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Abstract. We show that the intersections of two real forms, certain
totally geodesic Lagrangian submanifolds, in Hermitian symmetric spaces of
compact type are antipodal sets. The intersection number of two real forms
is invariant under the replacement of the two real forms by congruent ones. If
two real forms are congruent, then their intersection is a great antipodal set of
them. It implies that any real form in Hermitian symmetric spaces of compact
type is a globally tight Lagrangian submanifold. Moreover we describe the
intersection of two real forms in the irreducible Hermitian symmetric spaces
of compact type.

1. Introduction.

Let M be a Hermitian symmetric space. A submanifold M is called a real form
of M, if there exists an involutive anti-holomorphic isometry o of M satisfying

M ={x € M |o(x) = z}.

Any real form M is a totally geodesic Lagrangian submanifold of M, which follows
from Leung [7] or Lemma 1.1 in Takeuchi [13]. Leung [7] and Takeuchi [13]
classified real forms of Hermitian symmetric spaces of compact type.

A subset S in a Riemannian symmetric space M is called an antipodal set,
if the geodesic symmetry s, fixes every point of S for every point x of S. The
2-number #oM of M is the supremum of the cardinalities of antipodal sets of
M. We call an antipodal set in M great if its cardinality attains #oM. These
were introduced by Chen and Nagano [3]. Takeuchi [14] proved that if M is a
symmetric R-space, then
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where H,(M, Z3) denotes the homology group of M with coefficient Z5. A com-
pact Riemannian symmetric space is called a symmetric R-space if it is an orbit
of the linear isotropy action of a Riemannian symmetric pair of semisimple type.
We note that any real form of Hermitian symmetric spaces of compact type is a
symmetric R-space, which is shown in [13].

THEOREM 1.1. Let M be a Hermitian symmetric space of compact type. If
two real forms L1 and Lo of M intersect transversally, then L1 N Ly is an antipodal
set of L1 and L.

For a connected Riemannian manifold M we denote by Io(M) the identity
component of the group of all isometries on M. We say that two submanifolds in a
Hermitian symmetric space of compact type M are congruent, if one is transformed
to another by an element of Iy(M). Each element of Io(M) is a holomorphic
isometry.

THEOREM 1.2. Let M be a Hermitian symmetric space of compact type and
let Ly, Lo, LYy, LY be real forms of M. We assume that Ly, L} are congruent and
that Lo, L}, are congruent. If Ly, Lo intersect transversally and if L, LY intersect
transversally, then #(L1 N Lg) = #(L) N L}).

THEOREM 1.3. Let M be a Hermitian symmetric space of compact type and
let Ly and Lo be real forms of M which are congruent to each other and intersect
transversally. Then L1 N Lo is a great antipodal set of Ly and Lo. That is,

#(L1 N Lo) = #2L1 = #2Lo.

THEOREM 1.4. Let M be an irreducible Hermitian symmetric space of com-
pact type and let L1 and Lo be two real forms of M which intersect transversally.

(1) If M = GS,,(C*™) (m > 2), Ly is congruent to GH(H?*™) and Ly is congru-
ent to U(2m), then

2m
#(L1NLy) =2" < <m> =#oL1 < 22" =5,

(2) Otherwise, L1 N Ly is a great antipodal set of one of L;’s whose 2-number is
less than or equal to another and we have

#(L1 N Ly) = min{#2L1,#2L2}.

REMARK 1.5. In the complex projective space C'P", any real form is con-
gruent to the real projective space RP"™ naturally embedded in CP". Howard es-
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sentially showed the following statement in [5, pp. 26-27]. If two real forms L; and
Ly of CP™ intersect transversally, then there exists a unitary basis uq, ..., upq1
of C™*t! satisfying

Ll n L2 = {Cul, .. .,CunJrl}.

In particular L1 NLs is a great antipodal set of Ly and Lo, because #2RP™ = n+1.
Thus Theorems stated above are generalizations of this statement. In this case
L, N Ly is also a great antipodal set of CP™, because #2CP™ =n + 1.

Oh [10] introduced the notion of global tightness of Lagrangian submani-
folds in a Hermitian symmetric space. We call a Lagrangian submanifold L of a
Hermitian symmetric space M globally tight, if L satisfies

#(LNg-L)=dimH,(L, Z,)

for any g € Io(M) with property that L intersects transversally with g - L. We
obtain the following corollary from (1.1) and Theorem 1.3.

COROLLARY 1.6.  Any real form of a Hermitian symmetric space of compact
type is a globally tight Lagrangian submanifold.

REMARK 1.7.  We denote by @Q,,(C) the complex hyperquadric of complex
dimension n, which is holomorphically isometric to the real oriented Grassmann
manifold GR(R"2). We regard GE(R"2) as a submanifold in A2R"*? in a
natural way and define a real form S%"~* of GR(R"*?) by

Shkm=k — Sk(Rey 4 -+ Repy1) AS" " (Repio+ -+ + Reyio),

where S™ (V) is the unit sphere of a real Euclidean space V of dimension m + 1.
Q1(C) = CP! = 52 and its real form is a great circle, so its global tightness is
well known. Q2(C) = CP! x CP! = §? x S? and its real forms S%? and S
are globally tight, which Iriyeh and Sakai [6] proved in a different way. Recently
they also proved that S%™ and S'"~! are globally tight in Q,(C). After that
the second author showed in [15] that the intersection of two real forms in @, (C)
is an antipodal set whose cardinality attains the smaller one of the 2-numbers of
the two real forms. It is a corollary of the result that any real form in Q,(C)
is a globally tight Lagrangian submanifold. The results in the present paper are
generalizations of the results obtained in [15].

The organization of this paper is as follows. In Section 2 we briefly review some
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fundamental results on compact Riemannian symmetric spaces we need later. We
prepare some properties of maximal tori of compact Riemannian symmetric spaces
in Section 3. In Section 4 using properties of maximal tori obtained in Sections
2 and 3 we prove Theorem 1.1. The notion of polars of compact Riemannian
symmetric spaces plays an essential role in the proofs of Theorems 1.2, 1.3 and 1.4.
A relation between real forms and polars stated in Lemma 4.2 makes it possible to
prove Theorem 1.3 by induction on polars. In Section 5 we prove Theorem 1.4 in
each case of two real forms in irreducible Hermitian symmetric spaces of compact
type using their classifications. In Section 6 we show some explicit descriptions of
the intersections of two real forms in the complex Grassmann manifolds.

The authors would like to thank Hiroshi Iriyeh, Osamu Ikawa and Takashi
Sakai for useful conversations. They are also indebted to the referee, whose com-
ments improved the manuscript.

2. Preliminaries.

We briefly review some fundamental results on compact Riemannian symmet-
ric spaces in this section. After that we recall a result of Takeuchi [12] on maximal
tori and a result of Sakai [11] on cut loci.

Let (G, K) be a compact symmetric pair with respect to an involutive auto-
morphism 6 of G. We denote by g and € the Lie algebras of G and K respectively.
The involutive automorphism of g induced from 6 is also denoted by 8. Take an
inner product (, ) on g which is invariant under 6 and the adjoint representation of
G. This inner product induces a Riemannian metric on the homogeneous manifold
M = G/K. With respect to this metric M is a compact Riemannian symmetric
space and any compact Riemannian symmetric space is obtained in this way. We
have

t={Xeg|oX)=X}.
Set
m={X eg|0(X) = —X},
then we have a canonical orthogonal direct sum decomposition
g=¢t+m.
We identify the tangent space of M at the origin o with m and denote by

Exp : m — M the exponential map. Take a maximal abelian subspace a in m.
It is known that A = Expa is a maximal totally geodesic flat submanifold of M,
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which is called a mazimal torus. For A € a we define root spaces
my={X em|[H,[H X]]=—(\H)?*X (H€ea)},
tbx={Xct|[H[HX]]=—-\H?X (Heca)}
and define the root system R of (g, £) by
R={Aea—{0}|my#{0}}.

