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Abstract. This paper presents a definition of C*-equivariant degener-
ation families of compact complex curves over C. Those families are called
C*-pencils of curves. We give the canonical method to construct them and
prove some results on relations between them and normal surface singularities
with C*-action. We also define C*-equivariant degeneration families of com-
pact complex curves over P!. From this, it is possible to introduce a notion
of dual C*-pencils of curves naturally. Associating it, we prove a duality for
cyclic covers of normal surface singularities with C*-action.

1. Introduction.

In [Ko], K. Kodaira gave a definition of the local one-parameter degeneration
families of compact complex curves (we call them pencils of curves in this paper).

DEFINITION 1.1. Let S be a non-singular complex surface and let A (C C)
be a small open disc around the origin. If ®: S — A is a proper surjective
holomorphic map whose generic fiber S;: = ®~1(¢) (t # 0) is a smooth curve (but
not necessarily connected), then it is called a quasi-pencil of curves. Furthermore,
if Sy is a smooth connected curve of genus g, it is called a pencil of curves of genus
g. For the irreducible decomposition supp(Sy) = U;_; Ei, m := ged{Coeff g, (So) |
i=1,...,r} is called the multiplicity of ®. If m > 1 (resp. m = 1), then ® is a
multiple (resp. non-multiple) pencil of curves.

In the case of g = 1, Kodaira [Ko] classified singular fibers and the homologi-
cal monodromies and constructed pencils of curves with such numerical data. The
corresponding work in the case of g = 2 was done by Y. Namikawa and K. Ueno
(INU]) according to the argument of [Ko|. Now, from local and global points of
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view in algebraic geometry and topology, there are many results related to pencils
of curves (see [AI], [AK] and [MM)).

On the other hand, normal surface singularity theory has been developed for
a long time by many mathematicians. Regarding the relation between surface sin-
gularities and pencils of curves, several works have been researched. In [Ku], V.
Kulikov observed that all of Arnold’s unimodal and bimodal singularities ([Ar])
relate elliptic pencils in [Ko]. Furthermore, M. Reid [Re] classified hypersurface
minimally elliptic singularities and pointed out that they relate elliptic pencils in
[Ko]. After their works, U. Karras ([Kar]) introduced the notion of Kodaira
singularities in terms of pencils of curves and applied to research deformation
theory of elliptic singularities (also see [EW], [Stev], [To3], [To5] and [To6]).
If ®: § — A is a pencil of curves, then any connected one-dimensional ana-
lytic proper subset E in supp(S,) has a negative definite intersection matrix from
Zariski’s lemma ([BPV, p.90]). Therefore, E is contracted to a normal surface
singularity by Grauert’s result ([G, p.367]). Conversely, the author proved the
following.

THEOREM 1.2 ([To6, Theorem 2.4]). Let (X,0) be a normal surface singu-
larity and h € mx,, (the mazimal ideal of Ox,). Let w: (X,E) — (X,0) be a
good resolution such that red((hom)g) is a simple normal crossing divisor on X.
Then there exists a quasi-pencil of curves ®: S — A with (X, E) C (S, supp(S,))
such that ®| ¢ = hom and all connected components of supp(S,)\E are minimal
P!-chains started from E. Furthermore, if h is not a perfect power element of
Ox.,, (see Notations and Terminologies), then ®: S — A above is a pencil of
curves.

Based on the above, the author defined the holomorphic invariants of (X, o)
and (X, 0, h) as follows:

pe(X,0) = min{the genus of a pencil of curves including a resolution of (X, 0)},

and pe(X, 0, h) = min{the genus of a pencil of curves with ®|y = ho},

where h € mx, is not a perfect power element. We have p.(X,0) =
min{p.(X,0,h) | h € mx, is not a perfect power element} ([To6, Theorem 2.13]).
These invariants are called the pencil genus of (X, 0) (resp. a pair of (X, 0) and
h). We use them in this paper.

Normal singularities with C*-action have been studying from several points
of view for a long time. The affine rings of these singularities are finitely gen-
erated graded rings [OW1]. Consequently, these singularities make very special
class among singularities on complex spaces. However, this class contains many
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important singularities in complex geometry. For example, it contains all quo-
tient singularities and all normal isolated singularities obtained by blowing-down
of the zero sections of negative line bundles on complex manifolds. Furthermore,
the links (i.e., the intersection set of a small sphere around a singular point and
the singular set) of these singularities provide many important examples of man-
ifolds in geometry since the famous work by E. Brieskorn on exotic spheres, and
many mathematicians have been studying them actively (see [BG], [Sav]). In
2-dimensional case, normal surface singularities with good C*-action have been
investigated in depth and widely since P. Orlik and P. Wagreich’s work ([OW1],
[OW2] and [OW3]).

In this paper, we define pencils of curves with C*-action and study some
relations between them and normal surface singularities with good C*-action.

DEFINITION 1.3.

(i) Let ® : S — C be a quasi-pencil, where we consider C as A with infinite
radius. If there exists an effective holomorphic C*-action on S satisfying
®(t-p) = t9®(p) for any t € C* and p € S and for some d € N, then we call
®: S — C a C*-quasi-pencil of curves of degree d. Furthermore, if ® is a
pencil of curves of genus g and degree d and multiplicity m, then (d, g, m)
is called the type of ®.

(ii) Suppose that red(Sp) (the reduced divisor of Sp) is simple normal crossing.
If there is no (—1)-curve (i.e., P! whose self-intersection number is —1)
in supp(Sp) which contains a one-dimensional C*-orbit, then @ is called a
minimal good C*-pencil of curves.

(iii) Let ®; : S; — C be a C*-pencil of curves of genus g (i = 1,2). A
holomorphic isomorphism from ®; to ®, is defined to be a pair of C*-
equivariant biholomorphic maps ¢ : S — S and ¢y : C — C such that
o 0P = Py0 .

EXAMPLE 1.4. Let us consider a non-singular surface S = {([z0: 21: 22],() €
P2 x C | 28 + 2§ + (2§ = 0}. Let ® : S — C be the restriction of the projection
map P? x C — C. Then & gives a pencil of curves. Consider a C*-action on S
defined by t - ([z0: 21: 22],¢) = ([tz0: tz1: 22],t%C). Therefore, ®(t - p) = t4®(p)
for t € C* and p € S. Consequently, & : § — C is a C*-pencil of curves of
type ((d —1)(d —2)/2,d,1); also every fiber S with ¢ # 0 is isomorphic to the
Fermat curve of degree d. Moreover, let o : S — S be the blowing-up at a point
([0: 0: 1],0). Then &' := Poo : S — C is also a C*-pencil of curves of same
type as ®. The weighted dual graph (=w.d.graph) of S} is given by
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where all components are P; also E2 = —1, E? = —d, EgE; =1 (i = 1,...,d),
E,E; =0 (1 <i<j<d) and Coeffg, ' = d means that the vanishing order of
®’ on Ej is d, and so on.

In the general dimensional case, degenerate families with C*-action for po-
larized algebraic schemes were defined in [Do]. In 2-dimensional case, Orlik and
Wagreich [OW 3] studied C*-equivariant completions of C*-equivariant resolution
spaces of normal surface singularities with good C*-action. Analogously, we de-
fine complete C*-pencils of curves. They play important roles for consideration
of the relation between C*-pencils of curves and cyclic covers of normal surface
singularities with good C*-action in Section 5.

DEFINITION 1.5.

(i) Let S be a compact complex surface with an effective holomorphic C*-
action and ® : § — P! be a surjective holomorphic map. Let S :=
S\ supp(®1(c0)) and S* := S\ supp(®~1(0)), where co = [1 : 0] and
0=1[0:1. If®:=d|g: S — C and ®* := (1/d)|s- : S* — C are
C*-quasi-pencils of curves, then we call $:5—Pa complete C*-quasi-
pencils of curves. If ® is a C*-pencil of curves of type (d, g, m), then P is
called a C*-pencil of curves of type (d, g, m).

(ii) If ® and ®* are minimal good C*-pencil of curves, then & is called a minimal
good complete C*-pencil of curves.

(iii) Let $:5 —P'bea complete C*-quasi-pencil of curves. We also represent
P (resp. *) as &, (resp. Pr) and call &y, (resp. Pg) the left (resp. right)
part of ®.  Furthermore, let put Sy = supp(®~(0)) and S, =
supp((i)_l(oo)); hence Sy = SLO and S, = SA’L,OO.

(iv) Let ®; : §; — P! be a complete C*-quasi-pencil of curves (i = 1,2). A
holomorphically isomorphism from ®; to d, is defined to be a pair of C*-
equivariant biholomorphic maps ¢ : 5’1 — 5'2 and g : P! — P! such
that @ 0 @1 = @50 5.

(v) Two C*-pencils of curves ® and ®* are said to be mutually dual. Namely,
O* (resp. @) is the dual of ® (resp. ®*).

We remark on Definition 1.5 (i). In Theorem 2.4 (i) and Corollary 2.11, we
give a way to construct all complete C*-pencils of curves up to C*-equivariantly
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biholomorphic equivalences, which is called the canonical construction. From the
way, we can easily see that the types for ® and ®* coincide.

From the definition above, we can see that the homological monodromy trans-
formation associated to ®; and ® gr are inverse to each other. Next we describe
some fundamental facts for pencils of curves.

REMARK 1.6. Let ®: S — A be a pencil of curves.

(i) For any non-zero constant ¢, the product ¢® also gives a pencil of curves
that is isomorphic to .

(ii) If @™ (m > 2) is the power of the function ®, then ®™: S — A is a
quasi-pencil of curves but not a pencil of curves, because the generic fiber
of ®™ has m connected components. Conversely, if &: S — A is a quasi-
pencil of curves but not a pencil of curves, then there is a pencil of curves
U: S — A such that ® = U for ¢ > 2.

(iii) If ® is a C*-pencil of curves, then similar statements as (ii) are also true.
Namely, for m > 2, & is a C*-quasi-pencil of curves but not a C*-pencil
of curves as in (ii). If ®: S — C is a C*-quasi-pencil of curves but not
a C*-pencil of curves, then there is a C*-pencil of curves ¥: § — C such
that ® = ¥¢ for ¢ > 2.

PROOF. Since (i) and the first statement of (ii) are obvious, we prove the
second statement of (ii). Let £ be the number of connected components of the gen-
eral fiber of ®. From the Stein factorization of ®, we have the following diagram:

P
A
o

where 7; is a finite map and ¥, is a connected map. Then W¥; is a pencil of
curves and t = 7;(¢) = u(¢)¢*, where u(0) # 0. Let u;(¢) be a holomorphic
function with u{ = u on a small open disc A.. Consider a coordinate change
¢ = ¢(¢) == u1 ()¢ on A.. Let ¥ := @ oWy and 5 := 5, 0 ¢~ '. Then, from
t=n(G)= Clé, we have ® =1, 00| =m0~}
set U1(A,). Hence, ® = U¢ on S.

Since the first statement of (iii) is obvious, we prove the second statement.

S

)

opoW; =noW =V on an open

Similarly as (ii), we take the Stein factorization ® = no ¥, where ¥: S — C is a
pencil of curves and 7 is a finite map. Let A be a small disc around the origin of
C and let consider a quasi-pencil of curves ®a : Sa = ®71(A) — A. From (ii),
there exists a pencil of curves Wa satisfying @4 = U4 on an open set W~1(A).
Therefore, we have ® = ¥’ on S. Since U!(tP) = ®(tP) = ti®(P) = t4U*(P)
for any t € C* and P € S, we have U(tP) = wt¥*U(P), where w’ = 1. Since
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U(P) = w¥(P) for S\ supp(Sy), we have w = 1. Hence ¥ is a C*-pencil of curves.
O

REMARK 1.7. Let ®: S — A be a quasi-pencil of curves.

(i) If f is a non-constant holomorphic function on S, then a holomorphic func-
tion g on A exists such that f = g o ®. In fact, there is a well-defined
function g on A by g(t) = f(S;) for any t € A. Considering a holomorphic
local section s of @, g is holomorphic from g = fos.

(ii) If : S — C is a C*-quasi-pencil of curves of degree d and f is a C*-
equivariant holomorphic function on S of degree ¢ (i.e., f(tp) = t?f(p) for
any t € C* and p € S), then d|¢ and f coincides to c®‘/¢ for a constant c.
In fact, g of (i) with f = go ® is written as ct/¢ because g is homogeneous.
Therefore, any C*-equivariant holomorphic function f on S is given as a
power of the fibering map ¢;® for ¢; with ¢ = ¢f; namely f = (¢;®)*/.

(iii) Let ® : S — C be a C*-quasi-pencil of curves. Let {; and ¢ be different
non-zero elements of C. Let w be a fixed element of C* satisfying w? = (3/(;.
Then we have a biholomorphic map from S¢, to S¢, by P — wP. Therefore,
all general fibers are mutually biholomorphic.

Next we review some facts related to normal surface singularities with C*-
action. Let (X, 0) be an n-dimensional normal isolated singularity with C*-action.
From [OW1], there is an embedding (X,0) C (CN*! 0) such that the C*-action
on (X,0) is induced from a diagonal action t - (zg,...,2n) = (t%z0,...,tW zy)
on CN*1 where ¢; > 0 for any i. If ged(qo,...,qn) = 1, then the action is
called a good C*-action. In this paper, we usually consider singularities with good
C*-action; abbreviate “good” in the following. If a polynomial f(zo,...,2zn) is
expressed as a linear combination of monomials 20 ...z satisfying Z;V:O qjt; =
d, then f is called a quasi-homogeneous polynomial of type (qo,...,qn;d) or of
type (qo, - --,qn) and of degree d. The affine ring Rx of X is generated by quasi-
homogeneous polynomials of type (qo,...,qn) ([OW1]). It becomes a graded
ring.

From now on, it is assumed usually that X is 2-dimensional. We often use
star-shaped w.d.graphs given as follows:
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The component Ej is a compact smooth algebraic curve of genus g and Ef = —b.
It is called the central curve. Each P!-chain U§:1 E, ; is contracted to a cyclic
quotient singularity of type Cy, ¢,, where

d; 1
; = [[bz‘,l, cee ,bzyzi]] = bi,l -

Ifb—Y"7_, ei/d; > 0, then it is well-known that the configuration of (1.1) represents

the exceptional set of a resolution space of a surface singularity ([P]). Furthermore,

ifb=73"_, e;/d;, then we prove that there exists a C*-pencil of curves ®: S — C

such that the configuration of (1.1) represents the support of Sy (Theorem 2.4).
Let (X, 0) be a normal surface singularity with C*-action.

THEOREM 1.8 ([OW1], [P] and [Tod4]). There exists a C*-equivariant res-
olution 7 : (X, E) — (X, 0) uniquely which satisfies the following:

(1) The w.d.graph of E is a star-shaped graph of (1.1) and b — 22:1 ej/d; > 0.

(ii) The C*-action on X acts trivially on the central curve Ey; each irreducible
component of E except for FEy contains a one-dimensional orbit.

(iii) Each P'-chain Ule E; ; does not contain a (—1)-curve.

In this paper, a resolution satisfying the three conditions above is called a
minimal C*-good resolution. For cases aside from cyclic quotient singularities,
the minimal C*-good resolution is the minimal good resolution. However, for
cyclic quotient singularities, this is not always true. For such singularities, there
are countably many natural C*-actions for each one. For example, let (X,0) be
(C?,0) with C*-action t - (z,y) = (t?z,t3y) for t € C*. The minimal C*-good
resolution of (C2,0) with C*-action above is given as

’ where O means @ (1.2)

Ey 0

and Fj is the central curve. However, it is not the minimal good resolution. Please
refer to [To4] for further details.

