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Abstract. We investigate the stationary Navier-Stokes equations in Bessel-
potential spaces with Muckenhoupt weights. Since in this setting it is possible that
the solutions do not posses any weak derivatives, we use the notation of very weak
solutions introduced by Amann [1]. The basic tool is complex interpolation, thus we
give a characterization of the interpolation spaces of the spaces of data and solutions.
Then we establish a theory of solutions to the Stokes equations in weighted Bessel-
potential spaces and use this to prove solvability of the Navier-Stokes equations for
small data by means of Banach’s Fixed Point Theorem.

1. Introduction.

Let © be a bounded domain in R™, n > 2, with C''-boundary. We consider
the stationary Navier-Stokes problem with inhomogeneous data

—Au+u-Vu+Vp=F in ,
diveu=K in Q, (1)
u=g¢g on 0.

It is our aim to find a class of solutions to (1) in a Bessel-potential space H”4(Q),
B3 € 10,2]. This means we develop a solution theory that includes strong solutions
in the case § = 2 and weak solutions in the case 8 = 1. However, if g = 0, it
is also possible that the solutions are only contained in L?(fQ), i.e., they do not
possess any weak derivatives. Consequently the notion of weak solutions is no
longer suitable in this context. Thus one introduces the more general notion of
very weak solutions. To arrive there one multiplies the first equation in (1) with a
solenoidal test function ¢ vanishing on the boundary, then formal integration by
parts yields
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_<U, A¢> - <uu7 v¢> - <K’U,, ¢> = <F7 ¢> - <ga N - v¢>8§2 (2)

Applying the same method to the second equation with a sufficiently smooth test
function 1 we obtain

—(u, V) = (K,9) — (g9, N - ¥)oq. (3)

The equations (2) and (3) can be used for the definition of very weak solutions.
This or similar formulations have been introduced by Amann in [1], by Amrouche
and Girault in [2] and by Galdi, Simader and Sohr in [14]. In these articles as
well as by Farwig, Galdi and Sohr in [7], [6], [8] and by Giga in [16] solvability
with low-regularity data has been shown.

We investigate this problem in weighted function spaces. More precisely, we
consider Lebesgue- and Sobolev- and Bessel potential spaces with respect to the
measure w dx, where w is a weight function contained in the Muckenhoupt class
Ay, cf., (4) below.

Classical tools for the treatment of partial differential equations extend to
function spaces with Muckenhoupt weights. As important examples we mention
the continuity of the maximal operator and the multiplier theorems that can be
found in the books of Garcia-Cuerva and Rubio de Francia [15] and Stein [25];
extension theorems of functions on a domain to functions on R™ have been shown
by Chua [4], extension theorems of functions on the boundary to functions on the
domain by Frohlich [12], see also [20] and embedding theorems by Frohlich [13]
using the continuity of singular integral operators by Sawyer and Wheeden [19].

These tools were the base to treat the solvability of the Stokes and Navier-
Stokes equations in weighted function spaces by Farwig and Sohr in [9] and by
Frohlich in [10], [11], [12].

As shown in [9] examples of Muckenhoupt weights are

w(z) =1+ |z))% -n<a<n(¢g—1) or

dist (z, M)?, —n—k)<a<(n—-k)(¢g—-1),

where M is a compact k-dimensional Lipschitzian manifold. Thus, if one chooses
a particular weight function, the developed theory can be used for a better control
of the growth of the solution, for example in the neighborhood of a point or close
to the boundary.

In Section 4 we prove the solvability of the linear Stokes equations in weighted
Bessel potential spaces. To arrive there, we use complex interpolation between the
strong and the very weak solutions. The notion of very weak solutions used in this
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context is slightly more general than the one mentioned above. More precisely,
one considers each right hand side of (2) and (3) as one functional

f=10=(F.¢)=(9,N-Vo)aa] or k= [ (K,P)o— (g, N -¥)aal.

As a consequence it is no longer distinguished between boundary condition and
force, or between boundary condition and divergence, respectively, and since the
data may contain a part that is concentrated on the boundary, the functionals f
and k are no longer contained in the class of distributions on 2. In this context
the regularity of the data can be chosen so low that every function v € L% ()
occurs as a very weak solution with respect to appropriate data. It turns out that
this setting is convenient to deal with complex interpolation. As a preparation we
give a characterization of the interpolation spaces of the spaces of solutions and of
the spaces of the data in Sections 3.2 and 3.3. The main results in the linear case
are given in the Theorems 4.3 and 4.4.

When dealing with the Navier-Stokes equations in Section 5 the nonlinearity
gives us reason to demand higher regularity of data and solutions. First of all, the
nonlinear term can be written as

u - Vu = divuu — Ku.

To ensure that the multiplication on the right hand side is well-defined, it is
reasonable to demand that K is given by a function.

Moreover, when estimating the nonlinear term, one needs a weighted analogue
to the Sobolev Embedding Theorem. A good replacement proved in [13] requires
strong assumptions to the weight function. This can be compensated for the price
of restrictions to the generality of the data and consequently of a smaller class of
solutions. It turns out that the more general the weight function is the higher
one has to choose the regularity of data and solutions. Thus it is natural to
consider the problem in Bessel potential spaces, where we are able to adapt the
regularity of data and solutions precisely to the quality of the weight function.
Using the results from the linear case we prove existence and uniqueness results
for the Navier-Stokes equations if the data is sufficiently small, cf., Theorems 5.6,
5.8 and 5.9.

2. Preliminaries.

2.1. Weighted function spaces.
Let Ay, 1 < g < o0, the set of Muckenhoupt weights, be given by all 0 < w €
Li _(R") for which

loc
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The supremum is taken over all cubes @ in R™. To avoid trivial cases, we exclude
the case where w vanishes almost everywhere.

LEMMA 2.1.

1. Everyw € Ay, ¢ > 1 defines a locally finite Borel measure w(F') = fF w dx

and for ¢ > 1 one has
QN?
w(Q) < <| F|) w(F)

for all cubes Q and all Borel sets F' C Q with |F| > 0.
2. A, CA, forqg<p.
3. Letwe A, for ¢ > 1. Then there exists s < q such that w € As.

Proor. 1. [25,V.1.7], 2. [15, IV, Theorem 1.14], 3. [25, V.3]. O

Let k € Ny, ¢ € (1,00), w € A, and let Q C R™ be a Lipschitz domain. Then
we define the following weighted versions of Lebesgue and Sobolev spaces.

1
i = {f € Lloc ) | ”f“%w = (fQ \f|qwdx) < OO}
It is an easy consequence of the corresponding result in the unweighted case
that

/ 1 1
(L9(Q)) = L,(Q) with g w=w T Ay (5)

o Set WE(®) = {u€ L) | fulloguw i= 5 jace 1D ullgur < 5}

e By C§° () we denote the set of all smooth and compactly supported func-
tions, the space Cg%, (€2) consists of all functions that are in addition diver-
gence free.

e Moreover we set Wlﬁg(Q) =Cg° (Q)”'”k’q’w. The dual space of it is denoted

by Wy, ’q(Q) = (Wk?q(; (Q))/ We also consider the divergence-free versions
Wk —{¢€qu )|div¢>:0} and L _(Q ):me(Q).

w,0, o’

e Using this for £ > 0 we set W;g (Q) =C5 (22 )” lwiacam
e Moreover, we consider the spaces of boundary values TX7(9€) =
(Wha(Q))|aq, equipped with the norm || - e =1l HT{,?’Q(BQ) of the factor
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space and finally T07(982) := (qu)’,q/ 09))".

By [10], [12] and [4] the spaces L4 (), WkF1(Q), WS%(Q) and T51(0Q) are
reflexive Banach spaces in which C§°(2), (C5°(2), C*°(Q)|aq, respectively) are
dense.

Note that by Necas [18], Chapitre 2, Section 5, in the unweighted case one
has

TH9(0Q) = W a9(0Q) for ke N and T>9(99Q) = W a9(99).

LEMMA 2.2.  Let Q be a bounded domain. If 1 < s, w € Ag and s < p < o0,
then for every q > sp and some r > q one has

L(Q) = L§,(Q) — LP(Q).

