ad)e ( <a—2ub+;d>>.

k=1 uEZ/pZabGZ/p WA
deZ/p* 'z

By looking at the summation for a, we have

t'ay . 0 k#m"rl;
Y vioe( ;5 >_{pmw<t'>0<w> Fmmtt,

a€Z/pFL
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here G(v¢) denotes the Gaussian sum. Thus we only consider the term for k = m + 1.
Thanks to the summation for b we can put u = u;p with u; € Z/p'~'Z and

So ip (2m—+2+1)s+2m+1 Z Z w( ) ( d)

=1 w1 €Z/pt—1 deZ/pm+1+t
We know
> e(t/“?d> [t dp =G () Lis even;
w1 €Z/pt—1 p pl=1/2 [ is odd,

here x, is the unique non-trivial quadratic Dirichlet character modulo p. It suffices to
consider the case for even [ and

M8

Sy = (" )xp(t')G(¥)G(xp) p_2(m+1+l)s+2m+l Z Xp(d)

1 dez/p7n+2l+1

0 Y # Xps

l

l

which coincides with b(p~*)/(1 — p3~2%).

Finally for the term of C = T'(k,)W with W = (ﬁ‘} (1)), one sees easily that it

vanishes. This complete the proof. O

Finally we consider the case for rankh = 2. Note that there is a bijection
Sym?(Q), mod 1 ~ Sym?(Q,) mod Z,. Put Sym?(Q,)" the image of Sym?(Q);, then

SE(h,h, 5) = > $((T))5(T) " *e(hT).

TeSym?(Q,)’ mod Z,

Since each h € Sym*(Q) can be diagonalised by the element of Sym?(Z,), it suffices to
consider the diagonal h.

LEMMA 4.3. Leth =p (0 Bpt +) with (a,p) = (B,p) = 1. Then for a non-trivial
Dirichlet character 1 modulo p we have

Sg(’(/J,}LS) =51+ 52,

where Sy and Sy are given in (4.4) and (4.5) respectively.

PrROOF. We use the same notation as above. First we calculate the term [ = 0.
This term equals to
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S50 S wted-we(
k

a,b,d€Z/pFZ

1
_ przks Z 6<W(aa// + ﬂd”pt)>
k

a//,b//,d//ez/pk—l

X Z Pla'd — (b)?e (pklm(aa' + ﬁdpt))

a’b',d'€Z/pZ

— (a4 Bdp' ))

By looking at the first term, this summation is 0 for K —m — 1 > 0, and we have

m—+1
Sl _ Z p—2ks+3k‘—3 Z ’l/}(ad b2) (

k=1 a,b,deZ/pZ

—(aa + Bdp ))

For the term d = 0, Z%bez/pzw(—bz)e(aapm’k) is 0 if 2 # 1, while if ¢? = 1, this
term becomes

p k<m
p 3 ctoah) -
aeZ/pL 0 k=m-+1.

Therefore, the term d = 0 is given by

Zp(372s)k71 1)[}2 =1;
k=1 (4.3)
0 P2 £ 1.

For the term d # 0, we may exchange the variable a — a + d~'b?, and

Z Y(ad)e((aa + d~'b*a + dpp")p™ )

mbi;w(w (#5) S8 e (55

If K —m <0, then the first term is 0. Thus we put £k = m + 1, and this term becomes

Sovtoe(57) e (5 o)

a

— B Y wxp<d>e<;fﬁt).

deZ/pZ

Here

1 p=1mod 4
Ep =
P i p=3mod 4.
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If ¢ = x, then the last summation is —1 or p — 1 according as t = 0 or ¢t > 1, while if
1 # xp then the last summation is ¥x,(8)G(¢xp) or 0 according as t =0 or t > 1. As
a consequence,

Zp(:a—zs)k—l _ 5?)79 it =xp and t = 0;

S

Zp(?’ 2s)k—1 4 1) if ) = xp and t > 1; (4.4)

pr(aﬁ) (pr)Em/fj if ¢ # xp and ¢t = 0;
0 if 1 # xpand t > 1.

