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Abstract. Let S be a non-empty finite set of prime numbers, and let F' be an
abelian extension over the rational field such that the Galois group of F' over some
subfield of F' with finite degree is topologically isomorphic to the additive group of
the direct product of the p-adic integer rings for all p in S. Let m be a positive integer
that is neither congruent to 2 modulo 4 nor divisible by any prime number outside
S but divisible by all prime numbers in S. Let {2 denote the composite of p™-th
cyclotomic fields for all p in S and all positive integers n. In our earlier paper [3],
it is shown that there exist only finitely many prime numbers [ for which the I-class
group of F' is nontrivial and the m-th cyclotomic field contains the decomposition
field of I in {2. We shall prove more precise results providing us with an effective
upper bound for a prime number ! such that the l-class group of F' is nontrivial and
that the m-th cyclotomic field contains the decomposition field of [ in (2.

Introduction.

An abelian extension over the rational number field @ in the complex number field
C will be called an abelian number field. Let S be a non-empty finite set of prime
numbers, let Z, denote for each p € S the ring of p-adic integers, and let Q° denote the
abelian number field such that the Galois group Gal(Q®/Q) is topologically isomorphic
to the additive group of the direct product of Z, for all p € S. Let F' be any abelian
number field which is a finite extension of Q°. As is well known, arithmetic properties
of F have been studied with great success in virtue of Iwasawa theory (cf. Friedman [1],
Washington [6], [7], etc.). Let £2 denote the composite of the cyclotomic fields Q(e?™/P")
for all p € S and all positive integers n. Take a positive integer m, with m # 2 (mod 4),
which is divisible by all prime numbers in S and not divisible by any prime number
outside S. It then follows that 2 = Q%(e*™*/™). For each prime number I, 20 will
denote the decomposition field of [ for the abelian extension 2/Q. Given any abelian
number field M, we let C'y; denote the ideal class group of M and, for each prime number
I, we let Cps(1) denote the I-class group of M, i.e., the [-primary component of Cpy.

After some initiative investigations of [2] partly based upon [6], using the algebraic
interpretation by Leopoldt [5] of the analytic class number formula, we have shown in
[3] that there exist only finitely many prime numbers [ such that C'r(1) is nontrivial and
such that Q(eQ’”/ ™) contains W, Meanwhile, among others, the simplest case where
F = Q° with |S| = 1 is treated effectively by [4]. In the present paper, we shall pursue
our arguments in [2], [3], [4] to prove some results actually giving us an explicit constant
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¢ > 0 such that C'r(l) is trivial whenever
1>¢ and U CQ(e*/™).

A few additional remarks, for instance, on the cardinality |Cr| will also be made in
connexion with distinguished results in [1], [6]. We shall devote the last part of the
paper to indispensable corrections to [3], [4].

ACKNOWLEDGEMENTS. The author expresses his most sincere gratitude to the
referee who read the paper in manuscript very carefully, and made very helpful comments
on it, which included kind corrections of the author’s several mistakes.

1. Statements of main results.

In this section, we shall state our main results, with giving definitions needed for
the statements.
For each prime number p, put

p=p or p=4

according as p > 2 or p = 2; for each positive integer u, let [u], denote the p-part of u,
that is, the highest power of p dividing u. We note that p < [m], for each p € S and that
a prime number | ¢ S satisfies Q) C Q(e?>™*/™) if and only if, for each p € S, either
19() £ 1 (mod p[m],) or [l — 1]y = [m]y with p = 2, where ¢ denotes the Euler function
as usual. Naturally, there exists a unique abelian number field & of finite degree with

= kQ°” such that, for each p € S, the p-part of the conductor of k divides p. We then
ﬁnd that kN Q° = Q. Given any positive integer n, let D,, denote the absolute value of
the discriminant of Q(e*>™/™), and let

[n

(n) = (p(n) —1)E=D/2 o Z(n) =1

according as n > 3 or n < 2. It is well known that

»(n)
_ (n)
Dn H<p<p 2)/(r- 1)) = e,

p ranging over the prime divisors of n. However the inequality

et 1
rl—2)/(z—1) —

holds for each real number z > 2. Hence we obtain D,, < ¢(n)?™, which implies that

(oln) =17 ( 1 ><P(n>.

