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Abstract. Suppose a group G acts on a tensor category % over a field k. Then we
have the tensor category ¢¢ of G-invariant objects in %, and the semi-direct product
tensor category ¢[G]. We show that if G is finite and k[G] is semi-simple, there exists
a one-to-one correspondence between categories with action of ¢ and categories with
action of %[G].

Introduction.

If a group G acts on a ring S, we have the ring of G-invariants S and the
skew group ring S[G]. This paper deals with analogous constructions for a tensor
category in place of a ring. Suppose that G acts on a tensor category % over a
field k. This means that for each ¢ € G, a tensor functor g, : € — € is given and
for each o, 7 € G, a tensor isomorphism o, o 7, = (07), is given in a coherent way.
The tensor category ¢ consists of objects C of % equipped with isomorphisms
a.C =~ C satisfying certain coherence conditions. The tensor category ¢[G] is just
the product @UeG‘g as a category, whose objects are expressed as @UeG(Cg,a)
with C, € ¢, and the tensor product in %[G] is defined by (C,0)® (D,7) =
(C ®a.D,or).

For a tensor category .o/, an .&Z-module means a category with associative
action of .. We assume here categories have direct sums and direct summands.

Our result is that if G is finite and k[G] is semi-simple, then % “-modules
and %[G]-modules are in one-to-one correspondence. It is given by assigning to
a %[G]-module 2 the ¥°-module # ¢ of G-invariant objects of Z.

We notice that the rings S¢ and S[G] are not generally Morita equivalent.
They are equivalent through the functor assigning to an S[G]-module X the
SY%module X only when S is a G-Galois extension over S©.

The above result is a simple consequence of the one-to-one correspondence
between modules over the tensor category of k[G]-modules and modules over
the tensor category of k[G]"-modules given in [T], where k[G]" is the dual of the
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group algebra. This correspondence may be thought of as a version of the
duality for cross products in [BM] and [NT].

As an application, we describe % “-modules whose underlying categories are
the categories of k”-modules for n > 0 when % is the tensor category of k[A]"-
modules with twisted associativity given by a 3-cocycle of a group 4. In this
case 4[G]-modules have a simple description and so we know about % “-modules
through our correspondence.

In Section 1 some definitions and constructions for modules over tensor
categories are reviewed. In Section 2 group actions on tensor categories are
considered and the definitions of ¥ and %[G] are given. In Section 3 we restate
the duality theorem of in the case of a group algebra. In Section 4 we
deduce the correspondence between % ¢-modules and %[G]-modules. In Section
5 we show that the semi-simplicity of categories are preserved under the cor-
respondence. In Section 6 we consider a tensor category of k[A] -modules with
3-cocycle twist, called a group tensor category, and describe modules over it. In
Section 7 we apply our correspondence to a group tensor category with a group
action. In Section 8 the verification of the pentagon axiom for #[G]| is given.

1. Modules over tensor categories.

We reproduce here some of definitions about tensor category modules from
[T]. See for details. We make a little use of terms in 2-category theory,
whose meanings are explained in our context. See for generalities on 2-
categories.

We fix a field k throughout. A k-linear category is a category in which the
hom-sets are k-vector spaces, the compositions are k-bilinear and finite direct
sums exist. A k-linear functor between k-linear categories is a functor which
is linear on all hom-spaces. Let Hom(%,%) denote the category of k-linear
functors Z — %. A tensor category is a k-linear monoidal category. Notations
for monoidal structures of a general tensor category are as follows: (4, B) — A.B
denotes the tensor product operation, I the unit object, oy p ¢ :(4.B).C —
A.(B.C) the associativity isomorphism, A4 : .4 — A the left unit isomorphism,
py A — A the right unit isomorphism.

For a tensor category .7, ./ ®° stands for the tensor category whose
underlying category is the same as .o/ and tensor product operation is opposite
to .of.

For a tensor category .o/, a left .«/-module 1s a k-category % equipped
with a bilinear functor o/ x & — 2 : (4,X) — A.X and isomorphisms of asso-
ciativity a4 gy : (4.B).X — A.(B.X) and unitality Ay :I.X — X for A,B€ %,
X e Z satisfying the conditions of naturality and coherence similar to the ones for
a monoidal category.
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For tensor categories .o/ and %, an (.o/,%)-bimodule is a k-category %
equipped with bilinear functors .« x & — 2 and 2 x # — % and isomorphisms
044" X + (AA/)X — A(AIX), OXx BB - (XB)B/ — X(BB/), 04, X B (AX)B —
A(X.B), Ay : I.X = X, py : X.I — X for A,A' € o/, B,B' € #, X € ¥ satistying
the conditions of naturality and coherence.

