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Abstract. We showed in [3] and [4] the variation formulas for Schif-
fer spans and harmonic spans of the moving domain D(t) in C, with pa-
rameter t € B = {t € C; : |t| < p}, respectively, such that each 8D(t)
consists of a finite number of C“ contours Cj(t) (j = 1...,v) in C; and
each Cj(t) varies C¥smoothly with ¢ € B. This implied that, if the total
space D = U, p(t, D(t)) is pseudoconvex in B x C, then the Schiffer span
is logarithmically subharmonic and the harmonic span is subharmonic on B,
respectively, so that we showed those applications. In this paper, we give the
indispensable condition for generalizing these results to Stein manifolds. Pre-
cisely, we study the general variation under pseudoconvexity, i.e., the variation
of domains D : t € B — D(t) is pseudoconvex in B X C. but neither each
OD(t) is smooth nor the variation is smooth for ¢ € B.

1. Introduction.

Let D be a domain in C, bounded by C*“ smooth contours Cy,...,C,. We
assume D contains two points 0,1. Then there exists the special univalent func-
tions P(z) and Q(z), called the circular slit and the radial slit mappings on D,
ie.,

1
—4ayg+arz+--- at z =0,
Pz =4z """

Az =1+ Az =12+ atz=1

such that |P(z)| =r; (constant) on C; (j =1,...,v);

1

—4+bg+biz+--- at z =0,
Qz) =47
Bi(z—=1)+Ba(z—1)?>+--- atz=1
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such that arg Q(z) = 6; (constant) on C; (j =1,...,v).

We set p(z) = log |P(z)| (resp. q(z) = log|Q(z)|) which is called the L;- (resp.
Ly-) principal function for (D, 0, 1), and set o = log | A;| (resp. 8 = log |Bi|) which
is called the Li-(resp. Lo-) constant for (D,0,1):

1
log — + ho(2) at z = 0, where ho(0) =0,

p(z) = E
log|z — 1|+ a+ hi(z) at z=1, where hy(1) =0,

p ds,=0(=1,...,v);
n.

p(z) = ¢j(constant) on C; and /
¢, D

1 ~ -
log — + ho(2) at z = 0, where ho(0) =0,
q(z) = 12

log|z— 1|+ B+ hi(z) at z=1, where hy(1) = 0,

Jq
on,

=0onC; (j=1,...,v).

We set s = a — 3, which is called the harmonic span for (D,0,1) (see [6]).
Let B={t € C;: |t| < p}. We consider a variation of domains:

D:te B— D(t)cCC,.

In this paper, we identify the variation D with the subset | J,. 5(t, D(t)) of B xC.,
and write

D=|]J(t D) and D= |]J(t0D(t) (CBxC.).

teB teB

Moreover, for a subset By of B, we write D|g, : t € By — D(t) and set D|p, =
Uses, (t, D(t)) and 0D|5, = U, p, (t, 0D(t)). When each D(t), t € B is a domain
bounded by C* smooth contours C;(t) (j =1,...,v) in C, and each C}(t) varies
C* smoothly with parameter ¢t € B, we call the total space D is a smooth variation.

We assume that D O B x {0,1}. Then each D(t),t € B carries the L;-
principal function p(¢,z), the Li-constant «(t) and the harmonic span s(t) for
(D(¢),0,1). In this paper we shall use the following form in [2, Lemma 3] and the
result in [4, Theorem 4.1]:
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LEmMA 1.1 ([2]).

da(t) 1 Op(t, z)
ot B ™ /E?D(t) kl (t’ Z)‘ 0z

2
ds., teB, (1.1)

where k1(t,z) = (Op/0t)/|0p/0z| on OD does not depend on the choice of defining
functions (t, z) of OD.

Here, for a point p € 9D and a neighborhood U of p, defining function (¢, z) for
UNAdD at p means a C? function ¢ in U satisfying UND = {(¢,2) € U | p(t, 2) <
0}, UNID ={(t,z) € U | ¢(t,z) = 0} and dp/0z(t,z) # 0 on U N ID.

THEOREM 1.2 ([4]). If the total space D is a pseudoconver domain in BxC,,
then s(t) is a C*¥ subharmonic function on B.

To apply these results to Stein manifolds, we need to study the general (non-
smooth) variation D under pseudoconvexity, namely, the variation of domains
D:t e B— D(t) C C, is pseudoconvex in B x C, such that neither 0D(¢), t € B
is always C* smooth nor the variation ¢t € B — 9D(t) is C* smooth with ¢ € B.

Let B = {t € C; : |t| < p} and D be a domain in B x C, such that D D B x
where 7 is an arc connecting 0 and 1 in C,. We set D(t) = DN ({t} x C,) for
t € B, called the fiber of D over ¢, so that D = Uses(t, D(t)). Let o(t, z) be a C¥

strictly plurisubharmonic function on D and let

D={(t,z) € D: p(t,z) <0},

D(t) = {z € D(t) : o(t,z) < 0} for every t € B.