D, el
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Whenever p(n) > 2, the right hand side of the above inequality is at least equal to 1/4
since, for a real variable £ > 1, (1—1/¢)¢ is an increasing function. Hence, taking account
of the fact that Dy = Dy = 1, we always have

Z(n) S 1
VD, © 2y/p(n)

(1)

Now, for any abelian number field M, we denote by M™ the maximal real subfield
of M, so that M = M™ if M is real. We see particularly that

F+:k.+QS7 kJrﬂQS:Q.

Let ug be the least common multiple of m and the exponent of Gal(k/Q); let ng be the
least common multiple of m and the exponent of Gal(k™/Q). It is obvious that ug = 2ng
or ug = ng. Let d = [],c5([nolp/p), and let Q@ denote the unique subfield of Q° with
degree d. Then kTQ* is the unique intermediate field of F'™/k™ with degree d over k.
We write h* for the class number of kTQ*. Let )¢ be the number of distinct prime
divisors of ng, and v the product of prime numbers ramified in k* or belonging to S. We
put

S 220=205(20)p(ng)3 = (ng) > pesPp—1)

no)— 2¢(n
(log 2) D2 ("0) D/ e(mo)

We further put

. ~ 1/¢p(p—1) d 5
o — o 2= V@)l e (2 e Ulaes @
pes D T s/) pes  [dpp

A =log (J(ga(?v)now(tm)l/zpes 99(17—1))1/“’("0)).

Here s denotes the minimum of p for all prime divisors p of v, and ¢ the maximal divisor
of the conductor of k™ relatively prime to m. In view of (1), we easily have A > 1.

THEOREM 1. Assume that F is real: F* = F, k¥ = k. Let | be a prime number
such that 20 C Q(e2™/™), 1 does not divide ugh*t = noh*t, and

log/l #(no)
> .
1> (JA(1+ A_1>>

Then Cr(l), the l-class group of F, is trivial.

Next, let Q' be the subfield of Q° with degree m?/ [[,esp- We write h~ for the
relative class number of kQ’, namely, the positive integer defined as the ratio of the class

number of kQ' to that of (kQ')™ = k*Q’. We put m’ =[] g[uo]p, and write ¢’ for the
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maximal divisor of the conductor of k relatively prime to m. Denoting by 7 the minimum
of [m], for all p € S, we put

1/¢([m]p)
§ = max p (log[m], + ¢)

, with CZL—logz.
peS [m]

rsin(w/r) 2

Note that ¢ > 1 — log(n/2) > 1/2. For each abelian number field M, we let 9y denote
the norm map Cyr — C)py+, and let C; (1) denote, for each prime number I, the I-primary
component of the kernel of the group homomorphism 91,;.

THEOREM 2. Assume that F' is imaginary. Let | be a prime number such that
W C Q(e* /™), I does not divide mh~, and

2

- <5t’m’ Hpesﬁ> e (o)

Then Cg (1) is trivial.

As My is surjective by class field theory (in the case where F' is imaginary), it turns
out that, for each prime number I, Cr(l) is trivial if and only if both Cp+(I) and Cx (1)
are trivial. Thus we obtain the following result from the above two theorems.

THEOREM 3. Assume that F' is imaginary. Let | be a prime number such that
W C Qe /™), I does not divide noh*th™~, and

(no) ot'm’ 5\ #(uo)
zzmax<<m(1+1°g )) (mHsp) )
A—1 2

Then Cr(l) is trivial.

2. Proofs of main results.

In this section, we shall prove the first two theorems stated in the preceding section.

Given any primitive Dirichlet character x, we denote by g, the order of x, denote
by f, the conductor of x, put ¢, = e2™/Ix | and define x* to be the homomorphism of
Gal(Q(¢y)/Q) into the multiplicative group C* = C'\ {0} such that, for each integer u
relatively prime to fy, x(u) is the image under x* of the automorphism in Gal(Q(¢y)/Q)
sending ¢, to Y. Let K, denote the fixed field in Q((,) of the kernel of x*:

Gal(Q(¢y)/Ky) = Ker(x").