For left .«7-modules 2 and %, an .&/-linear functor 2 — % is a pair (L,f) of
a k-linear functor L: % — % and a family f of isomorphisms f, y : L(4.X) —
AL(X) for Ae .o/, X € Z which are natural in 4, X and commute with the
isomorphisms of associativity and unitality for 2 and %.

For .o/-linear functors (L,f),(L',p"): % — %, an .o/-linear transformation
(L,B) — (L',p") is a natural transformation ¢ : L — L' commuting with 8 and f’.

Thus we have the category Hom ., (%, %) whose objects are .o/-linear functors
2 — % and morphisms are .o/-linear transformations.

For .o/-linear functors (L,f) : 24 — % and (M,y) : % — %, their composite
(M,y)o(L,p) is defined to be the .o7-linear functor (Mo L,0): % — %, where

0a,x = Y4,L(x) © M(By x)-

Thus we have the composition functors
Uy o o - Hom (%, 2) x Hom 4(4,%) — Hom (%', Z),

which are (strictly) associative. Also we have the identity .o/-linear functors Idy
in Hom (%, %), which are (strictly) unital for composition.

The collection of the categories Hom ,(%,%) for all .o/-modules Z',%
together with the compositions u, 5 , and the identities Idy is referred as
the 2-category of .o/-modules and denoted by .«/-Mod. .Z-modules, .o/-linear
functors, .o/-linear transformations are also called O-cells, 1-cells, 2-cells of the
2-category .o/-Mod, respectively. The composition of 1-cells and of 2-cells given
by the composition functor wu, 5 5 is called the horizontal composition, while

the composition of 2-cells inside the hom-category Hom ., (%,%) is called the
vertical composition.

An .o/-linear functor L: 2 — % is called an equivalence of .o/-modules if
there exist an .o/-linear functor L' : % — % and invertible .o/-linear transfor-
mations Lo’ —Id, and I’o L — Idy. It can be shown that this amounts
to requiring L to be plainly an equivalence of categories.

Let .# be a (#,</)-bimodule. If % is a left #-module, the category
Hom 4(.#,%) becomes a left .o/-module. The action is defined by

(A.L)(M) = L(M.A)

for Aeof/, Me W, LeHomy(M,%).
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Moreover we have a functor
Dy - Hom »(%,%") — Hom ,(Hom (.4, %), Hom 4(.M,%"))
F— (L—Fol)

for #-modules %,%'. The functors @, 4 preserve horizontal compositions and
unit 1-cells.
The 2-functor Hom 4(.#,—) : #-Mod — .«/-Mod consists of the assignment

#A-module % — o/-module Hom 4(.4,%)

and the collection of the functors @, 4 for all #-modules %, %’

For a right .«7-module 2 and a left .o/-module %, the tensor product category
Z ®, % is defined. Its objects are finite direct sums of symbols [X, Y] for
XeZ, Ye?, and morphisms are sums of compositions of symbols

/9] (X, Y] — [X', Y]
for f: X —>X and g: Y — Y/, and
OCX7A7yi[X.A,Y] — [X,AY]

for XeZ, Ae o/, Y €% and the formal inverse of ay 4 y. These generating
morphisms are subject to the relations of functoriality, naturality and coherence.
The precise definition is in [T], but will not be needed in the sequel.

Let .# be a (%4, .o/)-bimodule. If 2 is a left .o/-module, .# ®,, Z becomes
a left #-module. The action i1s defined by

B.[M,X]=[B.M,X]

for Be 3, Me W, XeX%.
Moreover we have a functor

%]7@”/ . Hom{g(%‘,%/) — Homgg(% ®&{ %,% ®=9/ g{/)
G— (M, X] = [M,G(X))])

for .o/-modules 2, 2'. The functors ¥ 4, preserve horizontal compositions and
unit 1-cells.
The 2-functor # ®., — : o/-Mod — %-Mod consists of the assignment

of-module & — #-module 4/ ®., X

and the collection of the functors ¥, ,+ for all &/-modules ', %"
We have also an .o/-linear functor

X — Homy( M, M @, %)
X = (M~ [M, X))
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for an ./-module %, and a %-linear functor
M ®,, Homy( M, %) — %
(M, L] — L(M)

for a #-module %. These are natural in Z° and %, respectively.
Furthermore we have an equivalence

Hom 4( M4 ®., X,%) — Hom (%, Hom »(.4,%))
F— (X~ (M~ F(M,X])).

