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Abstract. A construction of general formal solutions for members
(Py)m (J=1I,IV) of the second and the fourth Painlevé hierarchies with
a large parameter is discussed. We also investigate a relation between formal
solutions of (Py)m (J =1I, IV).

1. Introduction.

For the traditional Painlevé equations with a large parameter 7, in 1990’s, T. Aoki,
T. Kawai and Y. Takei constructed formal solutions with two free parameters called
instanton-type solutions and they succeed in giving the concrete descriptions of the Stokes
phenomenon and the connection formula among these solutions (see [11], [6], [12] and
[10]). Since this success, from a viewpoint of the exact WKB analysis, the higher-order
Painlevé equations have been studied in the series of papers [9], [13] and [14]. T. Kawai
and Y. Takei [14] established structure theorem for instanton-type solutions of Painlevé
hierarchies near simple P-turning points of the first kind and instanton-type solutions
are expected to be suitable formal solutions for the description of Stokes phenomenon
of Painlevé hierarchies with 7. The construction of such solutions has been studied in
[1], [6], [10], [19], [21] and [2], and so far the existence of the solutions for Painlevé
hierarchies (Py)y, (J =1, II, 34, IV) has been proved by the method which is based on
their Hamiltonian structures (see Y. Takei [21], [15] and [16]). On the other hand, there
is another method to construct instanton-type solutions. The solutions of traditional
Painlevé equations with 1 were constructed by multiple-scale analysis (for example, see
[1] and [10]). Recently, T. Aoki, N. Honda and the author [5] showed how to implement
the concrete computation of instanton-type solutions for (Pr),, by the multiple-scale
analysis and gave the explicit forms of the solutions. The concrete forms of instanton-
type solutions of (Piy),, and (Prv )., have not been obtained yet. We are interested in a
question: What kind of classes of differential equations can we apply the method given in
[5] to? In this paper, following [5], we construct instanton-type solutions to (Pi)., and
(Prv)m- More specifically, we first introduce a new auxiliary variable 6 and rewrite (Ppy)p,
and (Prv)m in the systems described by generating functions of their unknown functions.
Then we consider our problem in the expanded space A(Q2) consisting of formal power
series of # with suitable coefficients and construct instanton-type solutions of (Pyr),, and
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(Prv)m so that the solutions are expressed by proper generating functions in A(£2). In
the paper, it is interesting that we show not only the concrete forms of solutions but
also the shared algebraic structures between (Pj),, (J =1, II, 34, IV) which appear in
the procedure of the construction of solutions. As is shown in [5], (P;),, is associated
with a system of partial differential equations expressed by the characteristic map @
and, thanks to the map @, the system has a special multiplicative structure which plays
an essential role in the construction of solutions. This fact is a key of success in the
construction of solutions for (Fr),,. This paper clarifies that (Pr1),;, and (Pry)m, also
have the completely same structure as what we stated for (P),,. In addition, we see
that instanton-type solutions of (Pip),, and (Prv),, are transformed each other by the
replacement of the corresponding variables. (See Theorem 6.1 below for more precise
statements.)

The rest of this paper is organized as follows. We first construct instanton-type
solutions for (Pr1)m,. In Section 2, we give the explicit form of (Piy),, and some results
concerning its 0-parameter solution by using generating functions. In Section 3, we begin
with considering a linearized equation of (P),, along its O-parameter solution. We also
investigate its algebraic structure (cf. Lemma 3.1) and the system of partial differential
equations associated with (Pir)y, is given by (45). In Section 3.3, we observe that the
system is simplified by results in Section 3.2. To obtain the leading and subleading terms
of solutions, we need to see the first member (€;) of the non-secularity conditions which
naturally appear by the multiple-scale analysis. Although (&) is a system of non-linear
equations with 2m unknown functions, we can solve globally the system (see Section
4). As a matter of fact, we have the explicit forms of the leading and subleading terms
of solutions for (Piy),, in Lemmas 4.1, 4.4 and Proposition 4.8. In Section 5, we prove
that the higher-order terms of solutions can be constructed and we obtain our main
theorem (Theorem 5.3). In Section 6, instanton-type solutions of (Prv )., are obtained
and the relation of solutions of (Piy),, and (Pryv)m, is given by Theorem 6.1. For the
sake of completeness, in the appendix, we give some long proofs to be needed in previous
sections.

ACKNOWLEDGEMENTS. At the end of the introduction, the author would like to
express her sincere gratitude to Professors N. Honda and T. Aoki for many valuable
advices. The author is also grateful to Professors T. Kawai, Y. Takei, T. Koike and their
students for the comments given in RIMS symposium on algebraic analysis. The author
would like to thank the referee for reading this paper completely and for giving her the
helpful advise.

2. The second Painlevé hierarchy in terms of generating functions.

For m =1,2,..., the m-th member (P),, of the second Painlevé hierarchy with a
large parameter 7 is given by T. Koike [15] (See also [7]):

4y
dt
d’Uj

EZQ(Uluj_FUj-H —‘y—U]j)—ZCle, j=12,....m

= —2(uu; +vj +ujp1) +2cjur, j=1,2,...,m,

-1
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with w11 =yt and v, = K. Here uj, v; are unknown functions of ¢ and ¢;, y(# 0), &
are constants, and w; denotes a polynomial of ug, v; (1 <k, I < m) recursively defined
by

j—1 J 1 Jj—1 j—1
w; = E Uj_ Wk + g Uj_ 410k + 3 g Vj_ kU — E Cj—kWk- (2)
k=1 k=1 k=1 k=1

As is mentioned in [15], if we set m = 1 and ¢; = 0, then we have the traditional second
Painlevé equation Pjp with a large parameter 7 given in [10]:

d?u

P 1*(2u° + 8ytu + ¢), (3)

where u = —2u; and ¢ = 8k + 4n~1y. In [8], the parametric Stokes phenomena for
1-parameter solutions of (3) are deeply studied by the exact WKB analysis.

2.1. The form of (Pi1),, by generating functions.
Following the idea of [5], we represent (P1),, in terms of generating functions of u,
vk, wi and ¢ (k=1,2,...) defined by

U) := Zu;ﬂk, V() := kaek, wW(8) = ZkakH and C(0) := chHk, (4)
k=1 k=1 k=1 k=1

respectively. Here 6 denotes an independent variable. Using generating functions, we
have the following system:

dUu

nt—0=2(u(1-U+C)—-U-V0),
. (5)
nflﬁe =2(—v1(1-U+C)+W+V)
with
B 1, . 20V +V2

Putting (4) into (5) (resp. (6)) and comparing the coefficients of 6% (2 <k <m + 1) on
the both sides, we have (1) (resp. (2)). In what follows, by A = B we mean that A — B
is zero modulo #™*2 and we consider

w(l-U+C)o—-U-VH
n‘li (Ue) =2 20V + V20 (7)
a\vVe) |\ —v(1-U+C)+-————+V
nd=U+O0+ oy *
with the condition that the coefficients of #™*! of U and V are equal to vt and x
respectively.
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2.2. Generating functions of O-parameter solutions for (Pi1)m,.
Equation (1) has a 0-parameter solution of the form

up(t) = 0T (t), we(t) =Y nlik;(t), k=1,...m. (8)
j=0 j=0

The construction and existence of 0-parameter solutions for higher-order Painlevé equa-
tions have been deeply investigated by [9], [3], [4], and we know that the higher-order
terms 4y, j, Ox,; (j > 1) of (8) can be obtained uniquely once the leading terms dy, o, Ok,0
(1 <k < m) are determined by the following system of algebraic equations for iy o, O,0:

—(G1,0Tk,0 + V0 + Urt1,0) + culino =0, )

(01,0Uk,0 + Vpt+1,0 + Wko) —ckl10=0, k=1,2,...,m

with y,41,0 = vt and Opyq1,0 = k. Here Wy o is defined in the similarly way as that of

wyg by (2).
We define the generating functions of leading terms ; ¢, 0;,0 (¢ > 1) of (8) by

do(0) ==Y o' and o(0) = ;00" (10)
i=1 =1

respectively. By (10), the system (9) is rewritten in the form

o + Vob

. 20009 + (ﬁ0)29
1—d9+C

2(1— g + C)

u1,00, :@1’0(1 —’LALo—l—C)e—?A]o (11)

with @10 =yt and U410 = . The above equations imply

R . 1+0)2
1 T S Chl) b 12
(1 +41,00) 01,00 (—t9+ C) (12)
Hence, we have
o= (1+0)(1- !
to = (1 + ﬁ1’09)2 — 2@1’092 ’
(13)

o X 1
ot = (14 C) ( R mtoe)\/(l + ti1,00)? — 2171,092)

As is shown in (13), 4o and 0y are determined once 44 ¢ and 91,9 are given. Noticing that
Um+1,0 = vt and Up41,0 = K, we determine 4; 9 and 01 o so that the coefficients of gmtl
in 4o and 99 of (13) are «t and &, respectively.
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3. Multiple-scale analysis for (P1),, with generating functions.