PROOF. The second embedding is shown in [12, Lemma 2.2] the first one
follows by dualization from the second and Lemma 2.1. O

THEOREM 2.3.  Let Q be a bounded Lipschitz domain or Q = R} and N €
N. Choose p; € [1,00), w; € A,, and k; € Ny, i = 1,...,N. Then there exists
an extension operator

N N
E - ﬂ Wﬁimi Q) — m Wqﬁ’i;pi(Rn)’
i=1 i=1
i.e., Bulqg = u and ||E’U/||W5;,p,;(Rn) < c||u\|W5§.pi(Q) fori=1,...,N and for every
u € M, WhP(Q).
Proor. This is a special case of [4, Theorem 1.4, Theorem 1.5]. There

Chua proves extension theorems for the class of (g, 0c0)-domains. By [17] this class
includes bounded Lipschitz domains and R} . O

From now on we call any domain that permits an extension operator as in
Theorem 2.3 an extension domain. In particular bounded Lipschitz domains are
extension domains.

THEOREM 2.4 (Hérmander-Michlin Multiplier Theorem with Weights).  Let
m € C™"(R"™\ {0}) fulfill the property

0°m(&)] < K[, for every & € R*\ {0}, |a]=0,1,...,m,
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for some constant K > 0. Then T defined by
7/’} =mf for fe.(R",R)

extends to a continuous operator on L () for every g € (1,00) and w € A,.
PrOOF. This is an immediate consequence of [15], Theorem 3.9. O
By [22] one has the following weighted version of Bogowski’s Theorem.

THEOREM 2.5. Let Q C R™, n > 2, be a bounded and locally Lipschitzian
domain. Assume f € ijg(Q) such that [ f = 0. Then there exists a function

u € WS:BLQ(Q) such that

divu = f and |Julk+1,90 < cllfllk.guw,

with ¢ = ¢(Q, ¢, w, k) > 0. Moreover, u can be chosen such that it depends linearly
on f and such that uw € C§°(Q) if f € C§(Q).

2.2. Complex interpolation theory.

The fundamental tool in the Sections 3.3 and 4 is complex interpolation. Thus
we fix some basic notation and facts in this field.

Let {X;, X2} an interpolation couple and D = {z € C | 0 < Rez < 1}.
We define F (X1, Xs) to be the space of all bounded and holomorphic functions f
from D to X; + X5 which are extendable to continuous functions on D such that
f(7 + yi) is continuous on R with values in X1, j = 0,1, and such that

1l 300y = masc { sup (1 (iy) |, sup [/ Gy + Dllx, | < oo,
yeER yER

Then for 0 < 6 < 1 the complex interpolation space is given by [ X1, Xa]o = {f(0) |
f € F(X;1,X5)}, equipped with the norm

I2llx,, %200 = E{[ flp(xy,x0) | f € F(X1, X2) and f(0) = x}.
THEOREM 2.6. Let 0 < 6 < 1 and X7 C Xo with continuous and dense

embedding. Then one has

1. Xy is densely and continuously embedded into [X1, Xs]g.
2. (Reiteration) [[X1, Xa]x, [X1, Xo]ulo = [X1,Xo],, where X\, € [0,1] and
n=(1-60)A+0u.
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3. (Duality) Let Xy and X, be reflexive. Then [X1, Xa], = [X{, X5]s.
4.  Let {Y1,Y2} be another interpolation couple with Y1 C Y. Moreover

let T : X; — Y; be a continuous linear operator for i = 1,2. Then

T : [X1,Xz]p — [Y1,Y2]p is continuous with operator norm bounded by
1-6 %

1Tl 2, o) 1T (x, v2)-

5. Let {X1,Xs5} and {Y1,Y2} be interpolation couples such that {X1, X5} is a

retract of {Y1,Ya}, i.e., there exist continuous linear operators

I:X1+Xo—=Y14+Yy and P:Y1+Ys — X1 + X,

such that PI = idx,4yx, and I : X; — Y, and P : Y; — X;, i = 1,2
are continuous. Then [X1,Xa]g = P[Y1,Y2]p for 6 € [0,1]. The norms
lull(x,,x.0o and inf{||U |1y, 2], | PU = u} are equivalent.

Proor. All assertions can be found in [28] or [3]. O

2.3. Very weak solutions to the Stokes equations.

The existence and uniqueness of very weak solutions in weighted L?-spaces
have been shown in [23]. We quote the basic definitions and facts that are needed
in this paper.

For a good formulation of our notion of very weak solutions, we need to define
some spaces of functions and functionals. Thus for w € A, we set

Y27 (Q) = {u e W27 (Q) | ulpq = 0},

w

w w’

Y 29(Q) = (Y27 ().
Moreover, we define the divergence-free versions

Y27 (Q) = {¢ € Y27 (Q) [dive =0} and Y, 29Q):= (Y27 (Q). ()

DEFINITION 2.7. Let f € Y;2%(Q) and k € W;B’q(Q). A function u €

L1 (Q) is called a very weak solution to the Stokes problem with respect to the
data f and k, if

—(u,A¢) = (f,¢), forall¢ €Y (Q) and (8)

—(u, V) = (k,b), for all 1 € W' (). (9)

Setting ¢ = 1 in (9) it follows that a necessary condition for the existence
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of a very weak solution u is (k,1) = 0. This condition is the analogue to the
compatibility condition (k, 1) = (g, N)sq between divergence and boundary values
in the case of weak solutions.

THEOREM 2.8. Let f € Y,;29(Q) and k € Wu:%)’q(ﬂ) with (k,1) = 0. Then
there exists a unique very weak solution u € LI () to the Stokes problem in the
sense of Definition 2.7. It fulfills the a priori estimate

H“Hq,w < C(Hf”y;“(sz) + ||k||W1;%)q) (10)
with ¢ = ¢(R, ¢, w) > 0.

Moreover, there exists a pressure functional p € W;Bq(Q) (unique modulo
constants) such that (u,p) solves

—(u, A) — (p,dive) = (f,6) for all ¢ Y2 ().

In particular —Au—|—Vp|cgo(Q) = f|COoc(Q) in the sense of distributions. The func-
tionals (u,p) fulfill the inequality

Fllgao + pllw- o < (2o + [kl 1) (11)

where ¢ = ¢(Q, ¢, w) > 0.

THEOREM 2.9.  Assume that f € Y;29(Q) and k € VV;})’Q(Q) allow a de-
composition into

(f,0) = (F,8) — (9, N - Vd)oa for all ¢ € Y27 (Q),

, (12)
(k. 9) = (K, %) = (9. N ¥)on  for all € W,," ()
with g € T%9(09Q), F € ng’T(Q), K € L (), where 1 <1 < 00 and w € A, are
chosen such that W% (Q) < L7,(Q) < L%,(Q). Then one has:

1. Such a decomposition is uniquely defined by f and k.

2. Ewvery strong solution u € W24(Q) to the Stokes problem corresponding to
the data g € T24(09), F € LIL(Q) and K € WL1(Q) is a very weak solution
corresponding to the data f and k with the notation of (12).

3. IfgeT%00), F e LL,(Q) and K € W Q) with [ K = [,o N -g, then
the very weak solution u to the Stokes problem with respect to f and k is a
strong solution with respect to F, K and g. In particular u € W2:4(Q), there



Navier-Stokes equations in Bessel-potential spaces 9

exists a pressure function p € W4(Q), unique modulo constants, such that
the Stokes equations are fulfilled in the sense of distributions and one has

lull2,q.0 + Pll1,g,0 < (17

gw T ||K||1’q,w + ||9|

720 (13)

4. Let u be a very weak solution to the Stokes problem corresponding to the
data f and k as in (12). Then

ue Wy ={u€Ly(Q) ]3>0, [(u,A9) < cllpll1,a Yo € C5, ()}

There exists an operator y : Wg:b — T29(0Q) that coincides with the tan-
gential trace on WL4(Q). The fact that divu = K € L% () permits to
define the normal component of the trace N - ulaq. In this sense u|pq is
well-defined and ulgg = g.