We set 9D = UteB(t7al§(t)). Assume that D is connected in D, D D B x v, and
D(t) € D(t) for t € B. Then D = Uien(t, D(t)) is pseudoconvex in B x C,. We
denote by D(t), t € B the connected component of D(t) containing . Note that
D(t) # D(t) in general. We set

D=|Jt D) and 0D = |J(t,0D(t)).

teB teB

We thus have two variations of domains in B x C,:

D:te B—D(), D:teB— D(t).
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The total space D as well as Dis pseudoconvex in B x C,. In general, the variation
D is discontinuous. For [3] and [4], in this paper we treat D with the following
cases: there exists a C*¥ simple arc £ which divides B into two domains B’ and
B",ie., B= B'U¢UB" such that, for any t € B’UB" the boundary 0D(t) of the
domain D(t) in D(t) is C* smooth, and for any ¢ € £ the boundary dD(t) of D(t)
has only one singular point z(¢), namely, ¢(t,2(t)) = (0p/0z)(t, 2(t)) = 0, which
is of the case (cl1) or (¢2) mentioned below, precisely, if z(tg) for some ¢y € ¢ is of
case (cl) (resp. (c2)), then z(t) for each t € £ is of the same case (c1) (resp. (c2)).
Let C(t) denote the connected component of dD(t) passing through z(t). Then

(c1) C(t) consists of two closed curves Cy (t) and C5 (), and one of them, say C1(t),
is one of boundary components of D(¢), so that [C7(¢) \ {z(t)}] NID(t) =
(we say that the variation D is of case (c1));

(c2) C(t) is one of the boundary components of D(t) (we say that the variation
D is of case (c2)).

We find two distinct points of D(t) over z(t) in case (¢2). For example, if the
shadowed part below is D(t), then the singular point z(t) is of case (c1) for (FI),
and of case (c2) for (FII) and (FIII).

), e B’ V. tel D(t"),t" € B”
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In the general case, using the strictly plurisubharmonicity of ¢(¢,z), we find in
[4] an increasing sequence a, ' 0 (n — c0) such that, if we construct D, from
D, = {¢ < an} in D like as D in D = {o(t,z) < 0} in D, then there exists a
finite number of C* arcs {¢x}r=1,. ., (depending on a,) in B such that, if we put
{t1,...,tq} the common points of ¢; and ¢; or ¢; itself (for any ¢,j =1,...,v), and
if we set £}, = € \ {t1,...,t,} (k=1,...,v), then at each point ¢° € ¢} we find a
small disk BY of center t° such that D,, over B® with ¢, N B is of the case (cl)
or (c2) like D (over B) with £ (in B) in the above figures.

Each D(t), t € B carries the Li-principal function p(t,z) and Li-constant
a(t) for (D(t),0,1), similarly the Lo-principal function ¢(¢, z) and the Ly-constant
B(t), and then the harmonic span s(t)(= «a(t) — 5(¢)) for (D(¢),0,1).

THEOREM 1.3.  Under the above situation,

(1) the harmonic span s(t) for (D(t),0,1) for the variation D of case (cl) is
Cl subharmonic on B (we give a concrete example such that s(t) is C*
subharmonic on B not of class C?);

(ii) there exists a counterezample for the variation D of case (c2) such that s(t)
is neither of class C' nor subharmonic on B.

ACKNOWLEDGEMENTS. The author would like to express her sincere grati-
tude to Professor Hiroshi Yamaguchi for stimulating discussions. The author also
thank the referee for the accurate comments to improve the presentation of this

paper.

2. C! subharmonicity of harmonic spans s(t) for the variation D
of case (cl).

Under the above notation, we shall state more precisely the situation of case
(c1) for the proof of Theorem 1.3 (i). Let D be a variation of case (c1). Then
there exists a smooth arc [ in B which separates B into two domains B’ and B”
with the following three conditions:

(1) D(t), t € B’ consists of two disjoint domains D(t) and D*(¢). Here,
aD(t) = Y701, Cj(t) and 9D*(t) = Ct(t) + 325, ,, Cj(t) are C smooth con-
tours. C4(t) and C(t) are the outer boundary components of D(t) and D*(t),
respectively.

(I1) D(t), t € [ consists of two disjoint domains D(t) and D*(¢) such that the
outer boundary components C1(t) and C5(t) of D(t) and D*(t) are piecewise C*
smooth contours with only one corner, respectively, whose corner is the common
one z(t), ie., Ci(t) N C;(t) = {2(t)}; and the other boundary components C;
(j=2,...,mym+1,...,n) of them are C* smooth contours;

(IT) D(t), t € B" is connected, i.e., D(t) = D(t). Here, dD(t) = >_7_, C;(t)
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are C* smooth contours, and C (¢) is the outer boundary component of D(t).

LEMMA 2.1.  Under the above situation, if the variation D : t € B — D(t)
is of case (cl), then a(t) and B(t) are C subharmonic and C* superharmonic on
B, respectively, and hence s(t) is C* subharmonic on B.

PROOF.  Since the proof for §(t) is similar to that for a(t), we shall prove
that a(t) is C! subharmonic on B. Since D|p/ :t € B’ — D(t) and D|gr : t €
B"” — D(t) are smooth variations, we see that the L;-principal function p(t, z) for
(D(¢),0,1) is of class C¥ for (t,z) € (D|p UD|p~)\ [(B'UB") x{0,1}], and «(t)
is subharmonic of class C* on B’ U B”.