We take a fundamental system II of R and denote by R, the set of positive roots
with respect to II. We have orthogonal direct sum decompositions ([4]):

E:E()-i-ZE)\, m:a+ZmA7

AER AERL

where tg = {X € t | [X,a] = 0}. We denote by J; (1 < i < s) the highest root of
each irreducible factor of R and set

R* = {6 |1<i<s}, TI*¥ =I1UR*.
For A C II# we define
St ={Hea|(a,H)>0(aec AN), (3,H)=0(BeIl-A),
(6;,Hy < (6; € ANR?), (§;,H) =m (§; € R* — A)}.
Let S = S"”. We have

M= |]JkExp(S), S= |J s%
ACII#

keK

where S is the closure of S. We denote by W the affine Weyl group which is the
semidirect product of the Weyl group of (G, K) and the lattice

I'A) ={H €a|ExpH = o}
of the maximal torus A. W naturally acts on a. We set

Ws={reW|rS =S5}
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LEMMA 2.1 (Takeuchi [12, Lemma 1.7]). If kExp H; = Exp Hy holds for
A1, Ay C TI#, H, € 8%, Hy € §%2 and k € K, then there exists T € Wy
satisfying

(1) 7881 = §B82,
(2) for any H € S®, kExp H = Exp7H,
(3) ’TH1 :HQ.

In particular, kExp S&1 = Exp S22,

For a compact Riemannian manifold X and p € X, we denote by C,(X)
and Cp(X) the cut locus and the tangential cut locus of X with respect to p
respectively.

THEOREM 2.2 (Sakai [11]). For a mazimal torus A through the origin o of
a compact Riemannian symmetric space M = G/K we have

Co(A) =anC,(M), Co(M) = | Ad(K)Co(A),
keK

Co(A) = ANCo(M),  Co(M) = | kCo(A).
keK

3. Maximal tori.

We describe a maximal torus of the fixed point set of an involutive isometry
of a symmetric R-space by the use of a canonical coordinate defined in Definition
3.2. We also show a property of the intersection of two maximal tori of a compact
Riemannian symmetric space. For a Riemannian manifold X and an isometry ¢ of
X we denote by F(¢, X) the fixed point set of ¢. It is known that each connected
component of F(¢, X) is a totally geodesic submanifold of X.

LEMMA 3.1.  Let M be a compact Riemannian symmetric space. We assume
that T is an involutive isometry of M satisfying (o) = o. We take the connected
component My of F(r, M) through o and a mazimal torus Ay of My through o.
For a mazimal torus A of M including Ay, we have T(A) = A.

ProOOF. We denote by my, a; and a the tangent spaces of M7, A; and A at
o respectively. We consider the space

b, = {X € my | <X, CL1> = {0}}

If a; = my, we have by = {0} C a*. We shall show that b; C a' even in the case
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where a; # my. In this case by is described by the root spaces of M; as follows:

b= > (m)x

AG(R1)+

For A € Ry we can take H; € a; satisfying (\, H1) # 0. For any X € (my), we
have (ad H1)?X = —(\, H1)?X, so

— 1 2

Since a; C a are abelian, for any Hs € a

1 2
(Hy, X) = —W<H2,(adH1) X)

RS Jltfl>5<(adH1)2H27X> =0.

Hence we have X € a' and (m;)y C a*. Therefore we obtain b; C a*.
By the definition of M;

my ={X em|dr,(X)=X}.
Since 7 is an involutive isometry,
mi ={X cm|dr,(X)=-X}.
We have showed m; = a; + by, a; C a, and by C a*, thus
a=a +an mll.
For any X € a we can express X = X1 + Xz (X1 € a1, X5 € aﬂmll) and obtain
dro(X) =dro(X1 + Xo) = X1 — Xs € a.

Therefore 7(A) = A holds. O

DEFINITION 3.2. A compact Riemannian symmetric space M is said to be
cubic, if its maximal torus A has an orthonormal basis of the lattice I'(A) for a
suitable invariant metric. For a maximal torus A of a cubic compact Riemannian



1304 M. S. TANAKA and H. TASAKI

symmetric space we call a coordinate z1,...,x, of a satisfying
rA) ={(z1,...,2,) |, e nZ}

a canonical coordinate of A.

A compact Riemannian symmetric space is cubic if and only if it is a sym-
metric R-space by Sétze 5 and 6 in Loos [8].

PROPOSITION 3.3.  Let M be a cubic compact Riemannian symmetric space
and T be an involutive isometry of My fixing the origin o. Let M be the connected
component of F(r,Ms) through o. We take mazimal tori A; of M; through o

satisfying Ay C Ag. There exists a canonical coordinate x1, ...,z of As satisfying
dTo(xla s 71‘7«) = (I27 T1y---3L2p, T2p—15L2p+15- -, Lgy —Lg+1s-- -, _xT)a
ap ={(@1,...,2) |1 =X2,...,X2p_1 = Top, Tgy1 = -+ = T, = 0}.

PrROOF. We have 7(A43) = Az by Lemma 3.1. We assume that the rank
of M is equal to r. Since My is cubic, As is isometric to the Riemann product
S1 x -+ x S of r copies of S*. Each component x; of a canonical coordinate of Ay
is a canonical coordinate of S}. The image of S} under 7 is the same S} or another
S}. If the image of S} is S} (j # 1), we change the order of the coordinate such
that the image of S3,_; is SJ; for 1 < i < p. If the image of S} is S} itself, 7 on
S} is the identity or reverses the orientation of S}. Thus dr, maps x; — +z;. We
change the order of the coordinate such that dr, maps z; — z; for 2p+1 <i <gq
and that dr, maps z; — —z; for ¢+ 1 < j < r. By the change of the coordinate
we have

Aro(z1,. ., xr) = (T2, 21, -+, T2p, T2p—1, T2pt1s - - - s Bgy —Lg1s -« —Lp)-
Since a; is the 1-eigenspace of dr,, we have
a; = {(xl,...,xT) | T1 =2T2,...,T2p—1 = X2p, Lg4+1 = " = Ty :O} O

Since a Hermitian symmetric space of compact type is cubic, we can apply
Proposition 3.3 to it.

PrOPOSITION 3.4.  Under the assumption of Proposition 3.3, if Ms is a
Hermitian symmetric space of compact type and if My is a real form of My, then
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a1 = {(T1,. ., Top, Topy1,- -, Tr) | T2io1 = @23 (1 <0 <p)}.

REMARK 3.5. Any real form M; of an irreducible Hermitian symmetric
space of compact type My is of maximal rank or satisfies rank(M;) = rank(Ms)/2
and

a1 = {(z1,...,2T2) | T2im1 =22 (1 < i <p)}.

PROOF. Let 7 be an involutive anti-holomorphic isometry of Ms which de-
termines M; as its fixed point set. Lemma 3.1 implies 7(A3) = As. The maximal
torus A, has a complexification AQC = CP!' x --- x CP! in My, that is, A, is
a real form of A§. Each factor CP' in A is holomorphically isometric to each
other. dr, leaves T,(AS) invariant, so we have 7(AS) = AS. The image of each
factor CP! of AS under 7 is (1) itself or (2) another CP!. In the case of (1) 7
induces an involutive anti-holomorphic isometry of C P! and its fixed point set is
a great circle. In the case of (2) 7 induces an involutive anti-holomorphic isometry
of CP! x CP! = Q5(C) and its fixed point set is congruent to S%2 in Q2(C).
Thus by a suitable change of the order of the coordinate of ay we have

ar = {(@1,...,%ap, Topt1,.- -, Tp) | T2io1 = X2 (1 <3 < p)}. U

LEMMA 3.6. Let A1, As be two maximal tori of a compact Riemannian
symmetric space through the origin o. We define the root system from As and
determine S C ay. If Ay N Ay N ExpS® # 0 for a subset A C II#, then
EXpSA C Al ﬂAg.