Next we consider the term [ > 1 and W = (§ %) with u € Z/p'Z. Then

Zp (2k+1)s Z Z ’(/)(Cld)@(

p"qg

—(aa — 2uab +dp~ Hau? + Bpt)))

k=11=1 WEL/DP'Z a,beZ/p" L
dez/p* 'z
_ 2uab (au? + Bpt)d
2k-+1)s
p @0 S Y wtae( 525 ) Se( - 55 ) S vt )
ol uw a b d

Now

aa PrP()G(Y) k=m+1;
> vl ) - { ’ |

a€Z/p T otherwise,

thus we put k = m + 1. Then the summation for b is 0 if (u,p) = 1, and we replace u by
pu with v € Z/p!~17Z. Hence

o] 2
52:Zp—(2m+2+l)sa(a)G(w)p2m+l Z Z e(adu )w(d)e(plfft)
=1

pi—1
de(Z)pm 117X weZ/pl=17
Since
Ta®\ za? S
O R S B
a€L/p"L a€L/pT 27
we have

Z <adu2> {p(ll)/Q [ is odd;
e =

u€Z/pt =17 pl_l 5po(Oéd)p(l /2 1is even.

Thus
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Sy = Zp_(2"L+2+2n+1)6+2m+n+1w(a)G(¢) Z w(d)e (Qnﬁ+2t)
n=0 dez/pm+2n+27, p

13 pr ARz 2 (4 ()G (e, > (qup)(d)e<p2ﬁdl_t)-

n=1 dez/pm+2n+lz
The first summation remains only when ¢t = 2n + 1, which equals to

{ p~@mA2H)s+3mt (Bt /29 (0 8)G()2 tis odd;

0 t is even.

For the second term, if 9 # X, then it remains only when ¢ = 2n and

pi(2m+2+t)s+3m+(3t+1)/2€p(XpE)(aﬁ)G(¢)G(¢Xp) t > 2 is even;
0 tis odd or t = 0.

On the other hand if ¢ = x,, then the second term is

" t=0;
(Xp¥) ()G ()epp~ Bm+2)s+3m+1/2
(t—2)/2 | |
x{(p -1) pB=29n _ p(3—2$)t/2} t > 2 is even;
n=1 1y
fa EpD — p—mn s+3m-+3n tis odd.
CGTNGWlp 1) 3 pr e B s o
n=1
As a consequence,
" if t =0;
6127p_(2m+2)8+(3m+)1
t—2)/2 ' |
X{(p - 1) Z p(3—28)7l _p(3—28)t/2} lf w = Xp and t Z ) is even;
n=1
Sy = { gpp~ GmA2)stImil

(t—1)/2 : .
—9s — _osyn | ¥ = xp and t is odd,;
% {p(S 2s )t+1/2¢(aﬁ) 4 Ep(p _ 1) Z p(3 2s) } P

n=1

p~ GmA2E)sH3mtG3) /2. (v ) (aB)G ()G (xp) if ¥ # X, and t > 2 is even;

p~ (Gmt24)st3m+ G240, 8)G(1))? if ¢ # xp and t is odd.
(4.5)
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Finally we calculate the term for C' = T'(k, )W and W = (74 ), u € Z/p' "' Z.

S22 % e S ue(n)

k,l=1ueZ/p'~'Z a€Z/pFZ
2b8u a+ puptt?)d
< D e(pkmt1>z¢ ( ph—m :
bEZ/PFZL

By looking at the first term, this summations remains only when k =m + ¢+ 1, and

B 2, t+2
Sy = p—(2k+l)s+2m+2t¢(6)G(¢) Z Z ¢(d)e((a+p€fl+pl)d>'

WEZL/pmHT dET prtttitiy,

Since (o + Bu?pt*2 p) = 1, the last term remains only when ¢ + [ = 0, but this does not
happen. Thus S3 = 0 and we conclude the proof. O

REMARK. One should notice that S% (1, h, s) depends only on deth = afp*™+t
and ord,(g.c.d.(h1,2he, h3)) = m for h = (Z; Zi) (i.e. not depend on «, ().

REMARK. In [Miz], Mizuno gives the explicit form of the Fourier expansion of
ng, by using the Maass lift of the Eisenstein series of Jacobi forms. The above lemma
will give an another proof of that.