We first prepare some definitions. Let « be a negative real number and 7 :=
(T1,...,Tm) be m-independent variables. We denote by {2 an open subset in C; sat-
isfying the conditions (S1) and (S2) which will be given later in Section 3.2. Then the
solution space to which formal solutions of instanton-type of (7) belong is defined by

Aa(Q) = M(Q) |:|:77a671a cee 7,]70567',”, 77016771 L) 77066777”, 9:|:| )
(14)

AS(Q) = 0(0Q) Hno‘eTl e, n¥etm  nYeT T L n%eT T, 9” ,

where M(Q) (resp. O(Q?)) denotes the set of multi-valued holomorphic functions with
a finite number of branching points and poles (resp. holomorphic functions) on Q. We
also denote by A, (Q) (resp. A2(Q)) the subset in A4 (Q) (resp. A2(Q)) consisting of a
formal power series of order less than or equal to a with respect to 1. The subsequence
arguments go well if « satisfies & = —1/k for an integer k > 2. For details, see Lemma
3.2 in [5]. Hence, from now on, we fix & = —1/2 and abbreviate A, () to A(€).

In this section, by multiple-scale analysis with generating functions (cf. [5], [10]),
we compute the system of partial differential equations in A(Q) associated with (7) and
study the algebraic structure of (Pir)m,.

3.1. A linearized equation of (Pi1),, along the leading term of the 0-

parameter solution.

We consider a linearized equation of (7) along (4o, 9g) defined by (10). Let u; ;o and
Vija (i,j > 1) be unknown functions of the variable ¢t and we define (u,v) € A%(Q) :=
(A(9)) by

u = ZZui’ja(t) ol i, vi= ZZvi’ja(t) 9l i, (15)
i=1 j=1 j

i=1 j=1

We also define 0¥ (u) (resp. of(v)) by the coefficient of 6% in u (resp. v). Then (7) is
transformed, by a change of

U=110+(1—110+C’)u, V=ﬁ0+(1—ﬂ0+0)v, (16)

into the system of non-linear equations for (u,v):
d (4 d d U
-1 0 -1 ~ N
— 0 —(1— 1— — 0
Ul (vo) +n <dt( o+ C) +( u0+0)dt) (U)
—o(1_ & (0% (u) — dy0u —v)0 —u —of (u)u
=200 —do+ C)( ((—af(v) + 201 ou + 1 0v)0 + v + ol (v)u 0

~ 1 0
+(l—a+0) <2u(ﬁ1,ou + 11,0v)0 + (2uv + U29)> ' "
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Here we use (11) in order to obtain (17). Dividing (17) by 1 — 4y + C, we have

_p (@ -1 da\ (u
n (5) 0+mn <Q+ dt) (v) 0
=9 (09 (u) — t1,0u — v)0 —u P —of (u)u 0
(—of(v) + 201,0u + Gi1,00)0 + v ad(v)u
L 0
" l—u <2U(171,0U +11,0v)0 + (2uv +0%0) )’ (18)

where ¢ and 0 are defined by

d/dt(—io)

d N
0: f(log(l — Ug + C)) and 0 := m,

T dt (19)

respectively. A characteristic feature common to (P1)m, (Pi1)m, (Psa)m and (Pry)m, is
that the systems obtained as above are described by their special maps @@ and each map
is defined by the leading term of the right-hand side with respect to . Now we confirm

this fact for (Pr),. Let us define © by the set of formal power series of 6 without
constant terms and the map @ : (00)? — ©2 by

(0f(z) — a0z —y)f — =

¢ <Z Z> =2 <(—Uf(y) + 2010 + G1,0y)0 + y) (20)

for any x = 3772, z;607, y = Py y;67 € ©. Then Eq. (18) can be written in the form

Qe ) )

=« (Zg> +2 <_a?)(§juiu> +1 - " %(—v,mc) <Z§> + (09w + od (e | Y

and (21) is equivalent to

(-0 ()= (5 ()-e(2)

Here g, § and S(u,v) are defined by (19) and
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S(u,v) := %(—U,U)Q <Zz> + (0 (w)v + 309 (v)u)6, (23)

respectively. To obtain a solution of the original system (1) from (22), noticing (16),
we naturally impose the condition that the coefficients of 6™+ of (1 — 4 + C')u and
(1 — 4 + C)v are identically zero.

3.2. The algebraic structure associated with Q.
Let us obtain the eigenvector (r,y) € ©2 corresponding to an eigenvalue A of @ in
the sense of

0 . — —
Q (g;o) =A (;) 0 with x= ijef, Y= Zyjej. (24)
j=1 j=1

By the definition of @, (24) has the form

o (5) = (G465) &

Here E and M (\) are defined by

E= ((1) ?) and M()) = (ﬂl’o;glfjm - fl(A/Q) ) (26)

respectively. By the assumption det(E + M (X)0) # 0, (25) is solved. Let us try to find
g(\) so that the following relation holds.

() =5 v o= (i) .

that is,

x(A)

T—gNo = (E+ MM\)0) " x(N).

It is sufficient to find g(\) satisfying M(A)x(A) = —g(A)x(A) below.

(104 5 )ota) + o) = ~g(et o),

A

20n001(2) + (00 - § )0l ) = ~a(Nat ).

Eq. (28) is solved and by of(z) # 0 we have
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) S , AN,
g(A) = —t10% T + 2019, oi(y)=| - 5 T vy + 2019 ) o} (). (29)

Note that 1 — 0g(\) = det(E 4+ M(\)0) # 0. Therefore we obtain

1
x 0 0
= 2 x o¥(z). 30
(y) 1—0g()) —%? %+2@1,0 1(7) (30)

Taking (30) into account, the eigenvector A(X) corresponding to an eigenvalue A of @
has two forms determined by the choice of the signs & of g(\) as follows.

, __ 0
A= (L4 ) it a) = g (31)

where p(A) and g(\) are given by (i) or (ii).

. A A2 . . A2 .

i) p\) = —3 + T + 2010, g(A):i=—U1,0— T + 201 0. (32)
. A [ A2 N N [ A2 .
(ii) p(N) = 5\ + 2010, g(A) = —t1,0+ T + 207 0. (33)

Remark that the difference of the choice of (i) and (ii) has no effect on the procedure
of the construction of solutions in the rest of this paper. However, after we construct a
solution, if we substitute the values p(A) and g(\) for the solution, the difference might
be seen in the coefficients of the solution. For example, as is shown in Remark E.3 (see
Appendix E), when we put p()), g()) into Ji and Ry, then the difference may appear in
the coefficients of the non-secularity conditions. Hence there is a possibility that (Piy),
has instanton-type solutions of two forms determined by the choice of (i) and (ii).
The following relations are often used later.