The category of finite dimensional k-vector spaces is denoted by #~. This is
a tensor category with the usual tensor product. We regard the natural iso-
morphisms (X ® V)R Z=2X®(Y®Z) and k@ X = X =~ X ®k for vector
spaces X, Y,Z as the identities.

Every k-category # may be viewed as a ¥"-module. The action of the n-
dimensional space k" on Z is given by the functor X — X”. We use the symbol
® rather than ‘dot’ for this action. Thus A" ® X = X" for X e 4.

A k-category Z is said to have direct summands if every idempotent en-
domorphism e : X — X in Z is the projection to a direct summand of X. Given
a k-category & we can embed % to a k-category Z having direct summands
such that every object of 4 is a direct summand of an object of 2. For any k-
category % with direct summands, the induced functor

Hom(Z',%) — Hom(Z,%)

is an equivalence. For a construction of Z see [GV, p. 413].

If 4 is an .«/-module, then Z becomes naturally an ./-module. For a right
o/-module 2 and a left .«/-module %,  ®,, ¥ is written as  ®,, ¥. .o/-Modk
denotes the 2-category consisting of the categories Hom ,(Z,%) for left .o/-
modules %, % with direct summands. The 2-functors

MRy —
o/-Mod ——— %-Mod
Hom g (4 ,—)

defined above yield the 2-functors

M ®, —
o/ -Modk =——= #-Modk.
Homy (4, —)

2. Group actions on tensor categories.

An action of a group G on a k-category 2 consists of data
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functors g, : & — % for all ce G
— isomorphisms ¢(a,7) : (01), — g, 071, for all o,7€ G
— an isomorphism v: 1, — Idy
which make the following diagrams commutative for all g,7,p€ G and X € Z..

(1), X LT (60, p.x

¢(a,rp)xl 14’5(0’7 ) x (1)

o), X — atpX
o.(d(z.p)x)

$(1,1)
LY — 1,1.X (2)
1*(11)()

¢(171)X
LX — 1.1.X (3)

VX

Here commutativity of the last two diagrams means that the opposite arrows are
inverse to each other.

Let Z', % be categories with G-action. A G-linear functor 2 — % consists of
— a k-linear functor L: 2 — %
— isomorphisms #(¢) : Log, — g, oL for all ce G

making the following diagram commutative for all o,7€ G and X € 7.

L((07),X) Ao, (o7),L(X)

L(¢(o, T)x)l l‘is(aa 77)1‘()() (4)

L(o,t,X) —— o.L(t.X) —— oa..L(X)
’7(0')7*)( U*’?(T)x

Let 2 be a category with G-action. The category of G-invariants in Z,
denoted by 2, is a k-category defined as follows. An object of ¢ is a pair
(X,f), where X is an object of Z and f is a family of isomorphisms

f(o0) : 0.X — X for all ¢ € G making the following diagram commutative for all
0,7€G.
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A morphism (X, f) — (X', f') in ¢ is a morphism u: X — X’ in Z such that

f'(o) oou=uof(o)
for all o e G.

ExampPLE 2.1. Let G act on the category 7~ of vector spaces trivially. This
means that all o,, ¢(o,7), v are the identities. Then #°© is the category of
k[G]-modules.

Let % be a tensor category with tensor product (4, B) — A.B, unit object I,
associativity isomorphisms o, p ¢ : (4.B).C — A.(B.C), and unit isomorphisms
g 1.A— A, p,: A1 — A.

An action of G on the tensor category ¥ means an action of G on the
k-category % preserving the tensor structure. Namely it consists of data

— tensor functors g, :% — € for all ce G

— isomorphisms ¢(a,7) : (01), — 0. o7, of tensor functors for all o,7€ G

— an isomorphism v: 1, — Id¢ of tensor functors
making the diagrams (1), (2), (3) commutative with obvious change of letters.
We also use the word G-tensor category for tensor category with G-action.

By the definition of a tensor functor, the above o, consists of

— a functor g, : ¢ — ¥

— natural isomorphisms (o), p: 0.4.0.B — d.(4.B) for all 4,Be%

— an isomorphism (o) : I — a.1
making the following diagrams commutative for all 4,B,C e %.