5. Application —the dimension of the space of Eisenstein series—.

In this section we shall compute the dimension of the space of Eisenstein series for
low weights. Let Co(f) be the constant term of the Fourier expansion of f € My(I'9(N))
and

Ep(I(N)) = My(I(N))/{f € Mp(I?(N)) | Co(flr) = 0, Vv € Sp(g,Z)}-

We denote E,(I'§(N),1) the image of My (I (N),).
The aim of this section is to calculate the dimension of & (I%(p)). The classical
theory says that for k& > 4,

dim £ (p) = 50"~ 1)
Moreover it is shown that
PROPOSITION 5.1 ([Gu, Theorem 3.1]).
0 p =1mod 4;

dim & (I (p)) =
) %(p2+1) p =3 mod 4.



On the Siegel Eisenstein series of degree two for low weights 1059

Thus it suffices to consider the case kK = 2 or 3. Before considering these cases, we
explain how one can induce the results for I'*(p) from that of I'3(p).

Let G = Sp(2,F,) = I'>/T"*(p). Then G acts on My (I"%*(p)) (or E(I"*(p))) from the
left via (f,g) — flxzg~!, with f € Mx(I"?(p)), g € G and a lift § of g to I'?.

Recall that Py = {y € I'Y | C, = 0}, which corresponds to the Siegel parabolic
subgroups. Put Py = {g € G | C, = 0, det D, € {£1}}, and ug the character of Py or
Py defined by ug(y) = det D.,. Notice that Py is the image of Py under the canonical
map I'> — G. Then we have

Co(flky) = uo(0)*Co(f) for~y € Py (5.1)

(cf. [Gu, Lemma 3.2]).

Let H = {h € G | C}, = 0} be a subgroup of G. Notice that H is the image of I'3(p)
under the canonical map I'> — G. The character 12; of H is defined by 1F/;(h) = 1(det Dy,)
for a Dirichlet character ¥» modulo p.

LEMMA 5.2 ([Gu, Lemma 3.3, 3.4]).  The representation of G on E.(I'*(p)) is
isomorphic to a sub-representation of

md§ (uf)= P WdF@).
w(=D)=(~1)*

From the Frobenius reciprocity law
Homg (Ind% (9), & (I'%(p))) =~ Homp (¢, Ex(I2(p))) =~ Ex(IE2(p), ). (5.2)

Recall that I'Z(p)\Hy has three O-dimensional cusps, that is a representative set of
I'Y(p)\Sp(2,7Z)/ Py is give by three elements

0 010
0 100
1 d M=
4 J2, an 1000
0 001

The structure of the boundary of the Satake compactification of I'j(p)\Hy is given by
the following figure.

14 M

Ja
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The meaning of the above figure is as follows. For f € My (IZ(p)), put

w0 =Jim r((5 2)) em.

which is called the Siegel operator. Then
Co(flxM) = Co(@(f)|xJ1) = Co(@(f|xJ2)|xJ1)-

We use the following Lemma.

(5.3)

LEMMA 5.3 ([Gu, Lemma 3.7])). If ? # 1, then Co(f|xM) = 0 for all f €

My (IF (p), ).

In particular

dim E(I?(p), ) <2 if ¢* # 1.

(5.4)

Finally we quote the result of Srinivasan [Sr|, which classified all the irreducible
characters of Sp(2,F,). Fix a generator ¢ of F* and define the Dirichlet character ; by

P (€4) = e(al/(p — 1)). Then

].GEB 09 @ 911 ZZO,
~— ~—
p(p+1)2/2  p(p2+1)/2 ]
p—
~ 0 o 0 e ¢ [ =—;
mdS () =4 <= = =~ =~ 2
(P2+1)/2  (p2+1)/2  p(P3+1) 3 5
p— p—
) R T N
(p+1)(p%+1)

5.1. The case of weight 3.
Let g = 2 and k = 3. We prove the following theorem.

THEOREM 5.4.
: 2 Lo 4
dim &3(I(p)) = §(p —1).
To prove this theorem, we show the following.
THEOREM 5.5.  For¢(—1) = —1, we have