The structure of a normal surface singularity is determined by the analytic
structures of the central curve Ey and the normal bundle of Ej in the minimal good
resolution and intersection points of Fy and P'-chains. This fact was described
explicitly by A. Fujiki [Ful] and H. Pinkham [P]. Assuming that the w.d.graph

of E'is given as (1.1), then let H be the restriction of the conormal bundle N7, /%
0
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onto Ey and P, := EyNE; ; for any 7. For affine graded ring Rx of (X, 0), Pinkham
[P] proved an isomorphism of graded rings as

gé E070E )))tk’ (1.3)
k=0

where D) = kH —37"_,[e;k/d;]P; and [a] is the round up of a € R. In [De], M.
Demazure generalized this formula in higher dimensional case, and K-i. Watanabe
applied it to finitely generated graded ring theory ([Wke]). We call a Q-coefficient
divisor D = H — 75_,(e;/d;)P; the Pinkham-Demazure divisor of (X,o0). Also
the representation of Rx of (1.3) is called the Pinkham-Demazure construction.

In Section 2, we present a canonical method to construct (resp. complete)
C*-pencils of curves (Section 2) and call such objects (resp. complete) C*-pencils
of curves by the canonical construction. We prove that any complete C*-pencil of
curves is C*-equivariantly and holomorphically isomorphic to one by the canonical
construction. Furthermore, considering complete C*-pencils of curves, we intro-
duce the notion of dual C*-pencils of curves.

In Section 3, some results on cyclic quotient singularities and its cyclic cover-
ings are proven as the preparation of Section 4 and Section 5. Our main result is
Theorem 3.4, which is proven according to the argument by Fujiki ([Fu2]).

In Section 4, some results on C*-pencils of curves are shown. We prove a
C*-equivariant version of Theorem 1.2. (Theorem 4.1). In [Ful] and [P], they
prove that any normal surface singularity with C*-action is obtained as a finite
group quotient of a holomorphic line bundle on a compact smooth complex curve.
As its analogy, we prove Theorem 4.6.

In Section 5, we prove a relation between complete C*-pencils of curves and
cyclic coverings of normal surface singularities with C*-action (Theorem 5.4). Let
(X, 0) be a normal surface singularity with C*-action and h a homogeneous element
of Rx of degree d. Let (Y;,0) be the normalization of the cyclic covering over
(X,0) defined by w;" = h (i = 1,2). Suppose that m1 +mge =0 (d) and Y7,Y>
are irreducible. Then we can see some duality phenomenon between (Y7,0) and
(Y2,0) (Theorem 5.4, Remark 5.7). In [Ko], Kodaira already recognized “a dual” of
elliptic pencils from the point of view of homological monodromy theory. Recently,
for general pencils of curves, Lu and Tan [LT] studied the notion of dual pencils
from the point of view of n-th root fibrations. In Section 5, we explain their
definition for dual pencils. As an application of Theorem 5.4, we prove that the
dual as C*-pencils of curves coincides with the notion of dual as cyclic coverings
in [LT] up to the C*-equivariant birational map.

NOTATIONS AND TERMINOLOGIES. Let R be aring and /& a non-zero element
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of R. Then h is called a perfect power element if there is an element g € R satisfying
h = g* for some positive integer k > 2.

In this paper, we use weighted dual graphs to represent the configurations of
singular fibers of pencils of curves and the exceptional sets of resolutions of surface
singularities. Please refer [To6] for them.

Let A= U§:1 A; C M be the irreducible decomposition of a complex curve
A in a complex surface M. Let D = Z:Zl d;A; be a divisor on M. In this paper,
we put supp(D) = J;_, 4; (the support of D), red(D) = >7_, A; (the reduced
divisor of D) and Coeff4, D = d;. Furthermore, if A is a reduced divisor with
supp(A4) C supp(D), then we put supp(D)\A := supp(red(D) — A). Suppose that
A? < 0 for any j and that A = Z;Zl A; is a simple normal crossing divisor on M.
Let F=J,_, F;, (CA). If U:;Ql F; does not intersect other components except
for F} and F,. and the w.d.graph of F' is given by

Fl F2 Fr

then F is called a P'-chain of type (b1,...,b.) or type (d,e), where d/e =
[[b1,-..,0.]] and ged(d,e) = 1. If b; > 2 for any 4, then F' is called a minimal
P!-chain.

For non-negative integers aq,...,as with a; +---+as > 0and 0 < r < s, we
define an integer as

(1.4)

[a a \a a]: ng(al,.._,ar)
Do TS B T eed(ans - ary lem(ag g, - )

In this paper, we often use it in the case of (r,s) = (1,2) or (2,1). It is readily
apparent that [ay | a2,a3] = [a1 | a3,a2] and [a1,a2 | a3] = [az,a; | a3]. For
integers a1, as, az, the following figure is convenient to represent integers above.

o ay v = ged(ay, as, asz),
%v o = [aq]ag, as),

a2 as 1 := [ag,as]a;1], and so on.

The following can be checked readily:

(1) a1, az and ag are relatively prime.
(ii) 1, 72 and ~3 are relatively prime.
(iii) «; and ~; are relatively prime for ¢ = 1,2, 3.
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2. Canonical construction of complete C*-pencils of curves.

In this section, we present a method to construct complete C*-pencils of
curves from P!-bundles on smooth compact complex curves (Theorem 2.4). In
addition, we obtain C*-pencils of curves as subsets of complete C*-pencils of curves
constructed by the method. Such method is called the canonical construction for
(complete) C*-pencils of curves. Moreover, we prove that every (complete) C*-
pencil of curves is isomorphic to one by the canonical construction (Theorem 2.10
and Corollary 2.11).

LEMMA 2.1.
(i) Let [[b1,...,be]] = n/q and let ¢', ¢ be numbers satisfying q¢' = 1 (n)

(0< ¢ <n)and ¢"n=qq — 1. Then, for any real number a, we have

n+qa
q+q//a'

[[bl,...,bg_l,bg+a]] =

(ii) Let n,q1 and g2 be positive integers such that n and g; are relatively prime
and 0 < ¢; < n fori=1,2. If we put n/q1 = [[b11,--.,b1,0,]] and n/qz =
[[b2717 ey b27g2]], then

[[bl717 e, b1,€1 1, bg’gz, L. ,bg’lﬂ =0 Zf and only Zf q1+q2 =n. (2.1)

PROOF. Since (i) was proven in [To4], we prove (ii). From (i),

n
|:|:b1,17"°7b1,£117b1,51 - n q,:|:|
- 42

_ntaln/ln-¢) _ ni-(a+e)

a+¢/(-n/(n—q)) na—qgy —ngy

Hbl,17 ceey bl,f17 17 b2,fg7 ceey b2,1]]

where ¢} and ¢} are defined for ¢; and n asin (i) (¢ = 1, 2). From this, if g1 +¢2 = n,
then ¢} + ¢5 = n and so the value above is zero. Conversely, if the left hand side
of (2.1) is zero, then we have ¢} + ¢4 = n. Consequently, ¢; + g2 = n. O

Let n and ¢ be relatively prime integers with 1 < ¢ < n. Let put
n/q = [[b1,1,---,b1,4]] and n/(n —q) = [[b2,1,-.-,b24,]]. Let A be a small open
disc around the origin in C. From (2.1), there exists uniquely a successive C*-
blowing-up 0,4 : Vg — A x P! started from (0,0) such that the w.d.graph of
On.g L({0} x P1) is given as
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T

2.2
B B Es 4, x E2,1 22)

where Fyq = (an,q) '({0} x IP’l) (= strict transform of {0} x P! through o, 4).
Let E(0) = U, Erx and E(co) = U2, Eay. Also, let 7:V,, , — V;,4 be the
contraction of E(0) and F(c0). Thelrefore7 the complex surface V;, , has two cyclic
quotient singularities Py := 7(E(0)) and Pw := 7(E(00)) such that (V, g, Po) =
Chp,q and (Vn,q,POO) = Cy,n—q. Furthermore, let U, 4 := V, 4\E(c0) and let Un’q
be the complex surface obtained by the contraction of E(0) in U, 4. Thus, U, ,
has only one cyclic quotient singularity of type C, 4.

Let put g = (¢ et ) for e,, := exp(2my/—1/n) and consider the natural action
of Gpq := {g) on A x C. Then the action is extended naturally onto A x P!.
Hence we have the following:

AxC——AxP!

(AxC)/Gpyg —— (A xPY)/G,py

The complex surface (A x C)/G,, 4 has a cyclic quotient singularity of type C,, 4 at
p(0,0) and (A x P')/G,, , has another cyclic quotient singularity of type Cy, ,,—q
at p(0,00). Let o : Y, , — (A x P')/G, 4 be the minimal resolution of p(0,0)
and p(0, 00); also let X,, ; — (A x C)/Gy,q be the minimal resolution of §(0,0).
Hence, X,, 4 C Yy, 4. The following was already described explicitly in [Ful], but
it is written in Japanese. Then we give the proof in a slightly different way.

LEMMA 2.2.  The complex surface (A x P)/G,.q (resp. (A x C)/Gy ) is
C*-equivariantly biholomorphic to V, 4 (resp. U, ). Therefore, Yy, 4 (resp. Xp.q)
is C*-equivariantly biholomorphic to V,, 4 (resp. Uy, q)-

PROOF. Let z be the coordinate of A. Because 2" is G, 4-invariant, we have
a holomorphic function A induced from it on (A x P')/G,, 4. Let A be a divisor
on (A x P')/G,, , defined by h. Let Fy be the strict transform of A by o; then
vp, (h o o) = n. Therefore, the divisor by hoo onY,, , is given as

1 q n n—gq 1
Fiq o, Fy Fs Fyq

Let ¢ : Yo 4 — Z be the contraction of i1, Fi; U Fy UUjZ, 5. Then, Z
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is a non-singular surface and ¢(F; 1) is a non-singular projective line in Z whose
intersection number equal to zero from Lemma 2.1. Because the projection map
p1: A x P! — Ais G, 4-equivariant, we can get a proper surjective holomorphic
map p : Z — A such that any fiber of p is P!. This is isomorphic to the trivial P!-
bundle on A. Consequently, from the construction of V,, 4, Yy, 4 is C*-equivariantly
biholomorphic to V, 4. O

Let ¢ : L — Ej be a holomorphic P*-bundle on a compact smooth complex
curve Ey. For any Py € Ey, a small open neighborhood Up, of Fy is chosen such
that Up, = A (= a small open disc around the origin in C) and ¢~ }(Up,) =
Up, x P'. Corresponding to 0,4 : Vg — Up, x PL, there is a successive C*-
blowing-up o, 4(Po) : wp,(n,q)L — L satisfying the following diagram:

On, (P())
wp, (na q)L : L

U U
v T Up )P~ o (U
n,q Py X =@ ( PO)-

DEFINITION 2.3. Let ® : § — P! be a complete C*-pencil of curves and
mo := ged{Coeff g, So | E; is an irreducible component of supp(Sp)}. If mo > 1,
then we call ® is a multiple complete C*-pencil of curves of multiplicity mg. This
is equivalent to the condition that ) L S |, — C is a multiple pencil of curves of
multiplicity my.

THEOREM 2.4. Let Ey be a compact smooth complex curve of genus gy and N
a non-positive holomorphic line bundle on Ey. Assume that dN ~ —ijl d; P;
(linearly equivalent) for positive integers d,dy,...,ds with 0 < d; < d (s > 0)
and mutually distinct s points Py, ..., Ps € Ey. Let mg := ged(d, dy,...,ds) and

g =1+ (1/2){d(2g0 — 2+ s) — >_5_, ged(d, d;)}.

(1) There exists a minimal good complete C*-quasi-pencil of curves $:8 — P!
of degree d satisfying the following properties:
(i-1) the w.d.graphs of the singular fibers So and S are star-shaped,;
(i-2) the central curves of Sy and Ss are holomorphically isomorphic to
Ey;
(i-3) if Eo is considered as the central curve of Sy, then NEO/S|E0 ~ N as
holomorphic line bundles on Ey.
(ii) Let & be a complete C*-quasi-pencil of curves constructed in (i).
(ii-1) If mg = 1, then disa non-multiple complete C*-pencil of curves of
type (d, g,1). )
(ii-2) Supposing that mg > 1, then ® is a multiple complete C*-pencil of
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curves of type (g,d, mo) if and only if (d/mo)N +35_,(d;/mo)P; is
a torsion bundle of order my.

PROOF. (i) Let —b be the degree of N' (b > 0). Then bd = >-°_, d;. When
s = 1, we have db = by > 0. This contradicts the hypothesis 0 < d; < d; hence
we have s = 0 or s > 2. Let H be a holomorphic line bundle N + [P} + - - - + P]
on Ey and ¢ : H — Ej the projection map. Furthermore, let ¢ : H — Ej be a
P!'-bundle on Ej associated to H. We choose an open coordinate covering U, Ua
of Eg such that ¢71(U,) = U, x P! (so ¢ 1(U,) 2 U, x C). Let ¢, be a fiber
coordinate function on ¢~!(U,). We choose a meromorphic function h, on U,
such that (h,) = Z‘;:l(d —d;)P; on U,. Because {h,} is a meromorphic section
of dH satisfying ¢¢/h, = Cg/hg on =1 (U,) N¢~1(Up), there is a meromorphic
function ® on H such that ®'|,-1(p, ) = (¢/hq for any a. The natural C*-action
on H is given by t- ((y, P) = (t(s, P) on ¢~ 1(U,). Hence we have ®'(t- (¢, P)) =
(t(a)?/ho(P) = t9®'(P). Then @' is extended to a meromorphic function on H.
Let ® := [®g: ®1] : H — P! be a holomorphic map which is given by ®, where ®
and ®; are holomorphic functions with ®gh, = (?®;. Then ® is a C*-equivariant
holomorphic map with respect to a C*-action defined by ¢ - [£: &1] = [t%y: &1] on
P! for any t € C*.

When s = 0, let assume that S := S and ® := ®. In this case, H is a torsion
or the trivial line bundle on Ey from the definition. Next, let consider the case
of s > 2; hence we have bd = 3°°_, d; > 0. Let d/d; = [[bij1,...,b1,j,]] and
d/(d — dj) :7[[172’]"1, ey b2’j’»uj”. If we puf Eg’j,l = (p_l(Pj) (SO Pj = EO N EQLj’l),
then vg, , , (®) (= the vanishing order of ® on Es ;1) is equal to —d; and vg, (®) =
d. For a small open neighborhood Uj of P;, we consider a successive C*-equivariant
blowing-up o; = 0q.4,(P;) : wp,(d,d;)(¢""(U;)) — @ '(U;) as in (2.2). Let
S = wp,(d,ds) - wp,(d,d1)H and 0 :=050---007 : S — H. We consider the
following holomorphic map

d=doo:S5 — P

Then the figure of the divisor for ® on § is represented as

d = dij e iju, 0 —dojo, oo —da,j1 —d
[g] ELJ}l T El,jﬁu] Ej EQJ,Uj s E2~]}1 [g}

where Fs ;1 (resp. Eo) is the strict transform of ¢~'(P;) (resp. the infinity
section of H); also di,ng > 0 for ¢ = 1,2 and d17j,1 =d - dj and d27j,1 = dj.
Since o is a C*-equivariant map, the C*-action on H is lifted onto S and @ is
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a C*-equivariant map. In the construction of S , we took only one blowing-up at
P; for each j. Therefore, the restriction of the normal bundle N Fo/$ onto Ey is
linearly equivalent to V.