OlgyA, 0B, 0xC

(6.4.0,B).0.C ————— a,4.(6,B.6.C)

l//(G')A’B‘O'*C U*A-l//(U)B,c
6.(4.B).0,C 0.4.0.(B.C) (6)
l//(o-)AAB,C ‘M”)A,B.C

6.(4.B).C) ———  6.(A.(B.C))

o.(a4, 8 C)

AL

1.1 — I

l(ﬂ).l(ﬂ)l Jl(a) (7)

olol —— o, (ll) —— a.l
l//(a)l, I o (41)
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The requirement that ¢(o, 7) is a morphism of tensor functors means that the
following diagram is commutative for all 4,Be &.

(01),A.(07), B N0y 0.7.A.0.,7. B

V(0)ra e
MJT)A‘BJ O'*(T*A.T*B) (8)

U*('//(T)A,B)

(07),(A.B) qj(—)> 0.7+(A.B)

In the presence of the commutativity of (3) and (8), v: 1, — Id¢ is automatically
a morphism of tensor functors. Thus we could say that a G-action on the tensor
category % consists of the data a,, ¢(g,7), v, ¥(0), 1(0) making the diagrams of
(1), (2), (3), (6), (7), (8) commutative.

Let % be a G-tensor category. The category 4 becomes a tensor category
as follows. The tensor product is defined by

(4, f)-(B,g) = (4.B, h) 9)
where
h(o) = f(0).9(0) o () - (10)

The unit object is (Z,27!). The associativity and unit isomorphisms are inherited
from €.

We now construct another tensor category |G| from a G-tensor category 4.
We set 4[G] =P, % as categories. So an object of %[G] is expressed as
P, .c(As,0) with A, € €, and a morphism from @) __.(4,,0) to P, _.(Bs,0)
is expressed as (P, _(f,,0) with f,: 4, — B, a morphism in 4. The tensor
product operation in %[G] is defined by

(A,0).(B,7) = (A.0,B,at) for objects,
(f,0).(9,7) = (f.0.9,0tr) for morphisms.
The unit object is (/,1). The associativity is given by
((4,0).(B,7)).(C,p) = (A.0.B,07).(C,p) = ((4.0.B).(07),C,a1p)
Y0 (B.5). (C.p) l l(a(A, o, B,7,C),0tp)
(4,0).((B,7).(C,p)) = (4,0).(Bt.C,1p) = (A.0.(B.7.C)),atp) (11)
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where o(A4,0,B,1,C) is the composite
(4.0,B).(07),C
(4.0.B).4(0,7)¢
(A.6.B).0,7,.C
T, (12)
A.(0.B.0,71.C)

A'w(J)B, % C

A.o.(B.1.C).
The left unitality
Aoyt (I,1).(4,0) = (1.1,4,0) — (4, 0)
is given by

I.VA ),A

1.1, 4 1.4

The right unitality
Pido) (4,0).(1,1) = (A.0.1,0) — (4,0)
is given by

1
Ao d 20 g1y, (14)

These data satisfy the axiom of a tensor category. In Magid intro-
duced the double cross product of tensor categories, of which #[G] is regarded
as a special case. does not contain the proof of the axiom of a tensor

category for the double cross product. We will verify the pentagon axiom for
%|G] in Section 8.

ExampLE 2.2. With respect to the trivial action of G on 77, we have the
tensor category 77[G]. Objects are of the form @), _.(¥;,0) with 7;€7". The
tensor product is given by

(V,o).(W,7) = (V& W,ar).

Thus 77[G] is the category of G-graded vector spaces, or the category of
k[G]"-modules when G is finite.
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ExampLE 2.3. Suppose G acts on a group A. Then the action of G on the
tensor category 7 [A] is induced. We have obviously 77[4][G] = 7¥"[4 > G].

Let % be a G-tensor category. We may view a ¢[G]-module as a category
having actions of ¥ and G in a compatible way. To be precise, a ¢[G|-module
structure on a k-category 2 amounts to the data

— a %-module structure on 4 : (.,a, /)

— a G-action on % : (0., ¢(0,7),V)

— natural isomorphisms Y (o)c y : 0.C.0.X — 0.(C.X) for al Ce€%,

XeZ ogeCG
making the following diagrams commutative: (6), (8) with appropriate change
of letters, and in place of (7), the diagram

1(0).0. X
lo X —— oJdo0.X

Indeed, given these data, we define the action of 4[G| on % by
(C,0).X =C.uo.X
and the associativity and the unitality

OC(C,O’),(D,T),X : ((Cv O')'(Da T))X - (C7 O')((D, T)X)
iy (L)X — X

by the formulas similar to (11), (12), (13).
EXAMPLE 2.4. & itself is a €[G]-module: (C,0).C’ = C.0,.C’.