It thus suffices to prove that a(t) is of class C* on B. Fix any ty € | and
By = {|t —to| < 7o} € B. We set Bj = BynN B and Bj = By N B’ so
that By = B\ U B Ul|p,. By the C' smoothness of a(t) on B and the C*
subharmonicity of «(t) on B’ U B”, we have by Green’s formula

90 e [ 9%y / 9a 4.
oB, Oz dB}, on ):14 on,
= / Aadxdy + / Aadzdy > 0. (2.1)
B, BY
From C! smoothness of a(t) on B,
da T Do , d [* ,
—ds.= | —(t Byrodd =ro | — t #)do
o, O s . 67"( o +7roe’)ro To[dr/o a(ty +re'”) e

If we set S(r) := 0277 alty +re)df for 0 < r < p, then we see from (2.1) that
dS/dr(rg) > 0, so that S(r) is an increasing function on (0, p). Thus, S(rg) >
lim,_o S(r) = 2ma(ty), and hence 1/27 fo% oty +re?)dd > a(ty). Thus, a(t) is
subharmonic on By.

Let to € [ be fixed. It is enough to show that «a(t) is of class C! at the point
to. Precisely speaking, it suffices to prove that

(A) «(t) is continuous on B;
(B) {0a(t)/0t}iepup is a Cauchy sequence at the point ¢y. Precisely, for given
€ > 0, there exists a disk B. = {|t — to| < pc} in B such that

Oa Oda

E@l) - E(t//) <e foreveryt', t" € BLUB/, (2.2)
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where B \ | = B, U B/ such that B, C B’ and B! C B".

PrOOF OF (A). It suffices to show that p(t,z) — p(to,2) ast € B'UB" —
to locally uniformly in D. We consider the circular slit mapping P(t, z) on each
D(t), t € B such that (i) log|P(t, 2)| = p(t, z) on D(t), (ii) P(t, z) — 1/z is regular
at z =0, (iii) P(¢,1) = 0. Since P(t, z),t € B is univalent on D(t) with condition
(i), it follows from Koebe’s distortion theorem that {P(¢, z) }teprup~ is a normal
family in the following sense: for any given sequence { P (¢, z) }r where t;, € B'UB”
such that ¢, — to as k — oo, there exists a subsequence {P(t,, z)}; which locally
uniformly converges a certain univalent function F(z) on D(¢p). Then F(z) is
a circular slit mapping on D(ty) since each P(ty,,z) is a circular slit mapping
on D(t), t, € B'U B"”. We remark that the number of the slits might change
but it is a finite number (at most n as in (I) and (III)). Moreover, F(z) — 1/z
is regular at z = 0 and F(1) = 0 by the conditions (ii) and (iii). Consequently,
F(z) = P(to,z) on D(ty), independent of the choice of subsequences. It follows
that P(t,z) — P(to,2) as t € B'UB"” — tg locally uniformly in D. Thus, p(t, z)
is continuous for (¢, z) € D, and hence «(t) is continuous on B. O

PrROOF OF (B). We divide the proof of (B) into 4 short steps.

[1st step] We shall show that there exist a disk By = {|t —to| < p1} in B and
a constant A > 0 such that

, z2€Cy(t), t€ BjUBY.

ap(t, 2)
0z

< A‘ dp(t, z)
z

Here, By \ 1 = B} U BY such that B} C B' and BY C B".

Let v be an arc connecting poles 0 and 1. Let Ly be a closed curve in D(ty)
which bounds a subdomain Vj of D(ty) and Vi D . We draw closed curves L;
(j=2,...,m,m+1,...,n) in D(ty) close to C;(ty) such that L; (j = 0,2,...,n)
are mutually disjoint in D(ty). We can take a small disk By = {|t — to| < p1}
in B such that D(t) D L; (j = 0,2,...,n) for every t € By. Since L; C D(t)
(j=2,...,m)fort e By and L; C D(t) (j =2,...,n) for t € B”, we consider
a subdomain E(t) of D(t) for t € Bf U Bf (where By \ I = B{ U BY such that
Bj{ C B and BY C B") such that

aE(t) Ch (t) + Lo + 27:2 Lj ift e Bi;
oW+ Lo+, Ly ifte By

We set p(t, z) = ¢1(t) constant on C(¢) for t € By, and
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K = Sup{(p(tvz) : (t,Z) € Bl X [LO UL2 u--- ULTL]}>

sup{|p(t,z) —c1(t)|: 2 € LoU Ly U---U Ly, } if t € BY;
sup{|p(t,z) —c1(t)|: 2 € LoULa U---ULyp,---UL,} ifte BY,
M =sup{m(t) : t € B UB}.
Then we have —oo < K < 0and 0 < M < oo. Weset A = —-M/K > 0. Let

t € B U BY be fixed. We consider the following function ¢(t, z) on E(t) defined
by

Since ¢(t, ) is subharmonic and p(?, z) is harmonic on E(t), ¢(¢, z) is subharmonic
on E(t). Since ¢(t,z) = 0 on C1(t) and ¢(t,2) < 0 on OE(¢) \ Cy1(t), it follows
from the maximum principle that ¢(¢,z) < 0 on E(t), namely,

Ap(t,z) < —[p(t,z) —ai(t)], =z € E(t) UOE(t).