Then K, is a cyclic extension over @ of degree g, with conductor f,.

Next, suppose that x(—1) = 1, namely, K, is real and that x is not principal. Let
E,, denote the group of units ¢ in K, such that, for every proper subfield L of K, the
norm of € for K, /L is 1 or —1. Let
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9)( — H (eﬂia/fx _ e—‘n'ia/fx)7

a

with the product taken over the odd integers a satisfying

F

xa)=1, O0<a<———.
. 5ed(2, )

Let R, denote the group ring of Gal(Q(e™//x)/Q) over the ring Z of (rational) inte-

gers. Take an automorphism o of Q(e™/fx) for which the restriction o|Q(C,) satisfies

X*(01Q(¢y)) = €*™/9x, and put

A=T[a-0%/")  inR,,
p

where p ranges over all prime divisors of g,. Considering the multiplicative group
Q(e™//x)* to be an R,-module in the usual manner, let

and let H, denote the 9, -submodule of Q(e™/#x)* generated by n and —1. Note here
that H, depends only on y because 7%, an element of K, does not depend on the choice
of 0. It is known that H, is a subgroup of E, with finite index (cf. [5, Section 8]). We
denote by h, the index of H, in F,:

hy = (Ey : Hy).

Now, to prove Theorem 1, the following result is essential.

PROPOSITION 1.  Assume F' to be real. Letl be a prime number not dividing noh*t
such that 20 C Q(e*™/™) and that Cr (1) is not trivial. Then there exists a real number
xo > 1 for which

xg(no)

e

PrROOF. Let X be a set of nonprincipal primitive Dirichlet characters such that
K, C F for each x in X and that, for any nonprincipal primitive Dirichlet character
© with Ky C F, there exists just one Dirichlet character x in X satisfying K, = K.
For each subfield L of F, let X(L) denote the set of Dirichlet characters x in ¥ with
K, C L. Since Cp(l) is not trivial, there exists a subfield K’ of F of finite degree with
class number divisible by I; [ | |Ck/|. Since | does not divide h*[K'kQ* : Q] by the
hypothesis on I, we know from [5, Satz 21] that
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I Badi=1Cx )] >1

XEX(K')

and that

[ bdi=ml=1 (2)

XEX(kQ™)

In particular, there exists a Dirichlet character ¢ in X(K') with [ | hy.
Next, for any subset R of S, let X denote the set of Dirichlet characters y in X for
which

{p €s | [fX]P :ﬁ[gx]py [gx]p > [m]p} = R.

Obviously, X is the disjoint union of X% for all subsets R of S. Hence there exists a
unique subset Ry of S such that ¢ belongs to X7, We note that [f,], < d[gy]q for every
X in X and every prime number ¢q. Therefore, a Dirichlet character x in X belongs to X2
if and only if

[fxlp <Bloxlp or [fxlp = Bloxlp < Blmlp

for every p € S. As the first inequality above implies that p|f,], divides the product of p
and the exponent of Gal(k/Q), we see that any y € X2 satisfies p[fy], < p[nol, for every
p € S. This fact gives X7 C X(kQ*). Hence we obtain Ry # & from (2). It further
follows that [fy], > p[m], for all p € Ry. Hence fy is not a prime number. Let us define
a positive integer n, by

w—ng

= 9¢]

Clearly, n, divides g, and is divisible by all prime divisors of g,. Also, ny divides ng
since [gy]p divides the exponent of Gal(k/Q) for every p € S\ Ry with [fy], < Blgylp-
The hypothesis on [ implies that Q(e?™/™#) contains the decomposition field of I for
Q(e2™/9v)/Q as well as that [ does not divide fuwgy. Therefore, by Proposition 2 of [3],

l<\/7<2>\ (log(g,;wi/%(w)log(warl))w(nw) "

where A(¢)) denotes the number of distinct prime divisors of g ; furthermore, by Propo-
sition 4 of [3],

9y PPV [fulp A
> w(fw)%( 11 ((p— 1)@@))“"“’”[%%) @

PERo
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where A = Zpe R, #(p—1) (for the corrections of Propositions 3, 4 of [3], see 3 of Section