ExampLE 2.5. A 77[G]-module is nothing but a k-category with G-action:
(k,0).X = 0. X.

Let Z,% be %|G]-modules. A structure of a %|G]|-linear functor on a
k-linear functor L: % — % amounts to the data

— isomorphisms S y: L(C.X) — C.L(X) for Ce®¥, X eX

— isomorphisms #(g), : L(0.X) — 0, L(X) for 6 G, X e X
satisfying the following conditions.

— (L,p) is a %-linear functor.

— (L,n) is a G-linear functor.
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— the diagram

Lo.C.o.X) ~1P 16 (X))

Boec.ox n(0)c.x
0.C.L(g.X) a.L(C.X)

a.C.n(0)y oBe,x

0.C.o.L(X) ——— a,(C.L(X))
l//(J)C,L(X)

commutes for all Ce ¥, 0 G, X e %.
If 7 is a 4[G)-module, 2 “ becomes a % “-module by a similar action to (9),
(10).
3. 7 “-modules and 7'[G]-modules.

Hereafter we assume G is a finite group and the characteristic of & does not
divide |G|. We denote the category of finite dimensional k[G]-modules by 7€,
and the category of finite dimensional k[G]"-modules by 77[G] (see Example 2.1,
2.2). In this section we review the one-to-one correspondence between

7" “-modules and 7°[G]-modules from [T].
We make 7~ into a (77[G], 7 ©)-bimodule. The action of objects are given
by

Y V=YQV, VX=V®X
for X e 7% Yev|[G], Vev. The associativity of actions
(Y.Y).V = Y.(Y'V), (VX)X = V.(X.X)
are the identity maps, while

(Y. V)X - Y.(V.X)
1s the map

(1) ®VRx+ (1) ®v®T X,

where xe X, ve V, 1€ G, and (y,7) is an element in the t-component of the G-
graded space Y.
The duality theorem of in the case of a group algebra is as follows.
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THEOREM 3.1. The 2-functors

V'®, 6
7" 9-Modk =———— 77[G]-Modk
Homy()(7", —)

are quasi-inverse to each other through the adjunction. Namely, for any ¥ °-
module X and V"|Gl-module % with direct summands, the canonical functors

X — Hom/y-[G}(V, v ®,VG 3{),
s ®%G Homny»[G](“//, @) — X
are equivalences of V" “-modules and of ¥V [G|-modules, respectively.

In this situation we also say the pair (V" ®,-¢—,Homy (7", —)) is a 2-
equivalence. The 2-equivalence implies the following:
(i) For every ¥ C-module % with direct summands there exist a
7"|G]-module % with direct summands and an equivalence 2 —
Hom (7", %) of ¥ %-modules.
(ii) For 77[G]-modules %,%" with direct summands, the functor

HOI’IL/[G} (@, @/) — HOD’L/G (HO]’IIV[G] (V, @), H0m~//[G] (%, @/))

1s an equivalence.
Recall that 77[G]|-modules are just k-categories with G-action (Example 2.5).
So we may use the notations o, ¢(g,7) of G-action for 7"[G]-modules. The
left #7[G]-module structure on the bimodule 7~ is trivial: ¢,V = V. The as-
sociativity (Y.V).X — Y.(V.X) for Y = (k,o0) takes the form

be: 0. VR®X —a.(V®X)
v®xn—>v®a_1x.

PropoSITION 3.2. For any 7 [G|-module %, we have an equivalence of

" S-modules
2% ~Hom, (7", %).

Proor. This is [T, Proposition 3.4] adapted to our present situation. But
we give here a direct description of the equivalence. Recall that an object of
Hom (7", %), a G-linear functor ¥~ — %, is represented as a pair (F,#) of a
k-linear functor ¥~ — % and a family # of isomorphisms

n(o)y : Flo.V) — a.F(V)
for ce G, Vev . Let
D %G — HOIIL/[G](/V, gbr)



Finite group actions on tensor categories 441

be the functor sending (X, f) to (F,n), where F is given by
FV)=V®X
(here ® denotes the canonical action of ¥~ on %, see Section 1) and # is defined

by

1®f(o)"
_—

ne)y :Fla.V)=FV)=VQ®X VRaX=0.V®X)=aF(V).

It is easy to see that @ is an equivalence. Indeed, a quasi-inverse to @ is the
functor sending (F,#) to (X, f) with X = F(k) and f(0) = ;7(0),:1.