PrROOF. We take a point Exp Hy (Hy € S?) in A; N Ay N Exp S2. Since
this point also belongs to A;, we can express it as Exp Ho = Exp X7 (X1 € a1).
Moreover we can take X; with || X1|| = ||Hz|| by Theorem 2.2. Since all maximal
tori are conjugate, there exists k € K satisfying Ad(k~!)a; = ag and Ad(k~1)X; €
S. We set Hy = Ad(k~')X; € S. We have kExp H; = Exp X; = Exp Ho. We
take H; € S® satisfying A; € II#. Lemma 2.1 implies k Exp S = Exp S® C
Al n AQ. O

4. The intersection of two real forms.

In this section we prove Theorem 1.1, using properties of maximal tori ob-
tained in Sections 2 and 3. We recall the notion of polars of compact Riemannian
symmetric spaces and show a relation between real forms and polars stated in
Lemma 4.2. According to this, we can prove Theorem 1.3 by induction on polars.
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PrROOF OF THEOREM 1.1. The holomorphic sectional curvature of M is
positive, so L1 N Ly # @ by Lemma 3.1 in [15]. If L; N Ly consists of one point,
there is noting to prove. So we assume that #(L; N Ly) > 2 and take any two
points of L1 N Ls. We regard the one point as the origin o and denote by p another
point. It is sufficient to prove that o and p are antipodal.

We take maximal tori A; of L; containing o,p and maximal tori A} of M
containing A;. We denote by a) the maximal abelian subspace corresponding to
Al and take Hs € da satisfying p = Exp Hy. We take a fundamental system II
such that H, € S, where S = ST Lemma 3.6 implies p € Exp S& C A} N Ab.

We show that p € Exp S® C A; N Ay by the use of Proposition 3.4.

We represent a), by

a'2 = {(1‘1, e ,x,.)}

with respect to a canonical coordinate of As. Proposition 3.4 implies that there
exists an involutive permutation A of {1,...,r} satisfying

ag = {(z1,...,2) |2i = 2)) (1 <i <)}
Since each irreducible factor of the root system of M is of type C or BC, we have
SA ={(z1,...,z;) | T/22>2 21 = =24, > Ti41 =" =z > 0}.
Moreover

SAO{(:cl,...,zTHxi:x)\(i) (1<i<r)}#0.

A point Hy in S satisfies the equation z; = xx() for all i, so every point in Sa
satisfies x; = x)(;) and we have

SA C {(%1,,.’13‘7‘) |.1?z = Tx(i) (1 SZS’I")}

We get a similar relation of inclusion with respect to aj,aj, so we have p €
Exp S& C A1 N As.

If dim S > 0, the relation p € Exp S® C A; N A, contradicts the assumption
that Ly and Lo intersect transversally. Therefore dim S A =0 and S2 is a vertex
of S. Since M is cubic, p is an antipodal point of 0. There exist shortest geodesics
joining o and p in L; and Lo, so o and p are antipodal in Ly and Ls. U
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DEFINITION 4.1. Let M be a compact connected Riemannian symmetric
space and p € M. We decompose the fixed point set F(sp, M) of the geodesic
symmetry s, at the origin p to the disjoint union of its connected components:

F(sp, M) = | ) M},
§=0

where M = {p}. We call each connected component Mj+ a polar of M with
respect to p.

Any polar is a totally geodesic submanifold. Chen-Nagano [1] introduced
the notion polar. Nagano [9] determined the polars of each irreducible compact
Riemannian symmetric space. Each polar of a Hermitian symmetric space of
compact type is also a Hermitian symmetric space of compact type.

LEMMA 4.2. Let M be a Hermitian symmetric space of compact type and L
be a real form of M through o. If a polar M+ satisfies LN M™T # 0, then LN M™
is a real form of M.

PrROOF. We denote by 7 the involutive anti-holomorphic isometry deter-
mining L. Since o € L, we have 7(0) = o and dr, = 17, — lpip. Thus
d(T050)0 =d(s00T)o and To s, = s, 07. We have s,(7(x)) = 7(s0(z)) = 7(z) for
any « € F(s,, M), hence we obtain 7(F(s,, M)) = F(s,, M).

We can take p € L N M™, because of the assumption that L N M™T # (.
Since 7(p) = p, we have 7(M*+) = M™*. Therefore 7 induces an involutive anti-
holomorphic isometry of M+ and L N M™ is a real form of M™. (]

The following lemma shows that some properties of the intersection of two
real forms of a Hermitian symmetric space of compact type can be reduced to
those of the intersection of two real forms of each polar.

LEMMA 4.3. Let M be a Hermitian symmetric space of compact type, and
denote by

F(so, M) = | ) M}
§=0

the polars of M with respect to the origin o.

(1) If L is a real form of M through o, then the polars of L with respect to o is
described by
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F(so, L) = | J LN M},
§=0

and the following equality holds.

H#ol = Z #o (LN M),
j=0
(2) If Ly, Ly are real forms of M through o, then we have
LyNLy = U {(Li N M) N (Lyn M)},
§=0

#(L1NLy) =Y #{(Li n M )N (LN M)}

j=0
PrOOF. (1) Since L is a totally geodesic submanifold through o, we have
F(so,L) = LN F(s, M) = | J LN M.
j=0

Lemma 4.2 implies that L N M;r is a real form of Mj+ if LN M; is not empty.
Any real form of a Hermitian symmetric space of compact type is connected by
Theorem 3.8 in Leung [7], so LN M;’ is connected, hence it is a polar of L. L is a

symmetric R-space by a result of Takeuchi [13], and the following equality holds
by results of [14].

#al = #a(L N M)

§=0
(2) LiN Ly is antipodal in Ly and Lo by Theorem 1.1. LN Ly is also antipodal
in M, so we have Ly N Ly C F(s,, M). Hence we get

LinLy = J{(Lin M) n (L0 M)},
j=0

#(Ly N Lg) :Zr:#{(LlﬁM;“)ﬁ(Lgme)}. O
7=0
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PROOF OF THEOREM 1.2. There exist ¢g, ¢1 € Io(M) which satisfy L] =
¢oLy and LYy = ¢1Ls. Since L] and L) intersect transversally, anlL’l = L; and
b 1LYy = ¢y 1Ly intersect transversally, too. We set g = ¢y ¢y € Io(M). L,
and gLo intersect transversally and # (L} N L5) = #(L1 N gL2) holds. Thus the
theorem reduces to the following statement.

(A) Assume that real forms L1, Ly in M and g € Io(M) satisfy that Ly, Lo
intersect transversally and Lj, gLs intersect transversally, too. Then #(L;NLg) =
#(L1 N gLo).

We can take o € L1 N Ly and p € L1 N gLy by Lemma 3.1 in [15]. L,
is an orbit of a subgroup of Io(M), so there exists ¢2 € Io(M) which satisfies
¢2L1 = Ly and ¢o(p) = 0. Then ¢oLy = L; and ¢ogLo intersect transversally.
Since o, ¢2g(0) € dogLa, there exists ¢p3 € Io(M) which satisfies ¢p3pagLa = PpagLa
and ¢3p2g(0) = 0. We denote

K ={¢ € Io(M) | ¢(0) = o}.