4).
Now, the relation n, | ng induces

A(W) < Ao, @(ny) | ©(no). (5)

We know however that, for any integer u > 3,

= (u)#™®) 1\ e® po1 e\
ple-1/2 ~ (1 - @(u)) 11 <p(p—2>/<p—1>) ’
u plu

with p ranging over the prime divisors of u, and that the function (1 — 1/£)¢ of a real
variable £ > 1 is increasing. Therefore

Z(ny) P ) Z(ng)#(mo)

< : (6)
ny)—1)/2 ng)—1)/2
D%( v)—1)/ Dn«;( 0)—1)/
We also have
fu 1 1
W< (=4 <
N fo <te I folo (7)
PERo

because fy > s, [fylp < [t]p for each prime number p outside S, [fy]p < [n0],B/p for each
prime p in S\ Ry, and Ry # &. Further, the integer ¢(fy)/gy divides ¢(2v):

o(fy) y
#1fs) \ o(20). ®

Indeed, for each prime number p, ¢([fy]p) divides (Plgylp) = ©(P)[gy]p- We now let

1/(¢(no)A)
vo=( Tl ,
pERo
so that
vo>1, ] [fuly < g0 ves #7D),
PERy
Since

2)\0—2 9 2
SR (fw +1) -
og?2 s
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it then follows from (3), (5), (6), (7), and (8) that

pleng)—1)/2 log 2

Ty

fomd p(ny) Ao—2 2 P(ny)
™

Z(ng)?m0) [ 220=20(20)¢p(ng)? tog 1) Eoes ¢ “”("”.
= et -172 log 2

Thus

= (‘] <1°g“7° * o) igi&p - 1))>¢(n0)'

On the other hand,

oz (( I1 = 1)52;:;—1)%})%)

PERo

S e, ¢(p — 1)log (p/((p — D(B)[m] ¥~ V))
> per, P(P—1)

> mi (1 Iy P ) > log !
2 min o — > log —,
PeRo \ " (p— 1) (p)[m]y/ #* Y w

whence, by the fact that [ny], = [m], for every p € Ry, we obtain

il PR N
(I e hmrems) =

PERo

V

This, together with (4) and (8), yields

xg(”(l)

> e(2v)now’

Once Proposition 1 is verified, we can proceed to:
Proor orF THEOREM 1. For simplicity, let

log(tk)

o1 = (poInow) T, 0x = S STy
peES

B:A(H— bg/l).

A-1
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As is already seen, A > 1 so that 3 > 1. Since

logA  Alog A

A=logag + ao, logﬁ<10g/1+/1_1 A—1"

and since the function £ —log & of a real variable £ > 1 is increasing, we see that, for each
real number x with x/a; > £,

xallogxalonOzl(jlog(jA) >a1(f—logf—A)
1 1

s (414 7ET) - R - 4) o

A-1 A-1

Now, contrary to the conclusion of the theorem, suppose that Cr (1) is not trivial. Then,
by Proposition 1,

‘TOJ »(no)
(a) < (J(logzo 4 a2))¥™) | e, xp— oylogzg — ajas <0,
1

xo being the same as in the proposition. Thus we have zo/a; < f, ie., zp < a15.
Threfore, for some real number z’,

o<z <o, 2 —ajloga’ —ajan =0,

so that

J /
J(logzg + az) < J(logz' + ag) = a—x < Jp.
1

Proposition 1 implies however that I < (J(logzo + a2))?(™). We are thus led to a
contradiction I < (J3)¥("0). Hence the theorem is proved. O

Next, let us give:

PROOF OF THEOREM 2. Note first that m divides m’ and that m’ equals m if and
only if, for each p € S, the p-part of the exponent of Gal(k/Q) divides m. Since m'/m
is not divisible by any prime number outside S, we may assume that m’ = m.