Since (¢, 2) = |p(t, z) —c1(t)| = 0 on C1(t) and p(t, z) < 0 on E(t), it follows that

420(2) | |0W(t2) )|
an anz

S Cl(t),

where n, is the unit outer normal vector of C;(t) at z. This is identical with
A|0p(t,2)/0z| > |0p(t, 2)/0z| for z € C1(t), which proves the 1st step.

[2nd step] We set N = sup{|9p(t, 2)/0t|, |0¢(t, 2)/0z| : (t,z) € D|p,} < o0,
where D|p, = U;ep, (t, D(t)) C B1 x C,. To prove (2.2), let € > 0 be given. Then
we shall show that there exists a small disk V = {|z — z(to)| < r} in C, such that

2

%@J)ds

k1 (t, z)‘
‘ /Cl(t)ﬁv ! 0z

Here, C1(t) NV for some t may be empty.
Let V = {|z — z(to)| < r} be a disk in C, such that

<=, teBUBY.

[N e

€
ds, < —— . t€B.
/Cl(t)ﬂv STV RIE '

Note that ¢(¢, z) is a defining function of D. From Lemma 1.1 and the 1st step,



Subharmonicity of harmonic spans for non-smooth variations 329

we have for ¢t € Bf U BY,

2

ap(t,2)[* |G| |op" _ | B2 42| O
= <
|k1(t72)|‘ 9z 645 Oz — gf Oz
:‘%‘f‘/ﬁ aai‘gAQNQ on C4(t).

We thus have that, for t € B} U BY,

2

op(t, z) ds

kl (ta < ’
‘ /Cl(t)ﬂv ) 0z

which is desired.

< A2N? / ds, < <,
Cr )NV 2

[3rd step] We take By = {|t —to| < p2} in B such that each D(t)NV, ¢t € By
is a non-empty simply connected domain in V. We set G = D|g, \ (By x V) =
Uien, (t; D)\ V) C By x C,, where D|p, : t € By — D(t), and By \ I = By U By
such that By C B} and By C BY, so that G consists of two disjoint domains G
and G* such that

6= wawm), = taw).

t€B; teBY

Thus, both G(t), t € By and G*(t), t € BY are piecewise C* smooth domains with
two corners on 9V, and both variations G : t € By — G(t) and G* : ¢t € BY — G*(t)
are C* smooth with ¢t € By and BY, respectively. Under the above situation, we
shall prove that there exists a disk By = {|t —to| < ps} in By such that, for every
t,t" € ByUBY,

2 2

!/ "
op(t' 2) on(t", )

(e, .- | f(e'.2)
’ /(aD(t/))\v 0z (@D (")\V 9z

Here, B3\ 1 = B4 U BY such that B} C By and BY C BY.

Let W be a thin tubular neighborhood of 0G(ty)(= 9[D(to) \ V]) in C,.
We can take a disk Bz = {|t — to| < ps} in Bz such that each p(t,z), t € Bs
is harmonically extended to W. Tt follows from (A) that p(¢,z) — p(to,2) as
t € Bs — to uniformly in W, so that 9p(¢,z)/0z — Op(to,2)/0z as t € By — to
uniformly in W. Since ki(t,2) = (9p(t, 2)/0t)/|0¢(t,2)/0z| is of class C¥ for
(t,z) € W and 0G(t) — 0G(ty) as t € B3 — to uniformly, we have

<

[N e
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2 2
t

dsz = / kl(t(),Z)’ap( 072) dsz

G (t0)\oV 0z

(2.3)

Ip(t, 2)
0z

lim k1(t, 2) ’
teBs—to JoG(t)\oV

Similarly, we find a neighborhood W* of 8G*(ty) (= 9[D*(to) \ V] where
D*(tp) is defined in (II)) in C, such that each p(t,z), t € BY is harmonically
extended to W*. On the other hand, on any given compact set K € D*(t), p(t, z)
for t € B” uniformly converges to a certain harmonic function p(z) on D*(ty) such
that the boundary values are p(z) = ¢1(to) on C5 (to) and p(z) is a certain constant
¢; on each Cj(tg) (j = m+1,...,n). Since fcj(t) xdp(t,z) = 0 for t € BY, we
have fcj(t) «dp(z) = 0. This implies that p(z) = ¢1(to) on D*(t). It follows that
p(t,z) — ci(tg) as t € BY — to uniformly on W*, so that 9p(t,z)/0z — 0 as
t € BY — tp on W*. By the same argument as above, we have

2

W2y o, (2.4)

z

lim k1 (t, z)‘
teBY —to Jog* (H\OV

Since (0D(t)) \ V = 0G(t) \ OV for t € Bf and (0D(t)) \ V = [0G(¢t) \ OV] U
[0G*(t) \ OV] for t € BY, we obtain from (2.3) and (2.4) that

2 2

op(t, 2) ds...

lim / ki (t, z)‘
teBLUBY —to (OD()\V 0z

This immediately implies the 3rd step.

t
ds. = / k1 (to, Z)‘ap(ao, )
OD(t)\V 2

[4th step| (2.2) holds for B. = Bs.
Since C1(t)NV = (0D(t))NV for t € Bs, the 2nd and the 3rd steps together
with (1.1) imply that, for ¢,¢" € Bf U B,

Oa Oa

o ! _ 1
5 (&) — 5 ()
1 / 2 i 2
< (/ k1(t/,z)‘8p(t’z) ds, —/ kl(t”,z)’w’z) dsz>
7\ J@puy\v 9z @D\ 0z
1 ok
+ = / k(¢ Z)lap(t,z) ds,
™| J(oD(t')nV 0z
1 op(t", z) 2

+ —
s

ds,

kil (t”, Z) ‘
/(8D(t”))ﬁV 0z
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<1(fhe) <
—| 3 € €,
which is desired. O

Therefore, we see from (A) and (B) that «(t) is subharmonic on B. Similarly,
B(t) is superharmonic on B, and then s(t) is subharmonic on B. O

We shall give an example of the variation D of case (c1) such that s(t) is C!
subharmonic on B but not of class C2.