(59
(aay) = =540 = A=,

Next we explain how to determine A. We construct the solution (u,v) for (22) so that
it is expressed by A()). By the condition that the coefficients of ™1 of (1 — @y + C)u
and (1 — 4p + C)v are identically zero, those in (1 — 49 + C)A(A) are zero. Hence the
following equation must hold.

g™ = (ko — ex)g(N)™F =0, (35)

k=1
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where 40 and ¢, have been defined by (8) and (1). On the other hand, by (29), g(\)
satisfies

. A N
g(A)? +2d1 9 g(N) — T + (fi1,0)* — 2010 = 0. (36)

We determine A so that the resultant of the following two polynomials of X equals zero.

m

X" = (ko — )X F =0,

=1 (37)
)\2
X%+ 211,0X + (ﬂLQ)Q BV 201,0 = 0.

We remark that the resultant coincides with the characteristic equation of the Fréchet
derivative of (Ppy),, at its O-parameter solution. For the details, see Appendix A. Noticing
that the resultant becomes an even polynomial of A\ and its degree is 2m, we define
vi1(t), ..., vem(t) by the roots of the resultant with v_; = —v,. Throughout this paper
we always suppose conditions:

(S1) The roots v;(t)’s (1 < |i] < m) are mutually distinct for each ¢ in €, i.e. t is neither
a turning point of the first kind nor a turning point of the second kind.
(S2) The function pivy(t) + -+ + PmVm(t) does not vanish identically on € for any

(plv s 7pm) ez™ \ {0}

It follows from the specific form of a(\) that we obtain the following lemma.

LEMMA 3.1. 1. Forany k #j (1 <k, j <m), we have

1

m(a(’/k) —a(vy)). (38)

a(vy)a(v;) =
Furthermore, for any integers 1 < iy <is < --- < i < m, we get

a(viy) - a(vy,)

Note that these equations are strict (not =).
2. For any 1 < k < m, we have

a(vp)? = Z hi ja(v;), (40)

where hy, ; are defined by
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Hllé;é%m,(g(’/k) i) _ m .
"o = Mo =g U7 e 2y gy O
1#i 12k
3. We have
aagtxk) = 9(n)' Y njalvy), (42)

where g(v) denotes the derivative of g(vy) with respect to t.

The proof of Lemma 3.1 has already been given at Appendix A in [5]. The multi-
plicative relations in the lemma are common to (Py),, (J =1, II, 34, IV) and the more
common structure of (Py),, (J =1, 11, 34, IV) is well understood when we compare this
subsection with Section 3.2 in [5].

3.3. The system of partial differential equations associated with (Piy),.
We define the morphism ¢ by

t t
() = 1/)(7]/ vi(s)ds, ... ,77/ Um(8)ds, t, 0, n) (43)
for (71, ..., Tm, t, 0, n) € A(Q). Let us go back to (22) and replace d/dt in (22) by
0 0 0 0

Then we have the system of partial differential equations associated with (Pii)m.
(@)= (3 (oor()
0 () o () +a ()
+ n_1u<g + ;) (Z) 0. (45)

Here the operator P is defined by

0

(97'2 (46)

0
P = T — &, T = a .
Xr —@Q Xri=tg o+ o
For a solution (u,v) € A2%(Q) of (45), (¢(u),t(v)) becomes a formal solution of (22).
We recall the definition (cf. [14], [21]) of instanton-type solutions for (Pir),, in our
formulation.
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DEFINITION 3.2.  We say that a formal solution (U, V') on Q of (7) is of instanton-
type if (U, V) has the form (g, 90) + (1 — g + C)(¢(u), t(v)) for (u,v) € A%(Q) which is
a solution of (45).

In the rest of this subsection, we see that Lemma 3.1 neatly manipulates the alge-
braic structure of (Ppp),, and the computation of non-linear terms of (45) is extremely
simplified. Now we assume that an element (u,v) in A?(Q) has the expansion

Y = E fe(rt;n)A(vg)  with  fi(7,t;n) 122 Srja (T, E)P7 . (47)
v
1<[k|<m j=1

We remark that A(vy)’s contain 6 and fi’s are independent of 6. By putting the above
expansion into (45), we obtain some results which imply that the right-hand side of
(45) is written by a linear combination of eigenvector A(vy)’s. In what follows, for the
simplicity, we use the notation below.

prg = p) +p(vs)  (Tk,Vj € Z), (48)
where p(vy;)’s have been defined by (32) or (33).

ProrosIiTION 3.3.  We have

(_?S’U(i(,l;))ug) ! <§) 0= Z i(Ak(t) + 0 (ep(v_k) — 6k)) A(v)0.  (49)

14
1<|k|<m k

Here Ak (t) is expressed by

Ag(t) == -2 Z (W(Pk,jfkfj + ok forfoj)+ kakfj)

1<i1<m, N VRV
ki 20
+ > vihindif-i = 23pr-k + i) fuf -k, (50)
=1

where hj have been given by (41) with convention hj . := hyj| x|, and Vi, o (k > 0) are
multi-valued functions of t satisfying

Y—k = Yk, (Lk = 5k (1 § k S m) (51)
More precisely, see Appendiz B.

Proor. This is proved by Lemmas 3.4 and 3.5 below. O

LEMMA 3.4. We have
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(k)

Here Ak (t) has been defined by (50).

> iAk(t)A(yk)o. (52)
1<lkj<m 7k

Proor. Note that Q(A(vg)0) = v A(vi)0 (1 < |k| < m) holds. Taking (38) and
(40) into account, we have

e ()

=1 2wl u)Am
1< [k|<m
=3 Y wdkleta)u— v

1<[k|<m

ST wlpwr) — pwy)) frfiavi)a(v;)0

1<[k|<m 1<]j|<m

> 2P o)+ 9(05)+ 20 ) al) = a0}
1<[k[<m, J
R

=D Vil hika(vi)f
j=1 k=1

Vi
= > o eadidilaln) —a(r) - S VAT me
1<|k|<m, i=1

1<]j[<m,
k+j#0

= Y B ftia(n)d - Zv2fjf- tha V)0 (53)

Vi + v
1<|k|<m, j=1 k=1

1<]j[<m,
k+j5#0

In the same way, noticing o¢(u) = 21<lj|<m [ and of(v) = 2o1<|j|<m P(¥j)[j, we obtain

= Y > swhefia) + Y e fef-ralvr). (54)

1<|k|<m 1<|j|<m, 1<|k|<m
k+3#0
301 u =3 Z Z VJ fkf] l/k —|—3 Z l/ k fkf_ka(ljk) (55)
1<|k|<m 1<|j|<m, 1<|k|<m
k+37#0

It follows from (53), (54) and (55) that we have
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S(u,v) = Z Z (2(21/16-5-1@)%7]. - 2p(1/k))fkfja(uk)9

Ve + V;
1< |k|<m 1<j]<m, N
k-j 70

+4 > pw) fef-rawi)d =D > vkt f-ja(vi)6. (56)

1<|k|<m k=1j=1

Hence, using the second equation of (34), we have

<5(3 )> = 3 LRamame, (57)
’ 1<[k|<m
Apa(t) == ) W(pk,jfﬂj ki fkfj)

1<ljl<m, T

k370

+2 > (pwe)frfi + p(voi)f-rf—i) = Apr—kfrf-r+ > vihixfif—;.
1<]j|<m, i=1
k+3#0

Finally, the following fact is shown by the first equation of (34).

—2ucf ()0 1<
(T = ¥ SReamame, (58)
1<|k|<m
Ara(t):==2 > pvoi)(fufi + f-f—j) = 4p(v—r) frfx.
1<]j[<m,
k+j#0

Therefore we can see
Ag(t) = Mg (t) + Ag 2 (0). (59)
This proves the lemma. O

Let us continue to calculate the second term on the right-hand side of (45).

LEMMA 3.5. We obtain

<§> = Z Vi(vkp(ka) — 0r)A(vk), (60)

1<|k[<m "
where vy, and 0y are multi-valued functions of t satisfying (51).

PrOOF. By (12), the following equation is shown.