We have ¢3¢029 € K and set k = ¢p3¢2g. L1 and kLo = ¢3¢29Ls = ¢pogLs intersect
transversally. Since

#(L1 N gLa) = #(p2(L1 N gLa)) = #(L1 NkLa),

the statement (A) reduces to the following statement.

(B) Let Ly, Ly be real forms in M which intersect transversally. If we take
0o € L1 N Ly and k € Io(M) which satisfies k(o) = o and that L;, kLo intersect
transversally, then #(Ly N La) = #(L1 N kLs).

Now we prove #(Lq N La) = #(L1 NkLz). According to (2) of Lemma 4.3,
we have

LinLy=|J{(Lin M) N (L n M)},
=0

LinkLy = | J {(Lan M) 0 (kL2 0 M)}

=0

and
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#(Ly NkLy) = i#{(Ll NM;) N (kLy N M)}
§=0

The subsets LN Mj‘|r and kLo N M; are congruent in M;‘ for each j. So LaN Mj'|r
and kLo N M ]Jr are simultaneously empty, the same point or congruent real forms
in M j+ for each j. In the first case, we have

#{LiN M) N (LN M)} =0=#{(Li N M) N (kLy N M)},
In the second case, we have
#{(LiN M) N (Lan M)} = 1= #{(Ly N M) N (kLy 0 M)},

In the third case, Lo ﬂM * and kLo ﬂM * intersect transversally in M F. The action
of k on MJr is contamed in IO(M4 ), so La N MJr and kLs N MJr =k(L2N M+)
are congruent real forms in M ;r We can apply the argument above to them in
M]+ We take 0; € (L1 N M;r) N (L2 N Mj‘). By the argument above we can take
kj € Io(M;") which satisfies k;(0;) = 05, 0; € (L1 N M;") Nk;j(Ly N M) and that
(LN M;‘) N (LaN Mj"’) and (L N M;r) Nk;j(LaN MJT") are congruent in Mj+ In
particular we have

#{(Ly N M) N (La N M)y = #{(Ly 0 M) Nk (Lo 0 M)}

We denote by
F(so,, M) = U

the polars of Mj+ with respect to 0;. According to (2) of Lemma 4.3, we have

(L0 M) 1 (L2104 = U {00 (M) A (La 0 M) N AL},
=0
(L N M) N ks (Le N M) = U {(@L N M) N M) O Ry (L 0 M) N M)}
=0

and
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#((Lo N M) N (Ly N M) = Z #{ (L N M) N M) N (L 0 M) N M),
=0

#(Li N M) k(Lo 0 M) = Zj:#{((Ll AN M) N M) O (kj(Le 0 M) 0 M)}
=0

The subsets (Ly N M) N M;g and kj(La N M) N M;lr are congruent in Mﬁ for
each I. So (LaN M;r) N M;E and k;(La N Mj) N Mﬁ are simultaneously empty, the
same point or congruent real forms in M ﬁ for each [. In the first and the second
cases, we have

#{((L1 N M) N M) N ((Le 0 M) N M)}

= #{((La N M) N M) N (kj(Le 0 M) N M)}

In the third case, (L1 N M j+) NnM ;g and k; (Lo N M j+) NnM ;l“ intersect transversally
in M ;l'. If we repeat this argument finitely many times, we reach the first and
the second cases, because dim M;l' < dim Mj'|r Hence we obtain (B) and (A), so
complete the proof of the theorem. O

PROOF OF THEOREM 1.3. Because of Theorem 1.1, the intersection LN Lo
is an antipodal set of L; and Ls. In order to prove the theorem we may show

#(L1 N Lo) = #2L1 = #2Lo.
We can suppose that o € Ly N Ly without loss of generality. According to (2)
of Lemma 4.3, we have

LinLy=|J{(Lin M) N (Lyn M)},
j=0

#(L1NLy) =Y #{(La N M;" )N (Lyn M)}
§=0
According to (1) of Lemma 4.3, the polars of L; are described by
F(so, Li) = | Li 0 M
§=0

and the following equality for ¢ = 1,2 holds.
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#aLi = #a2(Lin M),

=0

Since Ly, and Ly are congruent, we have #5L7 = #2Lo. The subsets L; N Mj‘|r
and Lo N M;r are congruent in M; for each j. So L1 N Mf and Lo N Mj+ are
simultaneously empty, the same point or congruent real forms in M ;r for each j.
In the first and the second cases, we have

#{(Li N M) N (Ly N M)} = #(Li N M) = #2(Li N M)

for i« = 1,2. In the third case, L1 N M JT*' and Lo N M ]7*' intersect transversally in
M;r We can apply the argument above to them in M;r We take o; € (L1 N

Mj"’) N (Le N M;) and denote by

F soJ, U

the polars of MJT*' with respect to o;. We have
#{(Li N M) N (Lyn M)}
T
=Y #{(Lan M) N M) 0 ((Le 0 M) N M)}
k=0

The subsets (L; N Mj+) N M;jg and (La N M;‘) N M;}c are simultaneously empty, the
same point or congruent real forms in M ;,'C for each k. In the first and the second
cases, we have

#{((Lin M) Mj*,;) N((Lan M;)N Mﬁ)}
=#((L; N Mj*) N Mﬁ) =#2((L; N Mj*) N M;;)
for ¢ = 1,2. In the third case, (L1 N M+) n M3 xand (L2 N M+) n M Jx intersect
transversally in M ;; We can apply the argument above to them in M ]+ . If we

repeat this argument finitely many times, we reach the first and the second cases.
Thus we obtain

F#(L1 N Ly) = #2L1 = #2Ls. O
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At the last of this section we show an example of real forms.

EXAMPLE 4.4. Let M = (CPY)* and 7,7 : CP' — CP! be involu-
tive anti-holomorphic isometries of CP!. 71,7 are conjugate under holomorphic
isometries of CP'. We assume that the real forms determined by 7, and 75 inter-
sect transversally. We define L, Ly by

Ll = {(x7y77-1(x),71(y)) | T,y € CPl}v

Ly = {(1'77—2(1')7ya7_2(y)) | T,y € CPI}
Lemma 5.8 implies that L; and Ly are real forms in M. Moreover Ly and Lo
are transformed to each other by a holomorphic isometry of M. Let {0,060} be the

intersection of the real forms determined by 7; and 7 and denote o = (0,0, 0,0) €
M. We have

LiNF(sys, M) ={(0,0,0,0),(0,0,0,0),(9,0,0,0),(0,0,0,0)},
Lo N F(spa, M) ={

It implies

fore we obtain

#(L1NLy) =2 <4 =42l =#2Ls.

5. Irreducible Hermitian symmetric spaces of compact type.

We treat the intersection of two real forms which are not congruent in irre-
ducible Hermitian symmetric spaces of compact type in this section.