Now let S := S\ supp(®~1(0)) = S\(Es U (Uj=1 Ui, E2,;,k)) and consider
a holomorphic map ® := <i>|5 :§ — C. We prove that ® is a C*-quasi-pencil
of curves. Because Eo, U (U§:1 Ui, E2,jk) is a C*-invariant set, S is also a C*-
invariant set and @ is a C*-equivariant holomorphic map. Because supp(®~1(0)) =
EoU (Uj—; UL, E1jk) and this is a compact complex curve in S, the restriction
map ® : d~1(A.) — A. is a proper map for sufficiently small ¢ with 0 < ¢ < 1
(see [Stei] and [Fi, p. 56]). Since red(®~1(0)) is a simple normal crossing divisor,
®~1(t) is non-singular for any t € A. — {0}. Because, if we write ®(z,y) = z%°
locally, then any point P satisfying 0®/0z(P) = 0®/0y(P) = 0 is included in
{zy = 0} (C supp(®~1(0))). Then ®~1(¢) is a compact smooth complex curve for
any t € A, — {0}. Then ® : ®~1(A,) — A. is a quasi-pencil of curves.

It is easy to confirm that ®(tP) = t?®(P) for any t € C*. Consequently, we
need only to show that ® : § — C is a quasi-pencil of curves. Namely, for any
¢ € C*, we must prove that ®71(¢) is a smooth compact complex curve. For any
¢ € C and any t € C*, we have

t01(¢) = 7 (0). (2.3)

In fact, for any tP € t®~1((), we have ®(tP) = t?®(P) = t4¢. Therefore, tP €
®~1(t%¢) and so t®~1(¢) € ®~1(t%(). Conversely, for any P € ®~1(t(), we have
®(P) = t¢ and so ¢ = (1/t4)®(P) = ®((1/t)P). Then (1/t)P € ®~!(¢) and
so P € td~1(¢). Therefore, we have (2.3). For any ( € C, we take t, € C*
such that t3¢ € A.. From (2.3), to® () = @ 1(td() is a smooth compact
complex curve. Because tg : ®71(() — te® 1(¢) gives a biholomorphic map,
®~1(¢) is also smooth and compact. Then ® is a C*-quasi-pencil of curves. Let
§* == S\ supp(®~*(00)) = S\(Eo U (Uj—; ULy Erji))- Similarly, we can show
that ®* := 1/(®)|g» : §* — C is a C*-quasi-pencil of curves; hence & : § — P!
is a complete C*-quasi-pencil of curves.

(ii) Considering the restriction map ®. : ®~1(A.) — A, constructed in (i),
first we prove (ii-1). Consider the Stein factorization of ®. as

where 7 is a finite map and @’ is a proper map whose fiber is connected. Then 7 is
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given by t = n(v) = v"n;(v) (n > 1), where v is a coordinate on A and 7, (0) # 0.
Therefore, we have Sy = nSy for an effective divisor Sy determined by vo®.L. Then
n | d and n | d; for any i. Consequently, (d/n)N ~ —Z;zl(dj/n)Pj and n | mo.
Therefore, we have n = 1 from mg = 1. Then, any fiber of ®. is connected. Hence
) gives a C*-pencil of curves because all general fiber of $ are isomorphic from
Remark 1.7 (iii). Therefore, ® is a non-multiple complete C*-pencil of curves from

mozl.

Next we consider the genus of ®. Assume that the following figure is associated

where we have the following:

(l) [[bl,j,17 ttty blvjruj’ 17 b2»jvvj yrro b27ja1:|:| = 07
(ll) b + l_) =s and d17j11 + dgyj’l =d.

By the adjunction formula (see [BPV, p.68]), g = 1 + (1/2){d(b + 290 — 2) +
PRy Sl dijk(bijk—2)}. For any j, we obtain a simultaneous linear equation
dl’jﬁkfl - bl,j,kdl,j,k +d17jﬁk+1 =0 for (k = ]., ey Uj), where dl,j,O = d7 dl,j,l = dj
and d ju;+1 = 0. Adding up them, we obtain an equation d + ZZ’:II dijr —
Sokl1 bugkdy e+ 3 plo di gk =0 for any j. Then 377 3757 dijn(brje —2) =
sd — Zj’:l dl,jﬂ,ﬂ, — Zj’:l d17j71. Because dl,j,uj = ng(d, d17j71) and Zj’:l d17j71 =
db, we obtain the formula of g.

(ii-2) Let put F =: (d/mo)N + ijl(dj/mo)Pj. First, consider the “only
if” part. Let kg = min{k | 1 < k < mg,kF ~ 0}. Assume that ky < mg. Since
moF ~ 0 and koF ~ 0, there exists a positive integer k1 (k1 < mg) such that
k1 | mo and k1 F ~ 0. Using (i), there exists a quasi-complete C*-pencil of curves

dy : § — P! associated to ki F. From Remark 1.7 (ii), we have & = cégb"/kl
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for a constant ¢. Therefore, ® is not a pencil of curves. This is a contradiction.
Consequently, kg = mg, and F is a torsion line bundle of order my.

Second, consider the “if” part. If & is not a multiple pencil of curves, then
it is not a pencil of curves. Namely, it is not a connected map. Using Stein
factorization as in (ii-1), we can show that Sy = nSy for a quasi-pencil of curves
®: S — C, where n (> 1) is the number of connected components of the general
fiber. Since SoEy ~ 0, we have n | mg and (d/n)N ~ — >j=1(dj/n)P;. Therefore,
(mo/n)F ~ 0 and this contradicts the hypothesis that the order of F'is mg. O

Let ® : S — P! be a complete C*-pencil of curves constructed in 2.4 (i). Tt
is denoted by ®(Ey, N, Y 7_, d; P;) or ®(A), where A := (Eo, N, 5_, d;P;). The
degree of & is given as —(225=1d;)/ deg(N).

REMARK 2.5. (i) In the construction of complete C*-pencils of curves of
order d, the generic fiber of d; is also the generic fiber of dp. Therefore, oy
is the inverse of the homological monodromy transformation associated to dr
because &, =1 / d on the generic fiber. Moreover, the order of the monodromy
group is equal to d. Generally, the monodromy group of any pencil of curves
whose singular fiber is star-shaped is a finite group, and the order is equal to the
coefficient of the central curves of the singular fiber Sy (see Section 4 in [MM]).

(ii) In Kodaira’s list of elliptic pencils in [Ko], we consider pencils of curves
except for type I,, and I, (m > 1). Then they have star-shaped singular fibers.
It is easy to see that they are realized as C*-pencils of curves. For example, 11T
and ITI* in [Ko] are embedded into a complete C*-pencil of curves as follows:

Pl

Therefore, they are dual mutually in our sense. Using Theorem 4.6, we can see
that the generic fiber of d is the elliptic curve with complex multiplicative group
of order 4.

(iii) Let Y be a compact complex algebraic surface. Let ¥ : Y — P! be
a pencil of curves. Let s be the number of its singular fibers. It is known that
s > 2. Furthermore, if s = 2, then the geometric genus py(Y’) and the irregularity
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q(Y) are equal to zero. Please refer [N] for more detail. Any non-trivial complete
C*-pencil of curves gives a pencil of curves with s = 2.

DEFINITION 2.6.  Let ®(0) : $(0) — P' be a complete C*-pencil of curves
obtained by the construction of Theorem 2.4 (i). Let 7 : S — S5(0) be a sequel
of blowing-ups at C*-fixed points. Then & := @(O) or : & — P! is also a
complete C*-pencil of curves. We call such one a complete C*-pencil of curves by
the canonical construction. It is figured as follows:

ay 1.k j —a2te,

Flﬁt,l Fl,m § Ft §F2tlr

(2.6)

In this paper, we call the figure above the configuration associated to P.
Let put Fy = Fo U (U Uy Fijn), Fr = Eeo U (Ui U, Fajx) and
Fy = U;:l F;. Therefore, C* acts trivially on Ey and E.. All intersection
points of irreducible components in Fy U Fg U F); are fixed points of the C*-
action. Furthermore, each component of F, U Fr U Fj; except for Ey and E
is constructed by a one-dimensional orbit and two fixed points. As in (2.5), wi
obtain the following:

(1) [[b17j71, ey bl,j,kj 5 ,LLj, b27j7gj, ey b27j71H = 0,

(2.7)
(11) a17j71 + (12,]"1 = 0 (d),
but it is not always true that b; + by =t. If F;, and Fr does not contain a (-1)-
curve, then d is called a minimal good complete C*-pencil of curves. For a given
complete C*-pencil of curves, we can obtain a minimal good complete C*-pencil of
curves after suitable contractions of (—1)-curves. The latter is called the minimal
good model of the former.

EXAMPLE 2.7. Let us consider a complete C*-pencil of curves ®: § — P!
whose configuration associated to ® is given as follows:
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By a suitable contraction of (—1)-curves in S, we obtain the minimal good model
®(0): S(0) — P! and an associated P'-bundle H on Ej as follows:

In the following, using the slice theorem due to H. Holmann ([H2]), we prove
that every C*-pencil of curves is C*-holomorphically isomorphic to one obtained
by the canonical construction. We prepare some definitions and a lemma in the
following.

DEFINITION 2.8 ([H2]). Let G be a topological transformation group acting
on a topological space X.

(i) For any point € X, suppose that there exists a neighborhood U, such
that G x U, — U, ((h,p) — hp) is proper on the closure U,. Then the
action of G on X is said to be locally proper.

(ii) The action of G on X is said to be properif G x X — X x X ((h,p) —
(hp,p)) is proper.

(iii) If the isotropy group G, := {h € G | hxz = z} is a finite group of G for any
x € X, then the action is said to be isotropy finite.

In the above definition, if the action of G is proper, then we can easily check
that it is locally proper.

LEMMA 2.9. Let & : S — C be a C*-pencil of curves of degree d. The
C*-action on S’ := S\ supp(Sy) is proper and isotropy finite. Also, any isotropy
group is a cyclic group whose order is a divisor of d.
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PrOOF. Let ¢ : C* x § — S’ x S’ be a holomorphic map defined by
(t,x) — (tz,x). Let K be a compact subset in S’ x S’. Then there are suitable
positive constants m; and M; (i = 1,2) such that we have m; < |®(z)] < M,
and my < |®(y)] < My for any (x,y) € K. Let p; be the projection map to
the i-th factor from C* x S’ for i = 1,2. For any (t,z) € ¢ 1(K), we have
(tz,z) € K. Then we have m; < [t|¢|®(z)| < M; and my < |®(x)| < M. Then
we have my /My < |t|4 < My /my for any t € py ' (K). Hence pi(o ' (K)) = {t €
C*|(tx,x) € K for an element x € S’} is a bounded and closed set in C*; then it is
a compact set. On the other hand, p2(¢~1(K)) = ¢2(K) can be checked readily,
where g5 is the projection map to the second factor from S’ x S’. Thus ps (¢! (K))
is compact and so p; (¢~ H(K)) x pa(p~1(K)) is compact in S’ x S’. Since p~1(K)
is a closed subset in p; (¢ 1 (K)) x p2(p~ 1 (K)), ¢ 1(K) is compact. Then ¢ is a
proper map.

Any finite subgroup of C* is a cyclic group. For any p € §', let G, be
the isotropy group. For any t € G,, we have ®(p) = ®(tp) = ti®(p) # 0.
Consequently, t = 1 and G, is a cyclic group whose order is a divisor of d. O

THEOREM 2.10. Let ® : S — C be a C*-pencil of curves. Then it is
C*-holomorphically isomorphic to a C*-pencil of curves obtained by the canonical
construction.

PrROOF. Let g be the genus of ®. If ¢ = 0 and relatively minimal (i.e.,
no fiber contains (—1)-curve), then ® is a trivial pencil of curves. Therefore, we
can assume that g > 1. Let Ey be an irreducible component of E := supp(Sp)
such that there are infinitely many orbits whose closures in S intersect to it;
hence C* acts trivially on Ey. Let o : S — S be the contraction map of all
connected components of £ — Ey. Then S is a normal surface. Since any connected
component of E — Ey is C*-invariant, the C*-action is preserved onto S. Because
S’ := S\ supp(Sp) is identified with S’ := S\o(Ep), the C*-action on S’ is proper
from Lemma 2.9.

Let ¢ be any point in S’. From Holmann’s slice theorem ([H2, Satz 4, 8]),
we have a C*-saturated neighborhood U,, in S’ (i.e., h-U,, = U,, for any h € C*)
and a Gj,-invariant smooth complex curve D,, in U,, such that there is a C*-
equivariant biholomorphic map ., : Uz, — (C* x D,,)/7(G,,) with respect
to the canonical C*-action on the right hand side (i.e., t(¢,z) = (¢¢,x) for any
t € C*), where 7 : G, — Aut(C* x D,,) is defined by 7(h)(¢,z) = (h{,h™! - x)
for any h € G,,. Here, h( means the usual product in C* and h~! -z means
the C*-action. For any = € S’, let O, be the C*-orbit of x; also O, be the
closure of O, in S. If we set V,, = UermO O, then it is an open set in S
satisfying Vi, N S = U,,. If we set F := V,, N Ep, then C* acts trivially on
F. For any point y € F, let  be a point of S’ with y € O,. Let 1@00 (y) =
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limi ot - Py (z) € ({0} X D,,)/7(G4,). This is independent of the choice of
z. In fact, if z1,29 € S’ with y € O, = O,,, then there exists t; € C* with
x1 = toxg. Since 1y, is C*-equivariant, 1y, (1) = V¥, (tox2) = to - VYs, (x2). Hence
lime ot - Pu, (1) = lmy_o tto - Py, (z2) = limt_>01f - g (x2). Consequently, 1y,
is extended to a C*-equivariant homeomorphism ., : Vi, ~ (C x D,,)/7(Gy,)-
Therefore, from the Riemann’s removable singularity theorem ([KK, p.308]), ¥y,
zo) is finite
subgroup of C*; then it is a finite cyclic group. Therefore, V., has at most a
cyclic quotient singularity. Since o is a resolution map of those cyclic quotient
singularities, any connected component of E\FEy is a P!-chain and the w.d.graph
of E is star-shaped. Hence, 071(V,,) is C*-equivariantly biholomorphic to V;, , by
Lemma 2.2. Consequently, we complete the proof. O

become a C*-equivariant biholomorphic map. On the other hand, 7(G

COROLLARY 2.11.  Let & : S — P! be a complete C*-pencil of curves. Then
it is C*-equivariantly biholomorphic to one obtained by the canonical construction.

PROOF. Assume that & : § — P! is minimal good and so the w.d.graph
is given by (2 4). From 2.10, there exists a minimal good complete C*-pencil of
curves ¥ : §' — P! by the canonical construction such that <I>L S, — C
and U, : S’ — C are holomorphlcally isomorphic. Since ® and ¥ are minimal
good, the w.d.graphs of SR o and S R0 coincide. Let ¢ = (¢1,2) be a holomor-
phic isomorphism from . to Uy namely it satisfies the following commutative

diagram:

N ©1 N
!
St )

éL\L @Ll
Y2

C——C.

