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Abstract. In this paper, we apply the Hopf’s strong maximum principle
in order to obtain a suitable characterization of the complete linear Weingarten
hypersurfaces immersed in the hyperbolic space H"*1. Under the assumption
that the mean curvature attains its maximum and supposing an appropriated
restriction on the norm of the second fundamental form, we prove that such
a hypersurface must be either totally umbilical or isometric to a hyperbolic
cylinder of H™t1.

1. Introduction.

In the seminal paper [4], Cheng and Yau introduced a new self-adjoint differen-
tial operator O acting on smooth functions defined on Riemannian manifolds. As a
by-product of such approach they were able to classify closed hypersurfaces M™ with
constant normalized scalar curvature R satisfying R > ¢ and nonnegative sectional cur-
vature immersed in a real space form Q" *! of constant sectional curvature c. Later on,
Li [5] extended the results due to Cheng and Yau [4] in terms of the squared norm of the
second fundamental form of the hypersurface M™. In [11], Shu have used the so-called
generalized maximum principle of Omori-Yau [9], [13] to prove that a complete hypersur-
face M™ in the hyperbolic space H"*! with constant normalized scalar curvature R > —1
and nonnegative sectional curvature must be either totally umbilical or isometric to a
hyperbolic cylinder S"~!(c;) x H!(ez), where ¢; > 0, ¢ < 0 and (1/¢1) + (1/c2) = —1.

In [6], Li studied the rigidity of compact hypersurfaces with nonnegative sectional
curvature immersed in a unit sphere with scalar curvature proportional to mean cur-
vature. More recently, Li et al. [7] extended the result of [4] and [6] by considering
linear Weingarten hypersurfaces immersed in a unit sphere, that is, hypersurfaces of
S"*1 whose mean curvature H and normalized scalar curvature R satisfy R = aH + b,
for some a,b € R. In this setting, Li showed that if M™ is a compact linear Wein-
garten hypersurface with nonnegative sectional curvature immersed in S"*!, such that
R = aH + b with (n — 1)a? +4n(b — 1) > 0, then M™ is either totally umbilical or
isometric to S"7¥(c;) x S¥(cg), where 1 <k <n—1,¢1,c0 >0 and (1/c1) + (1/¢2) = 1.
Thereafter, Shu [12] obtained some rigidity theorems concerning to linear Weingarten
hypersurfaces with two distinct principal curvatures immersed in a real space form.
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The aim of our work is to establish a characterization theorem concerning complete
linear Weingarten hypersurfaces immersed in the hyperbolic space. Under the assump-
tion that the mean curvature H attains its maximum along the hypersurface M"™ and
supposing an appropriated restriction on the norm of the second fundamental form B of
M™, the Hopf’s strong maximum principle enable us to prove the following:

THEOREM 1.1. Let M™ be a complete linear Weingarten hypersurface immersed
in H" 1, such that R = aH +b with H>2 > 1 and b > —1. If H attains its mazimum on
M™ and

|B]> < nH? + (RE)*,

where

Ry = % (Vn2H?2 —4(n—1) — (n —2)H),

n—1

then M™ is either totally umbilical or isometric to a hyperbolic cylinder S*~1(c1) x H!(ca),
if R >0, or S'(c1) x H""!(c2), if R <0, where ¢; >0, c2 < 0 and (1/c1)+ (1/c2) = —1.

The proof of Theorem 1.1 is given in Section 3.

2. Preliminaries.

In this section we will introduce some basic facts and notations that will appear
on the paper. In what follows, we will suppose that all considered hypersurfaces are
orientable and connected.

Let M™ be an n-dimensional hypersurface in H"*!'. We choose a local field of
orthonormal frame {e4}1<a<ni1 in H*, with dual coframe {wa}1<a<nt1, such that,
at each point of M™, eq,...,e, are tangent to M" and e, is normal to M™. We will
use the following convention for the indices:

1<ABC,...<n+1, 1<i,j,k,...<n.

In this setting, denoting by {wap} the connection forms of H"*!, we have that the
structure equations of H" ™! are given by:

dwa :ZwAi/\wi—&—wAnH ANwpt1, wap+wpa =0, (2.1)
i
1
dwap = ZECWAC Nwcp — 3 Z Kapcpwe ANwp, (2.2)
C C.D
Kapcp = —(04acdpp — 0apdBC)- (2.3)

Next, we restrict all the tensors to M™. First of all, w,41 = 0 on M™, so Zi Wn1i N
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w; = dwpy1 = 0 and by Cartan’s Lemma [3] we can write

Wnt1i = Z hijw;, hij = hj;. (2.4)
J

This gives the second fundamental form of M"™, B = Zl y hijwiw;en41. Furthermore,
the mean curvature H of M" is defined by H = (1/n) >, hii.
The structure equations of M™ are given by

dwi = Zwij A\ wj, wij + wjl- = 0, (25)
J
1
dw;; = Zwik N Wi — 3 Z Rijriwr A wy. (2.6)
k k,l