PrOOF OF THEOREM 1.4. We apply Lemma 4.3 to two real forms which are
not congruent in each irreducible Hermitian symmetric space of compact type and
compare their intersection number with their 2-numbers. The list of irreducible
Hermitian symmetric spaces of compact type and their real forms which we have
to show the statements of the theorem is, according to the results of Leung [7] or
Takeuchi [13], as follows:
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M Ly L,
Qn(C) Ghn—k glin—t
GSI(CQqu) Gf (H™+9) GQRq(R2m+2q)
Gg(c*) U(n) GR(R*™)
Gg,(cimy | GH(E™) U(2m)
Sp(2m)/U2m) | Sp(m) U(2m)/0(2m)
SO(4m)/U(2m) | U(2m)/Sp(m) S50(2m)
Ee/T - Spin(10) |  Fy/Spin(9) GH(H*)/Z,
E7/T - Eg T-(Ee/Fy) | (SU(8)/Sp(4))/ 2

In the case of the complex hyperquadric @, (C), the statement of (2) was already
obtained in [15]. The other cases are showed in Theorems 5.1-5.7. O

THEOREM 5.1.  If real forms Ly congruent to Gf(Herq) and Lo congruent
to GE(R*™129) in G%(Cgm”q) intersect transversally, then their intersection
L1 N Ly is a great antipodal set of Ly and

B(L1 N L) = #oLy = (m;q) < (ngZ 2q) — L.

THEOREM 5.2.  If real forms L1 congruent to U(n) and Lo congruent to

GE(R?") in GE(C?") intersect transversally, then their intersection Ly N Ly is a
great antipodal set of L1 and

#(L1 N Ly) = #2Ly = 2" < (2:> = F#2Lo.

THEOREM 5.3.  If real forms Ly congruent to GE(H?™) and Ly congruent

to U(2m) in GS, (C*™) intersect transversally, then

#(L1NLy) =2", min{#oLy, #2L2} = (2721)

Ifm =1, then #(L1NLy) = min{#o L1, #2Lo} holds. If m > 2, then #(L1NLy) <
min{#ng, #QLQ} holds.
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THEOREM 5.4. If real forms Ly congruent to Sp(m) and Lo congruent to
U(2m)/O(2m) in Sp(2m)/U(2m) intersect transversally, then their intersection
Ly N Ly is a great antipodal set of Ly and

#(Ly N L) = #oLy = 2™ < 22 = 455 Ly,

THEOREM 5.5.  If real forms Ly congruent to U(2m)/Sp(m) and Ly congru-
ent to SO(2m) in SO(4m)/U(2m) intersect transversally, then their intersection
L1 N Ly is a great antipodal set of L1 and

#(LiNLy) = #oLy =2m <221 — [,

THEOREM 5.6.  If real forms L1 congruent to Fy/Spin(9) and Ly congruent
to GEL(H*)/Z, in Eg/T - Spin(10) intersect transversally, then their intersection
LN Ly is a great antipodal set of L1 and

#(Ll n LQ) = #2L1 =3<27T = #2[/2.

THEOREM 5.7.  If real forms Ly congruent to T - (Fg/Fy) and Lo congruent
o (SU(8)/Sp(4))/Z5 in E7/T - Eg intersect transversally, then their intersection
L1 N Lo is a great antipodal set of L1 and

#(Ll n LQ) = #2[/1 =8< 56 = #2[/2.

Polars of irreducible Hermitian symmetric spaces of compact type are not
irreducible in general. In order to treat their real forms we prepare the following
Lemma 5.8 and Proposition 5.9.

LEMMA 5.8. Let M be a Hermitian symmetric space of compact type and T :
M — M be an involutive anti-holomorphic isometry. The transformation defined
by (z,y) — (7(y), 7(x)) is an involutive anti-holomorphic isometry of M x M. Its
fixed point set is given by

D, (M) ={(z,7(x)) | x € M}.

The conclusions of Lemma 5.8 directly follow from the assumptions, so we
omit its proof.

PROPOSITION 5.9. (1) Let My, My be Hermitian symmetric spaces of com-
pact type, L1, LY two real forms of My, and Lo, Ly two real forms of M.
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Then Ly X Ly and L} x LYy are real forms of My x My and we have
(L1 x Lo) N (L4 x Lh) = (Ly N LY) x (Le N LY). If Ly, L} intersect transver-
sally and if Lo, LY intersect transversally, then Ly x Lo and Ly x L} intersect
transversally and we have #{(L1 x La) N (L} x L)} = #(L1 N LY)#(La N LY).

(2) Let Ly, Lo be real forms of a Hermitian symmetric space M of compact type
and 7 : M — M an involutive anti-holomorphic isometry. We have

(Ly x Lo) N D (M) = {(x,7(z)) | # € Ly N7 (La)}.

Two real forms Ly X Ly and D.(M) of M x M intersect transversally, if and
only if Ly and 771(Lg) intersect transversally. In this case, we have

#{(L1 % L2) N D-(M)} = #{L1 N7~ (La)}.

Here 771(Ls) and Lo are congruent.

(3) If M is a Hermitian symmetric space of compact type and if 71,70 : M — M
are involutive anti-holomorphic isometries which are conjugate with respect to
holomorphic isometries, then D, (M) and D,,(M) are congruent. Moreover
if Dy, (M) and D, (M) transversally intersect, then #(D.,(M)N D,,(M)) =
#Ho2M.

PrOOF. (1) The conclusions of (1) directly follow from the assumptions.
(2) The intersection of Ly x Lo and D, (M) is given by

(L1 X Lo) N D (M) = {(x,7(2)) | € Ly N7 (La)}.

This equality implies that L x Ly and D, (M) intersect transversally in M x M
if and only if L; and 771(Ls) intersect transversally in M. In this case, we have

#{(L1 x Ly) N D (M)} = #{Ly N7~ " (L2)}.

Let 7; be the involutive anti-holomorphic isometry determining L,. We have
771(Ly) = 771 o 75(Ly) and 77! o 7y is a holomorphic isometry of M. Hence
771(Ly) and Ly are congruent.

(3) By the assumption there exists an holomorphic isometry g satisfying 7o =
gm1g~t. Any point in D, (M) is equal to (x,7;(z)) for # € M, thus

(z,72(2)) = (9 x 99~ (), 7197 ().

This implies D,,(M) = (g x g)D+,(M) and D, (M) and D,,(M) are congru-
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ent. Moreover if D, (M) and D,,(M) transversally intersect, then according to
Theorem 1.3

#(Dr, (M) N Dy, (M)) = #2(Dr, (M)) = #2M. O

PROOF OF THEOREM 5.1. We prove the theorem by induction on ¢, m. If
q = m = 1, then G§(C*) is holomorphically isometric to the complex hyper-
quadric Q3(C), and real forms G (H?) and GE(R*) in G (C*) are respectively
congruent to S%* and $?? in Q3(C). According to the result in [15], L1 N Lo is
a great antipodal set of L, and

#(L1 N Lo) = #2L1 =2 < 6 = #2Lo.

Next we consider the case of general ¢,m. By [9, (3.12)] the polars of
G, (C?™+24) are given by

(o] c m i
M =Gf(C™) x Gg,_;(C*™) (0= j<2q)

2q9—j
and the polars of GE (H™"9) and of GEL(R*"27) are given by
GIT(H") x GiLy(H™)  (0<k <q),
and
GR(R™) x GR_(R™)  (0<k <2)

respectively. By Lemma 4.2 for 0 < j < 2¢ we have

GH () 1 1+ — {(Z) (j : odd)
! ! GE(H) x GiL (H™) (j = 2k)

G (RPN M = GRH(R™) x G5t (R*™).
Ly and Ly are congruent to GH(H™%7) and G (R*""29) by the action of the
isotropy subgroup K of GSI(CQ’”L"’Z‘I) at the origin respectively. We note that K
is connected. FEach of M ;‘ is invariant under the action of K, the intersections
LiNM;" and LyN M are congruent to GE (H™ )N M} and G§L (R*™+27) N M
in M ;r respectively. By the assumption of induction we have
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#{(Ly N M) N (Lan M)} = (Z) <qu>'

Lemma 4.3 implies

q q
q m
H(LiNLy) =Y #{(Lin M) N (Lan M)} = > <k> (q " k)
k=0 k=0
This is equal to the coefficient of ¢ when we expand (1 4 x)?(1 + x)™, thus

#(L1NLy) = <m;r q) =#oLl1 < <2m;; 2q> = #oL5. O

PROOF OF THEOREM 5.2. By [9, (3.12)] the polars of G$(C?") are given
by

MF=G§(C") xGE ,(C")  (0<j<n)
and the polars of GE(R?") are given by
GE(R") x GiL(R")  (0<k<n).
By [9, (3.3)] the polars of U(n) are given by
GPc"  (0<k<n).