The proof will be completed once we show that @ has a structure of a 7 ¢-
linear functor. Let M e 7% (X,f)eZ . We wish to define an isomorphism

ﬂM,(X,f) :DO(M.(X, f)) - M.OX, f)

in Homyg)(7", Z). Let @(X, f) = (F,n) as above. As the left action of e
on Homy-g(7",%) comes from the right action on 7", we have M.(F,n)=
(H,¢&), where

HV)=FV.M)=VR®MQ® X,
and
&(o)y, :H(o V) — a.H(V)
1s the composite

Flo.V @ M) -, Flo.(V @ M) "2 o F(V @ M),

where b, was given preceding to [Proposition 3.2, This is equal to

1®0,'®1 -1
reMOX —2  yomex 2%  yeMeo.x,
that 1s,
I®c!'® o)
V®M®X—ﬂ;QﬁV®M®mL

where oy : M — M is the action of ¢ on M. On the other hand, by the
definition of the action of ¥"¢ on 4% we have M.(X, f) = (M ® X,h), where

Wo): o (M X)=M®ax 22 yex.

So we have ®(M ® X, h) = (H', '), where
HWV=VTM®X

and
E'(o)y : H (0, V) — a.H'(V)
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is the map

h(a)

1® h(a)™!
VOIM@X —— VR0, (MQX).

Hence H = H' and & =¢'. Thus the identity H — H' gives the required iso-

morphism Sy (y 5.

It is obvious that S, v , is compatible with associativity of actions.
Thus (®,f) : 9 — Hom, (7", %) is a ¥ “-linear functor. O

4. %°-modules and %[G]-modules.

Let ¢ be a tensor category with G-action.

THEOREM 4.1. The 2-functors

G C®,6—
%~ -Modk — %|G]-Modk
(=)

are quasi-inverse to each other.

Here if # is a %[G]-module, then 2¢ becomes a %°-module as noted in
Section 3. Also in the tensor product 4 ® c—, € is viewed as a (%[G],%°)-
bimodule in which the left action of #[G] on % is the standard one (Example
2.4), the right action of ¢ @ on % comes from the forgetful functor 4% — &, and
the associativity

(X,0).Y).(Z, f) = (X,0).(Y.(Z, f))
for (X,0)e%[G], Yeb, (Z,f)e%C is given by

-1
(X.0.Y).Z =222 ¥ (0.v.7) 20T )y (6, .0,2)

Xy
Tz X.0.(Y.Z).

That € 1s really a bimodule is verified in the course of the proof of the theorem.

LEMMA 4.2. Let # be a tensor category and M a left B-module. Set of =
(Endy 4)®° so that M becomes a (B, s/ )-bimodule.  Suppose that the 2-functors

J%@V -
o/-Modk ———— %-Modk
Homg;(a//, —)

are quasi-inverse to each other through the adjunction. Let j: % — & be a tensor
functor. Set N =& Ry M, D = (Endg /)PP so that N becomes an (&,P)-
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bimodule and a tensor functor i:.of — 9 is induced. Then the 2-functors

N ®g—
9-Modk m———— §-Modk
Homg (A", —)

are quasi-inverse to each other through the adjunction. Also the diagrams

g-Modk —2 %" . g Modk Z-Modk <27 & Modk

| | |

o/-Modk ———— %-Modk, ./-Modk «——— %-Modk
MBy— Hom (.4, -)

are commutative up to natural isomorphisms, where the vertical arrows are the
restrictions through i and j.

PrOOF. The commutativity of the right diagram follows readily from the
hom-tensor adjoint. For the left one, we have firstly

9 =Homg(6 @y M, E Ry M) ~Homyz(M,E Ry M).
Since ./ ®,,— is quasi-inverse to Hom 4(.#,—), we have an equivalence
MR, D ~E Ry M (16)

of #-modules. Moreover, this is an equivalence of (%, Z)-bimodules.
Indeed, this factors as the composite

For any #-module %, the canonical functor
M R, Hom y( M, %) — %

is (4, (Endy %)®)-linear. In particular, the second equivalence of is
(#,2)-linear. Next, the equivalence

9 ~Homy(M,8 Ry M)
is (o/,Z)-linear as seen from the diagram
o ——  Homy( M, H)
zl lHom (M, j & M)
9 —— Homy(M,E Ry M).

Hence the first equivalence of is (4, 27)-linear. So is (#,2)-linear as
well.
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For any Z-module Z we now have

as #-modules. This proves the commutativity of the left diagram.
We next show that for any Z-module # the canonical functor

2 — Homg (N, N ®qy X)

1s an equivalence of Z-modules. For this it is enough to show that this is just an
equivalence of categories. By the commutativity we have shown, the functor
restricted to .«/-Mod is isomorphic to the functor

X — Homy(M, M R, ).