For each positive integer n, let ), denote the set of primitive Dirichlet characters
x with x(—1) = —1 such that K, is contained in the composite of k and the subfield of
Q7 of degree n. Let X be the finite set of algebraic integers in the form

) p(a)/2 627Tiya/u Fxu .
(1~ 627”/”) Z 1 — e2mifx,uza/u Z X(ja,b)€2mzab/u' (9)
b=1

a=1
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Here u ranges over the integers > 1 dividing m such that ged(u, m/u) = 1, 4 denotes the
product of p for all distinct prime divisors p of u, x runs through ), /., fy,. denotes
the maximal divisor of f, relatively prime to u, each y, runs through Z, each j,; runs
through Z, and each z, ranges over all integers relatively prime to u. Furthermore, we
then denote by gy, the maximal divisor of g, relatively prime to u, whence ug, . is the
least common multiple of u and g, by the assumption m = m’; we also let

Yo = pl/w(u) or v, =1

according as u = [m], for some p € S or w is not a prime-power.

Now, in view of Theorem 1 of [2], it suffices to prove that every nonzero element of
X is relatively prime to [ (cf. [4, Section 2] as well). Noting that an element of X' in the
form (9) belongs to

Q(eQTri/u7627ri/gX) _ 62(6271'2'/(ugx,u))7

let N be the norm for Q(e*™/(“9x.«))/Q of that element of X. Put p = e2™"/* for
simplicity. Let Uy be the set of positive integers < ug,,, relatively prime to ugy ., Ui
the set of positive integers < u relatively prime to u, and Us the set of all positive integers
< u/2. Then

p(a)/2 f
IN] < qptoe) I ( > |1_p>f«un|>

neUy a=1
( ) 1 o(a)/2 fX Y P(ugy,u)
< gt ( >
@(ng,u) ngl;o azz:l |]_ — pf)(,uza'n‘

<7u§0 fx u Z Lp(ugx,u)
|1 - ’

1 1
Z |1 -7 ngl 2sin(mn/u) = 2( Zz QSin(ﬂ'n/u)>

nelU; neU.

™ /u
2
<251n 7r/u Z /(n 1)/u 2smx)

nelUx\{1}

< m + Z/;/Tf sfi% - 71:<sin7z7/:;u) +log tan(wl/(Qu))>
u(?Tﬂ“)Hog%) _ ullogu+c)

7 \ sin(7 /7 ™

Hence
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|N‘ B 'yufx,ugo(zl)u(logu—i—c) p(ugy,u) _ fx,u'yuﬁ(logu—i—C) p(ugy,u)
21 (u) 27 '

In addition,
_ 3/2 1
ugyu | o, yuullogu +c) > 377 log3 + 3 | > 2m,

and the ratio t'mm/(ua) is an integer divisible by fy .. We thus obtain

| < (Emiullogu+ o) o)
2mu ’

On the other hand, the function (log& + ¢)/€ of a real variable £ > el~¢ is decreasing.
The definition of ¢ therefore yields

tl ~ 5 @(UO)
IN| < < mm ) .
2T

Hence, by the hypothesis on [, we can deduce that all nonzero elements of X are relatively
prime to (. O

3. Additional results.

Based upon some results in Section 1 and in [1], [3], [6], we shall add below simple
remarks mainly on the cardinality of Cp.

Let S denote the set of positive integers # 2 (mod 4) not divisible by any prime
number outside S but divisible by all prime numbers in S:

S={ueZ|u>0, u£?2 (mod4), Q%) =0}

In particular, m belongs to S. At first, suppose F to be imaginary, so that k is also imag-
inary. Let p be any prime number in S, and let k., denote the basic Z,-extension over
k, namely, the intermediate field of F/k such that Gal(k,/k) is topologically isomorphic
to the additive group of Z,. Then, by Corollary 3 of [6, Section V], there exist infinitely
many prime numbers [ for which C;__(I) is not trivial. However, for any prime number
outside S, the natural homomorphism Cj__(I) — Cr(1) is injective and maps C;__(I) into
Cr(1). Corollary 3 of [6, Section V]| thus implies that there are infinitely many prime
numbers [ for which C' (1) is not trivial. Furthermore, the composite of Q(e?™/*) for all
u € S coincides with £2. Hence, from Theorem 2, we obtain the following result.