Let Eo (resp. Fa) be the central curve in supp(®—1(c0)) (resp. supp(¥~'(c0)).
Let 01 : S — § (resp. o9 : JY—— S") be the contraction map of
supp(® 1 (00))\Fao (resp.  supp(¥'(c0))\Fs). Therefore, o) gives a C*-
equivariant biholomorphic map @; : S\o1(FEs) to S'\o2(Fs). Obviously, @,
is extended to a homeomorphism from S to S’. Then it becomes a biholomor-
phic map between normal complex spaces S and S’ by the Riemann’s removable
singularity theorem; also it is C*-equivariant. Hence we have a C*-equivariant
biholomorphic map ¢; from S to S, Defining as P2(00) = 00, s is extended to
a C*-equivariant biholomorphic map (%, of P'. Therefore, gb (¢1,p2) gives a
C*-equivariantly holomorphic isomorphism between d and V. O

Consequently, from Theorems 2.4 and 2.10, we have proved the following,
which is an analogous result to that of Fujiki [Ful] and Pinkham [P] for sur-
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face singularities with C*-action. Especially, (iii) is an analogous formula of
Pinkham-Demazure construction for normal surface singularities with C*-action.

COROLLARY 2.12.  Let ® : S — C be a C*-pencil of curves of degree d.

(1) After a suitable C*-birational transformation, the w.d.graph of the singular
fiber Sy is a star-shaped graph as

dl 1 di 1
. Eyiy
o - ' 2.8
ds,l d37es ( )

(ii) The analytic type of a C*-pencil of curves is determined by the following
data:
(ii-1) The analytic types of the central curve Ey.
(ii-2) The analytic types of the normal bundle of Ey in S.
(ii-3) The intersection points P; = EgNEjq (j=1,...,s).
(iii) For the fibering map @, there is a following natural identification:

HO(EO7 OED (D(d)))td = Cq>7

where DD = d(Ny, /glmy) = 35-, [ejd/d;1 Py = d(N};, slme) =051 i Py
and ® is a holomorphic function on S, which is constructed in Theorem 2.4
(i) from an element of H(Ey, O, (D?)) and the fiber coordinate C.

ExamMpLE 2.13. Let ® : S — C be an elliptic pencil whose singular fiber
is given as follows:

2 1
3 2 1
2 1

Then D®) = 2kP, — 2?:1 [2k/3]P; and deg(D™*)) < 0 for any k. Moreover,
deg(D®)) = 0 if and only if & = 0 (mod 3). Therefore, H°(Ey, O, (D)) = CP*

and H(Ey, Og,(D®))) =0 if k # 0 (mod 3).
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3. Cyclic covers of cyclic quotient singularities.

In this section, we prove some results on cyclic coverings of cyclic quotient
singularities as the preparation of Sections 4 and 5. Let consider the natural C*-
action t - (z,9) = (z,t%y) on D. x C, where D. = {z € C | |2|] < ¢} € C for
0 < e < oo and /£ is a positive integer. Let G be a finite cyclic group generated by
(¢ &) and consider the natural G-action on D. x C and the following quotient
cornpiex space

X := (D. x C)/G, (3.1)

and let p: D, x C — X be the quotient map. Then the natural C*-action
on D, x C induces a C*-action on X and (X,0) is a cyclic quotient singularity
Chq, where o = p(0) for the origin 0 of D, x C. Let us consider a resolution
7: (X, E) — (X, 0) whose w.d.graph of E is given as

B, B - B

where b; > 1 for any i. We call such resolution a Hirzebruch-Jung resolution of
type (b1,...,b,) of Cp 4. If it is the minimal resolution (i.e., b; > 2 for any 7), then
n/q=b1,...,b:]] and n/q¢ = [[bs,...,b1]] as q¢’ =1 (n) (0 < ¢’ < n) (see [Ri]).
The C*-action on X induces a C*-action on X such that any point in p(D. x {0})
is a fixed point and E = |J!_, E; is invariant under the C*-action. Let Ej and
E, 41 be the strict transforms of non-compact curves p(D. x {0}) and p({0} x C)
by 7 respectively. Thus, for 1 < i < r, E; is the sum of a one dimensional C*-orbit
and two fixed points given by E;NFE;_1 and E;NFE;;1. In this paper, the C*-action
defined on X and X as above are called standard C*-action.

DEFINITION 3.1. Let (X,0) be a cyclic quotient singularity of type C, 4.
Let h be an element of mx , such that the divisor (h o) ¢ is given by

agp ai az ce Ay Ar41

Let us call it a Hirzebruch-Jung divisor on a Hirzebruch-Jung resolution X and

*

represent it as follows:
(a0 | a1, ar |arss) (= 0). (3.2)

In particular, if (X, 0) is a non-singular point C1 o, then the divisor is represented
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by {ao | la1). If ary1 = 0, then we simplify ((ag | a1,...,a, | 0) to {ag |
ay,...,a.); also it is called a right complete Hirzebruch-Jung divisor. If a,+1 > 0,
then (ag | a1,...,a, | ar41)) is included in {ag | a1,...,a¢) (e, r+1 <t). The
latter is called the right completion of the former.

From a; — aj4+1bi41 + ai42 =0 (i =0,1,...,7 — 1), we obtain
apq + a a "+ a
a; = g T Arr1 4 a, = Gr41¢ T o (3.3)
n n
Using (3.3) successively, we can easily compute that ay,...,a, from n,q,ag and
Ar41.

DEFINITION 3.2. Let 7: (X, E) — (X, 0) be a Hirzebruch-Jung resolution
of Cp 4.

(i) If D= {ao|ai,-...,ar | ary1)) is a Hirzebruch-Jung divisor on the minimal
resolution, then D is said to be minimal or a minimal Hirzebruch-Jung
divisor (i.e., a;—1 + aj4+1 > 2a; fori=1,...,r).

(ii) Let D be a Hirzebruch-Jung divisor on X. Let 7: (X,E) — (X,0) be
the minimal resolution and ¢: (X,E) — (X, E) the holomorphic map
with 7 = 7 o 0. Then a minimal Hirzebruch-Jung divisor o, (D) is called
the minimalization of D.

Let X be a quotient space (D. x C)/G of (3.1). Hence (X,0) is a cyclic
quotient singularity of type C), , which has the standard C*-action. Let h be an
element of my , whose divisor (h o) ¢ is represented as ((ao | ai,...,ar | ar41)),
where 7: (X, E) — (X, 0) is a Hirzebruch-Jung resolution. Let ¥ be a connected
component of the normalization of the m-fold cyclic covering of X defined by
z™ = h. Since the normalization of the singularity defined by 2™ = u%v%+! in
D, xC? is a disjoint union of cyclic quotient singularities, the exceptional set of the
minimal resolution of the normalization is a disjoint union of P'-chains. Therefore,
the exceptional set of the minimal resolution of Y is also a P'-chain, and Y is
holomorphically isomorphic to a neighborhood of a cyclic quotient singularity. In
the following, we prove Theorem 3.4, which gives the type of Y as a cyclic quotient
singularity from n, q, ag, a,+1 and m.

DEFINITION 3.3. Under the condition above, let A\g, A1 be integers defined
by

TL)\O

Ao = ged(ag, - - -y arr1,m), A1 = ged(ag, arr1,m) and ng = Wt
1
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Moreover, let &, be integers defined by

—ged
mé = ged(m, ag) (a0), 0<&< —"  and ¢ = mE=8edlmao)
ged(m, ag) ag
From (3.3), we can easily check the following:
Ao = ged (m,ao, W). (3.4)

THEOREM 3.4. Under the situation above, Y is a disjoint union of A\, con-
nected components and each connected component has one cyclic quotient singu-
larity of type Cimyny.s,, where my := [m | ag, ar+1] with respect to the notation of
(1.4) and §p = (mg€ + ar1¢)/ ged(m, ar41) (ming) (0 < do < miny).

Furthermore, any connected component Y; of Y has the standard the C*-action
for1<i<A,.

PrOOF. From the definition, we can easily see that the number of connected
components of Y is equal to \g. Therefore, let us determine the type of Y;. Put
a:=ag and b := a,41; also put a1 = [a | m,b], By := [b | m,al, dy := [a,b | m],
dy := [m,b | a] and dy := [m,a | b]. We may assume that h = z°y*, where Z,7
are elements of mx , induced from coordinate functions x,y on C2. If we put Z =
{(z,2,y) € D. x C? | 2™ = 2%y}, then G acts on Z by g(z,7,y) = (2, ez, ely).
Let ¢1: Z — Z be the normalization of Z. The action of G on Z is lifted onto
Z by the universality of the normalization ([Or, p.44]). Let Y := Z/G and let
m1: Y — Y be the minimal resolution. Then we have the following diagram:

7 P1 Z p DEX(C

Y2 & (3.5)
V—>Y=2/G

X = (D. x C) /G,

where p(z,z,y) = (x,y) and ¢y (kK = 1,2) is the quotient map by G. Let
7Z = Uj;gl Z; be the irreducible decomposition, where Z; = {(z,r,y) € Dz x C? |
2mIM = eﬂ\lmb/)‘ly“/h} for ey, = exp(2my/—1/)1) and & with &™1% = ¢. There-
fore, Z is a disjoint union of cyclic quotient singularities of same type; also any
connected component Z; of Z is the normalization of Zj. Let p be a positive
integer satisfying aypu+ 61 =0 (mq1) (0 < p < my). From Lemma 2.5 in [To3],
Zj is a cyclic quotient singularity of type C,,, ,, and all Z; are isomorphic to each
other.

Hereafter, we prove that any connected component Y; of Y is isomorphic to
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Ciminy,pu- It is sufficient to check the case of j = 0. We have the following diagram
(see [To2, Lemma 2.5]):

D: xC
i @
)3 /91
Convp =~ Zo 1 Zo (3.6)
N N
Z Z

)

where ¢(u,v) := (uf1dop@rdo ymidz ymidi) and g; is an action on Dz x C defined
by g1(u,v) = (em,u, ek, v). Since ¢(g1(u,v)) = ¢(u,v) for any (u,v), it induces
the normalization map ¢; by Lemma 2.5 in [To3]. Let go(z,2,y) := (2, en, 2, €% ¥)
for any (z,7,y) € C? and Gy := (go). Then Gy acts on Zy and G/Gy gives an
effective permutation among {Zo, ..., Zx,_1}. Since |G/Go| = A1/Xo, the number
of connected components of Y = Z/G is equal to Ag.

Because the action of Gy is lifted onto Zy through o1, Zy/Gq is a cyclic
quotient singularity of order min; and it is isomorphic to Y;. Let consider an action

€myng 0

go = ( 0 ) on Dz x C for a positive integer § satisfying (g5') = (g91) and

(g5"") = (go), where go is the lifting of the action of gy through ¢. We determine
d by m,b,q,€ and . Since p(g2” (u,v)) = gow(u,v) for any (u,v) € Ds x C and a
suitable v € N, we have the following:

doy(a16+P1),,B1do, a1do ,day, mids _d1vs, midy
(egdonfte uPrdoyerdo g2y midz o diy0ymidi)

(uﬂldovaldo’ en, umldz , egllvmuh ) .

Therefore,
doy =1 (n1) and divd = q (nq). (3.7)

Since ¢(ga(u,v)) = g9'¢(u,v) for a suitable v; € N, we obtain e?,‘fl(%lle) = 1.

Hence
do(a16+ B1) =0 (myng). (3.8)

Since ged(dp,m1) = 1, we have @16 + 81 = 0 (my). Thus, § = p (mq) from the
definition of y, and (g5*) = (g1).

Since d1d = didedy = d2q (ny) from (3.7), we have midi10 = myidaq (ming).
From the definition of £ and {, we have m1di1£—a1dp = 1. Since a;dgd(+1doC =
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0 (mqyny) from (3.8), we have a1dpd¢ = —B1dp¢ (miny). Therefore,

maq€ + b¢

6 = 3(midr€ — ardoC) = madogC + frdoC = Zog

= (50 (mlnl).

Consequently, any connected component of Y is isomorphic to (Dsx C)/{g2) whose
any connected component is holomorphically isomorphic to the cyclic quotient
singularity of type Cinyn,,s,-

Consider the standard C*-action on X, which is induced from the C*-
action t - (z,y) = (z,t™%y) on D, x C. The C*-action is lifted onto Z; as
t-(z,2,y) = (t*19%z, o, t"™%y), Therefore, the m/\;-fold cyclic covering map p is
C*-equivariant. The C*-action on Z; is also lifted onto Dz x C as t-(u,v) = (u, tv).
Then ¢ is C*-equivariant, and also the C*-action and the go-action are commuta-
tive on (Dz x C). Since Y; is the quotient space (Dz x C)/{ga), it has the standard
C*-action. O

When we compute cyclic coverings of surface singularities, Theorem 3.4 is
convenient. In [KN], using Theorem 3.4, Konno-Nagashima computed maximal
ideal cycles for hypersurface singularities of Brieskorn type and compared with the
fundamental cycles. They proved a necessary and sufficient condition that those
two cycles coincide.

EXAMPLE 3.5. Let (X, 0) be a cyclic quotient singularity Csg 7. Let h be an
element of mx , such that the divisor (ho7) ¢ on the minimal resolution 7 : X —
X is given by ((30 | 9,15,21,27 | 60)). Consider the normalization (Y,0) of the
45-fold cyclic cover of (X, 0) defined by z*® = h. Since m = 45, a = 30 and b = 60,
we have A\; = 15, A\g = 3 and n1=6 and my = 3; therefore £ = =1 and §y = 7.
Hence, (Y, 0) is a disjoint union of three cyclic quotient singularities of type Cig 7.
If 0 : Y; — (Y;,0) is the minimal resolution of a connected component of (Y, 0),
then (z 0 0)y. is given by (2] 1,1,2,3 [ 4)).

COROLLARY 3.6. In the situation of Definitions 3.1-3.3 and Theorem 3.4,
we assume that ar41 =0 (i.e., (hom) ¢ = (a0 | a1,...,ar))). Letap := [ag | m, a1],
ay = [a1 | m,ap] and m := [m | ag,a1]. If Gop > 1 and &y is a positive integer
defined by mdo = a1 (ag) (0 < dg < @o), then the normalization (Y, 0) is the disjoint
union of ged(m, ag,a1) cyclic quotient singularities of type Ca, s, Furthermore,
if ap = 1, then the normalization (Y,0) is the disjoint union of ged(m,ap,ar)
non-singular points.

PrROOF. We have m; = 1. From n = ag/gcd(ao, a1), ¢ = a1/ged(ag, a1) and
Definition 3.3, we obtain A\g = ged(m, ag, a1) and A\ = ged(m, ap). Then
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— nAo _ n-ged(m,ap,a1)  ao-ged(m,ag,a1) lao | m,a1] = a
SV ged(m, ag) ~ ged(ag, m) ged(ag, ay) 0 = a0

Because it is easy to show the case of ag = 1, we assume ag > 1. Since m, Gy and
a1 are relatively prime, dg is determined uniquely. Therefore, the normalization
(Y, 0) is the disjoint union of A¢ cyclic quotient singularities of type Cz, s,, Where
mé = ged(m, ag) (ag) (0 < € < ap/A1) and 69 = ¢€ (ag) (0 < §p < @p) from the
definition of £ and 0y and Theorem 3.4. If we put € := ged(m, a1)/ Ao, then we have
me€ =1 (ap) and mefa; = a; (ao). Since dp = ¢ (ao) and g = [ay | ag] = 1€, we
have mdy = a; (ao). O

In the following, we prepare some terminologies and facts to prove Theorem
5.4.