(1 +@1,00)* — 201,00%) (1 — Gp + C)* = (1 4+ C)%. (61)
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Taking the derivative of the above equation with respect to ¢, we get

(1 0)2 — 26, 06%)
o= (1 +1,06) %”). (62)
2((1 + U 09) — 21}1’092)

Using the first equation of (11), we also have
68 = —(1 4 11,00)p — (11,0)'6. (63)
Hence, putting (62) into (63), we see

5= —(010) (L + a1,00) + 2(d1,0) 01,0

0. 64
(1 + 1)1709)2 — 2{]17092 ( )
On the other hand, as p and § can be written in the forms
0= (t)a(vy) and 5= dk(t)alws), (65)
k=1 k=1

we have

i ()  —=(t1,0) (1 +01,00) + (010)'0
—0g(vk)  (1+10100)2 — 201062
(66)

i 0k () _ —(01,0)"(1 + 11,00) + 2(ti1,0) 01,00
— 1 (14 41,00)% — 207 002 '

We solve the systems obtained by comparing the expansions in 6 of (66), then we have
v and 0. For the explicit forms of v and dj, see Appendix B. Finally (60) follows from
(34) and (65), and the relation (51) can be verified. This completes the proof. O

Similarly, we also get Proposition 3.6 whose proof will be given in Appendix C.
PROPOSITION 3.6. We have

u <§) = Y 1<Z(VjP(V—k) = 0)(f5 + f=i)hjx

g \
1<|k|<m j=1

(ipW—r) = 0;)(fi + f-r) + (p(v—r) = k) (fi + F-5) | 4.,
: Z 9) — 90v5) >A( K60
J#ik

and obtain
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0 (u 1+ Ofr
— = —A — A . 68
g () 3 ( o+ 2 4w (63)
1<|k|<m

Here Ay, has the form

Y (pr—i) = p(v)g(vs) byt

1<]j1<m,
j#Lk
0, Op(v_
+ ( pé:k) + ng(l/k)/hk,k) e — %f—k- (69)

4. The first member of the non-secularity conditions.
In this section, we get the leading term fj o and subleading term fj 2o of (47).

4.1. The leading and subleading terms.
Substituting (47) for (45) and looking at the coefficient of n*, we have

P ( 1<|;<m FralT, t)A(uk)0> = (g) . (70)

Since KerP is equivalent to the subspace generated by the vectors n®e™ A(y;) over
M()[[n71]], the following lemma holds.

LEMMA 4.1.  We obtain a solution to (70) of the form
fra=wMe™ (1< |k < m). (71)

Here w,il)(t) s (1 < |k| < m) are arbitrary functions of t.
The corollary below follows from the above lemma.

COROLLARY 4.2.  The leading term (o(u), 07 (v)) of (u,v) € A2(Q) is given by

ol (u) = Z (w,(:)eﬂ‘ + w(_l,ie’”“)a(z/k),

k=1

- (72)
ol(w) =Y (p)wVe™ + pr_r)wle ™ )a(wy).

ol
Il
-

In what follows, we abbreviate w,(cl) towg (1 < |k| < m) and we decide wy’s containing

free parameters by the first member (€;) of the non-secularity conditions. Specifically,
we first solve the equation for fi 2,. Next we calculate the equation for f 3., then the
terms containing e™ A(v) (1 < |k| < m) appear in the right-hand side. The (&) is the
condition that the coefficients of e™ A(vy) (1 < |k| < m) are zero and (&) becomes the
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system of non-linear differential equations for wy’s. By solving (£;), we have the explicit
forms of wg’s. The reason why we determine wy’s by the non-secularity conditions has
been explained in [5] and [10].

Now let us calculate the form of f 24.

LEMMA 4.3.  The fi 24 satisfies

P( > fk,QaA(ukw)

> iAk,za(t)z‘l(uk)ﬁ. (73)

Vg
1<|k|<m 1<[k|<m
Here Mg 20 is defined by
2V + Vs )
Ap2a(t) == —2 E 7]/);9,]- + vk wkwjeT’“J”J
Vi + v
1<[|<m,
k437740
U + v, P
P> + TPk W kw e
Vs
1<jl<m, kY
k+j#0

+ Z Vihjpwiw_j — 2(3pk,—k + Vi)wrw—k + Vkp(V_k) — Ok, (T4)

where hj i have been defined by (41).
PRrROOF. Proposition 3.3 immediately implies the lemma. O
LEMMA 4.4.  For any k (1 < |k| < m), we obtain
2u, +v; 1 )
froa=-2 > (Mp;w + )wkwje”‘*”
1<z, NV ) Y
k4570

+2 E p f—j W_gw_je k7T
l/k + V

1<|J\<m,

k+3#0

1 m

Y] (; vihjrwjw—j — 2(3pk,—k + Vk)wkw—k>
1

= =5 (p(v—k) = k). (75)
Vi

Proor. Taking (73) into account, we see that fi 2o (1 < |k| < 'm) satisfies

(r — i) fralt,7) = VikAk,Qa(t), (76)
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where . is the first-order differential operator with respect to 7 given by (46). Looking
at the form of Ay 24, we seek for fj 2, in the form

m

fr2a = Z (I (v, v )wrw; €™ T + Iy (vg, v )w_gw_je ™) + Zlg(uk,l/j). (77)
1<|jlI€m, Jj=1
%k

Here the coefficients 11 (vg, v;), lo(vk, v;) and l3(vg, v;) are unknown functions of v;’s. As
Q(A(v;)0) = v;A(v:)0 (1 < |i] < m) holds, we have
(- = V) fr2a(t, 7)
= Z (vl (v, vj)wrwje™ T — (2uy, + v)la (Vk, v )w—kw—je TFTT)

1<)jl<m,
i#—k

— v Z Is(vi,vy). (78)
j=1

Clearly the coefficients are obtained by (74), (76) and (78). This completes the proof of
lemma. g

4.2. The first member of the non-secularity conditions.

As mentioned previously, the first member of the non-secularity conditions is ob-
tained by seeing the right-hand side of the equation for fj 3,. We first compare the
coefficients of 3* on the both sides of (45), then we have

P( > fkﬁgaA(z/k)H)

1< |k|<m

= (—Ta, Ua)Q (Z;Z g) + %(—T)a,aa)Q (Ua Z)
0

0

- (ﬂa(of(ﬂa)ﬁa + ai’(%)%))

0(= 53 0/~ _ ~
—01 (g Uz — 07 (20 )Ua B g T,
2 <U?(u2a)va + 09 (0o line + 209 (V2g ) ta 4 0+ o - 0. (79)

Here we set u;, 1= 07}, (u) and U, = 0], (v) (j = 1,2). The following lemma simplifies

(79) (See Appendix D for the proof of Lemma 4.5).

LEMMA 4.5. We have

(_@aaﬂa)Q <U2a 9) + ai _T]avﬁa)Q <Uoz z> + Uq (U?(ﬂa)@a + U?(T)a)aa)a

Uog 0
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_ _ 4
= 00 — 0lla + ) > ;j(p(Vk) = p(vi))a(ve) fi.afjafrab, (80)
1<|k|<m, 1<]i|<m,
1<|jl<m ALk

where o and § have been defined by (19).
As a consequence of Lemma 4.5, we can reduce (79) to

P( > fk,3aA(Vk)9)

1< k|<m

0/~ \- 0/~ N\~ _
— _Ul (ua)u2a - 01 (UZQ)UQ _ o _ 9 %
=2 <of(uza)va + 00(Ba )ise + 209 (Bo)in ) |~ " \6 ) " 31 5, ) ©

2SS () - s frafsa e

. - VV;
1<|k|<m 1<]j|<m 1<]i|<m,
itk

= (p(v=i) = pv—i)) f=i.af—j.af—k.a) A(i)0. (81)

We have the following proposition by Lemmas E.1 and E.2 which will be given in Ap-
pendix E.