REMARK 2.10. It is a straight forward consequence of the closedness of the
Laplacian that the space Wif;, is a Banach space equipped with the norm

lulhgze, = el + I Aulog, @l

v/,0,0

3. Weighted Bessel potential spaces.

3.1. Definition and simple properties.
For £ € R™ we set (€) := (14 |¢[?)2. On the space .#’(R"; R) of temperate
distributions we define for all 5 € R the operator

Nf=F1) T, [eS'(R"R),

where .# stands for the Fourier transformation on .#/(R™; R). Then for 1 < ¢ <
0o, w € A, and B € R the weighted Bessel potential space is given by

HES(R™) = {f € 7 (R R) | 1o ey = 1A ganen < 00}
THEOREM 3.1. Ifl<g<oo,w€ Ay, ke Z andl < B <k then
[H;'(R"), Hy'(R")], = HY'(R"),
8-l

where 0 = ;—=.
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PRrROOF. This can be proven analogously to [26, Proposition 13.6.2]. For the
weighted version in the case | = 0 and k& € N see also [10, Satz 8.3]. The proof

given there can be repeated to obtain the more general assertion of this theorem.
O

For an extension domain 2 we define the weighted Bessel potential space on
Q by

Hy'(Q) = {gla|g € HY'(R")}
equipped with the norm
||’U’HH5)"1(Q) = inf{HU||H5,q(Rn) | U € Hg’q(Rn)a Ula = u}

Note that if 8 < 0 then the restriction gl has to be understood in the sense of
distributions as g|ce(q)-
Moreover, we set

T ()
Hy8(92) = (C5°(9)) , BER,

equipped with the norm || - ||g,¢,w.0.0 = ||Eo(-)||8,q.w,r", Where Ey denotes the
extension of a function by 0 to the whole space R™. The space ng(fz) is a
reflexive Banach space being a closed subspace of H29(R"), which is reflexive
since it is isomorphic to L ().

Note that by (19) below this norm is in general not equivalent to | - ||,q.w,0-
Moreover, if 8 < 0 the space Hg’,g (©2) does in general not consist of distributions
on Q but of distributions on R™ supported by Q.

We choose this definition because in this way one obtains a good behavior of
the dual spaces and interpolation properties, see Lemma 3.3 below.

THEOREM 3.2.  Let § be an extension domain, 1 < g < oo, w € A,.

1. For k € Ny one has H1(Q) = WF(Q) and H:f,”%(ﬂ) = WZZ%(Q) with
equivalent norms.
Fork € N, 0< f3<k one has H>1(Q) = [L%(9), VVﬁq(Q)]%
The spaces H29(Q), B > 0, are independent of the values of the weight
function w € Ay outside Q, ie., if wi, w2 € Ay, wilo = walo then
HE:(Q) = HP:9(Q) with equivalent norms.

PROOF. The assertions of 1 and 2 can be found in [13] except for the as-
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sertion on HZZ%(Q) in 1. Since one has H¥(R") = Wk4(R") with equivalent
norms, the equation HZZ’,% Q) = WZZ%(Q) follows from the definition of HZZ’)%(Q). 3
follows from 2. O

3.2. Bessel potential spaces of negative order.

Throughout this section let 1 < ¢ < co and w € A,. It follows in a straight-
forward way from the definition of the spaces H27(R"™) that for every 8 > 0 one
has

H,P(R") = (ngq/ (R"))/ isometrically. (14)

LEMMA 3.3. For 8 € R one has H;»(Q) = (Hg,q(;(Q))/ with equivalent
norms. In particular, for k € N one has H;%9(Q) = W k1(Q).

PrOOF. Let u € H;#9(2). Then by definition there exists U € H,%»(R")
such that U|gee (o) = u with

2[|lull-,qw.0 = IU]l-p.q,0.r" = sup (U, ¢)
$€F (R 8ll 5,47 11 ren <1

> sup (u, @) = llull ys.0 ()
deC§ (Nsl9ll5,q !, mn <1 ol o)

using (14). Thus u € (Hg,q(;(Q))’

Vice versa, by Hahn-Banach’s theorem every u € (H, giq(;(Q))/ can be extended
to an element

" pnyYy - n :
Ue (Hlﬁu;q (R )) = Hwﬁ7q(R ) with ||UH*ﬁyq,w’R" = ||U’H(Hﬁ}qé(g))/.

Then a similar calculation as above yields u € Hg?9(Q) with ||ul|_g w0 <
el o gy
To obtain the result for kK € IN one combines the first assertion with Theorem
3.2.1. O
Lemma 3.3 also yields the completeness of H,%4(Q) in the case 8 > 0.

LEMMA 3.4. Let Q be a bounded C*'-domain or the half space. There exists
a continuous linear extension operator

B H, Q) — H,M(R")
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such that Eu|c§e(9) = u for all u € H, %9(Q) and which is also continuous as a
mapping E : HL9(Q) — HLI(R™).

ProOOF. We begin with showing the assertion for the half space 2 = R}.

By [12] for every f € W, 9(R") there exists a unique u € Wilv’y%(R’jr) solving
the equation (1 — A)u = f. This solution v depends linearly on f and fulfills
the estimate [|ull1,gw < || f]l-1.gw. We write u = (1 — Ap)~'f. As shown in
[21] one can prove as in the unweighted case [5] the regularity of solutions to
the Laplace equation. In particular f € WL4(R7) yields v € W34(R7) with
[ulls.q.0 < €l f]l1.q.0-

To construct E we remind that by Theorem 2.3 there exists a linear continuous
extension operator

E:WyR}) — WyYR") and E:WYI(R}) — W2Y(R") with Eu|gy = u.

Now we set Bu = (1 — A)E(1 — Ap)~'u for every u € Hy%(R"). Then E has
the asserted properties on the half space R}.

For a bounded C1'-domain Q we take a collection of charts (aj)jL; and a
decomposition of unity (1)L, subordinate to the corresponding covering (Uj);
of Q. Then for u € W1 49(Q) we set

Eou=)_&; Ery ((uf;) o aj) 00},

Jj=1

where F Ry : W,},’Oqaj (R}) — Wq},’(?aj (R™) is the operator just constructed and ¢; €
Cs°(U;) with ¢;40; = ;. Obviously Eq : WL4(Q) — WL4(R") is continuous.
Moreover, change of variables yields that u — woaq; is a continuous operation from
Wybe(Q) — WJ&&% (a;l(ﬂ)). This shows the continuity of Eq : W, 14(Q) —

W, b4(R"), and combined with Lemma 3.3 the proof is complete. O

THEOREM 3.5. Letl <g<oo,we€ Ay, -1 << 1andQ =R} ora
bounded CY'-domain. Then

L [H (), Hy1(Q)], = HP(Q), where 6 = 18,
2. Forf= % one has

[H,5"(Q), Hy ()], =

{Hfi:%(m, if B<0
HBa(Q), if B>0.

w
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PrOOF.
1. {H;Y1(Q),HL9(Q)} is a retract of {H V9(R"), HLY(R")} where the
retraction is the restriction operator

Ro: HEYI(R") — Hy"(Q), u— ulcge (o),

and the coretraction is the extension operator E constructed in Lemma 3.4. Thus
the assertion in 1 follows from Theorem 2.6 and the corresponding interpolation
property on R™ stated in Theorem 3.1.

2. An application of the Duality Theorem 2.6 to 1 together with Lemma 3.3
yields

[H, 5% (Q), Hyh ()], = H (). (15)

Since F(H, ¢"(Q), Hy%(Q)) C F(H, g (), Hy9(Q)), F as in (2.2), and the same
is true when replacing ¢ by ¢’ and w by w’, we have by (15)

Li,(Q) = [Hy "), HyH(Q)], — [Hyo" (), Hy ()], (16)
and
L3, (@) = [Hy§ (0, By ()], = [Hop" (), H(Q))y. ()

By the density of the embedding Hi)’,q/(ﬂ) — [H;,lbq/(Q), H;’,q/(Q)} , we obtain
’ 2

that the embedding (17) is dense. Thus we dualize (17) and combine it with (16)

to obtain

[H,,6%(92), Hy ()] y = LE,(Q) = [Hy,V(Q), Hy ()], = [H, 6°(2), H,H(9)]

)

Nl
Nl
[N

Now the assertion follows by the reiteration property in Theorem 2.6. (]

3.3. Bessel potential spaces with zero boundary values.
For an extension domain Q@ C R", 1 < ¢ < oo, w € A; and 0 < B < 2 we
define the space

29(R™)
Y2(Q) , i 0< B <1 equipped with |- || 5.0 gny,
Y£7Q(Q) = H’ﬁaq(Q) w?( )

Y9(9) , if 1< B <2 equipped with |- || ;5.4
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where in the case 0 < 8 < 1 the functions of Y,2(Q) are assumed to be extended
by 0 to functions defined on the whole space R™. This is possible, since C§°(Q?) is
dense in W, /§(Q) D Y29(Q) and W, §(Q) — WEI(R") — HI9(R").