We note that G§'(C™) and GS_;(C™) are holomorphically isometric. By Lemma
4.2 for 0 < j < n we have

U(n)n M} =D, (G (C™))
GR(R™) N M = GF(R") x GI¥_;(R").
Since L; and Ly are congruent to U(n) and GE(R?*") in GS(C?") respectively,

Lin M;’ and Ly N M;r are congruent to U(n) N MjJr and GE(R?") N Mj+ in M;r
respectively. Lemma 5.8 and Theorem 1.3 imply
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+ +
#{(Lon M) N (Ly N M)}

— #{(GR(R") x G® (R >>mDm<G§’<C”>>}:(?).

Lemma 4.3 implies

(AN L) = 3 #{(L M) 1 (L0 M)} =) (7)==

On the other hand

so we have
min{#th #2[/2} = 2", O

PRrOOF OF THEOREM 5.3. By [9, (3.12)] the polars of G, (C*™) are given
by

= GF(C*™) x Gg,_;(C*™) (0 <j <2m).

We note that GS(C?™) and G, _;(C*™) are holomorphically isometric. By [9,

(3.3)] the polars of U(2m) are given by
GC(Cc*™)  (0<k<2m)
and by [9, (3.12)] the polars of GH (H?™) are given by
GH(H™) x GI_(H™)  (0<k<m).
By Lemma 4.2 for 0 < j < 2m

0 (j : odd)

H 2m +
Gn(HT) NN = {GE (H™) x GH_, (H™) (j = 2k)

U(2m)n M = D, (GS(C*™)).
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Since Ly and Lo are congruent to GH (H?™) and U(2m) in GS,,(C*™) respectively,

LN M; and Ly N MjJr are congruent to GH(H?>™) N MjJr and U(2m) N Mj+ in
M ;L respectively. Lemma 5.8 and Theorem 1.3 imply

#{ (L1 N M) N (Le N M)}

= #{(GH (H™) x GH_,(H™)) N D.,,,(GS.(C*™)} = @

Lemma 4.3 implies

H(LN L) = S #{(La N MG N (Lan MY =3 (f;) _om
=0

k=0 k

On the other hand
2
#,GH(H?™) = (;:) < 2% — 4,U(2m),
so we have
. 2m
mln{#ng,#ng} = (m) D

PROOF OF THEOREM 5.4. By [9, (3.21)] the polars of Sp(2m)/U(2m) are
given by

M} =GF(C*™)  (0<j<2m).
By [9, (3.10)] the polars of Sp(m) are given by
GH(H™)  (0<k<m)
and by [9, (3.17)] the polars of U(2m)/O(2m) are given by
GR(R®™)  (0<k<2m).

By Lemma 4.2 for 0 < j < 2m
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0 (j : 0dd)
m -
Spm) 0, {G? H™) (= 2%)
(U(2m)/0(@m)) N M} = GR(R>™).

Since Ly and Lo are congruent to Sp(m) and U(2m)/O(2m) in Sp(2m)/U(2m)
respectively, Li N MjJr and Ly N M;“ are congruent to Sp(m) N M;“ and
(U(2m)/O(2m)) N M;‘ in Mj“' respectively. Thus by Theorem 5.1 we have

) n g} = (7).

Lemma 4.3 implies

m

#(Ll ﬁLg) = Z#{(Ll ﬁM;k) N (L2 ﬂM;@)} = i (Z) —om

k=0

b
Il
o

On the other hand
#2Sp(m) = 2™ < 22 = #,(U(2m)/0(2m)),
so we have
min{#o L1, #2L2} = 2™. O

PROOF OF THEOREM 5.5. By [9, (3.20)] the polars of SO(4m)/U(2m) are
given by

Mf =GS(C*™)  (0<j<m).
By [9, (3.19)] the polars of U(2m)/Sp(m) are given by
GE(H™)  (0<k<m)
and by [9, (3.6)] the polars of SO(2m) are given by
GoL(R*™)  (0<k<m).

By Lemma 4.2 for 0 <3 <m
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(U(2m)/Sp(m)) N M} = G (H™)
SO(2m) N M, = GE(R*™).
Since Ly and Lg are congruent to U(2m)/Sp(m) and SO(2m) in SO(4m)/U(2m)

respectively, Ly N Mj‘|r and Ly N M]“' are congruent to (U(2m)/Sp(m)) N Mj+ and
SO(2m) N M;r in M; respectively. Thus by Theorem 5.1 we have

#{(LiNn M )N (Lan M)} = (?)

Lemma 4.3 implies

m

#(L1 n LQ) = Z#{(Ll N Mj+) N (L2 n M;)} - Z (T.YrL) =2

§=0 j=0
On the other hand
#2(U(2m)/Sp(m)) = 2™ < 2271 = #,50(2m),
so we have

min{#ng,#ng} = 2™, O

Before the proofs of Theorem 5.6 and Theorem 5.7 we make some preparation
for treating the cases of exceptional type. Let M = M; x M5 be a Riemann product
of compact symmetric spaces M; and M. Since the geodesic symmetry s, at o =
(01,02) € My X My is defined by s,() = (80,(%1), So,(22)) for (z1,z2) € My x Ms,
we have

F(SO,Ml X Mg) = F(SolyMl) X F(Soz,Mg). (52)

We assume that a discrete subgroup Z,, of the isometry group of a compact
symmetric space M acts freely on M and the quotient space M/Z,, is a symmetric
space. Let 7 : M — M/Z, be the projection. Then we have s;(,)(7(y)) =
7(s2(y)) for x,y € M. If u = 2¥n where n is an odd number, 7 is a composition of
k double covering maps and a n-fold covering map. Hence, it is enough to consider
the cases where 1 is odd and where p = 2 for knowing the polars of M/Z,,.

DEFINITION 5.10. Let M be a compact connected Riemannian symmetric
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space and p € M. If p € M is an isolated point in F(s,, M) — {p}, P is called
a pole with respect to p. When there is a pole p with respect to p in M, the
set of midpoints of the geodesic segments from p to p is called the centrosome
with respect to p and p and denoted by C(p,p). Each connected component of a
centrosome is called a centriole.

LEMMA 5.11.  Let M be a compact connected Riemannian symmetric space.
Assume that a discrete subgroup Zo of the isometry group of M acts freely on M
and the quotient space M/Zs is a symmetric space. Let w : M — M/Zy be the
projection. Then, if n(x) = w(y) for x,y € M, either x = y or y is a pole with
respect to x.

ProoF. We show that if m(z) = n(y) and = # y, y is a pole with respect
to . The geodesic symmetry s, preserves 7! (m(x)) = {x,y} and fixes z, so s,
fixes y. We can take a neighborhood U of 7(z) so that each connected component
Ui (i = 1,2) of 7~ 1(U) is homeomorphic to U under 7 with = € U; and y € Us
and that m(z) is the only fixed point of s, ;) on U. Then y is the only fixed point
of s, on Uy. In fact, if s.(y') =y for y' # vy, then 7(y') € U and n(y') # 7(x)
and s,(5)(7(y")) = 7(s2(y’)) = 7(y’). This contradicts that 7(x) is the only fixed
point of sr(,) on U. Hence y is a pole with respect to x. O

LEMMA 5.12.  Let M be a compact connected Riemannian symmetric space.
Assume that a discrete subgroup Z,, of the isometry group of M acts freely on M
and the quotient space M/Z,, is a symmetric space. Let m : M — M/Z, be the
projection and let [x] denote m(z) for x € M.