EXAMPLE. Let B = {t € C: |t — 1| < p} where 0 < p < 1/4. For each
t € B, we consider the following domain in C,:

Dt)={z€eC,:|z—1||z+1]| < |t|},
so that each D(t) = D(|t]). We set
B'={zeB:|t|<1}, I={z€B:|t|=1}, B"={zeB:|t|>1}.

Let D(t) denote the connected component of D(t) containing two points {1, V3/2}.
Then we have the variation of domains D : ¢t € B — D(t) in B x C,, and D =
Uien(t, D(t)) is pseudoconvex in B x C. of case (cl), namely, (i) D(t), € B
consists of two disjoint domains D(¢) and D*(t) in C, bounded by two C* smooth
closed curves C1(t) = dD(t) in {Rz > 0} and Cy(¢t) = 0D*(t) in {Rz < 0}; (ii)
D(t), t € I consists of two disjoint domains D(t) and D*(t) in C, bounded by
the lemniscate {|z + 1||z — 1| = 1} passing through 0. The boundary components
Cy(t) = 0D(t) in {Rz > 0} and C5(t) = OD*(t) in {RNz < 0} are piecewise C¥
smooth contours with only one corner, respectively, whose corner is the common
singular point z(t) = 0, i.e., C1(t) N CF(t) = {0}; (iii) D(t), t € B" is a simply
connected domain in C,, i.e., D(t) = D(t), bounded by a C* smooth closed curve
Cy(t) = 0D(t).

For constructing the exact form of the harmonic span s(t) for D, we recall
the following in [2, p.129] which is based on the example of Theorem 1.4 in [1,
Section 5].

PROPOSITION 2.2. (1) The harmonic span is invariant under the holomor-
phic mappings, precisely, let R be a domain in C, and let a,b € R, a # b. Let
w = f(2) be any holomorphic mapping from R onto Ry and set a1 = f(a) and
by = f(b). Then the harmonic span s for (R, a,b) is equal to the harmonic span
S1 fO?” (Rl, ai, bl)
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(2) Let R = {|z| <} be a diskinC, and let§ € R, £ # 0. Then the harmonic
span s for (R,0,€) is s = log{1/(1 — (|¢]/r)*)}.

To give the exact form of s(t) for t € B, we divide two cases: (i) t € B’ U/
and (i) t € B”. Consider the mapping w = f(2) := 22 — 1. It maps the z-plane
to the two-sheeted Riemann surface R; over the w-plane with the branch point
w = —1.

In case (i), w = f(z) maps D(t) to the disk {|w| < |t| (< 1)}, one of two
univalent sheets of Ry over {|w| < |t|}, and two points {1,/3/2} to {0,1/2}. It
follows from Proposition 2.2 that s(t) = log{1/(1 — (1/2|t|)?)}.

In case (ii), we further consider

1
w w1+% Ws =\ ¢
_ =BT = s, wa= —

Then the composite function W = F(z) = w4 0 w3 0 we 0 wy 0 wy o f(z) on D(t)
conformally maps the domain D(t) to {|W| < 1}, and two points {1, +/3/2} to
{0,£(8)}. Here £(t) = (V322 +1 — 2Jt| + 1)/2VE(|t] +1). Tt follows from

Proposition 2.2 that

1

1— (‘ VB2l 12t +1 DQ
2vV(|t[+1)

s(t) = log

By the calculation we see that s(¢) is C* subharmonic on B’ U B”. For the C*
smoothness but not C? smoothness of s(t) on B, it is enough to check the following:

V34/2[t12+1-2[¢]+1 "
, teB
h(t) == VI (It+1)

‘71|, te B'Ul

is of class C* but not of class C* on B. Indeed, for t = 1 € I, we have h(1) = 1 and
limtﬂlfo h/(t) = limt*)1+0 h/(t) = h/(].) = —1, but limt*d,o h”(t) =2 7é 25/12 =
limt_,1+0 h”(t).

3. Counterexample for the variation D of case (c2).

We shall give a counterexample of the variation D of case (c2) such that «(t)
(resp. B(t)) is neither of class C! on B nor subharmonic (resp. superharmonic) on
B, and s(t) is neither of class C! on B nor subharmonic on B. Since the proof is
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similar to other cases, we give a counterexample for a(t) of a variation D of case
(c2) (like the figure of type (FII)).