DEFINITION 3.7.  Let D1, Do be two right complete Hirzebruch-Jung divisors
<<(1i70 | ai,h e ,CL7;7T>> fOI" 1= 1, 2.

(1) Assume that Dy and Dy are minimal. If a; 1 + az1 = a1,0 = a2,0, then it is
said that Dy and Dy are located on the opposite side, which means that the
left divisor in the following figure is contracted to the right one as follows:

a1 a1 e Q1 —Q2py  crr —Q21 —A2p0 aio 1,1 —Q2p
oy ) — @**

(i) Assume that D; or Ds is not minimal. If their minimalizations are located
on the opposite side, then it is said that D; and D, are located on the
opposite side. This condition is equivalent to be aj,0 = a2,0 and a1 1 +az,1 =
0 (a170). B

(iii) Consider two Hirzebruch-Jung divisors Dy, Dy. Let D; be the minimaliza-
tion of a right completion of D;. Here Dy and D are said to be located on
the opposite side if D1 and Dy are so.

EXAMPLE 3.8. Let D; = (14 | 18,22,4 | 2)) and Dy = (14 | 24,10,6 | 2)).
Then the minimalizations of their right completions are given by ((14 | 4,2)) and
(14 ] 10,6,2)). Hence D; and D5 are located on the opposite side.

DEFINITION 3.9. Let (X, 0) be a cyclic quotient singularity of type C,, , and
7 (X,E) — (X,0) a Hirzebruch-Jung resolution and h € mx,,. Let D = ((ao |
ai,...,0r | ary1)) (r > 0) be a Hirzebruch-Jung divisor defined by (h o). Let
(Y, 0) be a cyclic quotient singularity, which is given as the normalization of the
m-fold cyclic cover defined by 2™ = h over (X,0). Let m : (Y,F) — (Y,0) be a
Hirzebruch-Jung resolution. A Hirzebruch-Jung divisor (zo0)y is called an m-fold
cyclic lifting of D, which is written by D(m).
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For example, let (X,0) be a cyclic quotient singularity of type C74 and h
an element of my , corresponding to z%y!® € C[z,y]. Thus the Hirzebruch-Jung
divisor D defined by h on the minimal resolution of (X, 0) is given by (10 | 7,4 | 9)).
From Theorem 3.4, the 21-fold cyclic cover defined by 22! = h over (X, 0) coincides
with one cyclic quotient singularity of type Cyg34. From 49/34 = [[2,2,5,4]],
D(21) is represented as (10 | a1, a2, a3, a4 | 3). Using (3.3) successively, we have
a1 =7, a; =4 and ag = ay = 1; then D(21) = (10| 7,4,1,1 | 3).

PrOPOSITION 3.10.  Under the situation of Definition 3.9, let my, my be
positive integers satisfying my + mo = 0 (ag). Then two cyclic liftings D(mq),
D(mg) are located on the opposite side.

PROOF. Let D = (lag | a1,...,as) be the right completion of D. Using
Corollary 3.6, we can compute the m;-fold cyclic lifting of D (i = 1,2). From

m1 + ma = 0 (ag), we have [ag | mi,a1] = [ag | ma,a1] with respect to the
notation of (1.4). Let ag := [ag | m1,a1] = [ao | me,a1], m; = [my; | ao,a1],
a; = [ay | m;,ap] and ; := [m,, a1 | ap] for i = 1,2. Therefore, a1y = asys can

be checked readily. From Corollary 3.6, we can check that the normalization of the
m;-fold cyclic cover associated to D is constructed by cyclic quotient singularities of
type Ca,.s,, where m;0; = o (Gp) and 0 < §; < ag. Thus we need only to show that
01402 = ag. Dividing m1 +ms = 0 (ag) by ged(m;, ag), we have miy; +mavys =0
(@p). From ged(ag, 1) = 1, there exists an integer 8 with 18 = 1 (ag); hence
Y1 = agy2f (ap) from ayy1 = asye. Therefore, (M + Ma)y2 = 0 (Gp); hence
miasf + mg =0 (@p) from ged(ag,v2) = 1. Consequently, mjajas + maa; =0
(ap) and also mias + moay = 0 (ag) from a8 =1 (ag). By the definition of ¢;,
we have mimady + Mmimads = moay + miag = 0 (ap). Hence, 01 + d2 = 0 (ag)
from ged(ag, m;) = 1 for i = 1,2. Since 0 < §; < ap, we have §; + d2 = ao. O

EXAMPLE 3.11. Let D be a Hirzebruch-Jung divisor (16 | 7,5,3 | 4)) on
the minimal resolution of Cia 5. Since 16 | 22 + 26, we consider D(22) and D(26).
From Corollary 3.6, 22-fold (resp. 26-fold) cyclic cover of Cy35 with the branch
divisor D is Cgg,a1 (resp. Crg29). Hence, D(22) = ((8 | by,...,bs | 2)) on the
minimal resolution of Cgg 41; hence D(22) = (8 | 5,2,1,1,1,1 | 2)) from (3.3).
Similarly we have D(26) = (8 | 3,1,1,1,1,1 | 2)). Therefore, their minimalizations
are given by ((8 | 5,2,1)) and ((8 | 3,1)) respectively. Hence D(22) and D(26) are
located on the opposite side.
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4. Some results on C*-pencils of curves and normal surface singu-
larities with C*-action.

In this section, we prove a C*-equivariant version of Theorem 1.2 (Theorem
4.1), and also prove that any C*-pencil of curves is constructed as a resolution of
a cyclic quotient of the trivial bundle on a curve (Theorem 4.6).

THEOREM 4.1. Let (X,0) be a normal surface singularity with good C*-
action. Let h be a homogeneous element of degree d in the affine graded ring
Rx of (X,0). Let w: (X,E) — (X,0) be a C*-equivariant resolution such that
red(hom) ¢ is a simple normal crossing divisor. Then there exists a C*-quasi-pencil
of curves ® : S — C which induces the following commutative diagram:

(X7 E) (—L> (Sv Supp(SO))

P,k

(X,0) —C,

where 1 is a C*-equivariant embedding with (X) C S and 1(E) C supp(So). Fur-
thermore, if h is not a perfect power element of Rx, then ® is a C*-pencil of
curves of degree d and genus p.(X, o, h).

PrROOF. From Theorem 1.8, there exists a C*-equivariant resolution m :
(X,E) — (X,0) such that the w.d.graph associated to E is star-shaped. Since
h defines a C*-invariant divisor, the configuration of (h o) ¢ is given as follows:

dn+1 /3n+1 n+1 1 e dp, [31 dlﬁlﬂ
Q % .
E71+1 Bn+1 ’ n+1 1 d El’ﬁl El,ﬁ1+1
deﬂs cee ds’1 ’ e dn Bn dn,ﬁn,H
Chd - N Ay s
Eyp, e B B e Bug,  Enpors
(4.1)

where 0 <n <s,0 < f3;,2 <bjand d; = vg,, (hor) for any j, k; also “+” means
a non-exceptional irreducible component. In fact, if a non-exceptional irreducible
component * intersects Iy, r, with 0 < kg < 3;,, then intersection points of Fj, ,
and supp(h o ) ¢\ Ej, k, are fixed points of the C*-action on X; also the number
of those fixed points is greater than or equal to three. Then C* acts trivially on
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Ej ko, because any automorphism on P! which fixes three points is the identity.
This is a contradiction because each E; ;, contains a one-dimensional orbit from (ii)
of Theorem 1.8. Therefore we obtain the configuration above and vg,(hom) ¢ =d
(see [P]). Since Ejp,11\(Ej5,+1 N Ejp,;) is a one-dimensional C*-orbit, C* acts
freely on the orbit. It follows that Ej 5 11 (= *) is a non-singular curve that is
isomorphic to C.

Now, let NV be the holomorphic line bundle NEO/X |E, on Ey and P; = EgNE;
for j = 1,...,s. Then we have 0 ~ (hom)gEy = dN + Z§:1 d;1P;. Let
(f(O): S (0) — P! be a minimal good complete C*-quasi-pencil of curves con-
structed in Theorem 2.4 (i.e., ®(Eo, N, E‘;:l dj1P;q1)). If we put dj g, /dj 41 =
([0,8,41,---,0j,]] for j=1,...,n, then

[[bj,h ey bj,ﬁjabj,ﬁj+1> ey bj,tj]] = d/Jj’l,

where b; 5. 41 > 1, Jj,l =d;1 (d) and 0 < Jj,l < d. Consider a sequence of
successive C*-blowing-ups

S(0) &8 §(1) & .. I § = S(n),

where 5(j—1) <= S(j) is a successive C*-blowing-up which products a P!-chain
of type (bj1,..., bj’t].) from the minimal P!-chain of type (d,d;1) intersecting Eq
at Pj for j =1,...,n. If we put ¥ = &(0) o7y --- 07, then ¥ : § — Pl is a
complete C*- quam pencﬂ of curves, which is not necessarily to be minimal good.
Furthermore, ¥, : S := §;, — C is a C*-quasi-pencil of curves whose singular
fiber Sy has the following configuration:

Ee,tsv

where t; = 8j for j =n+1,....5 Let K := U, UiLp 1o Fin X1 = S\K
and F := U§:1 Ufle Fj 1. Then Sp|p coincides to (hom) ¢ numerically. From the

construction of @, there exists a biholomorphic map ¢ : Fy — FEy which satisfies
©"(Np,/xB0) = Npy 3, IRy and o(Q;) = P, where Q; :=F;1 NFy (j=1,...,5s).
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Thereby, from the result by Fujiki-Pinkham ([Ful], [P]), there is a C*-equivariant
biholomorphic map ¢ : (X1, F) — (X, E) with ¢|r, = ¢ and exists the following
diagram:

(XlaF) (X7E)
N ™ i
(S, supp(So)) (X, 0)

Let ¢y be the embedding map (X1,F) — (S,supp(Sp)). It follows that h o7
and W 040 ™1 correspond to non-zero elements of one-dimensional subspace
HY(Ey, Oy (dN* =37, d;1P;))t?, where N* is the dual line bundle of N. From
Corollary 2.12 (iii), there exists a non-zero constant ¢ with hom = (¢¥p) oo,
Consequently, if we put d=cland =0 11, then we have hom = b o
Assume that A is not a perfect power element of Rx. If ® is not a C*-pencil of
curves, then there exists a C*-pencil of curves ¥ satisfying ® = ¥ for an integer
¢ > 2 from Remark 1.6 (ii). Then, from the above, there is a holomorphic function
g with W o= gom. Hence g = h and this is a contradiction. O

ExaMPLE 4.2. Let (X, 0) be a hypersurface singularity defined by a quasi-
homogeneous polynomial 28 + z(y* + x'°) of type (6,15,11;66). The minimal
resolution 7 : (X, E) — (X, 0) is given as a C*-equivariant resolution such that
the divisor (z o) ; is given as follows:

2

2,

where * means a non-exceptional curve defined by z o w. Thus, the Pinkham-
Demazure divisor is given by D := @ — (1/3)P; — (1/3)P> — (4/15)Ps, where
P, P, and P; are intersection points of the central curve and three P!-chains.
Since there are no elements of degree 3 and deg(z) = 6, we have 3Q # Pi+ P>+ Ps
and 6Q ~ 2P; + 2P, + 2P3;. We can construct a C*-pencil of curves satisfying the
property of Theorem 4.1 as follows:



860 T. TOMARU

6 4—6

of
\@4 1]

[1]

where ® and ®* are minimal good C*-pencils of curves. Since 3QQ — P, — P, — P5 is
a torsion bundle of order 2, they are multiple pencils from 2.4 (ii). Furthermore,
we remark that the genus of ® is equal to 7 (= p.(X, 0, z)).

From now on, we consider cyclic coverings for normal surface singularities with
C*-action and C*-pencils of curves. Let (X, 0) be a normal surface singularity (not
necessarily with C*-action) and h an element of my ,. Let 7: (X, E) — (X, 0) be
a resolution such that red(hom) ¢ is a simple normal crossing divisor. Let V;,, be the
cyclic cover of (X, 0) defined by w™ = h (i.e., V,, = {(p,w) € X xC | w™ = h(p)}).
Then, V,, is normal if and only if h is an reduced element ([TW, Theorem 3.2]).
Let (Vin,0) be an irreducible component of the normalization of V,,. Then a
resolution (V;,, E(m)) — (Vin,0) is constructed as follows (see (4.1) in [To6)):

P2 ¢3

(Vin, 0) Vi Vi (Vin, E(m))

wml w;nl / (42)
Ym

(X,0) =<—T"—— (X,E),

where V! is the fiber product V,,, x x X and ¢ is the normalization map and ¢3 is
a resolution map of V//; hence ¢ 0 ¢ 0d3: (Vin, E(m)) — (Vin, 0) is a resolution.
Contracting (—1)-curves successively from (V,, E(m)), we have the minimal good
resolution (V,,0).

Let g € mx, and put (gom)g = >.;_,vg,(gom)E; + Z§=1 ve, (g o m)Cj.
Let A be the set of singular points of (Ui, £i) U (Uj=, Cj) (ie., it is the set
of all intersection points of all irreducible components of | J!_, E; and U‘;Zl C;).
Then t,, is a finite map on (¢,,,) "' (A°), where A° := X\A. Let E; (resp. C;)
be the closure of (1,,) " (E; N A€) (resp. ()~ (C; N A°)) in Vp,. They are not
necessarily irreducible curves. With respect to the vanishing orders of z and gon
on E; and éj, we have the following.

LEMMA 4.3 ([To3, Lemma 3.1]). Let F be an irreducible component E; or
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C; of supp((gom)¢) and F the strict transform of F by ¥n,. If we put ¢ = ¢10¢2
o3, then vi(z 0 @) = vp(hom)/ged(m,vp(hom)) and vi(gomoy,) =mup(go
™)/ ged(m, vp(ho)).

The following seems to be already known among experts. However, we prove
it because the author has not seen it.

LEMMA 4.4.  In the situation of (4.2), assume that (X, 0) is a normal surface
singularity with C*-action and h is a homogeneous element of Rx; also assume
that 7 is a C*-equivariant resolution such that red(h o 7)¢ is a simple normal
crossing divisor. Then V,, has a good C*-action and ¢10p0¢3 is a C*-equivariant
resolution of Vi, .

PROOF. Let define a C*-action on V;, by t - (p,w) = (t™p,t%w), where d is
the degree of h and m = [m | d], d = [d | m]. This C*-action is lifted onto V,,
by the universality of the normalization ([Or, p.44]). Then, a natural C*-action
can be defined on the fiber product V! = V,, xx X such that ¢1 and o] are
C*-equivariant maps. As in above, this action is lifted onto the normalization
V" such that ¢o is a C*-equivariant map. Also the action on V. is lifted onto
Vin. Any one-dimensional C*-orbit on X is lifted onto a one-dimensional C*-
orbit on Vj, through im. Therefore, it is easy to see that V,, has a C*-action
which acts freely on V;,\E(m). Thus, C* acts on V,, — {o} freely. Tt follows
that V;, has a good C*-action from Proposition 3 (iii) in ([Or, p.47]). Also,
¢ =d10¢20ds: (Vim, E(m)) — (Vin,0) is a C*-equivariant resolution map. [

Let consider the n-th root fibration for C*-pencils of curves (see [BPV, p. 92—
93]).