(1) If u = 2, for every polar (M/Z3)" in M/Zy with respect to [o] there exists
either a polar M™ in M with respect to o or a centriole C in M with respect
to o and o satisfying —1([o]) = {0, 0} which ™ maps onto (M/Zs)".

(2) If p is odd, for every polar (M/Z,)" in M/Z, with respect to [o] there exists
a polar M™ in M with respect to o such that (M) = (M/Z,)". Moreover,
the restriction of m to Mt is an isomorphism.

PrOOF. For x € M, [z] € F(s[,, M/Z,) if and only if [s,(x)] = [z].

(1) If [x] € F(s), M/Z5), we have either s,(x) = x or s,(x) = Z by Lemma
5.11, where Z is a pole with respect to x and 7= 1([z]) = {z,2}. Let (M/Z3)" be
a polar through [z] in M/Z;. When s,(z) = z, if we take a polar M through x
in M, we have (M) = (M/Z5)". When s,(z) = Z, we have

860 8z = 8008z 086080 = Ss,(x) © S0 = Sz 0 So = Sz © S

because T is a pole with respect to z, which is equivalent to sz = s,. Hence x



1324 M. S. TANAKA and H. TASAKI

belongs to the centrosome C(o,0) by [3, Proposition 3.4]. If we take a centriole C
through z in M, we have 7(C) = (M/Z5)™.

(2) In the proof of [3, Proposition 3.1], it is shown that if si,j([z]) = ([z]), then
s, fixes the one point z’ in 7= ([z]). If we take a polar M T through 2/, we have
n(M*) = (M/Z,)" for a polar (M/Z,)* through [z] in M/Z,. If n(z) = 7(y)
for z,y € M*, then y € 771([z]) and = = y follows what is stated above. Hence
the restriction of 7w to M ™ is injective, so it is an isomorphism. O

DEFINITION 5.13. Let M be a compact connected Riemannian symmetric
space and p € M. For any x € F(sp, M) we denote by M(;) the connected
component of F(s,, M) through . We call the connected component of F(s, o

sp, M) through x the meridian to M(J;) at x and denote it by M(;).

LEMMA 5.14 ([2, Theorem 2.9]). Let N be a compact connected Riemannian
symmetric space and let M be a totally geodesic submanifold of N. Let M(';) be

a polar of M through x with respect to o € M. Then, there is a polar N(';) of N

with respect to o such that M(Z) = N(ch) N M. Moreover, M(Z) (resp. M(;)) 5 a

totally geodesic submanifold of N&) (resp. N(;,)).

PROOF OF THEOREM 5.6. The polars of Eg/T - Spin(10) with respect to
the origin o are given by

My = {o}, M = Qs(C), M, = S0O(10)/U(5)

by [9, (4.9)]. On the other hand, the polars of Fy/Spin(9) with respect to the
origin o are {o} and S® by [9, (4.9)] and the polars of G (H*)/Z, with respect
to the origin o are {0}, S** and SO(5) by [9, (3.13)]. Then by Lemma 5.14 we
have

(Fi/Spin(9)) N Mg = {o}
(Fy/Spin(9)) N M;" = S®
(F4/Spin(9)) N My =0,

and
(G3'(H")/Z2) N My = {o}
(G (H")/ ) 0 My = 5™
(G (H*)/2,) 0 M = 5O(5).
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Since L; and Ly are congruent to Fy/Spin(9) and GE (H?*)/Z, in Eg/T - Spin(10)
respectively, L; N M;L and Ly N M;r are congruent to (Fy/Spin(9)) N M; and
(GH(H*)/Z32) N M;r in Mj+ respectively. Thus by Theorem 1 in [15] we have

#{(Lin M) N (LoN M)} =2.
Lemma 4.3 implies
#(LiNLy)=1+2=3.
On the other hand
#a(Fi/Spin(9)) = 3 < 27 = #2(G3' (H")/ Z2),
so we have
min{#o Ly, #2Lo} = 3. O

PROOF OF THEOREM 5.7. By [9, (4.8)] the polars of E;/T - Eg with respect
to the origin o are given by

MO+ = {o}, Mf = M;r = FEg/T - Spin(10), M; = {0},

where 0 is the pole of 0. On the other hand, the polars of T-(Eg/Fy) with respect to
the origin o are {0, 0} and two copies of Fy/Spin(9) by (5.2) and Lemma 5.12, here
we note that T-(Fs/Fy) = (T'x (Es/Fy4))/ Z3. And the polars of (SU(8)/Sp(4))/Z>
with respect to the origin o are {0,6} and two copies of G (H*)/Z> by Lemma
5.12. Then we have

(T - (Es/Fy)) N My = {0}
(T - (Es/Fy)) N M = Fy/Spin(9) (i =1,2)
(T - (Be/Fs)) N My = {o}.

We also have

((SU(8)/Sp(4))/ Z2) N My = {o}
((SU®)/Sp(4))/ Z2) N M| = GF(HY)/Zy (i =1,2)
((SU(8)/Sp(4))/ Z2) N M5 = {a}.
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Since L; and Ly are congruent to T - (Eg/Fy) and (SU(8)/Sp(4))/Z> in E7/T - Eg
respectively, L; N M;r and Ly N Mj+ are congruent to (T - (Eg/Fy)) N Mj+ and
((SU(8)/Sp(4))/Z2) N MjJr in M;r respectively. Thus by Theorem 5.6 we have

#{(LiNnMHN (LN M} =3 (i=1,2).
Lemma 4.3 implies
#(LiNLy)=1+3+3+1=8.
On the other hand
#2(T - (Eo/Fy)) =8 <56 = #2((SU(8)/Sp(4))/ Z2),

so we have

min{#ng, #2.[/2} = 8. O

6. Explicit descriptions of the intersections of two real forms.

In this section we explicitly describe the intersections of two real forms congru-
ent to real Grassmann manifolds or quaternionic Grassmann manifolds in complex
Grassmann manifolds.

In order to describe explicitly real forms congruent to GE(R"*") in
GC(C™*T), we give an explicit description of any Lagrangian subspace in the
complex Euclidean space.

LEMMA 6.1.  For any Lagrangian subspace V in C™ there exist an orthonor-
mal basis v1,...,v, of R™ and 04,...,0, € R satisfying

V= <e\/jlelvl, . e\/jw"vn>R.

ey

PrOOF. The Lagrangian subspaces in C" are naturally corresponding to
the elements in U(n)/O(n). We denote by eq,...,e, the standard unitary basis
of C™.

{<€\/jl91€1,...,€\/j19”6n>R } 0; € R}

is a maximal torus of U(n)/O(n). For any Lagrangian subspace V in C™ there
exist g € O(n) and 6; € R satisfying
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V= g<e‘/jwlel, R e‘/jw"en>R = <e‘/jwlgel, e e‘/jw"gen>R.
We put v; = gej. Then vy, ..., v, is an orthonormal basis of R" and
V= <e\/jwlvl,...,e\/jw"vn>R. [l

THEOREM 6.2. Let Ly, Ly be two real forms congruent to GR(R"") in
GC(C™*T). We assume that Ly, Ly intersect transversally. There exists a unitary
basis U1, ..., Unir of C™VT satisfying

LlﬂL2:{<ui1,...,ui,,,>c|1§i1<---<iT§n+r}.