PROPOSITION 4.6.  For any k (1 < |k| < m), there exist functions p(k,j) of the
variables vy ’s and multi-valued functions Jy and Ry of finite determination in S satisfying
the conditions

ok, j) =o(=k,j) A<j<m), Jp=J, Rp=R_ (%)

such that the coefficient of e™ A(vy) on the right-hand side of the equation for fi sa is
given by

m
dwk

1 .
( > ok, flwjw_j + I — VkRk>Wk - —. (82)
Ve \ o dt

Therefore the first member (£7) of the non-secularity conditions is obtained.

THEOREM 4.7.  The first member (€1) of the non-secularity conditions has the
following form: For any 1 < k <m,

dwk 1 Zm .
dw_y, 1 (&
= —— - ] W _ 4 _ — — 4
- ” (j§=1¢( k,jlwjw_j +J_p + R k)w ks (84)

where @(k,j), Ji and Ry, satisfy the condition (x) in Proposition 4.6 and their concrete
forms are given by Remark E.3 in Appendiz E.
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4.3. Global solvability of the first member of the non-secularity condi-

tions.

Thanks to the condition (*) given in Proposition 4.6, the first member of the non-
secularity conditions can be solved globally except for turning points. Similarly to the
case of (P).,, by multiplying (83) (resp. (84)) by w_j (resp. wg) and summing them up,
we obtain

= -2 _ .
gt Rywy (t)w—k(t) (85)
Therefore we have, for a constant by,
t
wr(w_ g (t) = beexp (- 2 / Rk(t)dt), L <k<m. (86)

Putting (86) into (83) and (84), we obtain the following system of first-order linear
homogeneous differential equations for wy (1 < |k| < m):

dwk 1 " . ¢
T (}_1 o(k, j)bj exp ( — 2/ Rj(t)dt) +Jk - VkRk>Wka (87)
dw,k 1 m . t

- = _Tjk, jEZl <P(—k7])bj exp| —2 R; (t)dt ) + J_p + vpgR_k |w_k. (88)

We can solve the above system and we have

wip = B Sk (1), wop = BU)S k1 (D), (89)
t m t
Sk (t) == exp (/ :}C(Z@(k,j)bj exp ( — 2/ Rjdt) 4+ Ji — VkRk>dt),
j=1
(90)

toq o t
S_ka(t) :=exp (/ V]€<Z @(k, )b, exp ( — 2/ Rjdt> + Jg + I/kRk) dt)
j=1

for 1 < k < m. Note that the product of wy and w_j, satisfies (86), we see ﬂ,(cl)ﬁ(_lg =b
Hence we have the following.

PROPOSITION 4.8.  The system (83) and (84) has the multi-valued holomorphic
solution wy on Q in the form

t
Wi = ﬂ,s )exp (/ (ZW k)3 1)5(1) exp <_2/Rjdt> + Ji —z/kRk)dt>,
(91)
1 [ t
Wk —ﬂ(kexp (/ o <Z(p k; j ﬂ(l)ﬂ(l exp (— 2/R]dt> +Jk+l/kRk>dt>
Jj=1
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for1<k<m.

5. Construction of higher-order terms of instanton-type solutions for
(Pr1)m.-

We prove that we can construct the higher-order terms of (47) by induction, and
hence the existence of instanton-type solutions for (Pip),, is shown.

Assume that {(> 2) is a natural number and f; jo (j = 1,...,2(l — 1)) have been
constructed in a similar way as that for the proof in Section 4. Let us see that fi (21-1)a
and fj 21o are determined by the I-th member of the non-secularity conditions. We first
have fi (21-1)o of the form

Tr,i-1)a = di,21-1)a +§k (t)e™, L < [k] <m, (92)

where dj, (21-1)o depends only on fi jo’s (1 < j <2(I—1)) and §,(Cl)(t) (1 < |k] <m) are
new arbitrary functions of ¢. Actually, the right-hand side of the equation for f (21—1)a
is expressed in terms of known quantities by the induction hypothesis and the coefficients
of A(vg)e™ (1 < |k| < m) in the right-hand side have vanished by the (I — 1)-th member
of the non-secularity conditions. Hence we have fj (2i—1)o of the form (92).

Next, let us see that we can determine f,gl)(t) (1 < |k] < m) by the I-th member of
the non-secularity conditions. The following lemma can be proved in the same way as
Lemmas 4.3 and 4.4. We abbreviate 5,(;) to & (1 < k| <m).

LEMMA 5.1.  For any k (1 < |k| <m), we have fi oo of the form

2up + v 1 s
-2 ) <Mpk,j + > (Wi&j + Epw;)e™ T

vevi(vg + v v
1<]j|<m, N K7 ki) J
J#E—k
D PR L kg (Wok€j + Eopwj)e ™
Vk—I—I/
1<|]\<m,
J#—k

1 m
—2 ( > VPhyr(wiboj + Gw_j) — 2(3pk,—k + vi) (Wil + fkwk)> + dk,210, (93)
=1

where wy’s have been given by (91) and dyaa can be determined in terms of known
quantities that do not contain & (t) (1 < |k| < m).

PROOF.  Set wjq := 0j,(u) and U4 := 0J,(v). On the right-hand side of the
equation for fy 21, the terms containing & (¢) ( |k| < m) are given only in

—20(51-1)a0Y (Ui )0
1, _ lie 0 _ _ _ _
5(—11(2171)&, U(21-1)a)@Q C_f 9) + (09 (tU21-1)a)Ta + 30Y (V(21-1)a ) Ua )0
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_2aa0€ (ﬁ(Ql—l)a)e

1, U(2—1)or 0 - -
(700 10)Q (281 0) - (o 110+ 30 0 a1y

. (94)

It follows from Lemma 3.4 that (94) can be written in the form

S S w(Awm. (95)

1%
1<|k[<m "

Here Wg(t) is defined by

v + v P
-2 ) (k]%J+W>W&f+&%kk+f

1% Vi
1<ijiZm, N VeV
ik
2V + v
j .
—2 Y T lp g (wokbe + Eogwg)e ™D
- Vg + Vj
1<]4|1<m,
Ak

+ Y vrhir(wibj + &w_j) — 2(3pk,—k + Vi) (Wkék + Ekw_g)-
j=1

From the above equation, we have (93). This completes the proof of lemma. O

We study the equation for fj (2;41) Obtained by comparing the coefficients of
n+e in (45). To get the form of I-th member of the non-secularity conditions, it
suffices to observe only the terms containing f; 21—1)o’s and fi2i’s in the right-hand
side of the equation for fi (2;41)a, Which appear in

0
o U9l 0 _ _ U9 0
(Ve Ua ) Q <v;l 9> + (=9(21-1)a> U(21-1)a) @ (Uz 9>
0
+ | %@i-1a, - _ U 0
D) ( Uouua)Q ('Ua 9)

0
+ | U, _ _ Ug 0 Uy , _  _ U(o]—1)a O
( D) (—0(2171)04,“(2171)11)@ (@x 9> + 7(_1}&;”&)@ ( (2-1) )

0
+ | _ ~ _ o _ _ o 0
(Ua (U?(U(ZZ—I)a)v(x + U?(“a)”(m—na =+ 019(”(21—1)a)ua + U?(va)u@l—l)a))
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0

Iy —0¥ () tta — U?(ﬁ(zzq)a)ﬂza — o (Ugta)la — U?(@m)ﬂ(zlq)a 9
0{ (420)0(21-1)a + 04 (t21a)Va + 07 (Va)ti2ia + 0% (V21-1)a) U2a

0 a > <’a o >
+4 L o=+ =) [ @D 96
<a?(v2a)u(2l1)a + U?(’Uﬂa)u(y) (Q ot V(2i-1)a ( )

Comparing (79) and (96), we observe that the coefficient of A(vy)e™ containing ;’s in
the above equation is expressed as

y d
;(Z ek, ) (§w—jwr + wj§—jwr + wjw_;&k) + Jk§k> ~ Rpby — % (7)
=1

for k (1 < |k| < m). Therefore the I-th member of the non-secularity conditions for the
higher-order terms is obtained.