PROPOSITION 2. If F is imaginary, then for any u € S, there exist an ezample
of m and a prime number | such that 20 ¢ Q(e*™/*), QU C Q(e2™/™), Cr (1) is not
trivial, and either ! | h™ or
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- St'm’ Hpesﬁ #(uo)
2m '
REMARK. In the proposition, one can choose the example of m to be a multiple of
u; moreover, the condition 20 ¢ QQ(eQ’”'/“) implies that 1#(®) =1 (mod p[u],) for some
p € S whence | > minges(qfu],)t/*@.

Certainly, as above, CF is infinite whenever F' is imaginary, but we have not find
any real example of F for which the statement |Cp| = oo is proved or disproved. Let C
denote the direct sum in Cr of Cg(l) for all prime numbers ! outside S;

Cr=Cra® (@CF(I’))-

pES

In any case, the assertion (A) in the main theorem of [1] guarantees the finiteness of
Cr(l) for every prime number [ outside S. Therefore, Theorem 1 of [3] or Theorem 1 of
Section 1 yields at least:

PROPOSITION 3. Assume that F is real. Then Ch is finite if and only if there
exists an element u' of S with the property that Cr(l) is trivial for any prime number |

satisfying 20 ¢ Q(e2™/v").
We conclude this section with:

REMARK. If F' is real, then Greenberg’s conjecture on Z;-extensions for prime
numbers [ implies that C'g(p) is trivial for all p € S, namely, that Cr = CF.

4. Corrections to [3], [4].

Finally, we shall correct some mistakes in [3], [4]. The first and second corrections
are due to one of the referee’s comments on the present paper. The last correction is
necessary to justify the proof of Theorem 1.

1. The clause “if and only if I*®) # 1 (mod ppp) for any p € S” in the 11th line
from the bottom on [3, p.828] should be “if and only if, for each p € S, either 1¥(®) # 1
(mod ppp) or py, || I — 1 with p = 27, Accordingly, when 2 belongs to S, the 7th line
from the bottom on [3, p.828] should be

i = = (50) I (3)

peS\{2}

2. Quite similarly to the above, the condition “/¥(4) # 1 (mod ¢p*)” in [4, Theorems
1, 2 and Proposition], line 11 on [4, p.376], lines 16, 21 on [4, p.390], and line 17 on [4,
p. 392] must be changed into the condition that “either 1¥(?) # 1 (mod p**1') or 2¥ || I—1
with p = 2”. Along with this, line 15 on [4, p. 393] should be changed, for example, into
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. [{leP(@)| 179 £1 (mod p"h)}| ¢
> lim =1- .
P (@) e

3. In [3, Proposition 3], we should additionally assume that “n is divisible by all
prime divisors of g,”. Indeed, without such a hypothesis, we can not always define b , ;
for (z,u,j) € F and by, for (w,u) € B x I in the proof of [3, Proposition 3] (cf. [3,
pp. 844, 850]) while the hypothesis guarantees the definitions of all by, ; and all by, 4.
Furthermore, the proof of [3, Proposition 4] is based upon [3, Proposition 3]. We must
therefore replace [3, Proposition 4] by the following:

PROPOSITION 4.  Let I be a prime number, n be a positive divisor of g, divisible
by all prime divisors of g, such that Q((,) contains the decomposition field of 1 for
Q((y,)/Q, and R be a finite subset of P such that every p in R satisfies p | n and
f(p) = pg(p). Suppose that

l|hxa l)(fxng R# Q.

Then

gy pso(p—l)f(p) 1/ > per p(p—1)
' Son ( Il - 1)@@))*"“’”%)

PER

where, for each p in R, v, denotes the p-part of n.

On the other hand, as for the proof of [3, Theorem 1], [3, Proposition 3] is used
only to prove [3, Proposition 4], and [3, Proposition 4] only to prove [3, Proposition 5].
Since ny, is divisible by all prime divisors of gy (cf. [3, p.854]), we can use the above
Proposition 4 instead of [3, Proposition 4] in the proof of [3, Proposition 5] (cf. [3,
p.855]). Similarly, for our proof of Theorem 1, we can do the same in the proof of
Proposition 1 (cf. (4)). In passing, “G; containing” in lines 12, 13 of [3, p.849] should
be “the group generated in Gy by”.
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