PrOOF. We first suppose that L; = GE(R"™). Ly is congruent to
GE(R"7"), so there exists g € U(n + r) satisfying

Ls = gGR(R) = GR(GR™)

gR"" is a Lagrangian subspace in C™"", thus by Lemma 6.1 there exist an
orthonormal basis v1,...,v,,, of R*™" and 61,...,0,,, € R satisfying

gR"" = <e‘/jwl e‘/jle”'+rvn+r>

Viyeony R
Hence we have

Ly = G?(<e‘/jwlvl, cey e‘/jlo"+rvn+,.>R).

For1<ii<---<i,<n+r

<€\/jl91 e‘/jwlvi >

Vigyevvy ” C:<Ui1""’vir>c
and we obtain

LinLy D {{viy,.. v )c | 1<ip < <ip <m+r}

Since Lj, Ly intersect transversally, by Theorem 1.1 L; N Ly is a great antipodal
set of L; and Ly. Therefore we have

(n * r) SH(L1NLy) = H#oLy = #2Lo = <n N r)

r r
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and
LiNnLy={{viy,...,v)c|1<it < - <ip <m+r}

We suppose that L; = GR(R"*"), so v1,...,v,4, is an orthonormal basis of
R™". In a general case there exists a unitary basis uy, . . ., tn 1, of C**" satisfying

L10L2:{<uil,...,ui,,,)c|1§i1<~-~<iT§n—|—r}. O

If we regard C?™124 as a quaternionic vector space of quaternionic dimension
m 4+ ¢, then we can regard quaternionic subspaces of quaternionic dimension ¢
as complex subspaces of complex dimension 2¢. This induces an embedding of
Gf(H“”q) in GQC:I(CQ’”“‘?).

THEOREM 6.3.  Let L1, Ly be two real forms congruent to GE(H™*7) in
G%(C%’H‘QQ). We assume that L1, Lo intersect transversally. There exists a uni-
tary basis vy, ..., Vomyaq of C*™ 29 satisfying

Ly N Ly = {{v2i,—1,V2iy5 - -+, V2i,—1, V21, )c | 1 <ip <0 <ig <m +q}.

PrOOF. We first consider the case of ¢ = 1 and prove the statement by in-
duction on m. Ly, Ly are two real forms congruent to GH (H™*+1) in G§ (C?*™+2).
In the case of m = 1, G§(C**?) is holomorphically isometric to the complex hy-
perquadric Q4(C) and Ly, Ly in G (C*) are congruent to S%* in Q4(C). The
statement of $%% in Q4(C) was already showed in [15]. There exists a unitary basis
v1,...,v4 of C* satisfying that (vy,vs)c and (vs,v4)c are quaternionic subspaces
of quaternionic dimension 1 in C* = H? and

Ly N Ly = {{v1,v2)c, (v3,v4)c }-
We next consider the case of m > 2. By Lemma 3.1 in [15] we have L1 N Ly #
(. We denote by uy,ug, eq,..., e, the standard unitary basis of C?"*2, We can

suppose that o = (uy,uz)c € Ly N Ly. The polars of G (C?*™*2) with respect to
o are given by

{o}, Gf((eh .oy €am)e) X Gf((ul, u)e), GQC(<€1, e €2m)C)-
We have

G (H™ )N (GT(C*™) x GY(C?)) =0,
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thus for j =1,2
L;n (GF(C*™) x GE(C?)) = 0.
Moreover
GH(H™)NGg(C*™) = G (H™),

thus L; N GE(C?™) are congruent to G (H™) in G (C*™). By the assumption
of induction L; N Ly N GS(C?™) is congruent to

{{e1,e2)c, ..., (e2m—1,€2m)C}-
Hence we obtain
LiN Ly Do, (vi,v2)c; -5 (Vam—1,V2m)C}-

Since Ly, Ly intersect transversally, by Theorem 1.3 L; N Ly is a great antipodal
set of L; and Ly. Therefore we have

m+1<#(L1NLy) =H#2Ly =#2La =m+1
and
LiNLy= {0, <U17 'U2>C7 ey <'U2m—17 'U2m>C}a

which complete the proof in the case of ¢ = 1.
We consider the case of ¢ > 2. By Lemma 3.1 in [15] we have Ly N Ly # 0.

We denote by u1,...,uaq,€1,...,e2n the standard unitary basis of C?m+24 We
can suppose that o = (u1,...,u2q)c € L1 N La. The polars of GQC;(CQm”q) are
given by

GE((e1,- .. eam)e) x G5, _;((ur, ... uzg)e) (0 <i<2q).
We have
GEH™M) N (GT(C*™) x GS,_,(C*)) =0,

thus for j =1,2
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L;n (GY(C*™) x GS,_,(C?7)) = 0.
Moreover
GI(H™ )N (GF(C*™) x GF,_,(C*)) = G (H™) x G| (HY),

thus L; N (G (C?™) x Ggqu(C’Qq)) are congruent to GH(H™) x Gé{l(Hq) in
GS(C?™) x GSFQ(C&?). By the result in the case of ¢ = 1 there exists a unitary
basis v1, ..., vam, of C?™ satisfying that

<U17 ’U2>Ca ey <02m—1a 02m>C

are quaternionic subspaces of quaternionic dimension 1 in C?™ = H™, there exists
a unitary basis wi, ..., ws, of C?? satisfying

(wi,w2)cs - - - s <w2q—1>w2q>c

are quaternionic subspaces of quaternionic dimension 1 in C?? = HY, and they
satisfy

LinLyn (GS(C?™) x GS,_,(C*9))
= {{v1,v2)c; -, (Vam—1,v2m)C}

X {<'LU3, e ?w2q>C7 <w1?w27w37w4) cery w2q>Ca ceey (U}], L] 7w2q72>C}-
Ly, Ly are congruent to G (H™"4), hence we have
LiNLyn (GF(C?™) x GS,_,(C*9))

D {(v2i—1,v2i,v25-1,v25)c | 1 <1 < j <m}

X (..., Wop_1,Wak, ..., Wa—1,Way,...)c | 1 <k <l<q}.
Similar relations of inclusion holds for

LiNLyN (GS(C?™) x G, _5,(C*"))  (1<i<q).
Therefore L1 N Ly contains the direct sums of any ¢ subspaces of

<U1aUQ>Ca ey <U2m—13 U2m>07 <'Z,U17U}2>C, sy <w2q—1aw2q>C~
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The unitary basis v1,...,V2m,w1,..., Wz, is renamed vy, ...,V2m424. Then we
obtain
Ly N Ly D {(v2i,—1,v2iy, - - -, V2i,-1,V2i,)c | 1 <idp < --- <idg <m+q}.

Since Ly, Ly intersect transversally, by Theorem 1.3 L; N Ly is a great antipodal
set of L; and Ly. Therefore we have

(m;r q) SH#(L1NLy) = #oLy = #2Lo = <m; q>

and
LyN Ly = {(vai,~1,V2i,, -+, V2ig—1,V2i)c | 1 <y <--- <ig<m+gq}. O

THEOREM 6.4.  Let Ly be a real forms congruent to GE(H™ ) and Ly a
real form congruent to GiL(R*™2%) in G§(C*™*29). We assume that Ly, Ly

intersect transversally. There exists a unitary basis vi,...,Vam42, of C*mT24
satisfying
Ly N Ly = {(v2i;—1,v2iy, - - -, V2i,-1,V2i,)c | 1 <ip < --- <idg <m+q}.

The proof of the theorem is similar to those of Theorems 6.2 and 6.3, so we
omit it.
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