THEOREM 5.2.  The l-th (I > 2) member of the non-secularity conditions has the
following form: For 1 <k <m,

m

e _ 1 (Z p(k, j)(w—jwi; + wjwré—j + wjw—;&) + Jk§k> = Ry&k + an,
=1

dt v

dé_r, 1 ( n ) (98)

i > (ki) (w—jw k& + wjw kbj + wijw_ & k) + Tk
j=1

— R k&K +q k-

Here p(k,j), Ji, Rr and w; have been defined by (82), (91), and qix are the inhomoge-
neous terms containing only the known quantities. For the more explicit forms of o(k, j),
Ji and Ry, see Remark E.3 in Appendiz E.

Thus, as I-th (I > 2) member is a system, which can be solved globally, of first-order
linear differential equations, we have fi (21-1)o and fg2io. Hence we can successively
construct the higher-order terms. Summing up, we have the main theorem.

THEOREM 5.3.  Let § be an open subset in C; and we assume the conditions (S1)
and (S2). Then we have instanton-type solutions for (Pi)m, with 2m free parameters
(Boms -, Bm) € C*™[[n~")]. Especially, we can construct the solution (u,v) in A>(Q)
for (45) of the form

()= X atremae (99)
1<[k|<m
with

furtm =3 ( 3 fk,p,@a)ew)nj/z

J=1 *£>0,p€Z™, 2L+ |p|=j
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The more precise forms of the leading term fi o and the subleading term fi, 2o of fi are
given in Lemmas 4.1, 4.4 and Proposition 4.8.

As an application of the results in this paper and [22], taking parameters suitably, we
can prove that the solution (u,v) with (m+ 1) free parameters of (45) is also constructed
in (A9(D))? where D is a specific region described in [22].

6. Instanton-type solutions for (Prv),, with a large parameter.

In the last section, we explain that we can construct instanton-type solutions for
general members of the fourth Painlevé hierarchy with n by using previous sections.

6.1. The fourth Painlevé hierarchy with 7.
For m =1,2,..., the m-th member (Py),, of the fourth Painlevé hierarchy with 7
(cf.[15], [7]) is a system of non-linear differential equations with 2m unknown functions

ULy U, V1, -, Uy Of L
du; .
’1d—tj = —2(wiu; +vj +ujqp1) + 2¢u1, j=1,2,...,m,
(Pov)m o (100)
_1d—tj:2(v1uj+vj+1+wj)—2cjvl, i=12,...,m
with

(0m — 01)* — 0}

1 _
Um4+1 = — (’Vtul +a1+ =1 17), Um41 = —Wp — YtV — .
2(Up, — Yt — Cm)

2

Here v(# 0), a1, a2 and ¢; are constants, and w; are polynomials of ug, v; (1 < k, I <m)
recursively defined by

Jj—1 J 1 Jj—1 Jj—1
wj = E Uj_ Wk + ZUj,kJrlvk + 5 Z'Ujfkvk — Z Cj_ W (101)
k=1 k=1 k=1 k=1

Note that the definition of w; in (101) is same as that in (2).
AS u,,4+1 contains a large parameter 7, we adopt the formulation below which is
obtained by replacing w,, — vt in (100) with t,:

du;

_lcTtJ = —2(uru; +vj +ujp1) + 2cjur — 205,m-17t,

(Pv)m J=L20m (102)

dv. .

—17;:2(1)1’%‘ + V41 +w]')—20j111; J=12....m

with
O — a1)? — 02

Um+1 = —Q1, Umt1 = —Wm — w

2 (um - Cm)



966 Y. UMETA

Here v(# 0), a1, o and ¢; are constants, d;,, stands for Kronecker’s delta, and w; is
defined by

j—1 J j—1 j—1
1
w; = Zuj_kwk + ZUj_k+1Uk + B Zvj_kvk - ch_kwk. + Simtur. (103)
k=1 k=1 k=1 k=1
If we can construct a solution (u1, ..., Um, v1,..., V) of (102), then (uy,..., Um—1, Um+
~t, v1,...,Um,) becomes a solution of (100). From now on, we prove that we obtain

instanton-type solutions to (102).

6.2. The form of (Prv)m by generating functions.
Firstly (102) can be written in the form

w(1-U+C)—U -V —~td™

d (U6
-1 — 2
n (V9> =2 20V + V20

dt 1-U+C)f (109
T T

+V + ytv oMt

where U, V and C are defined by the same forms as (4). Let us define the generating
functions of 4; o and 9,9 (i > 1) by

1)0(0) = Zai,ooi and @0(9) = Z’f}i,ooi, (105)
i=1 =1

respectively. Here 40, 0;0 (¢ > 1) denote the leading terms of a O-parameter solution of
(102). Then g and 0y satisfy

o + Do) = ti1,0(1 — do + C)0 — yt0™,
gt + (00)20 i e g (106)
20— g 1 ) ol o+ O =0 =Atin,of

It follows from the above equations that we have

(1+C)2 —~26202m  29t0™ (1 + 111,00) — 91,06°)

1+ 1y00)% — 201 00* = 107
(1 +d1,06)" = 2010 (1— g+ C)2 1—dg+C (107)
Hence we get
1 2
(1 + 11,00)% — 201 0% = (1+0) 5+ 29t0™ (1 + 24 00 — ¢10). (108)

(T—a9+C)?

Comparing (11) (resp. (12)) with (106) (resp. (108)), we can see

weurofi- [
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t60 = (14 C) < C 14 (14 .06 f(t19)> s (109)

Here f(t,0) is defined by
f(t,@) = (1 + ﬁl’oe)g - 2’?]1’092 — 27t0m(1 + 2@1’09 — 619). (110)

Note that ;9 and 0,9 (2 < i < m) can be described by 14, and ©1,9. By the defining
equation of the leading terms of a 0-parameter solution of (102), the following equations
should hold.

(Dm0 — 1) — a3

Q(ﬁm@ — Cm)

, (111)

Um4+1,0 = —A1  Umpm41,0 = —Wm,0 —

where Wy, ¢ is defined by (103) with uy, vy and wy being replaced by . 0, 0k,0 and Wy o,
respectively. Therefore we determine @, and 07,0 so that the coefficients of 0™+l in 4g
and 0g of (109) are the right-hand sides of (111), respectively.

6.3. The system of partial differential equations associated with (Prv ).

By the same argument as that for (Piy),,, we consider a linearized equation of (104)
along (1, 0o) given by (109). We take the following change of the unknown functions:

U=110+(1—110+C)u, V:ﬁo—l—(l—ﬂo-i-C)U. (112)

Here we use the same notations u and v as that of (15). Putting (112) into (104), as

(106) holds, we have
o -1 i u
oo (eea) ()

(
_, ( (00 (w) — 10w — v)0 — u ) ou <_?gz(u)> ,

(=¥ (v) + 201 pu + 11 0v)0 + v of(v

1 0
* 1—u <2u(17170u + 11 0v)0 + (2uv + 020)> ’ (113)

Here ¢ and ¢ are defined by (19) with 4y and 9 of (109). An important fact is that the
above system has the completely same form as (18): The only difference between (Prr)m,
and (Pry )., is that the algebraic equation that determines g and vy differ (cf. (11) and
(106)) and consequently they have different values. Now we list up the relevant variables
of (Pr1)m and how they are determined by the O-parameter solution of (Piy)y,:
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(g, 0o) by (13)
(0,0) by (19)
(Pr1)m Vi, Ok (1 <k <m) by (65), (66)
vk, v_ (1 <k < m) by (35)
A(A), a(A), p(A) g(A) by (31), (32), (33)

If we replace the variables of (Piy),, in the above list with the corresponding ones of
(Prv)m, then we find that the arguments after (18) for (Pyr),, run also for (Pry), in the
exactly same manner. As a consequence, we have the following.