In particular, this implies that in the case 0 < § < 1 one has

_ _grBia n
v = cr@) e

= H§(9). (18)
Moreover, for such 3 it follows immediately from the definition of Y;%7(Q) that the
extension Egu of functions u € Y;%4(Q) by 0 to functions on R" is a continuous
linear map to H249(R™).

Finally, since H.4(Q) = W14(Q) and the norm in W14(Q) is local, for 8 = 1
the two definitions are equivalent, i.e.,

H’i}‘q ((2)
V(@) = Wh(Q) = Y (Q) ;

where the latter space is equipped with || - [| 1.4 (-

H ()
For symmetry reasons the question arises whether Y,%4(Q) = Y,24(Q)

for all 0 < 8 < 2. However this is not the case, not even in the unweighted case.
Indeed, by Triebel [29, 1.5.23] one has

V2R =Cr@ Y £ {ue HIURY) |suppu c O = y;’qm(» )
19

We choose the spaces Yf’q(Q) because of their good properties with respect to
interpolation.

THEOREM 3.6. Letl<g<oo,we€ Ay and0< 3 <2, Then

n n T /8
[Lz;(R—t-)v YuQ)’q(R+)]g = Yu,?’q(R—o—)v 0= 5

with equivalent norms.

PROOF. As a preparation we note that the norm in Y2 “4(RY}) is equivalent
to the one in Yg’q(RCﬁ) if w € Ay with @|ry = w|ry. In the case 8 > 1 this is
true by Theorem 3.2.

If 8 < 1 one has by Theorem 3.5 and (18)
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) -B.,q’ / 1,9’ —1,q' ’
Y URY) = Hyg(RY) = (H, 1 (RY) = [Hy! (RY), Hy " (RY)] s

The latter interpolation space is independent of the weight function outside R,
because HY? (R}) and H, 7 (R}) are.
As shown in [12] if w € A, then

oy w(x) on R
(=) {w(m',—mn) on R"

is also contained in A,. Thus we may assume from now on that w = w* is even.

STEP 1: We show that
[LL(RY), Yol (RY)], = Y I(RE).

To see this let u € [L%,(RT), Y2 (R%)],.
We begin with the case 1 < g < 2. Then there is a function U €
F(L%,(R%),Y29(R7%)) such that U(#) = wu and ||U||F(LZ,(R1),Y£"?(R1)) <

20ullizg,mr),vzamn ),
Since F(LY(RY),Y,29(RY)) C F(LL(RY), H9(RY)), we obtain

u=U(0) € [LL(R}), Ho(RY)], = HOY(RY)
and

HUHHqu(Ri)

< cinf {| VIl roymoryy | V € F(LL(RE), Hy (RY)), V(9) = u}

< clUllpy,mey vzamny < 2elulinyme) vz amn -

Moreover, by Theorem 2.6 we know that Y29(R%) is dense in
[L4,(R1),Y,21(R'} )]s which yields the assertion of Step 1 in the case § > 1.

In the case 0 < 3 < 1 we assume that we already know [L (R ), Yf’q(Ri)}%
= Yul;q(Ri). This follows from the case 1 < 8 < 2 which will be shown indepen-

dently. Then, since

n —ssTm W I (R™) P
Yi’q(RJr) = C5°(RY) = qu,{(l)(RHa
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and the extension

u(xz) for x € R}
Eou(x) =
ou() {0 for x € R”

of functions defined on the half space is continuous from Wi%(Ri) to WLa(R™)
and from LZ (R ) to Lg (R"), we find by interpolation and the reiteration property
that

n n n 1, n , n

Eo: [L4(RY), Yo (RY)], = [LL(RY), Wy (RY)],, — HYY(R™)
is continuous for 0 < 8 < % Thus for every v € C§°(R}) we obtain
||U||yj‘Q(R1) = | Eoullg.gw,.rm < CHUH[Lﬁ,(Ri),Wj,’%(Ri)]gg'

Then the density of the embedding C§°(R') — [L4,(RY}), Wi:%(Rﬁ)]ze finishes
the proof of Step 1.

STEP 2: Claim: If the odd extension, Foqq : Y24(R%) — HPY(R"), is
continuous, where

u(x) if € R

—u(z',—z,) if z€ R™

Eoqau(z) = {

for z = (2, x,), then the assertion Y} ¢(R}) — [LY%(RY), Yj’q(RT}r)]e is true for
3.

PROOF OF THE CLAIM. Let u € Y/}4(R") and set
Uz) = eZZA(9_2)2EOddu.

Then one has U € F(L%(R"), W24(R")) with U(#) = ?” Egqqu. Moreover, since
for every p € C the operator A* maps odd functions to odd functions, one has
U(iy + 1)|gn—1 = 0 which implies U(iy + 1)|ry € Y24(R7) for every y. Thus
Ulrr € F(L(RY), Y24(R'})) and we obtain u € [LgU(R’_f_),Yj*q(Rﬁ)]e with
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lullia, (rny, v2a(rny), < Sup 1Ty + Dllyzagn) + Sup 1U (i)l e, (re)
< sup |U iy + Dlly2a gy + 5p 1U(i9) | (e
Yy Yy

< cllBoaatll .0 gy < cllullypooimy)-

STEP 3: The embedding Y2 4(R") — [L?U(Ri),Yu%’q(Ri)]e is true for g <
1.
By the definition of Y,29(R") for 3 < 1 we know that the extension Egu of

u by 0 on R" is continuous from Y, 24(R") to H2?(R") with norm 1. Thus the
odd extension of u, which is equal to

Eoqqu(r) = Egu(z) — Equ(z', —xy,),

is also continuous. Step 2 completes the argument.

STEP 4: The embedding Y,}4(R") — [L?U(Rﬁ),Yi*q(Ri)]e is true for 1 <
B <2

For g € T2(R"!) there exists an extension S(g) with the following proper-
ties:

* S(g)lpn-1 =g
e S is a continuous linear mapping S : T29(R"') — W29(R") and S :
Tyd(R*™) — Wy9(R™).

To see this we define S(g)|r» to be the solution of
(1-A)S(g)=0 on R} and S(g) =g on R"".

Then by [12, Theorem 4.5] we know that S(g)|r: is well-defined and has the two
properties on R’} . By Theorem 2.3 there exists an extension operator, continuous
from W29(R'}) to W29(R") as well as from W 9(R'}) to W 7(R"™). Thus the
existence of such an S is proved.

Now we consider the operator

B: H2(RL) — HE(R"), > S(ulge1) + Foga(u — S(u

).

Since w = w and Y2 (R'})|gn—1 = {0}, it is easy to check that the operator
E,qq is continuous from Y27(R7) to W24(R") and from Wé%(Ri) to WL4(R™).
Thus, we have constructed an operator B which is continuous from W2%(R") to
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W21(R") as well as from W.7(R%) to W;4(R") and which coincides with Eoqq
on Yf’q(Ri), 6 =1,2. By interpolation we find that

B:H(R}) — HS9(R")

is continuous for every 1 < 8 < 2. Thus for every u € Yf’q(Ri) C Y, 9(RY) one
has

”Eoddu”Hgfq(Rn) = ”BUHHE;‘?(R”) < C||U||H5,Q(Ri) = CH“”yff‘?(Ri)'

Thus Step 2 finishes the proof. O

THEOREM 3.7.  The assertion of Theorem 3.6 holds true, when replacing R’}
by a bounded C*'-domain €, i.e.,

[15,(0), V2], = V29@), 6=, 0<p<2
with equivalent norms.
Proor. Let a;, j = 1,...,m, be a collection of C%1-charts and P; a de-

composition of unity subordinate to the corresponding covering of 2. We assume
that every 1); is extended to an element of C§°(R™) and that every ¢ is extended
to an element of C1'(R™) such that it has an inverse Ozj_l € CHY(R").

Then we fix j, write ¢ = ¢; and a = a; and define the mapping

B:YES(RL) = YPUQ), um (u-(Yoa))oa . (20)
Using appropriate extensions of functions in Y, “(R’}) to R™ and the continuity of
the concatenation and multiplication with sufficiently smooth functions one shows
that B is a continuous mapping into the asserted image space.