LEMMA 4.5. Let ®: S — C be a C*-pencil of curves of degree d. Then the
n-th root fibration ®™) is a C*-pencil of curves of degree d, where d := [d | n).
ProOOF. We have the following diagram:

P1 P2 »3

S/ S S(n) ,

S
T e
C n

~—C

where £ := n(¢) = (" and §' := S xc C = {(p,() | (p) = ("}; also S is the
normalization of S’ and S(™ is the minimal C*-good resolution of S”. Consider a
C*-action on S’ by t - (p,{) := (t" - p,t%¢) for t € C*, where 71 := [n|d]. Then we
can easily see that ®(p1(t-(p,())) = ®(p1(t"-p,t9()) = ®(t"-p) = t™4P(p) = t™d¢



862 T. TOMARU

and 170 ®/(t - (p, C)) = (@ (t"p, 1)) = n(t¢) = €. Hence the C*-action on S’
is considered as a lifting of the C*-action on S. As in Lemma 4.4, the C*-action
on S’ is lifted onto S(™. Since fid = dn, the degree of ®™) is d. O

In [Ful] and [P], Fujiki and Pinkham proved that every normal surface sin-
gularity with C*-action is obtained as the quotient of a cone singularity (i.e., the
blowing-down of the zero section of a negative line bundle on a curve) by a fi-
nite subgroup (not necessarily to be cyclic) of the automorphism group of the line
bundle. From now on, we prove an analogous result for C*-pencils of curves.

Let ® : S — C be a C*-pencil of curves such that supp(Sy) is irreducible
(i.e., supp(Sp) = Ey is the central curve). From the construction in Theorem 2.4,
S is the total space of a holomorphic line bundle over Ey. We call such ® a simple
C*-pencil of curves. Moreover, if d:5—Plisa complete and ®; and P are
simple, then & is said to be simple. From Theorem 2.4 (ii-2), it is true that if a
simple C*-pencil of curves is given, it is considered as a holomorphic torsion line
bundle and vice versa.

THEOREM 4.6. Let & : S — P! be a complete C*-pencil of curves of type
(d,g,m) and d, :== min{¢ € N | d|lem(¢,m)} and do := d/d;. Let ® : S — K be
& above or &, where K is P or C. Let Ey be the central curve of supp(®~1(0))
and let £, be the general fiber Sy of ®. Then there is a finite cyclic subgroup G of
Aut(Ey) (= the holomorphic automorphism group of Eg) C*-equivariantly acting
on Eg x K such that there exists the following diagram:

i PPN
N’%L//
sl

where Gy = {h | a fixed point free element of G} and it has |Go| = do; also
Gy :=G/Gy, Fy := E,/Gy, L := (E; x K)/Gy and o is a resolution of all cyclic
quotient singularities on L/Gy (= (Ey x K)/G). Ifdy > 1, then ) : L — E; is a
torsion K-bundle of order dg.

Proor. First, let us consider the case of P = CiDL 0 S = S‘L — K =C.
Assume that the w.d.graph of Sy = ®~1(0) is given by (2.8). It can be assumed
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that ® is minimal good (i.e., any Ej; is not a (—1)-curve for any 4,j). Let o :
S — § be the contraction map of P'-chains Ule E;jfori=1,...,s. Then S
is a normal complex surface which has cyclic quotient singularities; each type of
them is given by Cy, 4., (i =1,...,s), where di:=1[d|d;1] and d; 1 = [d; 1 | d].
Let ® be a holomorphic function on S induced from ®. Let S(@) be the d;-fold
cyclic covering of S defined by 2% = ®. For computing S(*), we consider the
d1-th root fibration ®(@1) : §(d1) — C of . Let F} be the d;-fold cyclic lifting of
a Hirzebruch-Jung divisor Zj‘:l d; ;E; ; for any i. From d | lem(di, m), we have
[d| di,m] = 1. Since m|d; 1, we can easily check that [d | d1,d;1] = 1 for any i.
In S(dl), supp(F;) is contracted to a non-singular point from Corollary 3.6. Let
& : 8@ — S be the contraction map of |J;_, supp(F;). Then we obtain a
simple C*-pencil of curves ¥ : L := §(%) — C. From Theorem 2.4 (ii-2), L is
the total space of a line bundle on F,, where E; is the di-fold cyclic covering of
FEy by the covering map «(4) : §(41) — § Then we have the following diagram:

By C [ = §) (@)

[ el e

Eo CE/Gl :S' S

From Remark 1.7 (iii), the analytic type of general fiber of any C*-pencil of curves
is constant. Moreover, from the construction of 7(%) the general fibers of S(d)
and S are biholomorphic. For any ¢t € C*, (7(@))~1(S,) is a disjoint union of d;
connected components and each connected component is isomorphic to the general
fiber E, (= S,) of ®. Therefore, the general fiber of ¥ : L — C is also isomorphic
to E4. Then it becomes a simple C*-pencil of curves whose singular fiber is do 4
and the generic fiber is E,. If dy = 1, then £y = E,; and L is the trivial line
bundle on E,. If dy > 1, L is a torsion line bundle of order dy on Ei. The do-th
root fibration of W is the trivial C*-pencil of curves on E, and L = (E, x C)/Gy.
From the construction above, we have F; = Eg/Go and Ey = F1/Gq; hence we
complete our proof for the case of & = d.

Second, let us consider the case of & = $: 85— P Suppose dg > 0. From
the case above, the di-th root fibrations of ) 1, and ) gr are torsion line bundle of
order dy which are mutually dual. Consequently, we complete the proof. O

ExAMPLE 4.7. Let ®: .S — C be a multiple C*-pencil of curves of type
(6,7,2) in Example 4.2. Then we have the following diagrams:
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6 2 2 2
-~ 53
S /Gy ® and Q 9 2 9 2
15, W) .
So

L «—— E;xC X 5(3)
/Go é (;)
(4] [7]

where ¢ is the contraction map of three (—1)-curves. Let Q = »~1(Q) and P; =
@ 1(P;) for the points Q, Py, P2, Py defined in Example 4.2. Then L is a torsion
line bundle represented by 3Q — 2?21 P; on the central curve of genus 4.

REMARK 4.8. Log-canonical surface singularities have been studied from
various points of view since Kawamata’s classification [Kaw] (see [I], [Okul],
[Tol], [Ts] and [WKki]). Let (X, 0) be a log-canonical surface singularity with C*-
action such that the central curve is P! and the index is m (see [Mat]). It is known
that (X, 0) is obtained as a cyclic quotient of a simple elliptic singularity, which is
the blowing-down of the zero-section of a negative line bundle on an elliptic curve
with complex multiplicative group of order m. We explain a relation between
such singularities and C*-pencils of elliptic curves. Since those pencil of curves
are non-multiple, the degree is equal to the coefficient of the singular fiber on the
central curve. Using the canonical construction, any pencil of elliptic curves with
w.d.graph is realized as a C*-pencil of curves. For the minimal C*-good resolution
T (f(, E) — (X, 0), there exists a C*-pencil of curves @ : S — C of degree m
and a C*-equivariantly holomorphic embedding (X, E) C (S, supp(Sp)). Then we
obtain a homogeneous element h € Rx with ®|¢ = hom. Let (Y, 0) be the m-fold
cyclic covering defined by 2™ = h. Then we can easily see that (Y, 0) is a simple
elliptic singularity resolved by an elliptic curve with complex multiplicative group
of order m.

For example, let [¢;1/2,2/3,1/6] be the type of the w.d.graph of (X, 0) (£ > 2).
The minimal good resolution (X, F) is included into a C*-pencil of elliptic curves
® of degree 6 as follows:
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The 6-fold cyclic covering (Y, F) of (X, E) defined by 26 = h o 7 is included into
S©) . Since ®©) is a C*-blowing-up from the trivial bundle, F is isomorphic to
the general fiber St(G) of ®©). Since St(6) is an elliptic curve with complex multiple
group of order 6 from Theorem 4.6, (Y, 0) is a simple elliptic singularity, which is
obtained as the blowing-down of the zero-section of a holomorphic line bundle of
degree —6¢ + 2 on the general fiber St(6).

DEFINITION 4.9. Let Ey be a smooth compact complex curve of genus g.
Let Py,...,Ps be points of Ey and H; := {P;} xC for i = 1,...,s. Let 0,1 :
L;1 — Ey x C be the blowing-up at a C*-fixed point (F;,0). Hence it is a C*-
equivariant map. Let 0;2 : L;» — L;; be the blowing-up at a point P;; :=
o’i_)ll(Pi) N (0:,1)7 '(H;). Next, let ;5 : L; 3 — L; 2 be the blowing-up at a point
P o= 0521 (P;1) N (04,1 0052)7 1 (H;). Continuing this process r; times (r; > 1),
we have the following sequence of C*-equivariant maps

Oi,r; Oi,r;—1 g2

04,1
Liy, —= Lijr,—1 -

Ll'71 E() x C.

Let 0; ;== 0410004, : Ly, — Fg x C. Taking these processes s times for
FEy x C, we obtain

= = o Os—1 o2 F O
L:LS—>LS,15—>..‘—2>L1—1>EQXC.

Let 0 := g10---005. Therefore, the w.d.graph of o ~!(Ey x {0}) is given as follows:

-O—)

o B By

-0
Fsq ce Es,rsfl Es,rs

s

Let put X := L\U_,(0:))'H; and E := Ey U (U, U5 E;;) and let
7: (X, E) — (X,0) be the contraction map. Then (X,0) is a normal surface
singularity with C*-action. In this paper, we call such singularities quasi-cone
singularities.

Every quasi-cone singularity (X, o) is a Kodaira singularity such that the
maximal ideal cycle on the minimal resolution is reduced. The minimal cycle in
the sense of Definition 1.2 in [To2] coincides to the central curve. In the situ-
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ation of Definition 4.9, since the normal bundle of Ey in X is given by [Y2°_, Pi],
the Pinkham-Demazure construction of Rx is written as @, H*(E Og,(>i_,
[k/ri]P;))t*, where [a] means the Gaussian symbol.

Let (X, 0) be a normal surface singularity with C*-action and h a homogeneous
element of Rx. Let 7: (X, E) — (X, 0) be a C*-equivariant good resolution such
that the configuration of (h o) ¢ is given by (4.1). Let Y, be the normalization
of the cyclic covering defined by w’ = h. Let ¢y := ged{¢,d,d; ; |i=1,...,8;j =
1,...,08; +1}, where d; g,41 :=0fori=n+1,...,s. ThenY; is decomposed into
£y connected components and all connected components are isomorphic to each
other. Let (Y7, 0) be a connected component of Yj.

THEOREM 4.10.  Under the notation above, let m = lem(d,d1 g +1,---,
dng,+1). Then (Y,,0) is a quasi-cone singularity. Therefore, every normal sur-
face singularity with C*-action is realized as the quotient of a quasi-cone singularity
by a finite cyclic group G, where G is a subgroup of the holomorphic automorphism
group of the central curve for the quasi-cone singularity.

PROOF. Consider a resolution space (Yy,, F)) of (Y;,, 0) which is constructed
as in (4.2). Assume that the w.d.graph is given by (4.1). We need only prove that
the m-fold cyclic covering associated to the Hirzebruch-Jung divisor on the i-th
P!-chain of (4.1) becomes a Hirzebruch-Jung divisor of type (1| 1,...,1| 1)) (ie.,
P'-chain of Aj-type) for 1 < i < n. To apply Theorem 3.4, we put ag := d and
ar41 = d; g,+1. Furthermore, assume that n/q = [[b;1,...,b;g,]] for relatively
prime integers 7, q with 1 < ¢ < n. For ag, a,+1 and m, let define the following
positive integers:

dO = ng(mvaﬂvar—l-l)v dl = [mvar—i-l | a0]7
dy :=[m,ag | ar+1] and my :=[m | ag, ar41]-
Since ag | m and ay41 | m, we have [ag | m,ary1] = [ar41 | My a0] = a0, ars1 |

m] = 1. Then we have m = mydodids, ag = dody and a1 = dody. Let Ao, A1, ¢
and ¢ be positive integers defined as in Definition 3.3. Then we have A\ = d,
n = 7_7)\0/)\1, f = 1, and

mldodldg — d0d2
¢ dods mid;

Hence, if dy is the integer defined in Theorem 3.4, then 6y = (midodidag +
dodi(mydy — 1)) /dod; = mydag + midy — 1 (mqnq). If we prove
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midaq +mid; — 1 =ming — 1 (myng), (4.5)

then the m-fold cyclic covering is a P'-chain of Aj-type. Hence we complete the
proof in this case. Obviously, (4.5) is equivalent to dog+ d; = 0 (71). Multiplying
do, we have dodaq + dody = 0 (fi1dp). Since ag = dody and a,+1 = dod; and
findo = o7, (4.5) is equivalent to agq + ar4+1 = 0 (Ao72). This is obviously correct
from (3.3) since a1 (= d;1) is divided by Xo.

Next, consider the case of n+1 < ¢ < s. As in above, we can easily check that
every cyclic covering is contracted to a non-singular point. The divisor of w on the
minimal C*-good resolution of (Y;,,0) is reduced. Then we can easily see that the
normal bundle of the central curve is linearly equivalent to Q1 + - -+ + Q,,, where
Q1,...,Q, are intersection points of the central curve and the above n P!-chains
of type (1] 1,...,1|1)). Then the resolution is contracted to the total space of
the trivial line bundle. It completes the proof. O

EXAMPLE 4.11. (i) Let (X, 0) be a hypersurface singularity defined by x? +
y3 4+ 27 = 0. The divisor defined by z on the minimal good resolution is given by
the left one in the following figure. Also the divisor defined by w on the minimal
resolution of x2 4+ y® + w*? = 0 (= a cyclic covering of (X,0) defined w” = 2) is
given by the right one.

3 L9 1 11 1 1 1
@ - @ 000000
2 6 1 1 [1]

(ii) Let (X,0) be a non-normal hypersurface singularity defined by y°(z? +
y3) 4+ z* = 0. As in (i), the divisor defined by z and the w.d.graph associated
to the minimal resolution of 3°(z2 + y3) + w®® = 0 (= a cyclic covering of (X, 0)
defined w?" = 2) are given as follows:

%1
3

5 T 11 11 Lo
Gy—+  (W—O-O-0-0-2—-0—0—+
[4]

(2):

NN N

On the pencil genus p.(X, 0, h) (see Section 1), we can see that p.(X,o0,z) =1 for
(i) and pe(X, o, z) =4 for (ii).



868 T. TOMARU

5. A duality for cyclic covers of normal surface singularities with
C*-action.

In this section, we study some duality relations for cyclic covers of normal
surface singularities with C*-action. The main result is Theorem 5.4. In addition,
for hypersurface case, we can observe some dualities for two invariants (Remark
5.7). Furthermore, as an application of 5.4, some dualities are proven for n-th root
fibrations of C*-pencils of curves (Theorem 5.8).

Here we prepare a few facts for Hirzebruch-Jung divisors on Hirzebruch-Jung
resolution spaces of cyclic quotient singularities. Let (X, 0) be a cyclic quotient
singularity of type C,, 4 and consider a Hirzebruch-Jung resolution (X , E) of type

(é1,...,er), where e; > 1 for any i. Consider a Hirzebruch-Jung divisor D=((ag |
ai,...,ap | ar41) on the Hirzebruch-Jung resolution as follows:

ag ay se - Qy Qr41

Ey FEq e E, E 1.