This is an equivalence of .«/-modules by assumption.
Similarly we have /" ®, Homg (A", —) =~ Id. ]

PrOOF OF THEOREM 4.1. The trivial tensor functor ¥~ — % induces the
tensor functor 7'[G] — ¥[G]. We have an equivalence

ClGl i)V = (CRVI[GC]) ®yig)V =,

in which an object X € % corresponds to the object [(X,1),k] € €[G] ® g 7.
This is an equivalence of %[G]-modules, because

(X,0).[(X',1),k] = [(X,0).(X',1),k] = [(X.0.X',0),k]|
— (X0 X' 1).(1,0), k] = [(X.0.X", 1), (k, 0) K]
=[(X.0.X',1),k].

Let 2 = (End, (g %)®°P.  Applying the lemma to the 2-equivalence of
with o/ =7 B=9(G], #4 =7 and &=%[G], we have a
2-equivalence

6@y
2-Modk p— %[G]-Modk. (18)
Homg)(%,-)

For any %[G]-module Z, by the equivalence %[G]®, g 7 ~%E, the

equivalence 2% — Hom (7", %) of Proposition 3.2 yields an equivalence

@y : X% — Homyg) (6, %).

We express an object of Homgg)(%,%) as a pair (F,7) of a %-linear functor
F:% — Z and a family # of isomorphisms #(¢) : F(0,C) — a,.F(C). Then @4
maps an object (X, /) eZ¢ to the object (F,#) € Homy)(4,%) defined as
follows. F:% — % 1is given by

F(C)=CX
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with the obvious %-linear structure, and # is given by

— (o) o
n(0)e: F(0.C) = 0.C.X =19 6.Co.x 7 6.(C.X) = 0,F(C).

In particular, taking 2 = %, we have an equivalence
Cp(g : (gG — HOl’l’l(g[G]((g, (g) =Y.

Recall that if Z is a ¥-module, then 2 ¢ becomes a ¥ °-module. And Z =
(End g %)®P acts on Homg)(%, %) through . We claim that @, and @
are compatible with respect to these actions. In particular @4 : ¢ — Z is an
equivalence of tensor categories. The theorem then follows from (18).

To prove the claim, let (C,g) e ¢, (X,f) e ZX°. Let ®(X,f)=(F,n) as
above and &(C,g) = (D,d), that is,

D(C") = C'.C,
5 _ N e ) V(o) e :
(0)¢r 2 D(0,.C") =0,.C".C —— 6,C".0,C —— 0,(C".C) = a.D(C").

Then, relative to the action of Endgig % on Homgg(4,2) we have
(D,0).(F,n) = (F,n)o(D,0) =(H,&), where H=F oD, so

H(C') = F(D(C")) = (C".C).X,

and
&(0)er : H(0,.C') — a,H(C')

is the composite

)(a) 1 (J)D !
FD(s.C") 222 F,D(C")) 222, 6, FD(CY),

which is expanded as

(6.C".C).X
(—9(0) )~
(0.C".0,.C).X
Y(o).—
a.(C".C).X
~/(0)"
0.(C".C).o. X
¥(o)
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This is equal to the left vertical composite of the diagram
(0.C'.C).X = a.C'.(C.X)
(—g(0)™)-f(0) —(9(0)""f(0) ")
(6.C".0.C)o. X = 0,C"(0.C.0.X)

¥(o).— — (o) (19)
a.(C'.C).o. X g.C'.a.(C.X)
¥(o) ¥(o)

a.((C'.C)X) = a/(C.(CX))

which commutes by the naturality of o and the commutativity in (6). On the
other hand, relative to the action of ¥ on 2 we have

(C.9).(X, f) = (C.X,h)
with

1
o) : o (CX) 1 . cox 21 c x.

Then ®(C.X,h) = (H',&"), where
H'(C"Y=C".(C.X)
and
&'(0)¢r - H'(0.C") — 0. H'(C')
is the composite
. C(CX) 2 5. (e x) 1O g (C(CX)).

This is equal to the right vertical composite of [19). Also we have an iso-
morphism 7 : H — H’ given by the associativity

net H(C') = (C'.C).X = C'.(C.X) = H'(C").

The diagram now becomes

/l

ﬂn.*cl

H(o.C') H'(a.C")

5(0)c¢ lf'(ﬂ)cf

aH(C) —— o H'(C).