Using the structure equations we obtain the Gauss equation
Rijri = —(6ik0j1 — 0i0x) + (hixhji — hahji), (2.7)

where R;;i; are the components of the curvature tensor of M™.
The Ricci curvature and the normalized scalar curvature of M™ are given, respec-
tively, by

Ryj = —(n—1)8;; +nHhy; — Y hixhy; (2.8)
k

and

1
R= WZR (2.9)

From (2.8) and (2.9) we obtain

|B|> =n?*H? —n(n—1)(R+1)
=nH?+n(n—1)(H* — Hy), (2.10)

where [B|* = 3. j hZ; is the square of the length of the second fundamental form B
of M™, and Hy = (2/n(n —1))S2 denotes the mean value of the second elementary
symmetric function Se on the eigenvalues of B. In particular, since (from the Cauchy-
Schwarz inequality) H? — Hy > 0, it follows from (2.10) that M™ is totally umbilical if,
and only if, | B|> = nH>.

The components h;; of the covariant derivative VB satisfy
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> higrwr = dhij + Y higwig + ) hjrwri: (2.11)
k k k

The Codazzi equation and the Ricci identity are, respectively, given by
hiji = hik; (2.12)
and

hijer — hijie = Z hopj Rkl + Z Pim Rkl (2.13)

where h;ji, and h;ji, denote the first and the second covariant derivatives of h;;.
The Laplacian Ah;; of h;; is defined by Ah;; = >, hijrk. From equations (2.12)
and (2.13), we obtain that

Ah;; = Z hiki; + Z hi Riijr + Z hii Rk (2.14)
% Kl kil
Since A|B|? = Q(ZM hi;Ahi; + Zi_j’k h?jk), from (2.14) we get

1
§A|B|2 = |VB‘2 + Zhijhkkij + Z hijhlleijk + Z hijhillejk- (2.15)
1,1,k 1,5,k,1 1,5,k,1

Consequently, taking a (local) orthonormal frame {ej,...,e,} on M"™ such that
hij = Aid;j, from equation (2.15) we obtain the following Simons-type formula

1 2 _ 2 1 2
5A\B| =|VB|" + ;Ai(nH),ii t3 zj:Rijij()‘i — )" (2.16)

Now, let ¢ = ", j ¢ijwiw; be a symmetric tensor on M™ defined by
(Z)ij = nH&i]’ — h,‘j.

Following Cheng-Yau [4], we introduce a operator [J associated to ¢ acting on any smooth
function f by

Of = Z¢ijfij = Z(nH(Sij = hij) fij- (2.17)

.3 (]

Setting f = nH in (2.17) and taking a local frame field {e,...,e,} on M™ such
that h;; = A;id;;, from equation (2.10) we obtain the following:
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O(nH) = nHA(nH) Z)\ nH)

= %A(nH)2 — Z(nH)i — Z Ai(nH) i

%

_nn-1) 1 2 2 2
= S AR+ SA|BP - n?VH] - ;)\i(nH),ii~

Consequently, taking into account equation (2.16), we get

-1 1
T‘(L)ARJF \VB|2—nZ\VH\%r§ZRijij(Ai—Aj)2. (2.18)

O(nH) = 5

%]
3. Proof of Theorem 1.1.

In order to prove our result, it will be necessary some auxiliary lemmas. The first
one is a classic algebraic lemma due to M. Okumura in [8], and completed with the
equality case proved in [2] by H. Alencar and M. do Carmo.

LEMMA 3.1.  Let py, ..., fty, be real numbers such that Y ,pu; = 0 and > ,.u? = (2,
where (3 is constant and 3 > 0. Then

(n—2) .3 2) 3.1
mﬁ <Zu1_\/n7_1)57 (3.1)

and equality holds if, and only if, either at least (n — 1) of the numbers p; are equal to

B/v/(n—1)/n or at least (n — 1) of the numbers p; are equal to —B/+/(n —1)/n.

To obtain the second lemma, we will reason as in the proof of Lemma 2.1 of [7].

LEMMA 3.2.  Let M™ be a linear Weingarten hypersurface in H" ', such that R =
aH + b for some a,b € R. Suppose that

(n —1)a® +4n(b+1) > 0. (3.2)
Then
|VB? > n*|VH|?. (3.3)

Moreover, if the inequality (3.2) is strict and the equality holds in (3.3) on M™, then H
is constant on M™.

PROOF. Since we are supposing that R = aH + b, from equation (2.10) we get

23" hijhigr = (20*H —n(n — 1)a)H .

2%
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Thus,
2
4y (Z hijhijk) = (2n2H — n(n — 1)a)?|VH|%.
k i,j

Consequently, using Cauchy-Schwartz inequality, we obtain that

4|B|?|VB)? = 4(2 hfj) (Z hfjk)
i,J

injok
2
> 42 (Z hijhijk>
kN iy
= (2n*H — n(n — 1)a)?|VH|*. (3.4)

On the other hand, since R = aH + b, from equation (2.10) we easily see that
(2n*H —n(n —1)a)? = n*(n — 1)((n — 1)a® + 4n(b+ 1)) + 4n?|B|*.
Consequently, from (3.4) we have
|BI?VBI* = n?| B! VH|*.
Therefore, we obtain either |B| = 0 and |VB|?> = n?|VH|? or |[VB|> > n?|VH|?.
Moreover, if (n — 1)a® + 4n(b + 1) > 0, from the previous identity we get that

(2n?H + n(n — 1)a)? > 4n?|B|%. Consequently, if |VB|? = n?|VH|? holds on M™",
from (3.4) we conclude that VH = 0 on M™ and, hence, H is constant on M™. O

In what follows, we will consider the Cheng-Yau’s modified operator

n—1

L=0- aA. (3.5)

Related to such operator, we have the following sufficient criteria of ellipticity.