THEOREM 6.1.  Let 2 be an open subset in C; and we assume the conditions (S1)
and (S2) for (Pry)m- Then (Prv)m has instanton-type solutions with 2m free parameters
(B—ms- - Bm) € C*™[[n~1Y] of the same form as (99). Moreover, instanton-type solutions
of (Pi1)m are transformed to those of (Prv)m by replacing the variables of (Pi1)m in the
above list with the corresponding ones of (Prv)m.

Appendix
A. The resultant of (37).

In this appendix, we see that the resultant of (37) coincides with the characteristic
equation of the Fréchet derivative of (Pi1),, at its O-parameter solution. We define the
polynomials d; (1 < j < 2m) by

dj = =2(wu; + v+ ujpr) + 21, j=1,2,...,m,

(114)
djgm = 2(01uj +vj41 + w;) — 2¢;v1, i=12,....m
with %41 =7t and v, +1 = k. We set
Vi={(t,u,v) € Cy xC}}) xC7';dy =0,dy =0,...,dam, =0}
Let Jy,, be the Jacobian matrix of functions (d1, ds, . . . , da,, ) with respect to the variables

ui,v; (1 <4, j,<m). By (6) and (11), we obtain the explicit form of the restriction J,, ,|v

of Jy, to V as follows.

2@14—2’&1)0 2 0 0
2a5 2010 2 0 .o o0
2@3 0 2’11170 :
~A  —2E,
= A = .
Ju,v|V (4'[71’0Em A ) ) 2@4 . 0
; : ; 2 0
2am,1 0 0 s 0 2’&1’() 2
2a,, 0 0o - 0 219

(115)
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Here 4,0, 7;,0 denote the leading terms of (8), En is the identity matrix of size m and

a; = U0 — ¢j. By using elementary transformations of matrices, we find that the
characteristic polynomial of .J,, ,|v has the following form.

AN u,v) = det(AEay, — Juw|v) = 22™ det B, (116)

where B is given by

an + (a1 + 2”&1@)&1 — b(A) al + 2@170 1 0 e e 0
as + ((11 + 2@1)0)(12 as — b()\) 2@170 1 0 s 0
a4 + (a1 + 2&170)a3 as 71)()\) 2’&1,0 1
: 0 —b(\) 210 1 0 (117)
: : : - 2010 1
Ay + (Cl1 + 27)170)am_1 Qm—1 0 s 0 —b()\) 2’1)170
(a1 + 21]170)am Ay 0 s 0 —b()\)

with b(A) := A\?/4 —af 5 + 201 0.
We can easily see that the resultant of (37) coincides with (116).
B. Remark on Lemma 3.5.

We consider the explicit forms of v; and J; given in Lemma 3.5. Firstly, we define
G and Hj, by the coefficients of 6 in the right-hand sides of (66) respectively:

—(f11,0)"(1 + G1,00) + (91,0)'0 B s .
(1 + ’0’1,09)2 - 2’{117092 - Z Gk(t)e )
(118)
—(01,0)" (1 + di1,00) + 2(1,0) D100 .
(1 + @1.00)2 — 201,062 = Hy(t)0".

Taking (66) into account, we find the following system of unknown functions v; = v;(¢)
and §; = 60;(t) (1 <j<m):

9w+ g(2) e+ + g(m) v = Gi(t)  (k=0,1,...,m—1),

(119)
g(w1)F61 + g(v2) 02 + -+ 4 g(vm) 0m = He(t) (k=0,1,....,m—1).
Therefore, by the Cramer’s formula, we have
yi= ;= det M(g(v1),---,9Wj-1), G;(t), 9(¥j+1)s- - 9(¥m))
! ! detM(g(Vl)v (V] 1)79 Vj)vg(]/]+1)7‘~~vg(ym))7 (120)
5o =g detMlg(),...,g(vj—1), H;(t), g(Wjt1), ..., 9(¥m))
’ T det M(g(ra), - 9(vim1), 9(v5), 9Wisa)s s 9(Wm))
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where the m X m matrix M is defined by

1 1 1
K1 K2 Rm
2 2 2
MKy bm) = K1 T (121)
-1 -1 m—1
K1 Ko Km,

with m-variables £1,...,K,.  Note that we obtain det M(g(v1),...,9(vm)) =
[li<icjem(9(vy) — g(vi)) # 0.

C. Proof of Proposition 3.6.
Let us first prove (67). By using (47), (65), (38) and (40), we have

1 m
- S SO Ya(v ST ha(). (122
ue 1<kz|;m’ 2(g(uk)*g(uj))(%f“r%fj)a( k)+1<%:<m%f]; shalve). (122)
1<]j1<m,
e

It follows from the first equation of (34) and (122) that ( ‘() is equal to

2 uik 2 i +gJZV:; J_FZ](C,EJf; e D+ i | p(v-i)A(vi)
1<kl<m | =1,
JFEk

j=1
(123)

modulo 2. On the other hand, note that ud is writtem by (122) with ~; being replaced
by d;. By the second equation of (34), we can see that (u06) is equal to

-2 ui 2 5j(fk+]z_k§f5k(fj+f_j)+Z5j(fj+f—j)hj,k Avr) (124)
1<fkl<m F | =1, 9(v) = 9(vs) pt

J#Ek

modulo #™*2. Hence, by summing (123) and (124) up, we have (67).
We repeat the same argument as above by using (34) and (42), then we have (68).
This completes the proof.

D. Proof of Lemma 4.5.

Taking (53) into account, we have

%(—EQ,QQ)Q (%a z> = Uq ZLka(yk)Q (125)
a k=1

v
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with

m

Ve — VUV .
Ly = Z _— Vz (Pr,ifrafia + p—k—if-kaf-ia) — Zﬂ(kaz)fi,af—i,aa
1<[i[<m, i=1

i+k#£0

where pu(k,i) := v2h;;, and p;’s have been defined by (48). On the other hand, a direct
computation shows

(_'Davaa)qumae: Z Vlcflc,2a(_’5a+P(Vk)ﬂa)a(yk)9

V2
¢ 1<|k|<m

= —Tq Z Uk (fr,20 — f=k,20)a(vi)0

k=1
+ g Z Vi (p(Vk) fro2a — P(V—1) f= k20 ) a(vi) 0. (126)
k=1

We also see

Vi (fre,2a — f=k,2a)

= Z f( - <pk,z + V;)fk,ozfi,a + <p—k,—i - V;)f—k,af—i,a) — Yk

1<lil<m "
and

vk (p(i) fr2a — P(V—k) f=k.2)

4 Vg 2vy,
= > <— ” (Pk,z +3 )p(wc) o eriﬂk,z)fk,afw

K3

1<]i[<m,
i+k#0
4 Vi 2Vk
+ Z < (pk,i - )p(Vk) - Pk,i) f*k,affi,a
, v 2 ez
1<]i[<m,
i+k#0

+ ) ki) fiaf i — 40k, —k friof ko — Ok
=1

Finally, it is easy to check that we have

o (0a0) (lia) + Ua0] (0a))0 = Ua Y prifrafiaa(Ve)f. (127)
1<|k|<m,
1<[i[<m

Summing (125), (126) and (127) up, we can obtain (80). This proves the assertion of
lemma.
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E. Proof of Proposition 4.6.

Let us prove the proposition which plays an essential role in solving the first member
of the non-secularity conditions. It suffices to show the subsequent Lemmas E.1 and E.2.