Let B = {|t — 1] < p} where 0 < p < 1. We consider the following Levi flat
domain in B x P,:

D= U(t,D(t)), D(t)={z€P,:|z—1||z+ 1] > |t|},
teB

so that each D(t) 3 co and D(t) = D(]t|). Let
B'={zeB:|t|<1}, Il={z€B:|t|=1}, B"={zeB:|t|>1}.

D(t), t € B’ is a domain in P, bounded by two smooth closed curves C(t) in
{Rz < 0} and Cs(¢) in {Rz > 0}; D(¢), t € B” is a simply connected domain in
P, bounded by a smooth closed curve C(t); and D(t), ¢ € [ is a simply connected
domain in P, bounded by the lemniscate C' = {|z—1||z+1| = 1} passing through 0.
We set CN{Rz < 0} = Cy and CN{Rz > 0} = C5, so that C; and C5 are piecewise
C* smooth contours with one common corner z = 0, namely, C; N Cy = {0}. We
note that, for ¢ty € I, limicp 1, C1(t) = C1 and limgep—t, Co(t) = Cy. The
variation D : t € B — D(¢) is of case (c2).

For t € B’, we denote by wi (¢, z) the harmonic measure for (D(t), C1(t)), i.e.,
w1 (t, 2) is harmonic on D(t) and continuous on D(t) such that wy(¢,z) = 1 (resp.
0) on C4(t) (resp. Cz(t)). For t € I, we remark that D(t) = D(1), and consider
the harmonic measure wy(z) for (D(1),C}), i.e., wi(z) is harmonic on D(1) and
continuous on D(1)\ {0} such that wy(z) =1 (resp. 0) on C1\ {0} (resp. C2\{0}).
We see that lim¢e g1 w1 (, 2) = w1 (2) uniformly on every compact set in D(1).

We fix two point a,b € D(1), a # b such that wy(a) # w1(b). We set K :=
|wi(a) — wi(b)| > 0. If necessary, take a smaller disk B of center ¢ = 1, then we

may assume that

K
) <J|wi(t,a) —wi(t,b)] < 2K forte B'. (3.1)

On each D(t), t € B, we consider Lj-principal function p for (D(t), a,b), i.e.,

p(t, z) = log + ho(t,2z) at z = a, where hy(t,a) = 0;

|z —al
p(t,z) =log|z — b| + a(t) + hp(t,2z) at z =0b, where hy(t,b) = 0;

const. ¢(t) on C(t) and fc(t)(ap/anz)dsz =0 forte B"Ul,
plt,z) = {const. ¢;(t) on Cj(t) and fcj(t) (Op/On;)ds, =0 (j =1,2) forte B,
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where C(t) = C = C1UC, for t € I. The Ly-constant «(t) for (D(t),a,b) is clearly
of class C¥ on B\l = B"UB". Since D(t) = D(|t|), we have p(t, z) = p(|t|, 2) and
a(t) = a(|t]) for t € B.

We have proved in [1, Theorem 1.4.] that «(t) is C* subharmonic on B\ [ =
B'UB"”. For ty €, we let 9/0n;, denote the outer normal derivative of [ (whose
direction is counter clockwise) at to. Then we have

THEOREM 3.1. (1) a(t) is continuous on B,
(2) a(t) is not of class C* on B, precisely,

Aot
(i) alt) is continuous on B" Ul;
ot
oy o afto + hng) — alto)
] 0 =
(ii) hl}% h oo for everyty €1,

(3) a(t) is not subharmonic at any ty € 1.

To prove this theorem, we prepare the following lemmas.

We represent «(t), t € B by use of functions concerning the Green functions:
For ¢ € B, we consider the Green function g,(t,z) (resp. ¢»(t,2)) and the
Robin constant A,(t) (resp. Ap(t)) for (D(¢),a) (resp. (D(t),b)), i.e.,

1
9a(t,z) = log | | + Aa(t) +ba(t,2) at z=a, where ho(t,a) = 0;
z—a
1
gu(t,2z) = log = + Xo(t) + bp(t,2)  at z =b, where hy(t,b) =0
P

with g4(t, 2) = g(t, 2) = 0 on 9D().
For t € B’, we have

_ -1 agz(t C)
wi(t,z) = E/O W one ds¢ for z € D(t), (3.2)

and consider the Dirichlet integral ||dw:(Z, )| p() of wi(t, z) over D(t),

[ dwi(t, )l Dy —// ) [(&yl@; Z)> + ((%118(;,,z)>2] dxdy.

Under these notations, we have
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LEMMA 3.2.
2g4(t,b) — (Ao (t) + Ao (2)) forte B"Ul;
a(t) = 29a(t,b) — (Na(t) + Ap(t)) 1
—2m{w(t,a) — w1 (t, b)}QW forte B

PrROOF. We set, for t € B,

G(t,2) == ga(t,z) — gu(t,2) on D(t);
u(t,z) :==p(t,z) — G(t,z) on D(t),

so that G(t,z) = 0 on dD(t) and faD (0G(t,2)/0ny)ds, = 0, and u(t,z) is a
harmonic function on D(t) such that

u(t,a) = —Aa(t) + gp(t,a) = —Aa(t) + ga(t, b);
’U,(t7 b) = a(t) - ga(ta b) + )‘b(t)’
c(t) on C(t) fort € B" U,
u(t,z) =
ci(t)on Cj(t) (j=1,2) forte B.
We first show the case t € B” Ul. Since u(t,z) = c(t) on 9D(t), we see
from the maximum principal for harmonic function that u(t,z) = ¢(t) in D(¢). In
particular, at z = a € D(t), c(t) = u(t,a) = —Ay(t) + ga(t,b). Let v.(a) (resp.

v¢(b)) be the circle of center a (resp. b) with radius 0 < € < 1. By Green’s
formula, we have

ap(t du(t
/ u(t,z)MdsZ:/ p(t, ) u ’Z)dsz. (3.3)
C(t)—7e () = (b) on. C(H)—e (@)= (b) on.