LEMMA 3.3. Let M™ be a linear Weingarten hypersurface immersed in H" ', such
that R =aH + b with b > —1. Then, L is elliptic.

PRrROOF. From equation (2.10), since R = aH +b with b > —1, we easily see that H
can not vanish on M"™ and, by choosing the appropriate Gauss mapping, we may assume
that H > 0 on M".

Let us consider the case that a = 0. Since R = b > —1, from equation (2.10) if we
choose a (local) orthonormal frame {ei,...,e,} on M™ such that h;; = A;d;;, we have

that >, ; AiAj > 0. Consequently,
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nPH? =) A7 42) NN > N

i<j

for every i = 1,...,n and, hence, we have that nH — \; > 0 for every i. Therefore, in
this case, we conclude that L is elliptic.
Now, suppose that a # 0. From equation (2.9) we get that

1 2172
az—m(S—n H*+n(n—-1)(b+1)).

Consequently, for every ¢ = 1,...,n, with a straightforward algebraic computation we
verify that

-1 1
nH—)\i—n a:nH—)\i+m(S—n2H2+n(n—1)(b+1))
1 2
J#i J#i
Therefore, since b > —1, we also conclude in this case that L is elliptic. O

Now, we are in position to prove Theorem 1.1.

PROOF OF THEOREM 1.1. Let us choose a (local) orthonormal frame {es, ..., e,}
on M™ such that h;; = A\;0;;. Since R = aH + b, from (2.18) and (3.5) we have that

1
L(nH) = |VB[> = n?|VH|?> + izmm(xi — )2 (3.6)
]

Thus, since from (2.7) we have that R;;;; = A\;A; — 1, from (3.6) we get

L(nH) = VB = n®|VH|* + n’H? — n|B|* — |B|* + nH » _\}. (3.7)

Now, set ®;; = h;; — Hd;;. We will consider the following symmetric tensor
o = Z@ijwiwj.
,J

Let [®|* = 3=, ;®7; be the square of the length of ®. Tt is easy to check that @ is traceless
and

|®|> = |B|* — nH>. (3.8)

With respect the frame field {es,...,e,} on M", we have that ®;; = p;0;; and, with a
straightforward computation, we verify that
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Z,uizo, Z,u?:@\Q and Zu?:ZA?—3H|<I>\2—nH3. (3.9)
Thus, using Gauss equation (2.7) jointly with (3.9) into (3.7), we get

L(nH) =|VB]? = n®|VH* + nH Y _ i + |®[(=|®|* + nH> - n). (3.10)

K2

By applying Lemmas 3.1 and 3.2, from (3.10) we have

n(n —2)

R O =

H|®|+nH? - n>
= [®[* Py (|®]), (3.11)

where

n(n —2)

Vn(n —1)

Since we are supposing that H? > 1, from (3.12) it is easy to verify that Pp(|®|)
has two real roots Ry and RE given by

Pu(|®]) = —|®|* - H|®| +nH? —n. (3.12)

7'\’%:—1 o (Vn2H?2 —4(n— 1)+ (n — 2)H)
2\Vn—-1
and
+_ 1 n 22
R =~ (Vn2H?2 —4(n—1) — (n—2)H).
2\Vn—-1
Consequently, we have that
Py (|®]) = (12| = Rpp) (R — |2]). (3.13)

Thus, since our restriction on |B|? guarantees that |®| < R}, from (3.13) we conclude
that Pg(|®|) > 0. Hence, from (3.11) we get

L(nH) > |®|> Py (|®|) > 0. (3.14)
Since Lemma 3.3 guarantees that L is elliptic and as we are supposing that H attains
its maximum on M™, from (3.14) we conclude that H is constant on M™. Thus, taking

into account equation (3.6), we get

|VB|?> = n?|VH|? = 0,
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and it follows that \; is constant for every i =1,...,n.

If |®] < R}, then from (3.14) we have that |®| = 0 and, hence, M™ is totally
umbilical. If |®| = R, since the equality holds in (3.1) of Lemma 3.1, we conclude that
M™ is either totally umbilical or an isoparametric hypersurface with two distinct principal
curvatures one of which is simple. Therefore, from the classification of the complete
isoparametric hypersurfaces having at most two distinct principal curvatures due to Ryan
[10] (see also [1, Theorem 5.1]), we conclude that M™ is either totally umbilical or
isometric to a hyperbolic cylinder S"~1(c;) x H(cp), if R > 0, or S'(c;) x H" " *(cg), if

R <0, where ¢; >0, ¢a <0 and (1/c1) + (1/c2) = —1. O
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