3 wzzl;

dmwﬁwa{2W¢1

(5.5)

PROOF OF THEOREM 5.4 UNDER THEOREM 5.5. By Lemma 5.2 and (5.2), we
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know that dim E;(I72(p), ) is the number of the irreducible component of Ind$ () con-
tained in &(I"%(p)). Then Theorem 5.5 and (5.5) shows that Ind%0 up = E3(I%(p)),

whose dimension is (p* — 1) /2. O

Let us start to prove Theorem 5.5. Shimura proved the holomorphy of E3 w(Z) =
E3 ,(Z,0) in [Sh2, Theorem 7.1], by considering the Fourier expansion of E w|3J2( ).
Moreover one can write down the Fourier expansion of E (Z s) explicitly by the result
of Section 3-Section 5. From (2.4), the constant term of Ep7 (Z, s) is given by

14 81(4,0,3+25) > &G(V[(8)],0,3+s,5) + Sa(,0,3 + 25)6(Y, 0,3 + 5, 5).
(q1,92)=1

By Proposition 3.3 the second term is 0 for any odd character . For the third term, by
Theorem 3.1 we have

I'(2s +1/2)T'(2s)

§2(Y,0.3+ 5, 8) = (eonst.) X Fr g R /2N (s)T (s = 1/2)'

which has a zero at s = 0, while S3(¢, 0,3+ 2s) is 0 or at least finite at s = 0 by Theorem
3.4 and Lemma 4.1 (note that L(1,%) is finite since 1) # 1). Hence the constant term is
1. Similarly one can check that, for h with rank h = 1, &(Y, h, s+3,5)S2(¢), h,25+3) =0
at s = 0. As a consequence we have

o0
6 No¥ 2
s f X BEEE(L )
m=1(q, q)€z2/{£1} Y 2

(q1,92)=1

—(@2m)°® Y (deth)*?Sy(ih,h,3)e(hZ), (5.6)

heSym?(Z)*
h>0

here O'k( ) =X am¥(d P(d)d* and m’ = m/p°*d»™ for each m. Also this formula shows
the holomorphy of E (7).

We shall compute the value of E;E(Z ) € E(IE(p),v) at each O-dimensional cusp
of I3 (p)\Hz. By (5.6) we have

3 —
Co(E% 5(2)) = 1.
For the value at Jo, as is calculated in [Sh2], one can write
((detY)* EX2) | J2(Z, 5)

= det(Y)* > Y(det C) det(CZ + D)~*|det(CZ + D)|~2*
(C,D)eM32, D=0 mod p
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det(Y)*® 1 1
= I,S(k(w)s) Z HSg(w,h,k+23)§2 (pY, h,k—i—s,s)e(phX). (5.7)

h€Sym?2(Z)* q#p

If rank h < 2, Hq;ép S3 is finite at s = 0, while & has a zero at s = 0 thanks to the term
“Ty_g(B)~1” in Theorem 3.1. Thus we have

E;’E|3J2(Z) =0.

Finally we compute the value at M. It is hard to write down the Fourier expansion of
E2E|3M(Z>’ since at the cusp M, the “Siegel series” does not have an Euler product. In

order to compute CO(E;’E|3M(Z)), we use the relation (5.3). The formula (5.6) shows
that ’

(E (D) =erg(z)= D ddez+d)

(% 5)eP\IE(p)

whose infinite sum converges uniformly. Thus Co(E,) ¢|kM( ) = C(](62$|k‘]1 (z)) = 0.
As a consequence ’

1 v=1y4

Co(E> - = 5.8
o(E3 2137) {O g (5.8)

We shall construct other functions. For T € Sym?*(F,), put §(T) = (_22 12 ). Then
{6(T) | T € F,} is a representative set of IZ(p)\I¢(p)J2I¢(p). Fix v € I'§(p). Since
{0(T) v} resym2(w,) 1s also a representative set of IE(p)\I§(p)J2T§(p), for T; € Sym?(F,),
there exist u € I'j(p) and T; € Sym?(F,) such that §(T;)y = ud(T;). By a direct
computation we have {/;(u) = 12(7)_1. Thus if we put

Fi,= Y E3,LT), (5.9)

TeSym?(F))

then we have F3 o € Ms(IE(p),). Using (5.1) and (5.8), an easy calculation shows

Loy =Jo
O(F|py) =
0 y=1lor M.