Now setting Bju = (u(¢; o a;)) o a;l we define the operator

wox

BQHWﬂHMQWQLwmeHZ&%

which is continuous and surjective for every 3 € [0,2]. (Surjectivity follows if one
considers the operators
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A; HPYQ) S us (upj) oy € Hﬁ’oqa (RY), j=1,...,m,
where ¢, is an appropriate cut-off function, with ¢; = 1 on supp;.) By interpo-
lation and Theorem 3.6 it follows that

Ba: [[vil(RY) — [LE,(Q),Y21()]
i=1

is continuous, where w; := w o ;.
For every u € YJ9() there exists (uy,...,um) € [[/-; Y29(R}) with
Ba(u1,...,um) = u and Hui||Y5_,q(Ri) < c||u||Yf,q(Q) for every i = 1,...,m. Then

one can estimate

lull iz ) vz ey, = IBalut, - um)lliza ) vz,
m
<CZ||UZ|| LY. (R”)qu R'L <CZHUZHY£Q Rn)
=1

< C”U”ylfjv‘l(g)-

Thus we obtain [L%(€),Y29(Q)], D Y7().
2
The inclusion “C” is proved in the same way as in the proof of Theorem 3.6,
Step 1. O

4. Stokes equations in weighted Bessel potential spaces.

Throughout this section let € be a bounded C'!-domain. Moreover let 3 €
[0,2], ¢ € (1,00) and w € A,. As a space for exterior forces we define

Y 29(Q) = (Y27 ().
Note that if 0 < 8 < 1 then by (18) one has the embedding
Y, Q) = H,P(Q) — W, (Q)

and thus Y, #(Q) consists of distributions on (2.

If 3 > 1 then this is in general not the case. In particular, if 3 is large
enough, then a functional f € Y, #9(Q) might include a part that is supported on
the boundary and which can be considered as a boundary condition.
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As a space for divergences we choose

HI9(Q), if >0
Hyi(Q) = .
’ H,5(Q), if v <0,
for every v € [—1,1]. This space is equipped with the norm | - ||y,¢ w0 =

HY 5 (Q)

We use the notion of very weak solutions introduced in Definition 2.7, however
if 3 > 1, i.e., the solution is contained in W}.4(Q), then we also speak of weak
solutions.

THEOREM 4.1. Letl < g < oo, w € Ay and 0 < 3 < 2. Moreover, let
f e Yl 29Q) and k € HJ"(Q) with (k,1) = 0. Then there exists a unique
very weak solution u € Y,4(Q) to the Stokes problem with respect to the data f,k
in the sense of Definition 2.7. This function u fulfills the estimate

[[u voua) = C(”f”}qf”ﬂ(g) + ||kHBfl,q,w,*,Q)- (21)

Moreover, there exists a pressure functional p € HB~19(Q), unique modulo con-
stants, such that

—Au+Vp = floge@) n G5 ().
PrOOF. From the results in Sections 3.2 and 3.3 it follows that
Y 29(9) x Hy, g (), L, () x Hy'(Q)], = Y7 ~>9(Q) x HL M%),
where 6 = g It is immediate that
ks K=k — (k1) € Z(H,5"(Q) N L (Hy" ().
By Theorem 2.8 the mapping
S Y 2UQ) x Hy6(Q) 3 (fik) = u € LE,(Q),

is continuous, where u € L% () is the very weak solution to the Stokes problem
with respect to the data f and K =k — (k,1).
If w is a solution in the sense of Definition 2.7 with sufficiently regular data f
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and k, then by Theorem 2.9 we find that u is a strong solution with zero boundary
values. In particular, .7 is also continuous from L4 (2) x HL9(Q2) to Y,24(Q). Now
we obtain from the interpolation properties in Theorems 3.5 and 3.7 together with
the duality Theorem 2.6 that

S YT2Q) x HZM(Q) — Y9(Q)

is continuous, which finishes the proof of existence and estimates of u. Uniqueness
follows from the uniqueness of very weak solutions in L% (€2) (Theorem 2.8).

It remains to show the existence of p. By the theory of strong solutions in
[12] there exists a pressure function p € H19(Q2). Moreover, by Theorem 2.8 there
exists a pressure functional p € H, ;’10"1(9) that belongs to a very weak solution. In

both cases p is unique if (p,1) = 0. Thus by the interpolation Theorem 3.5.2 we
obtain a functional p € Hg;l’q(ﬂ) such that

—(u, A¢) — (p,div ¢) = (F,¢) for all ¢ € Y27 (Q).

The restriction p := p|cge () solves the problem. O

By the definition of Y24(Q) it follows, that whenever a trace operator
tr : H>9(Q) — T(D)

for a boundary portion D C 99 is well-defined (as a continuous linear operator
into some boundary space T(D), which coincides with the usual trace u|p on
Wla(Q)), then for the solution u € Y;%9(Q) one has tru = 0.
In the case, where data and solutions are regular enough (including the case
B =1 of weak solutions), we want to deal with inhomogeneous boundary values.
If 8 > 1, then HZ:4(Q) — WL9(Q) which implies the existence of a continuous
trace operator

tr: H29(Q) — TL909Q), tru=ulag if ue C®(RQ).

As in the case of weighted Sobolev spaces we define the associated boundary space
by

T3(09) = tr (H()

equipped with the norm HgHTg’q({)Q) = inf {||ul|g,guw.0 | u € HSUQ), tru=g}.

w
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LEMMA 4.2. For every B € [1,2] one has [T%(9R), T2 (00N)]|g—1 =
T59(082) and there exists a continuous linear extension operator ext : TH4(9Q) —
HP9(Q), independent of 3.

PROOF. As shown in [21] one can prove as in the unweighted case that
there exists a unique solution to the Dirichlet problem (1 — A)u = 0, ulogr» = g.
This solution u is regular according to the data, i.e., ||u|lg,qw < c||g||Tk,q(Rn,1)

for k € N. Using this a straight-forward localization procedure yields that there
exists a continuous linear extension operator

ext : TH(9Q) — WE1(Q) and ext : T27(9Q) — W21(Q) (22)

with ext glspo = g. Moreover, by definition the trace operator tr : W14(Q) —
T14(09Q) and tr : W29(Q)) — T29(9) is continuous.
Obviously one has tr o ext = id TL9(50) and thus Theorem 2.6.5 shows

[T (09), T34(0)] 5_, = tr [Wy!(Q), WRI(Q)] ,_, = tr H(Q) = T,)4(0Q).

B

Thus the first assertion is proved. The second assertion follows from the first
combined with (22). O

THEOREM 4.3. Letl < g < oo, w € Ay and 1 < B < 2. Moreover, let
F e HE29Q), K € HJ719(Q) and g € TS1(09Q) with [ K = [,,9 - N. Then

there exists a unique weak solution u € H31(Q), i.e.,

(Vu, Vo) = (F,¢), forall ¢ €W, ,(Q)

w,0,0

fulfilling ulpq = g and divu = K in the sense of distributions. This solution fulfills
the estimate

lullg,gw < c(I1Fllg-2.0,0 + K ll5-1,0,0 + 9]l 75.0(00))-

Moreover, there exists a pressure function p € HS~19(Q), unique modulo con-
stants, such that the Stokes equations are fulfilled in the sense of distributions.

ProOF. First of all recall that if 8 € [1,2], then 8 — 2 € [—1,0], which
implies F' € HP=29(Q) = Y,/=29(Q).

EXISTENCE: For g € T24(9Q) there exists v € H24(2) such that trv = g
and [|v]|g,q,w,0 < 2||g||Tg,4(69). Since there exists an extension V' of v to the whole
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space R" that fulfills the estimate ||V||,q,w,r» < ¢||v]8,q,w,0, One has
Av = (AV)|cse) € HY729(Q) = Y7 29(Q).
Hence by Theorem 4.1 there exists U € H24(€2) solving

(F+Av,¢) = —(U,A¢) forall ¢ € Y27 (Q) and

(K — divu, ) = —(U, Vo) for all » € Wh? ().