Letting € — 0, the left hand side of (3.3) is

dp

c(t
( ) C(t) anz

ds, + 2m(u(t,a) — u(t,b)) = 2w (u(t,a) — u(t, b))

by the property of Li-principal function p, and the right hand side of (3.3) is

ou / Op / oG >
c(t —ds, = c(t ds, ds, | =0.
( )/C(t) 8nz ( )( 8nz C(t) 0112
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Therefore, the assertion is shown.
We next show the case t € B’. By Green’s formula, we have

Oy (t
/ il ,Z)dszzo;
Ci(t)+Ca(t) Oz

0w (t, z) 9
—5 ——ds. = [ldwr ()l Dy
/Cl(t) anz 1 D(t)

/ 0G(t,z) ds, = —2m(w1(t,a) —wi(t,b)) by (3.2).
Ci(t)

on,
We also have

w(t, z)Mdsz

/01 (£)+Ca () —7e (@)= (b) on.

= p(t, )
/Cl(t)"rcz(t)—’ye(a)—%(b) on

Letting ¢ — 0, the left hand side of (3.5) is

/ @dsz + 0+ 27(wi(t,a) —wi(t, b)) = 2m(wi(t, a) — wi(t, D))
c

1(75) 6nz

by the property of wy and p, and the right hand side of (3.5) is

cl(t)/ Mdsz+@(t)/ Mdsz
Ci (1)

3nz Cy (t) anz

= (ex(t) — ca(t))lldwr (¢, ) Dey-
1

c1(t) — ca(t) = 27 (w1 (t, a) — wi(t, b))m
DD

Similarly,

Op(t, z)

u(t, z) o

/Cl (t)+C2(t) —ve(a)—7e(b)

/Cl(t)+Cz(t)“/e (a)—=e(b) Nz

(3.4)
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Letting € — 0, we see from the boundary behavior of p(¢, z) and (3.4) that

27 (u(t, a) — u(t,b)) = cl(t)/ Mdsz + 02(15)/ wdsz

cipy  One Co(ty  ON
dG(t, 2)
= —(c1(t) — cao(t ——ds,
@ - [ 5

=2m(c1(t) — c2(t))(wi(t, @) —wi(t, b)),
for which we substitute (3.6) to obtain

1

—u =27(wi(t,a) — w; AT
ult, ) = u(t,b) = 2wt 0) — (8B

This implies the desired formula in case t € B’. (]

REMARK 1. Let ¢y € I. As shown above, we have p(to, z) = c¢(to) +ga(to, z) —
gv(to, 2) on D(tp). We thus have

6p(t0)z) / 6ga(t07z) / 59b<t07z)
_ -9 .
/C1 7‘ Z dSZ = o Enz dSz o ‘ Z dSz = 4T (Ldl (CL) w1 (b)) # 0

On the other hand, fcl(t)(ap(t,z)/ﬁnz)dsz =0forte€ B;ast € B —tyel,
both C;(t) — Cy and p(t, z) — p(to, z) uniformly converges in any compact set
K & D(¢t). This difference is the key of our counterexample.

LEMMA 3.3. A, (t) and gu(t,b) are of class C* on B.

PROOF. By Lemma 4.1 in [7], C'-ness of \,(t) on B was shown (cf [5]). Its
proof is available for the result for g,(t,b) only replacing the following variation
formula used in the proof:

MNat) 1 09a(t, 2)
a W/BD(t)kl(t’Z)) on,

2
ds, fortc B'UB”,

by the Hadamard variation formula:

094(t,b) l/ 0g4(t, 2)
ot - m aD(t) kl (t’ Z) 8nz

ds.,

agb(ta Z)
on,

fort € B'U B". O
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REMARK 2. The Robin constant A, (¢) and the Green function g,(t,b) are
of class C! on B for all variations D of cases (c1) and (c2). We showed that the
Li-constant a(t) is of class C! on B for the variation D of case (c1) in Section 2.
In this section, we shall prove below that «(t) for the variation D of case (c2) is
not always of class C'! by using the Cl-ness of \,(t) and gq(t,b).

LEMMA 3.4.
3

V1=t

Proor. Fort¢ e B',weset |t| =r,sothat 0 <1—p<r <1, D(t)=D(r),
wi(t, z) = wi(r, 2), and

[dwr (2, ) I < forte B

{y=0}NoD(r)={y=0}N[Ci1(r)UCa(r)] = {£V1—r,£V1+r}.