Thus we have dim & (IZ(p), 1) = 2 by (5.4) for v? # 1. If 2 = 1, put

GS = Z w|3OL Cl,dg Z E ¢|36 dl) (510)

c1,d2€Z/p d1€Z/p

with
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00 0 -1 00 —1 0
10 0 0 01 0 0

dy) = dy) =
alend) =1 "1 g g PI=11 0 4 0
0 0 -1 ¢ 00 0 1

Here {a(c1,d2), B(dy1) | c1,d2,d1 € Z/p} is a representative set of Iz (p)\I¢(p)MIE(p).
Similarly one can show G® € M3(IZ(p), ) and

3 L v=M,;
Co(G®|37) =
0 7:14, JQ.

Thus E;’@, F[‘iw and G3 form a basis of E(I§(p),), which completes the proof of

Theorem 5.5. O

5.2. The case of weight 2.

In this section we consider the case of weight 2. First assume that 2 # 1. By using
the explicit formula, one can check that Eiw(Z) = Egjw(Z7 0) € Ma(I¢(p), ) (cf. [Sh2,
Theorem 10.4]) and Co(E} ,(Z)) = 1. Moreover (5.7) shows Co(E? ,]2J2) = 0. Thus we
have dim & (1% (p), 1) = 2, whose basis is given by {EZQ)@7 Fiw}7 where Fiw is defined as
in (5.9).

Next we consider the case ¥? = 1. For such a character v, one can check that
Eg,w(Z, s) is finite at s = 0, but not holomorphic in Z. Instead of considering E;w(Z7 0),
we consider

Epy(Z,s) = L(2+ 25,9)L(2 + 4s,9?) det (V) E2 ,(Z, 5),

following [BS]. As is shown in [BS, Proposition 5.2. b)],

B2u(2) = B*(2,- ) € Ma(T3(0).0)

for all even Dirichlet character . This fact can also be shown by using our Fourier
expansion.
We have the following two cases.

Case 1) 1 =1, is the trivial character modulo p. It is known that the space of elliptic
Eisenstein series (I (p)) is one-dimensional, and a basis is given by eg,lp (2,0), whose
value at each cusp oo and 0 is 1 and —1/p?, respectively. Thus the figure of the boundary
shows that & (I (p)) = 1.

Case 2) 9 = xp is the non-trivial quadratic character modulo p. Note that this case

happens only when p = 1 mod 4. Using Eﬁxw we can construct sz,xp and thxp similar

to (5.9) and (5.10) respectively. Then the values of these functions at the cusps are
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L y=1g —p =14

0 = M;
Co(By , l27) = 7 Co(F2, |27) =

SRR

1
2 v = Ju,

and

Co(G? . |27) = 0 for all 7.

PsXp

Thus we can get only one dimensional subspace in £2(I'§(p), xp). In order to get other
elements, we use the theta series. Let Q € M4(Z) be an even symmetric positive definite
matrix of determinant p, and set Q' = pQ~!. Put

0°2)= > e@tNQNZ), 09 2)= > e<;tNQ’NZ>,

NEM4,2(Z) NE]\/I4‘2(Z)

then it is known that 62, 9" € My(I'Z(p), xp) (cf. [An]). The values of #9 and 9 at
each cusp are given by

1 v =14 1 v =14
1 s 1 o
oL =" 7T ¥ ={ pp TN
1 1
= v = J2, —= v =Ja.
P P
However since
1 1 1
0 1 1
det VP pyp | =0,
1 1 1
p2p p?

E;Xp, 99 and 69" are linearly dependent in £2(I'2(p), x,). As a consequence we have
the following.

THEOREM 5.6.  Let ¢ be the even Dirichlet character modulo p.