The resolution is not necessarily to be minimal. Let F; be an irreducible com-
ponent of supp(D) with Coeffg, D = a; for ¢ = 0,1,...,7 + 1. Hence Ey and
E, ;1 are not compact curve. If [[e,...,e.]] = 0, then n = 1 (i.e., (X,0) is a
non-singular point). When 0 < ¢ < n and (X, E) above is the minimal resolution,
it is well-known that n/q¢’ = [[es,...,e1]] if g¢’ =1 (n) and 0 < ¢’ < n (see [Ri]).
Since it is possible to check the following easily, we omit the proof.

LEMMA 5.1. In the situation above, suppose [[e1,...,e.]] # 0. Let g, ¢
be positive integers such that n/q = |[[e1,...,er]] and n/qd = [[er,...,e1]] and
ged(n, §) = ged(n,§') = 1. Then we have the following.

(1) 7 =1 (n).

(ii) §=q(n) andq = ¢ (n); also a1y = (apG+ar+1)/n and a, = (ar41¢ +ag)/n.

(iii) Ifo is a contraction map of (—1)-curves from the Hirzebruch-Jung resolution
above to the minimal resolution, then we have the following:

{q] = the number of blowing-ups at P, = E, N Ey in o,
n

n

~/
[q] = the number of blowing-ups at P, = E, NE, ;1 in o.

For example, we consider two Hirzebruch-Jung resolutions of Cj45 whose
w.d.graphs are given as
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—O- OO — 00—

From [[2,1,5,6,3,1,2]] = 14/19 and [[2,1,3,6,5,1,2]] = 14/31, we have § = 19
and ¢ = 31.

LEMMA 5.2. Let ® : S — P! be a complete C*-pencil of curves whose
w.d.graph of the total fiber is given by (2.6). Under the natural identification of
Ey and Eo, we have the following:

t
* * a1,51 + a1 . .
NEO/S'|E0 + NEOO/S|E°° ~ E %Pj (linearly equivalent),

j=1
where Py = Eg N Fy j1 = E N Fy 51 for any j.

Proor. From Corollary 2.11, it can be assumed that P is a complete C*-
pencil of curves obtained by the canonical construction. Let ® : § — P! be the
minimal good C*-pencil of curves obtained from ®. We have the following:

t
ai,5,1
Ng,5lE, :NEU/SEO+Z[ ] ]Pj and
j=1

t
a2,5.1
NEOO/S‘EOO = Eoo/§|Eoo - Z {dj} P;.

j=1

Assume that the configuration associated to ® is given by (2.4). Let o : S — L
be the contraction of (Uj_, Uil, B1 k) U (Uj=1 E5) U (U=, Uiy Eojk) in S.
We have a holomorphic P'-bundle L on Ey and a holomorphic map ® : L — P!
whose divisor is given as follows:

Therefore, N, /sl5, = Ng,/zlE, — > 5= Pj and Ng./5lEw = Np_/ile.. - Set
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di,j,l = ai’j,l — [ai,j,l/d]d for i = 172;j = 1, . ,t. Since d | aLj,l for d | az’j’l for
j=s+1,...,tand di ;1 +d2 ;1 =dand NEO/E|ED + NEOO/E|EOC ~ 0, we have

t s
% % a1,45,1 a2 5.1
Vsl gl ~ 32 ([ %52 ]) 5+
j=

Jj=1

S (=] =) e ([0 [5])e

j=s+1

S

S t
aiji—diji+az i —dsja ) ai g1 +az; ;1
=> +1)P+ ) e 2p
j=1 ( d j=s+1 d

t
a1,5,1 + 251
= Z —pl 20 p O
: d
j=1

LEMMA 5.3. Let (X,0) be a normal surface singularity and consider the
situation of (4.2). Let Eq be an irreducible component of E with vg,(hom) =d
and E(m)q an irreducible component of E(m) with ¥, (E(m),) = E,.

(i) If ged(m,d) = 1, then ¥ gives a biholomorphic mapping from E(m), to
E,.

(i) If m1,me are positive integers with my = tma (d), then E(mq), is biholo-
morphic to E(mg),.

PRrROOF. Since (i) is obvious, we prove (ii). Since ged(my,d) = ged(me, d),
we put mg = ged(my, d) and m; = [m; | d] for i = 1,2. Then the following diagram
exists:

Viny w2 Vm
\Q‘ VmOA} 2

T Ymo Uiy

X,

where, for j = 0,1,2, ¥, is a cyclic covering map defined by w;nj = h as in (4.2);

; is a cyclic covering map defined by w;"i =wp for i = 1,2. Thus ¢¥,, = Ym, 0 i
and we have the following diagram:
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Ve @ N Vina
\Qt Vmo A}
- Vmg Z
w’ml l ¢m2
X

Let E(mg)q be an irreducible component of E(mg) with ¥, (E(mo)a) = FEa;
therefore vg(m,), (wi) = d/mg. Since ged(d/mo,mi) = 1, @il E(mi). : E(Mi)a —
E(mo)a is a bijective holomorphic map from (i). Consequently, ¢;* o @o gives a
biholomorphic map from E(ms), and E(mq)a. d

Now let (X, 0) be a normal surface singularity with C*-action, and let h be
a homogeneous element of degree d in Rx. Let (Y;,0) be the normalization of a
cyclic cover defined by w}™ = h over (X, 0) (i = 1,2). Let m;: (Y;, E(i)) — (Y;,0)
be the minimal C*-good resolution. The following is the main result of this section.

THEOREM 5.4.  Under the situation above, suppose that mi +me = 0 (d)
and Y; is connected for i = 1,2. Then there exists a complete C*-pencil of curves
®: S — P! satisfying the following C*-equivariant commutative diagram:

(Y3, E(i)) < (S;,supp(Si,o))
ﬂii @il (7' =1, 2)7 (51)

(Y;,0) ————C
where S7 1= SL, Sy = SR, P, = ‘i)L and $q 1= (i)R.

PROOF. Assume that (X,0) C (CV,0) and the C*-action on (X,o0) is in-
duced from t- (21,...,2n5) = (t21,...,tV zx) on CV, where ged(cy,...,cn) =1
and ¢g > 0 for £ = 1,...,N. Let 7 : (X',E) — (X, 0) be a C*-equivariant
good resolution such that red(h o m) ¢ is simple normal crossing. Since A is ho-
mogeneous, we assume that the figure of (h o )¢ is given by (4.1). Therefore,
we have ¢y = vg,(z¢ o m) for any ¢. From the condition d | my 4+ mg, we have
ged(d, my) = ged(d, me) and [my,d | ma] = [ma,d | mg] = 1. Furthermore, let
mo = ged(d, m;), d :== d/mg and m; := m;/mo (i = 1,2) (i.e., My = [my | ma,d
and my = [my | my,d]). Fori = 0,1,2, let mp : (Yo, E(0)) — (Y5,0) be the
minimal C*-good resolution of the normalization Yy of the mg-fold cyclic cover
over X defined by wy® = h. Then there exists a generically finite m;-fold cyclic
covering map ;: ¥; — X (i =0,1,2). Also, there exists an m;-fold cyclic cov-

ering map @;: Y; — Yy induced from w" = wqg for ¢ = 1,2. Thus we have the

7

following diagram:
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m
Y; f/l
U \ 1 -
¥1 Y, Y
P2
Y / 0 \\
0 -=-—
U1 1/%/ i 1/1 \0/ 12)2
T -
X X

)

where @; is a generically finite m;-fold cyclic covering map corresponding to ¢;
(i = 1,2). Let 0 and r (o > r) be the numbers of Hirzebruch-Jung divisors
and incomplete Hirzebruch-Jung divisors respectively that they are supported on
supp(hom 0@0)};0 \Eo,0, where Ey ¢ is the central curve in E(0). Since vg, ,(homo
7,[?0)90 = d and ged(d, m;) = 1 for i = 1,2, the numbers of Hirzebruch-Jung divisors
and incomplete Hirzebruch-Jung divisors included in supp(howoz/;i)f,i \E; 0 coincide
with o and r respectively. The central curve Ej g is an my-fold cyclic covering of
the central curve Ey of E. Furthermore, from Lemma 5.3 (ii), E1, and E2 ¢ are
biholomorphic to Eyo by @1 and g respectively. Let gy be the genus of E; g
(i =0,1,2). Thus, for i = 1,2, we can give the configuration of (w; o m;)y. as
follows:

+1,6

Jiaatltey dir+1,1 di1a di6, dij1 s, 141

:
zr+1 i1 Ei,l.ﬁ“ Ei,l.bﬁ_lJrl

1(75“7 di.r,é,‘r dvﬁ,7\6,‘,.+1

- :

Z o1 Eiml e E777',5i.z- Evﬁ,r.é}\,- +15
(5.2)

where E(i) = E; o UUj_, US, By ji and by ;> 2 for any 4, j, k.
From Theorem 4.1, there exists a complete C*-pencil of curves ® : § — P!
which satisfies the following C*-equivariant commutative diagram:

(1, E(1)) < (81, 5upp(S1,0))

C.
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For i = 1,2 and a fixed j with 1 < j < r, consider a P'-chain UZ;Q“ E; ;1 started
from the central curve E; o of E(i). For each i, the P'-chain is mapped onto a
P-chain on E by ;. We put it Uf;”;rl Ejy k if jo < n and Uf]:”l Ej, 1 if jo > n,
where n is the number of cyclic branches for incomplete Hirzebruch-Jung divisors
in (4.1). On the P!-chain, if we put D := f’:‘);_l djokEjo .k (djg,8;0+1 = 0 if
Jjo > n), then i:JIH d; jkE; ik coincides with D(m;) on E; for ¢ = 1,2. From
the assumption m; + ms = 0 (d) and Proposition 3.10, D(m;) and D(mg) are
located on the opposite side. By taking a suitable successive C*-blowing-up on
S, we can assume that the divisor (wg 0 ma)y, is contained into the singular fiber
S’R,o numerically. Namely, the w.d.graph of F(2) is contained in the w.d.graph
of supp(S Rr,0) such that the coefficient of each component of (ws o 7r2)3~/2 coincides

with the coefficient of the corresponding component for Sg .
Let us draw the configuration associated to ® as follows:

where 11 (E1,0) = Fo and 11 (E1 j k) = Fijrforany j=1,...,cand k =1,...,d1 ;
also b; j, > 1 for any 4,7,k and u; = 01; and v; = d2; for j > r + 1. Since
Sl di kP e and Yo7 do j ik Fo jk are complete minimal Hirzebruch-Jung di-
visors located on the opposite side for j =7 +1,...,0, we have by ; = 1 in (5.3)
for such j. Let  be the restriction of ¢! o @y onto Ey . From Lemma 5.3 (ii), ¢
gives a biholomorphic mapping from E; o to Eq ¢ such that ¢(Ps ;) = P; j, where
P, ;=FE;oNE; ;i fori=1,2and j =1,...,0. Furthermore, there are biholomor-
phic mappings t1: F19 — Fy and ¢: Fy — Fo, such that ¢1(Py ;) = Fo N Fy 1
and p(Fy N F1j1) = Foo N Fy ;1. Through biholomorphic mappings ¢, ¢1 and ¢,
four points P» j, P j, FoNFy 41 and Foo N Fy 51 correspond to each other for any
j. Therefore, in the following, we identify these four points and represent them by
P; for each j, and identify those four curves (i.e., E1, F29, Fy and F) through
the biholomorphic mappings above. If there exists an isomorphism as between two
normal bundles as follows:



874 T. TOMARU
NE2>O/§~/2|E2,0 s NFOQ/§|F°°’ (54_)

then there exists a holomorphic embedding ¢5 of YQ into S’R with @R Oly = Wg Oy
from the result due to Fujiki [Ful] and Pinkham [P]. This completes our proof
for the theorem.

From now on, we prove (5.4). It is done by representing two normal bundles
above with two divisors that are linearly equivalent to them respectively. If we
put ¢ e =g, (2 owoqﬁi) fori=1,2and £=1,...,N, then

éi,z = M;Cy (5.5)

from Lemma 4.3. If we assume zﬁi(EiJ,gi‘jH) = Ej.ﬁ;ﬂ and put &, =

VB, s, 41 (zgomo 1[12) and c¢; , 1= vE; L, (z¢ o), then we have
’ : i

m;cs
(R

—_— (5.6)
gcd(mi,dj,@_H)

Cijb =

from Lemma 4.3 (j = 1,...,r). If §; ; > 1, then Uigl E; ;i is contracted to a
cyclic quotient singularity of type Cy, ; 4, ,, where n; ; and ¢; ; are relatively prime
positive integers with 1 < ¢; ; < n; ;. When §; ; > 1, we have

~ . g ;oo
VB 5 (20 0 o ghy) = LI TEIL (5.7)

ni,j

from Lemma 5.1 (ii). From the assumption m; +mg =0 (d), let K be an integer
defined by Kd = m; + 1ma. Let d; be an integer defined by m16; = 1 (d) and
0 < 6 < d. If we put 6 := —6&y, then m;0; = 1 (d) for i = 1,2. Let g; be an
integer defined by m;d; +de; = 1fori=1,2. Then, we have €5 = K, +¢;1 because
of Ci(EQ — 81) = my01 — Mady = (51(7711 + T?LQ) = KJ(Sl From ng(Cl, .. .,CN) =1,
there exists (y1,...,vn) € ZN with Zé\;l ceye = 01. It is easy to check that
(=1)H SN oy + de; = 1 from (5.5) for i = 1,2. Consider a meromorphic
function on X given as f := (2] --- 2} ) om. It follows that v, (f) = Zévzl coeve =
01 and vg, ,(f o ¥;) = m;6; from Lemma 4.3. If we put f; := (w; o m;)% - (f o
)V then vEO(fZ) = de; + (=1 'm0y = myd; +de; = 1 (i = 1,2). Let
&= ijl(fl) From vg, ; , (w; o m;) = d; ;1 and (5.7), we have
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N
Gij=dijagi+ (=)D v, (ze0mo i)y

N . ~
= (-1 CM%:L;F N (5.8)
=1 i

Since D; and Dy are located on the opposite side, we have d | dy,5,1 + dg ;1 from
Definition 3.7 (ii). The following equality is proven for any j:

dija +d2

15+ 825 = 7 (5.9)

We complete the proof of (5.4) before to prove (5.9). There exists the following
equivalences:

ng (i=1,2).

0~ _(J;z)ng 0=

Under the identification Eq o ~ Fy ~ F by ¢; and ¢, we have the following:

[oa

]\[;1,0/3~/1|E1 o T NEz O/Y2|E2v0 ~ Z(El’j + 52’j)P]

j=1

- di 1 +daja
D L
j=1

from (5.9) and Lemma 5.2. Since Ng A B0 ~ N;;O/S‘FO’ we have (5.4).
In the following, for a fixed j, we prove (5.9). Consider a P!-chain
ii’jlﬂ ElLk on E(i) which corresponds to a P!-chain Ufj_tl E:) on E by 1@-,
where U 1 B 5k 1S contracted to a cyclic quotient singularity of type Cn 0 . Since
ged(my,d) = gcd(mg7 d), we can define the following integers:

d:=d-

8,41 i = [mg | dyd], di=[d]|ms,d), pi:=][msd|d (i=1,2),

)\1 = ng(mi,d, dA)? pP3 = [d7d/\ | mi]’

dgq: +d
pa :=[mq,d | d] and Ay := ged (m“d d,—2 )

J
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From (5.8), we have

N N ~ ~ ~

Credyj Gy C2092,5 + Co 50

§1j+8&,; = Z ( . 1= . ! )’Y@‘Fdl,j,l&"l +da j162. (5.10)
—l n,j n2,j

From (3.4) and Theorem 3.4, we have n, ; = ,ui)\onj/)\l. Also, & ;0 = 14iP4C;
from (5.6). Therefore, ¢ j¢/ni; = pipac; Ai/pinzAo = pac; jA1/nzAo and so
¢1j.e/m,j — €2,50/n2; = 0 for any j and £. From (5.5) and m; = w;p;, we have
éiyg/nm- = T_TLZ‘C[/TLZ')]' = png/\l/njAo. We put A = ((pquj 7[)2(]2&))\1)/”3)\0.
From (5.10),

N . .