LEMMA E.1.  For any k (1 < |k| < m), there exist functions o(k,j) of the variables
ve’s and multi-valued functions Jy 1 of finite determination in §Q satisfying the conditions

o(k,j) =p(=k,j) 1<j<m), Jp1=J 1 (*)

such that the coefficient of €™ A(vy) in the first and the fourth terms of the right-hand
side for (81) is given by

1 (& ,
e ( Z o(k, jwjw—; + Jk,l)wk~ (128)

Jj=1

PrROOF. We compute the first term of right-hand side of (81). Noticing (47) and
the definition of o (1) (i = 1,2), we have

0

— 00 (Ua)l2e — W0 (B20a) = = Y Y (fiafeza + fraljza)a(v),  (129)

1<[k|<m 1<]j|<m
09 (lige ) 0o + 09 (U0 )lina + 209 (U200

Z Z Vk f],?afkoc +p(VJ)f],O¢fk: 2a+2p(yj)f] 20.fk a) ( ) (130)

1<]k[<m 1<]5[<m
Using (34), we obtain
0(r \r _ 0
-0 (ua)u2a Un0 (u2a) )
71"]67 I/k) (131)
(Uf (u2a)va + g9 (Ua)u2a + 201 ('U204 Uq 1<|kz|<m 1<|]Z|<m J

where I'y, ; has the form

(Prj + p—k,5) fi2afk.a + P—kjfia(fe2a + f-k20) + 20—k fi2a f—k.a- (132)

For any fixed k& (1 < |k| < m), we set

Li=— > (prj+p-ri)fizafea

1<]j[<m

Z P—k,j fia(fr2a + f—k2a), (133)

1<]j[<m

> 20 kifizaf-ka-

1<]jl<m
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Let us compute I of (133). For the simplicity, we put

1
l(]77’) T A ,LL(],Z) = Vizhi,'v
vi+ut ’ (134)
n(j) :=6pj—; + 2v;, r(j) = vip(v-;) — 4;.
Here h; j, v; and §; have been defined by (41) and Proposition 3.3. Then, by Lemma
4.4, for any j (1 < |j| <m), fj2q is written in the form

2(2v; + v; o 2 2 ..
fiza= ) (((V’J_Vf_)l(—j,—z)—Vi)fi,afjwUjl@,z)f_i,af_j,a)

1<|i|<m,
i+j7#0

- % < Z ,u(]; Z‘)fi,ozf—i,oz - n(j)fj,ozf—j,a + T(])) (135)
i=1

J

Putting (71) and (135) into the right-hand side of I in (133), we have

Z Z < —k + pj—)l(=j, =) + %Pk,—k - P(Vi))wkijie

1<]j|1<m 1<|¢ |<m,

Te+T;+Ti

i+j7#0
1 N . . .
£ Y long o) Dol s — gy +10) e, (130
1<|j|<m j =1

For k (1 < |k| < m), the terms containing e™ in I; are given by

S o+ po) ol iheens = gy 4 1) Jre™. (137

1<|j|<m J

Next, for I of (133), we repeat the same arguments as those for I;. Using (135), we

have

2 L
S MRS CF TR P

1<]j|<m 1<]i|<m,
i+k#0

2 —TE—Tj—Ti
D ST C V) PP
1<lj1<m 1< i <m,
kA0
+1<|§:<m ’%p m(;uk )i = 61, kR + 5Pk — 5k>w]e i, (138)

where I(k, 1), u(k, j) are given by (134). The terms containing e on the right-hand side
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of (138) for k (1 < |k| < m) are given by

2
Z p— ;w( —k,j) — )w]w_]wke k
Vj

1<|j|<m,
J#k
2 Vk
+ 2,0 k.k Zuk Bwiw—; — 6pk,—gwrw— ko Pr, —k — O |wie™ (139)
=1

Finally, let us compute I3 of (133). The following fact can be easily shown.

= > > ( (or, k+pj,_j>1<j,z'>+45’“1<j,z'>+ji<p<u_i>—p<u_k>>)

K2

1<]7|<m 1<|i|<m,
i+757#0

X W_pw_jw_je kT

D2 m(Zw, i n(j)ij-ﬁru))w_ke—fk.

=1

(140)

1<]j|<m Y

The terms containing e™ in the right-hand side of (140) for k (1 < |k| < m) are given by

( Vik(pk,—k + p—k,k)l(*k, *k) — 41(7]{:7 —k’) — Vik(p(yk) —_ P(V—k))>w13w_ke”“. (141)

By summing (137), (139) and (141) up, we have

<Z¢1(k,j)ijj + Jk,1>wke”“, (142)

Jj=1

where @1 (k,j) and Jy 1 are given by

m
o 2 12
21k, §) =D 5 (prn + pi- )i ) = —5 05— (Pr—k + Pj—5)

i=1, ¢ J

i#|k|

2 , 6 . .
toe (Pk,—k + pj,—j)° + ;pk,—ku(kd) +4 (j # k),
j k k

J

32 8
e (LI 3 P(v)p(v-i)

(pk —k P, 71) (ka) )
k k

[
o

@
Il
-

@1(/@, k‘) =

&
=

6
k
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UL 1 5,
Tha =y o (%‘ (4pk,kpj,j + P(Vj)p(Vj)> - ﬁ(pkﬁk + ij‘))

j=1, 7J

J#|k
4 1 , 3

+ = | W ( 5(ok—8)* + p(k)p (k) — =Pk~ ). (144)
Vi 2 2

Therefore, noticing pg, —x = p—kk, p(i, k) = p(i, —k) and p(k, k) = p(—k,—k), we can
see p1(k,j) = @1(=k,j) (j # [k]), ¢1(k, k) = p1(—k, —k) and Ji1 = J_p,1. The terms
containing e™ A(vy) in the first term of (81) are written by

2

Vi

( @1(k7j)ij7j + Jk,l)wkeTkA(yk)Q_ (145)
j=1

On the other hand, we take the terms containing e™ A(v) in the fourth term of (81).
Then we have

m

Z —wjw_jwie™ A(vg)0. (146)
j=1, 7k
i1kl
Hence, by (145) and (146), we have the explicit forms of the coefficients of (128) as
follows.

o(k,j) =2¢1(k,j5) +4 (3 # |k]), p(k, k) = 2¢1(k, k). (147)
The assertions of lemma have been obtained. O

LEMMA E.2.  For any k (1 <|k| <m), there exist multi-valued functions Jy o and
Ry of finite determination in ) satisfying the conditions

Jr2=J k2, Rip=R_g, (*)

such that the coefficient of €™ A(vy) in the second and third terms of the right-hand side
for (81) is given by

1 dwy,
—Jro — - —. 14
<l/k Jk12 Rk)wk dt ( 8)

PrROOF. By Proposition 3.6, we can easily see

" 2(pp—k + pij ; 1
Jp2 = Z 2w+ Pyi) Qk p;’ ) (5j - gpk,—k> + <5k - gcpk—k>hkk + §(Pk,—k)/,
= vi —vj

Ik
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Ry = Y + i M’Y + lwhk K+ (9(v) i k- (149)
2up = ij — 1/]% 779 ; ,
i#Ik]
Hence we have the assertion of lemma. O

By using Lemmas E.1 and E.2, we have Proposition 4.6. Especially, the coefficients
are given by (147), (149) and

Jp =2Jk1 + Ji 2. (150)

Finally, we give the remark below.

REMARK E.3. More precise forms of the coefficients appearing in Proposition 4.6
are given by

- m 41/2 24
e(k,j) = Z — i+ iy = 35,5 (Pr—k + Pji—j)
=1, ¢ J
i1k
4 , 1207 _
+ 5 h,—k + =) + —5pr—khjr + 12 (5 # |k]),
Vj — Vk‘ Vk
L 4v? 64 16
ok, k) = > —E -k + pi-)hii = = (0r,—1)* + = p(vi)p(v-1)
o Vi Vi Vi
i# |k
+ 12p%, —xhp i + 16,
T8 1 5,
Jei= D ,,z(%'<4pk,—kﬂj,—j +p(Vj)P(V—j)> 5 (Pr—t +pg,—a))
j=1, i
VEaLdl
8 1 3
+ 5 (o (o + o)) = S
k
2(pr, k+pg, i) ¥4 1 1 )
— = 2§ — O — =Pk — h — _
+ Z Vj _Vk j 2Pk, k| + {0k 2Pk, kVk k,k+2([)k, &)
J#Ikl
v ~ (pr—k +pi—j)
Ry = & e h " - 151
k 2Vk+j; -y v + ’Yk ke + (9(Vk)) P i (151)
J#IK]

Here h; ;, 7; and d; have been defined by (134), (41) and Proposition 3.3.
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