Since U € Y21(Q) C Wi”%(Q), we obtain by integration by parts for ¢ € YUQJ;?;(Q),
which is dense in W;’,‘fo (), that

(V(U—F’U),V(b) = _(Ua A(b) - <A’U,¢)> = <Fa (b)a

where by the density of C§°(Q) in Wi}%(Q) one can apply the definition of the
derivatives div to Vw in the sense of distributions. Setting u := U + v we obtain
divu = K in the sense of distributions and tru = trv +trU = trv = ¢g. Moreover
by the a priori estimate (21)

lullg.gws < c(lgllppapn) + 1Fls-20wa + [Av]5-2,4w.0
+1Klp-1,qw0 + |divols-1,4we)

< c(llgllpgacony + IFls-2qwe + 1Kls-1.4w.0)-

UNIQUENESS: Note that [¢ — —(F,¢) + (g, N - Vo)aqa] € Y, 29(2). Thus
the uniqueness of u follows from the one of very weak solutions shown in Theorem
2.8.

PRESSURE: To show the existence of p we use that by de Rham’s Theorem
[27, Chapter 1, Proposition 1.1] there exists p € (C§°(2))" such that the Stokes
equations are fulfilled in the sense of distributions. From the equation we obtain
Vp € HP=24(Q). It remains to show p € HS~19(Q). However, this follows by
Lemma 4.7 below and the proof is complete. (I

Now we turn to the case 0 < 8 < 1. In this case the functions in H29(()
in general do not possess enough regularity to guarantee the well-definedness of a
trace operator. Here we define boundary spaces by
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T4 (0Q) = [T9(09), T,y (09)] 5 (23)

equipped with the norm of the interpolation space.

THEOREM 4.4. Letl < g < oo, w € A; and 0 < g < 1. Assume that
feYy,24Q) and k € H;})’q(ﬂ) allow decompositions into

(f,6) = (F,¢) — (g, N - Vo)oq for every ¢ € Y27 (Q),

, (24)
(k) = (K ¥) = (9. Nv)o  for every ¥ € W, (Q)
with F € Y~24(Q), K € Hgfol’q(Q) and g € T>1(08Y). Assume in addition that
K and g fulfill the compatibility condition (K,1)q = (g, N)aq-
Then the very weak solution u € L1 () with respect to f and k, which exists
according to Theorem 2.8 is contained in H29(QY) and fulfills the estimate

[[ul

Bagw < C(||F||Y£*2’q(gz) + ”K”Hg})lvq(g) + HgHTﬁq(aQ))' (25)

REMARK 4.5. The regularity of the data in Theorem 4.4 is in general not
sufficient to guarantee that the restriction of the corresponding solution u to the
boundary is well-defined. Accordingly, without the additional regularity the de-
composition of the data (24) is in general not unique.

If we assume in addition that F € W, " () and K € L’ (Q), where r and
w € A, are chosen such that

Wl (Q) = Y29(Q) and L () — HI () (26)

w w,0

one obtains by Theorem 2.9.3 that the trace u|sq is well-defined and that one has
u|oq = g, where g is the given boundary condition.

PROOF OF THEOREM 4.4.

STEP 1: We consider the operator
B: Tp"(0Q) — LE,(Q), g+ u,
where u is the very weak solution to the Stokes problem with data

f=1¢p— (9, N -Vg)aa] and k= [ — (g, NY)aql.
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Obviously, B is linear and continuous, also considered as an operator B
TL9(0Q) — WL4a(Q). This follows from Theorem 4.3 in the case 3 = 1 since
the very weak solution with respect to f and k coincides with the weak solution
with 0 force and divergence and boundary condition g. Thus interpolation yields
that B : T24(0Q) — H24() is continuous.

STEP 2: Let U = Bg € H?%(Q) be given by Step 1. Moreover, let v €
Y24(Q2) be the very weak solution to the Stokes problem with respect to the data
F, K, which exists according to Theorem 4.1. Then u := U + v is a very weak
solution with respect to f and k and fulfills the estimate (25).

The uniqueness of the solution follows from Theorem 2.8. O

COROLLARY 4.6. Let Q be a bounded C''-domain. Moreover, let 1 < q,r <
00, w € Ay, v € A, and 0 < 3 <2 be given such that H9(Q) — L7(Q2). Then

TE1(9Q) — TO(9Q).
PrOOF. Let g € T29(98). Then the very weak solution u € H29(2) to

—(u,A¢) = (g, N - V¢)oq forall ¢ e Yj,’?;(ﬂ),

—(u, V) = (g, Nv)oq  forall 1 € WLT(Q)

fulfills JJu|lg,q.0 < c||g||T5,q(GQ). Moreover, one has u € W;;‘ (defined in Theorem
2.9.4) with |ullzrr = ||lull;» and divu = 0. Thus the tangential and the normal
trace of u are well-defined in the sense of Theorem 2.9.4. Since u|gq = g, we obtain

O

”gHTSvT(aQ) < dullrp < cllullggw < cllg TS 1(89)"

The results of this section can be used for the proof of the following Lemma
which is needed to estimate the pressure in Theorem 4.3. Since the pressure is
well-defined only modulo constants, we consider the space H2:4()/const. If 3 > 0
this space can be identified with the space of all u € HZ:7(Q) such that (u,1)g = 0.
If 8 < 0 one has

!/
HP4(Q) /const. = {¢ € H;,%q/(Q) ’ o= 0}
Q

via the isomorphism u + R — u ‘ .
P + |{¢eH;ff;f (@[, =0}
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LEMMA 4.7. Let —1 < 3 < 1. Let p € (C3°(Q)) with Vp € HE~19(Q).
Then p € HZ9(Q) and there exists a constant ¢ = c(8, ¢, w) such that

1211 5184 rconse. < ElIVPI gzg-1.0-

PROOF.

CasgE 1: Let 8 < 0. By Theorem 2.5 for every ¢ € Wllu’,?o(Q) with [, ¢ =

there exists ¢ € Wi}%(Q) such that div¢{ = ¢ and ||C]l2,¢/.w < ¢||@]l1,4/,w7- The
function ¢ can be chosen such that the mapping ¢ — ( is linear and fulfills the
additional estimate ||C||1.¢/,0 < c||®]lg7 w

For a moment we consider the mapping ¢ +— ( as a mapping from LZ}I,(Q)
to Hllu’,q/ (R") and from H;’,%(Q) to Hi’,q/(R") assuming that ¢ is extended by 0
to a function defined on R™. Thus by interpolation we obtain for v € [0, 1] that
||§HH7+1 7 (gny < c||¢>||H7 v (@) Since for ¢ € C§°(£2) one has supp ¢ C €2, we have

shown HCHHWA o () < c||¢||H7 “ () This implies the estimate

[{p, Sl = [, div Qal < IVl gg-rallSl o0 < el VPl g-ralléll 5.0

for every ¢ € C5°(£2). This is the assertion for 5 < 0.

CAseE 2: Let 8 > 0. We consider the solution operator . : f — p where
(u,p) solves

—(u, Agp) — (p,dive) = (f,¢), forall ¢c Yf};q'(Q)
and (u, Vi) = 0 for ¢ € Wjﬂq/(Q)a (p,1) = 0. By the Theorems 2.8 and 2.9
S Yy 2UQ) — Wy p(Q) and 7 1 L4,(Q) — Wh(Q)

is continuous. By the interpolation theorems proved in the Sections 3.2 and 3.3
and the fact that 8 € (0,1] and .Vp = p — (p, 1) we obtain the estimate

[P = (0, Dl o a) = C”prH —LaQ), WJ,‘I(Q)]% < cl[Vp| [YJz’q(Q)xLZ)(Q)]%

< C||Vp||yg—1>qm) = VP10 =
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5. The stationary Navier-Stokes equations.

5.1. Estimates of the nonlinear term.
We prepare some embedding theorems. These theorems are proved by the use
of weakly singular integral operators. Thus for 0 < < n we define

o) = [ I dy = 7 e o), (27)

where the second equality holds by [24, V, Lemma 2] for an appropriate constant
ce R.

THEOREM 5.1. Let0 < B <nandl <p<g<oo,veEA, andw € A,.
Moreover, assume that v and w fulfill the condition

1 1
|Q|Zl(/ w>q</ v_pil)p < c for every cube Q C R"
Q Q

with a constant ¢ > 0 independent of Q. Then
L fllgw < || fllpw for every f € LY(R").