C1,¢41,5 C2 042,

1, 62,5 = g ( L — ‘] Ve +dijie1 +daj €2
= \ " 12,5

N
=A ZC@W +di 161 +doj162 = A0y +dyji1€1 + doji€2.

(=1

We put B; .= (dl,j,l +d27j,1)/cz. From €9 = K51 +é1 and 7’7151 +J€1 = 17 we have

diji€1 +dajiga = dijaier +doj1 (K61 +e1) = (dij1 +daji)er + Koidaja
= J&lBj + K61d2,j71 = (1 — mldl)Bj + K(51d27j71.

Therefore, (5.9) is equivalent to the following equality:
A:mlBj —Kdg,j71. (511)

Hereafter, we prove (5.11). Put d;; := d; s, ;41 for i = 1,2 and j = 1,...,7.
Since d; ;1 = (dgi,; + di,j)/ni; = ((dgi; + dij)A1)/pidon; from Lemma 5.1 (ii)
and m; = p;p;, we have

d(mi1Bj — Kda j1) = mi(dij1 +daj1) — (M1 +Ma)de ;1 = Mmaidi j1 — Mads j1

(dg1; + di )M (dgz,; + d2,j)\
1 — p2
n;)\o le)\o

d(p1q1,j — p2ge,;) M n (p1d1j — pada j) M1
n3A0 715)\0 '
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From the definition, we have that v;(E; s, ,+1) = E; d = dﬁ',ﬁ;—&-l =

J,k;+1
CoeﬁEj,k3+1(h om)g and d;; = dijs, 41 = CoeﬁEiYMi’jH(wi o 7”)171" Hence,

we have d; ; = [ci | m;] = pga?i from Lemma 4.3. Therefore,

p1di; — pada; = p1pady — papsda = p3(prdy — pads) = 0

from plczl = pga?g = [Cz ‘ d, Ci] Therefore, mlBj — Kd27j,1 = (Al/njAO)(pIQI,j —
p2¢2;) = A and it completes the proof of (5.11). O

EXAMPLE 5.5. Let (X,0) be a non-singular point (C?,0) with C*-action
defined by t - (z,y) = (t3z,t%y) for t € C*. Let 7 : (X,E) — (C2,0) be the
minimal C*-good resolution for the C*-action.

(i) Let h = 2% +9>. It is a weighted homogeneous polynomial of type (3,2;6).
Then the divisor (h o )¢ on the minimal C*-good resolution (see (1.2)) of (X, 0)
is given as follows:

* 1
O—C—CD.
3 6 2

Let m; = 5 and my = 7 and so d = 6 | m; + mga = 12. Consider two normal
surface singularities (Y7,0) = {w} = 22 + ¢} (rational double point of type Es)
and (Ys,0) = {w] = 2% + 3} (uni-modal singularity of type Ej2 in [Ar]). Thus
we can easily check that there exists a complete C*-pencil of curves $:8 — P!
as follows:

where 7; is a resolution of (Y;,0) for i =1,2.
(ii) Let h = 2%y®(2* +y%) and so it is a weighted homogeneous polynomial of
type (3,2;24). The w.d.graph of (h o) is given as follows:
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1 1
By % * B3 q
FEi- El,l \%}/ E4,1 E4,2
* () —1 73 *
N N
2 13 24 9 3

Let my = 27 and my = 45 and so d = 24 | m; + me = 72. Let (Y;,0) be the
normalization of a non-normal hypersurface singularity {z™ = 2y®(22+y>)} (i =
1,2). Using Theorem 3.4, we can easily compute the minimal C*-good resolution
m; : (Y;,0) — (Y;,0) and the divisor (w; o i)y, In the case of i = 1, consider a
Hirzebruch-Jung divisor D of type ((24 | 13 | 2>> on EgUFE; 1 UE; 2. Let compute
the 27-fold cyclic lifting D(27) (see Definition 3.9). In the notation of Theorem 3.4,
we have A\ = Ay = Ag = 3 and so ny = 3; also ( =& =1 and 7y := [27]24,3] = 9.
Since Ag = 3, D(27) has three connected components. Also, each of them coincides
with a Hirzebruch-Jung divisor on a resolution of Ca710 from min; = 27 and
01 = 10. Computing other cyclic coverings similarly, we can obtain (w; o 7T1)Y
and (wg o m2)y, . Thus there exists a complete C*-pencil of curves $:5 —Plas
follows:

0 -1

@0@@

EXAMPLE 5.6. Let (X, 0) be a normal surface singularity defined by an ideal
I={2?+ 3>+ 25 9@+ %) +w?) (= (22 + y3 + 25, y2° + w3?)); hence this is
a weighted homogeneous complete intersection singularity of weight (60, 40, 24, 5).
Let h be a homogeneous polynomial (22 + 2°) of degree 180. The configuration of
(ho)s for a minimal C*-good resolution 7 : (X, E) — (X, 0) is given as follows:
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96 71 46 113 180 63 9
I N N — 3 d
T O—A9—0 ! C—
Ey4 Eis E1,2 Fi1 2] E671 E672
Eyp

Let my = 75 and mo = 105 and so d = my + ma = 180. Let (¥;,0) be the
my-fold cyclic covering of (X, 0) defined by w." = h. Compute the minimal C*-
good resolutions 7 : (Y;, E(i)) — (¥;,0) and the divisor (w; o i)y, Consider a
Hirzebruch-Jung divisor D of type ({180 | 113,46,71 | 96)) on Eg U (U?=1 Ey). Tt is
associated to a cyclic quotient singularity of type Ci2,7. From Definition 3.3, we
have A\g =1, Ay = 3 and n; = 4. From Theorem 3.4, we have £ =5, ( =2, m; =5
and g = 19. Since min; = 20, the 75-fold cyclic lifting D(75) is a Hirzebruch-
Jung divisor on the minimal resolution of Cyg 19. Computing other cases similarly,
we can obtain (w; om;)y. (i = 1,2). Hence there exists a complete C*-pencil of

curves ® : § — P! as follows:

31032 1 10 1-1 —5 —6 —19 —32.—13 —7 —8 —9 —10 —11

- —O-OHNO- - - O O-OBD-B-000

OO0 OL
QOO

=00 O Q00O
OO DDDOLDO=

In this example, the number of Hirzebruch-Jung divisors started from Fj is
equal to 8, but —(F2 + F2) = 9. It is obvious that [[2,2,...,2,1]] = 0 and
1,2,...,2,4,2,1,3,3,2,2,2,2]] = 0 for the Hirzebruch-Jung divisor of the first
branch. In general, if there are such Hirzebruch-Jung divisors, then the sum of the
numbers of Hirzebruch-Jung divisors started from Fy and F, does not coincide
with —(F3 + F2).



880 T. TOMARU

REMARK 5.7. In the situation of Theorem 5.4, the resolutions of (Y7, 0) and
(Y2,0) are embedded naturally into (S’L,supp(S’L,o)) and (SR,supp(,SA'R,o)) for a
complete C*-pencil of curves & : § — P!. We consider the case of (X, 0) =
(C2,0). We can observe some dualities between invariants of (Y7,0) and (Y2, 0).

(i) Let po be the Milnor number of ({h = 0},0) (cf. [Mi]), where h € C[z,y]
is a weighted homogeneous polynomial of type [g1, ¢2; d]. From Milnor and Orlik’s
formula ([MO]), we have pug = (d/q1 — 1)(d/q2 — 1) and u(Y;,0) = po(m; — 1) for
i = 1,2. Therefore, we can see the following;:

(i-1) I'my 4+ mo =0 (d), then p(Y1,0) + pu(Yz,0) + 210 =0 (d).
(i-2) If my =may (d), then u(Yy,0) = pu(Ys,0) (d).

(ii) In [GW], Goto and Watanabe defined an invariant a(R) for every finitely
generated normal graded ring R and call it a-invariant of R. They showed that
if R is a weighted homogeneous hypersurface singularity of type (qi,...,qn;d),
then a(R) = d — Y., ¢;. In the case of n = 2, —a(R) coincides with the min-
imal exponent in the sense of Saito [Sai]. Here we consider a-invariants of two
weighted homogeneous hypersurface singularities (Y;,0) = {z™ = h(z,y)} for
i = 1,2, where h is a weighted homogeneous polynomial of type (q1,¢o;d). Let
m; = m;/ged(d,m;) (i =1,2) and dy := d/ged(d, m;). Since z™i = h(x,y) is a
weighted homogeneous polynomial of type (m;q1,m;q2, do; m;d), we can easily see
the following:

(ii-1) If mq +me =0 (d), then a(Y7,0) + a(Y2,0) =0 (do).
(ii-2) If mqy = mgo (d), then a(Y1,0) = a(Ya,0) (do).

For example, let (Y1,0) = {2*? = zy(23 + ¢°)} and (Ya,0) = {z* = zy(a® +
y°)}. Their defining polynomials are weighted homogeneous polynomials of types
(210,126,23;966) and (20,12,23;92). Hence we have ug = 24, u; = 984 and
po = 72 and pq + po + 2up = 1104 = 0 (23). Furthermore, we have dy = 23,
a(Y1,0) = 607 and a(Y3,0) = 37. Then we have a(X1,0)+a(X2,0) = 644 =0 (23).

Hereafter, we consider n-th root fibrations (see p.92-93 in [BPV]) of C*-
pencils of curves. Similarly as Lemma 5.4, we can easily see that n-th root fibra-
tions of C*-pencils of curves are C*-pencils of curves.

In the classification of elliptic degenerations in [Ko], Kodaira implicitly de-
scribed the notion of “dual” of pencil of curves from the point of view of homolog-
ical monodromy theory. We can see it from the notation in [Ko]. The homological
monodromy transformations of pencils of curves of type K and K* are mutually
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dual for K = I, II, IIT and IV in [Ko]. We can easily check that K* in [Ko] is
birational to the n-th root fibrations of K for a suitable n. Recently, for a pencil of
curves ® : S — A, J. Lu and S. L. Tan [LT] called the (N — 1)-th root fibration
®N=1 the “dual” of ®, where N := lem{Coeff, S, | any irreducible component
E; of supp(Sp)}. The reason they call it “dual” is that the homological monodromy
transformation of ®(N—1) is the inverse of one of .

For C*-pencils of curves, we could introduce the notion of “dual” holomor-
phically. In the following, as an application of Theorem 5.4, we prove that our
“dual” as C*-pencils of curves coincides with “dual” as n-th root fibrations up to
birational equivalences (see Theorem 5.8 (iii)).

THEOREM 5.8. Let ® : S — C be a C*-pencil of curves of degree d. Let
&™) be the m-th root fibration of ®.

(1) If my = my (d), then the minimal good C*-models of ®™) and ®(m2) are
isomorphic.

(ii) Ifmy+me =0 (d), then the minimal good C*-models of ®™) and (®(m2))*
are isomorphic. Namely, there exists a complete C*-pencil of curves d such
that &7, = &™) qnd &g = Bm2),

(iii) The minimal good C*-models of ®4=1) and (®)* are C*-equivariantly and
holomorphically isomorphic.

PROOF. Because (i) and (iii) are induced from (ii), we prove (ii). From
my + mo = 0 (d), we have ged(my,d) = ged(ma, d). We can assume that ® is a
minimal good C*-pencil of curves and the configuration of Sy is given by (2.4).
Let Py be a point of Eg\{P}, ..., P;} and O(P,) the C*-orbit whose closure O(F,)
in S contains Py. Let o : S — S be the blowing-up at Py. Let C; := o, {(O(R)),
X = 5\Cy, Cy := 0 Y(P)\C, and E := o;1(Sy), where o;1(Sp) is the strict
transform of Sy by o, and so on. Then, by the result of Grauert in [G], there is a
C*-equivariant contraction 7 : (X, E) — (X, 0), where (X, 0) is a normal surface
singularity with C*-action. There exists a homogeneous element h of Rx such
that hom = ® oo ;. Then h is not a perfect power element. In fact, if h = g for
g € Rx (£ >2), then (gon)! = ®oo|gz. Since ® oo is a holomorphic function
on S, there exists a holomorphic function g on S by the Riemann’s removable
singularity theorem such that § = g o 7w on X. Hence, Gg*=®oc on S. This is a
contradiction.

For i = 1,2, let (Y;,0) be the normalization of the m;-fold cyclic covering
of (X,0) defined by w;"" = h. Then they are irreducible since h is not a perfect
power element. Let 7; : (Y;, E(i)) — (Y;,0) be the minimal C*-good resolution.
From Theorem 5.4, there exists a complete C*-pencil of curves U : W — P! which
satisfies a similar diagram as (5.1). Namely, ¢; : (Y;, E(i)) < (W;, supp(W;,0)) and
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w; oM = \I/iobih"/i (Z = 1,2), where W1 = WL, W2 = WR, \I/l = \i/L and \1/2 = \i’R.
The divisor (w; o;)y. is situated on the m;-th root fibration (§(ma), supp(gl()mi')))
of @ as follows:

where dy = ged(d,m;), d = d/dy and dy Hirzebruch-Jung divisors of type ((d |
d...d) on Y; corresponds to the Hirzebruch-Jung divisor dEy + dCy determined
by hom on X.

On the other hand, it is obvious that the w.d.graphs of W; o and Sémi) co-
incide. Since (Y;, E(i)) C (Wi, supp(Wi)) and (Vi, E(i)) C (S(mi),supp(gémi))),
the conditions (ii-1)(ii-3) of Corollary 2.12 for ¥; and ®() coincide. Thus,
¥; and ®(™) are isomorphic for ¢ = 1,2. Then ®(™1) : §(m) _, C and
(m2) . §m2) . C are mutually dual. Let E(i)o (resp. Fj) be the central
curve of E(i) (resp. S(()"Li)). Then ¢; gives a biholomorphic map E(i)y = F; for
i=1,2. Let Q1,...,Qq, be the intersection points of E(i)o and dy P!-chains. Also,
assume that their points represent intersection points of F; and d, P!-chains in
~(()mi). Hence they correspond to Py by the covering map from Y; to X. The differ-
ence between normal bundles Np, /§0m) and Np. /5(m) 18 linearly equivalent to the
line bundle associated to Q1+ - - +Qq, for i = 1, 2. Therefore, olm) . gm1) __, ¢
and ®(™2) : §(m2) __, C are mutually dual. O

EXAMPLE 5.9. If h is a weighted homogeneous polynomial 2 +y°, then the
pencil genus p.(C?,0,h) = pu(h)/2 = 2 because of p(h) = 4 and Corollary 2.12 (iii)
in [To6]. From Theorem 4.1, we can construct a C*-pencil of curves ® : S — C
of type (10,2,1) whose singular fiber is given as follows:

ShE
2 4 10 5

Let my and mq be positive integers satisfying m; = 4 (10) and mq = 6 (10). Then
®® and ) are mutually dual as follows:
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