We simply set € = /1 — 7, so that 0 < € < /p. We consider the following two
disks:

Ay(e) ={lz+ B+ <3}, Ax(e) ={lz-B+¢)| <3}

By simple consideration, we have C1(r) C Aj(e) and Ca(r) C As(e). The bound-
aries C1(e) = —0A1(e) and Ca(e) = —8Ay(€) (circles with clockwise direction)
touch Cy(r) and Cs(r) at the points (—e, 0) and (e,0), respectively. We consider
the following domain in P,:

E(e) = P2\ (A1(€) U As(e)),
so that dE(e) = Cy(e) + Ca(e) and D(r) D E(e). We consider the harmonic

measure Q(c, z) for (E(e),C1(c)) such that Q(e, z) = 1 (resp. 0) on Cy(e) (resp.
Cs(€)). Tt follows from Dirichlet principle that

ldws (r, ) Dy < 1dQAeE, ) pe)-

To calculate the exact form of ||dQ(e, -)||?E(€)7 we simply set h(e, z) = 2(Q(e, 2)—1/2)
on E(e), which is a harmonic function on E(e) such that

1 on Cy(e);
h(e,2) =4 =1 on Cy(e);

0 on the y-axis.
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It follows from Schwarz reflection principle for the symmetric domain F(e) with
circle boundaries that h(e, z) is harmonically extended to a certain two-punctured
domain €(e) of the form &(¢) =P, \ {n, —n}, where n = 7(e) is some point depend-
ing on e such that € < < 3+¢, lim,_._, h(e, 2) = +o0, and lim,_,, h(e, z) = —oc.
By the symmetries of domain &(¢) and function h(e, z) with respect to the y-axis,
we have

on &(e),

zZ—1
h(e, z) = clog | ——
(€,2) g1 77‘

where ¢ = ¢(e) > 0is a certain constant depending on €. Since h(e, €) = h(e, 6+¢€) =
—1, we have

n = 1\/6€ + €2,

€e+n

B B 14+ (Ve/vV6+¢€) 3
c=1/log 6—77‘_1/10g<1—(\ﬁ/\/m)><6 for 0 <e< 1.

On the other hand, we have by Cauchy formula

dh(r, - 26—/ L= d8Z+/ I
I Mo = [ 1 T+ [ OV

_ g/ 8h(e,z)dz
L JCi(e)=Ca(e) 0z

1 1
E/ ( — )dz = 4re.
U JCy(e)=Cale) \Z— 1N Z+1N

We conclude that, for 0 < e =1 -1 <,/p,

1
|| dewr (r, ')H%(r) < [|d€2(e, ‘)H%E(E) = EHdh(G»‘)H%E(E)

3

. O
V1 —r

=mc <

SIE

PROOF OF THEOREM 3.1. For a fixed ty € I, it follows from (3.2) and
Lemma 3.4 that

1 v1—|t
hm (w1(t,a) . O.)]_(t, b))Qi < hm (2K)2T||

=0.
e B oty ldan(t, By ~ teB =10
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By Lemmas 3.2 and 3.3, we have limsc g1, a(t) = a(tg), so that (1) is proved.

The assertion (2)-(i) directly follows Lemmas 3.2 and 3.3. For (2)-(ii), since
a(t) = a(|t]) on B={|t—1| < p} and I is an arc of {|t| = 1} near t = 1, it suffices
to prove in case tp = 1 and lim, ~ (a(1) — a(r))/(1 — r) = +oo. Let the intervals
I=(1-p,14p)and I' = (1—p, 1). For simplicity, we set A(r) = 2g,(r,b)—(Aa(r)+
Mp(r) on I; K(r) = 27 (wi(r,a) — wi(r,b))2 on I'; and H(r) = 1/||dw1(r,-)||2D(T)
on I, so that

A(r) on I\ I;
a(r) =
A(r)—=K(r)H(r) onI'.
Note that (1) = A(1) by 1 € I'\ I’ or equivalently lim, ~ H(r) = 0 by continuity

(1). Since A(r) is of class C* on I by Lemma 3.3, K(r) > 7K2/2 > 0 on I’ by
(3.1), and H(r) > v/1 —r/3m on I’ by Lemma 3.4, it follows that

0 =0(r) _ vy i KOAE) = KWHQ)

i
rl/Hi 1—7r r, /1 1—7r
K2/2-y1—7r/3 K? 1
> A1) + lim T2/ BT vy B L o,
r/1 1—r 6 r 1 Y/(1—7)3

which proves (2)-(ii). Therefore, a(t) is not of class C* on B.

To prove (3) by contradiction, we assume that a(t) is subharmonic on B. We
consider the conformal mapping T':t € B — 7 =logt € C,, where log1 = 0. We
set A = T(B) and a(7) = «a(t), where 7 = logt. We see from assertion (1) that
a() is continuous and subharmonic on A. Since &(7) = &(r1) where 7, = R7, it
follows from assertion (2) that there exists a small disk Ag = {|7| < 7o} in A and
some constants 0 < m < M < oo such that

~ a(0) +mm  for € Al UL
a(r) <
a(0) + Mm  for T € A,

where A = AgN{r < 0}, 1 = AgN{r =0}, A = AgN{r > 0}. It follows
that

1 27 1 2w
), a(ree?)dd < a(0) % ; (m + M)rg cos 6 df
. 1
= af( —i—f/ (m — M)rgcosfdf < a(0),
T Jo
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which contradicts with the subharmonicity of &(7) on A. O
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