PrROOF. This is a special case of [19, Theorem 1, (B)]. O
LEMMA 5.2. Letw € Ay, v € A, with

1 1
|Q|Zl(/ w>q</ v_pil)p < c for every cube Q C R"
Q Q

with a constant ¢ > 0 independent of Q. Then one has
H)P(R"™) — L1 (R"™) for every ~ > f3.
PrROOF. By [13, Lemma 3.2] the embedding
M = {f € S(R") | f=0in a neighborhood of 0} — H?(R™)

is dense. Moreover, we define Jsf := cZ1¢P(1 + €|2)"2.Z f, where c is
the constant from (27). Then by the Multiplier Theorem 2.4 the operator
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Jg o LP(Q)) — LP(Q) is continuous. Moreover, for f € .# one has f = IgJgAgf.
Thus one obtains using Theorem 5.1 for every f € .#

1z, mey = MpTsApfllLs,rr) < ellJsAsfllLerm) < cllAafllLsmm

= C”f”vaP(Rn)'

Thus by the density of .# in H??(R™) the inequality holds for every f € H??(R™)
and one obtains H)P(R") — HPP(R") — L (R"). O

LEMMA 5.3. Let Q@ C R"™ be a bounded Lipschitz domain. Moreover, let
1<s<r<g<oo,r>1 and assume 0 < B < n such that

> — = (28)

ns

1 B
-

=

Then for every w € Ay the following embeddings are true:

L. HJ"(Q) — LL(Q).
Hg;ql (@) — LZ:T(Q), where wg = wTT and wy, = w T,
L) = H,P(Q), IL(Q) — H,3"(Q) and for 3 € [0,1] one has
Wb (Q) = Y ' =P(Q).

4. If B €0,1], then one has HL"(Q) — HL=59(Q).

PrROOF. We begin with showing that without loss of generality we may
assume that 1 < s <r. Let s =r. Since r > 1 and w € A, by Lemma 2.1.3 there
exists t € [1,r) such that w € A;. If (28) holds for s, it holds for s replaced by ¢
in any case. Thus we may replace s by t < 7.

1. By [13, Corollary 3.2] the asserted embedding holds if there exists a con-
stant C' > 0 such that \Q|§w(Q)%7% < C for all Q C U for some open set
U D Q. By Lemma 2.1.1 we know that for every Q C U and w € A; it holds
QP < {T5w(Q) = cw(Q). Thus

Q" w(Q)i~

. I3 1 1 .
since (= + o — > 0 by assumption.

2. As above Lemma 2.1.1 states that w € A implies w(Q) > ¢(U)|Q|° for
every Q C U, where U is some bounded domain with  C U. It has been shown

in [10, Lemma A.2] that in this case there exists a weight function W € A, such
that W = w on Q and W(Q) > ¢(U)|Q|® for every cube Q C R™.
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Now by Theorem 3.2 we know that
HYT () = HY ()

with equivalent norms. By Lemma 5.2 the condition

|Q|_1</QWT>T/ (/Cg(wq)qfl—l> "¢ for every cube Q C R" (29)

implies H%}Z/ (R") — LG,T(R”) for every v > a. Thus we have to show (29).

__1
Since Wy, 71 = W71 = W = (V[/q)fq’lfl7 we calculate using the definition
of Muckenhoupt weights, W € A, and ; — 1 <0

) (=) -

<cl@
The last term is bounded if % + 3(% — %) = 0. There exists 0 < a < § so that this
is true, because 3(% — %) < 0 and for o = 3 one has g—i—s(% — %) > g — s% =0.

Now for [ € H%q/(Q) there exists an extension F € HJI}SI(R") with
||FHH’Y q Rn) — 2Hf||H‘V q (Q < CHf”H“rq (Q One Obtalns

Q

QG < IF T,

/]

L < ||F||L““/ (R™) < CHF”H;’V’ZI(R") S c”f”Ha/lg/(R")’

wip

and the asserted embedding is proved.

3. Considering the dual spaces in 2 we obtain L], () — H;f)’q(ﬂ). Moreover,
since Hg;%((l) — Hg;q/(Q) < L7 (), one also has L, (Q) — H, Q).
Finally, for u € W57 (Q) and ¢ € Yj,’q (Q) one has by the Poincaré inequality

[(w, @) < cllull—1,rw VIl < cllull 1wl VElsq,

7w’
g, W

This proves the last embedding.
4. For u € HL"(9) one has by Lemma 4.7 and 3
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u—/udw
Q

Thus [[ufl1—p g < cllu

< [Vull-g,qw < e Vullpw < cllull1rw.
1-8,q,w

[1rw + Jo [ul de < cflully,rw + cfju

W S C||U| 1,rw- O

LEMMA 5.4. Let Q C R" be a bounded CV'-domain. Assume w € A, for
somel < s < qand 8 > %71 in the case n > 3 and 3 > %Sfl in the case

2
n=2.

1. In addition, let 0 < <1 and 1 <t < oo with

+-—-=0. (30)

Then w € Ay, L, (Q) — Hg,_ol’q(Q) and
a) for every u,v € H34(Q) and ¢ € H;;B’q,(Q) one has

‘ /ump dz

b) for every k € Lt (Q), u € H?1(Q) and ¢ € Hifﬁ’ql (Q) one has

‘ / kuo dx

2. If1 < B <2 then |Ju-Vv|g_2,qw < clu
H3(Q).

< cflul

B0l Vllg.qwl[ Pl

< cl|lk

tow [l 8,00l

1,t" w’-

Bawlvllsgw for every u,v €

PROOF. One has

. nsq - nsq ns
= =—>s.
g1 —pB)+ns = q2—")+ns 2

Thus, by Lemma 5.3 one has Lf () — Hg,_ol’q(Q) and quﬁ’q/(Q) — Lf:,t(ﬂ).
1. a) Let r := 2¢t. Then one has
ol % + £ >0 and hence H?(Q) «— L7 (Q). If ¢ < r this follows from

T ns —
Lemma 5.3 and if ¢ > r then one obtains from the definition of the spaces

HP(Q) — L9 (Q) — L (Q).
° % + % + tl, =1.
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(] _ﬁ“r%‘f'%:o

‘ /uvgb dz

1
S .
= ‘/uwrvwr Yw} dr

<HullrwllvllrwllPlle w, < cllulls.gwlvlls.guwldlew,-

1. b) First we assume that 8 < %. We set r = _q"ﬁs_gns and n = (1 — % -
1\—1 t
?) - rt—rt—r' Then
° n’:%:m> "B—ZSZSifnZ& If n = 2 one needs the stronger
assumption on (3 to ensure n’ > s.
14p— 2 ,
o it = it = et >0 Hence Hy (Q) — L, ().

1 1 1 _
~w—om ity =0

Thus we can estimate as above

Jos

If 3 > % then HP9(Q) — L7 (Q) for every r € (1,00). Moreover, we find some
1 > t' such that H&;ttl(Q) — L, , (Q). Choosing r such that X + % ++ =1 we can
repeat the above estimate.

1 1 1 _
.;+;+;_1and

<|lx Bawll @l aw, -

ol wll@llnw, < cllkllwllul

2. As above we begin with the case § < %. Let n := n?f‘flﬂ, W= %
and 7 := 5—=54——. Then one has
ns—2Bq+q

1_1,1

I

er > >sifn >3 If n =2 we need the stronger assumption on 3 to
ensure 7 > s. Moreover, % > % — 28 thus LT () — Hgﬁ,q(g)_

=1 — 2 which implies H(Q) — L7,(2).

_ 821 % which shows HS~19(Q) — L ().

ns

Q= I =

Thus it follows from Hoélder’s inequality
[uVollg—2.4w < clluVo]lrw < ellullywlVollpw < cllullpgwlVolls-1guw-

If2 >3 > % then HBE4(Q) — L1(Q) for every n € (1,00). Thus if 8 # 2 we
repeat the above estimate with r as above, u = ¢ and 7 such that % + i = %

If 3 =21let r = ¢ and we may choose y > ¢ such that HZ=14(Q) — LZ(Q)

and 7 such that %Jri:l. (]

r
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5.2. Stationary Navier-Stokes equations in Bessel potential spaces.
In this section we always assume

e QO C R" is a bounded C'!'-domain,
e 1l <g<ooandwe A, for some 1 < s < g,
° 66[0,2]with%—1<5.

If n < 3 one can always choose such a 3 since by Lemma 2.1 for every w € A,
there exists s as above with s < ¢ and w € A,. Thus % —l<n—-1<2.