2 P2 # 1
dim (15 (p),¥) = { 1 = 1p;
20r3 Y= xp.

Note that ¢ = x,, will occur only when p =1 mod 4.
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Finally we consider the case of I'?(p). First we study G-subspace in £2(I'?(p))
generated by {Ef,’lp} or {Eg’xp}.

LEMMA 5.7. (1) The subspace in E2(I'*(p)) spanned by {E§,1P|27 | v € I'?} is
p(p? +1)/2 dimensional.

(2) The subspace in E*(I'*(p)) spanned by {E} | |ov |~ € I'*} is p* + p dimensional.

sXp

PrROOF. We only show (1), for (2) can be shown similarly. Since Ef,’lp(Z) €
My (I5(p)), it suffices to consider the functions Ej ; |oy with v € I5 (p)\I"*. The repre-
sentative set of I'3(p)\I'? is given by

00 —-10
_ (0 -1z 2 |01 0 0
{'y(T)—<12 T>‘T€Sym(Fp)}H 0(s,t) = 1s ¢t 0 s,tel,
00 —s 1
000 -1
100 0
IT ¢ &(u) = 010 u uelF, p {14}
001 O

For A € Sym?*(F,) we put Fa(Z) = > resym2(r,) €(—AT/p) Eg’1p|2'y(T) and X =
[A € Sym3(F,) | Fa(Z) # 0}. Then (B2, [oy(T) | T € Sym*(F))c = (Fa | A €
X)c and {F4}acx are linearly independent since each F4 belongs to relatively distinct
simultaneous eigen-space under the action of U = {(102 17; ) erl 2}. Now looking at the
value at each 0-dimensional cusp of I'*(p)\Hs, we have X = p(p? + 1)/2.

Next we consider the set {y(s,?)}. Put Ga,s = 3 cx, e(—ozt/p)Ef,!lpbw(s,t), then
(Bj 1, 12v(s,t) | 5, € Fy)c = (Gays | a;s € Fp)c. Moreover by looking at the value at
0-dimensional cusps, we can check that G, s coincides to constant multiple of F)4 with
A=a(]2)-

For the set of {{(u)}, let Ho =}, cp e(—au)E§’1p|2§(u). Also we can show that
H, equals to the constant multiple of F4 with A= (7).

Finally one can check that F/yq,\ = pE}%’lp. As a consequence we have

00
dim(Ep 1 |27 | v € I5(p)\[*(p))c = X = p(p* +1)/2. This proves the lemma. O

Now we decompose the space E2(I'?(p)) into the irreducible representation of G. If
p =1 mod 4, it is the sub-representation of

lc @0 &0 6halode O 2
0<i<(p—3)/2

l: even

Indg lag Indg Xp

if p =3 mod 4, it is the sub-representation of
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lcabhoine B 20
N——————

0<I<(p—3)/2

G
Indj 1o l: even

The formula (5.2) says that the number of the irreducible components appearing in
Ind$ ¢ N (I (p)) equals to dim E(IE(p), ). If ¥? # 1, then md$ ¢ = Ind§ ¢! =
xs(l) for some I, thus every xs(l) appears 2 times in & (I'?(p)). For the contribution
of Indg 1g, Theorem 5.6 shows that only one of {1g, 6,011} appears in E(I%(p)), it
must be 611 by the above lemma. Finally for the contribution of Indg Xp (it occurs only
when p = 1 mod 4), all or two of {03,604, P9} appears in E(I?(p)). The above lemma

shows that & (I'2(p)) contains By, thus dim(E (2 (p)) Nnd% (x,)) = (p+ 1)(p* + 1) or
(p+1/2)(p? +1). As a consequence we have the following.

THEOREM 5.8. (1) If p=3mod 4, then

dim (I (9) = 5+ (5 —p = 3).

(2) If p=1mod 4, then

dim & (1% (p)) = %(p2 +1)(p* —p—3) or %(p2 +1)(p* —p—4).

OPEN PROBLEMS. At present, the author cannot determine whether
dim & (I (p), xp) is 2 or 3. If dim E(LF(p), xp) were 3, we need to construct a func-
tion by another method. On the other hand if dim & (I (p), x,) were 2, it seems difficult
to show that, since we can only show dim & (I (p), xp) < 3 by the structure of the cusp.
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