DEFINITION 5.5. Let 0 < 3 <2, 1< ¢ < ooandw € A4, Moreover, let
g €TP10Q), F e Y249(Q) and K € L% (Q). Then u € H?9(Q) is called a very
weak solution to the stationary Navier-Stokes equations, if

—<’LL, A¢> - <uu7 V¢> - <K’LL, ¢> = <F> ¢> - <g7 N - v¢>80 for every gb € YuQ;’,?(:—(Q)7
—{u, Vp) = (K, ¥) — (9, N)aq for every 1 € Wi?q/(Q).
THEOREM 5.6. Let g > 1, w € Ag for some1 < s < q,0< (<1 and

6 > % —1ifn>3andp > —% + %S if n = 2. Moreover, let F € Y,/=24(Q),
K € Lt,(Q) with

+---=0 (31)

and g € T21(00) with (K,1)q = (g9, N)aq. Then there exists a constant p > 0
independent of the data such that, if

1Fllyp-2a + |1 Kllt,0 + 19l 7.0 50y < ps

then there exists a very weak solution u € H21(Q) to the stationary Navier-Stokes

w

equations. This solution satisfies the estimate
el < UF =100+ 1Kt + gl rgee o) (32)

with ¢ = ¢(B,q,w,Q) > 0. Furthermore, if we assume in addition that F €
W LHQ), then u fulfills ulpq = g in the sense of Theorem 2.9.4.

w

ProoOF. By the Lemmas 5.3 and 5.4 one has

L, () < Hyo""(Q) and W, M(Q) < Y] 729(Q).
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For u € HZ9(Q) let W (u) € (C5°(£2)) be given by

(W (u), ¢) = (uu, Vo) + (Ku, ¢) for all ¢ € C5°(Q).
By Lemma 5.4.1 one has for ¢ € C§°(9)

(W (u), &) < c(llullf g + 1K lewllull p.q.0)]

and hence W (u) € W, 14(Q) — Y=29(Q) with

W (W)llyg-20 < ex[W()|-100 < e

w I [t wllullg.g.0)- (33)

We define the mapping S : H249(Q) — H4(Q) by

—(Su, Ag) = (F,¢) + (W(u), ) — (9. N - Vd)an for every ¢ € Y7 (Q),

—(Su, Vi) = (K,v) — (g, N)aq for every 1 € Ww}q (Q).
The operator S is well-defined by Theorem 4.4.
We want to use Banach’s Fixed Point Theorem to show that S has a fixed

point under the assumption that the data is small enough.
By the a priori estimate in Theorem 4.4 we know that

lvllg.q.0 < D(

)5 (34)

if v is a very weak solution to the Stokes problem with respect to the data F €
YS=24(Q), K € Lt,(Q) and g € T21(99).

We assume that the data F, K and g are chosen small enough such that the
right hand side of (34) is strictly smaller than p := & D, where c is the constant in
the estimate (33) and D is the constant in the a priori estimate (34). Without loss
of generality we assume that D > 1, which implies that additionally ||K||¢ . < p

Furthermore, it follows from (33) and (34) that for such data and 0 = 5
the closed ball Bs(0) in H29(2) is mapped by S into itself.

The next step is to show that S is a contraction on Bs(0). Take u,v € B;s(0).
Then Su — Sv is a solution of

cD

—(Su— Sv,Ag) = (W(u) — W(v),8) for every ¢ € Y27 (Q),

w’,o

—(Su— Sv, V) =0 for every ¢ € WAL (Q).
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Moreover, from Lemma 5.4.1 we obtain

[(W(u) = W(v),9)|

((u=v)u, V)| + [(v(u = v), V)| + [(K (u —v), )|

<
< c(llullg,gw + 1Vllg.q.0 + 1K lew) llw = vl gl @l w,

5
= 65”“ - U||ﬁ7q7

Thus we obtain from the a priori estimate (34) that

)
15u = Svllg.qw < DIW (u) = W(0)|-10 < gllu = vllsg0-

Now Banach’s fixed point theorem gives us the existence of a unique fixed point
of S within the ball Bs(0) and hence of a solution u € H?7(Q) to the stationary
Navier-Stokes system.

The a priori estimate (32) follows from

(u)
< D(|Fllyg-2a + 1Kt + gl g0 o) + c(Ilul

Baw T IE e wllulggw))

since De(
of the above equation.

Now assume that F € W, 14(2). It remains to show that in this case the
solution w fulfills the boundary condition ulsq = g. To see this one uses the fact
that u is a very weak solution to the Stokes equations with respect to the data

w) < 2 and we may subtract 2||ul|g g, from both sides

f=1p— (F,¢)+ (W(u),¢) — (9, N - V)aal,
k=Y (K,¥) — (9, NY)aql,

where f|oee () = [¢ — (F, ¢) + (W(u), ¢)] € W1 (Q). Then the assertion about
the boundary values follows from Theorem 2.9.4. O

DEFINITION 5.7. Let 1 < 8 < 2. Moreover, let F € HZ=29(Q), K €
HP=19(Q) and g € T29(99). Then u € H?(Q) is called a weak solution to the
stationary Navier-Stokes equations, if

(Vu, V) + (u- Vu,¢) = (F,¢) for every ¢ € g, (),
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divu = K and ulsq = g.

THEOREM 5.8. Let 1< f<2andf> " —1ifn >3 and f > 2 — ]
if n = 2. Moreover, let F € H?=%4(Q), K € H?~19(Q) and g € T>1(08) with

JKdx= [,,gNdS. Then there exists a constant p > 0 such that, if
1Ellg-2,q,0 + 1 K|lg-1,q,0 + ”9”775‘1(39) <p

then there exists a weak solution u € H2(Q) to the stationary Navier-Stokes
equations. This solution satisfies the estimate

Hu”&qw < C(”FH[?—Q,q,w + ”K”ﬂ—l,q,w + ||9||T5ﬂ(ag))

with ¢ = ¢(B, q,w, Q) > 0.

PrOOF. This can be proved in the same way as Theorem 5.6 using Lemma
5.4.2 instead of Lemma 5.4.1 and Theorem 4.3 instead of Theorem 4.4. ([

The very weak solution is unique even without the assumption of the smallness
of the exterior force f and the boundary condition g. In the case n > 3 this
follows from the uniqueness of very weak solutions to the stationary Navier-Stokes
equations in the unweighted case which has been proved in [6]. This is shown in
the following theorem.

THEOREM 5.9. Let the data F,K and g be given as in Theorem 5.6 or
Theorem 5.8, respectively, and let u be a very weak solution to the stationary
Navier-Stokes system with respect to the data F, K and g.

Then there exists a constant p > 0 such that under the condition that

lullg.gw + 1K ]lew < p

there exists at most one very weak solution to the stationary Navier-Stokes equa-
tions according to Definition 5.5.

PrROOF. By Lemma 5.3 and Lemma 2.2 one has for g < %

nsq

ue Hyt(Q) = L™ ™ (Q) — L=+ (Q) = L(Q),

where, by the assumptions on 3, one has 7 := 7qgin8 > n.

For 3 > % the embedding HP9(Q) — L (Q) holds for every u > 1. If we

w w
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choose = ns with n > n, then we obtain that also in this case
HP(Q) — L"(Q). (35)

We want to show that 7 > n in (35) can be chosen such that K € L#%7 () and
F e Wﬁl’%(Q) is fulfilled additionally. If 3 < 1 then one has by assumption
K € Lt (Q) and F € W, (Q) and by the proof of Lemma 5.4 one has t > % =
Tﬁfl . Thus we find 1 with the asserted properties, since again by Lemma 2.2 one
has the embeddings

L (Q) — L=() and W, Q) — W15 (Q).

Now let 3 > 1. Then the embedding HZ~14(Q) — Lt (Q) follows directly from
Lemma 5.3 and Y,?=29(Q) — W 14(Q) follows when taking the dual spaces in
the embedding W'y (2) < Y2777 (Q), that is shown in Lemma 5.3.

Moreover, from Corollary 4.6 we obtain that g € Wf%ﬂ”(@Q) = T)(00).
Hence data and solution are contained in the same spaces as in [6, Theorem 1.5].
Thus exactly the same proof as given there can be used to show that two solutions

that correspond to the same data coincide. O
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