O'*ﬂc/
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Thus 7 gives the isomorphism
(H,¢) = (H'.E),
that 1s,
n:®(C,9).0(X, [) = &((C,g).(X, /)

in Homy)(4, 7).

Finally we have to check that 7 is compatible with the associativity of the
actions. But this readily follows from the pentagon axiom for the action of %
on Z. [

5. Semi-simple modules.

A k-linear category is said to be finite semi-simple if it is equivalent to the
category of finite dimensional modules over a finite dimensional semi-simple
algebra. We aim to show

PROPOSITION 5.1.  Suppose a € °-module X corresponds to a €[G]-module ¥
in the 2-equivalence of Theorem 4.1. Then X is finite semi-simple if and only if %
is finite semi-simple.

Clearly this will follow from

PROPOSITION 5.2.  Let X be a category with G-action. Then Z is finite semi-
simple if and only if X is finite semi-simple.

An object M of a category Z is called an additive generator if every object X
of Z is a direct summand of M”" for some n > (0. For a k-linear category 4
with direct summands, Z is finite semi-simple if and only if 2 has an additive
generator M such that End M is a finite dimensional semi-simple algebra.

Let 2 be a category with G-action. Let U:2%— Z be the forgetful
functor (X, f)— X. A left and right adjoint functor 7 of U is defined by

teG

T(X) = <@ T*Xag>a
where ¢g(g) for o € G is given by the commutative diagram

@(@ ’[*X) ﬂ @T*X
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with p;, p,: the projections. We have trivially

UoT =@ ..
teCG

For (X,f)eZ® let h:P,_;7.X — X be the sum of f(r):7.X — X. The
diagram

(7*(@1* > _oh, g. X

g(ﬂ)l lf(ﬂ)

@ T*X T> X

1s commutative, because it i1s composed of the commutative diagrams

0T+ X L(l . X

$(o.0)y l Jf(a)

(UT)*X - X
f(o7)

for te G. So h defines a morphism TU(X, f) — (X, f).

Similarly, let /: X — @._,7.X be the sum of f(¢)”'. Then / defines a
morphism (X, /) — TU(X, f) in Z°.

The composite Id — T o U — 1Id equals |G|l. As we are assuming |G| is
invertible in k, Id — T o U is a split injection.

The following is well-known and the proof is omitted.

LeMMA 5.3. Let A be a finite dimensional algebra with G-action. Then the
skew group algebra A|G| is semi-simple if and only if A is semi-simple.

PrOOF OF ProPOSITION 5.2. If (X,f)eZ©, then G acts on the algebra
End X by

ou=f(c)oouof(s)
for ue End X. The isomorphisms
End T(X) =~ Hom(X, UT (X)) =~ Hom(X, P 7.X) = (End X)[G]

give the algebra isomorphism of End 7(X) to the skew group algebra
(End X)[G]. By Lemma 5.3, End T(X) is semi-simple if and only if End X is
semi-simple. Hence for any object Y € ¢, End TU(Y) is semi-simple if and
only if End U(Y) is semi-simple.
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Suppose first that % is finite semi-simple. For any Y e 2° End U(Y) is
semi-simple. By the above observation, End TU(Y) is semi-simple. Since Y is
a direct summand of TU(Y), it follows that End Y is semi-simple. Take an
additive generator M € . Then U(Y) is a summand of M" for some n. Then
TU(Y) is a summand of T(M)", and so is Y. Thus T(M) is an additive
generator for 2°. This proves that 2 is finite semi-simple.

Suppose next that 2 is finite semi-simple. For any X € 2, End TUT(X) is
semi-simple. Hence by the above observation End UT'(X) is semi-simple. Since
X is a summand of UT(X), End X is semi-simple. Let N be an additive
generator in €. Then T(X) is a summand of N for some n. Then UT(X) is
a summand of U(N)", and so is X. Thus U(N) is an additive generator for
Z. This proves that Z is finite semi-simple. ]

6. Modules over group tensor categories.

In this section we describe modules over a 3-cocycle deformation of 77[G].
Most of statements here are simple translations of definitions.

For ¢ € G we write the object (k, o) of ¥'[G] simply as ¢. Let w: G* — k*
be a 3-cocycle. We have the tensor category ¥ [G,w]| whose underlying k-
category, tensor product and unit object are the same as those of 77[G], and
whose associativity and unit isomorphisms are given by

Ug,7,p = W(O’, T;p)lorp
Jo =w(l,1,0)7'1,
p,=w(a,1,1)1,

for o,7,pe G. We call ¥'|G,w] the group tensor category of the pair (G,w).

Analogously to the identification of a #”[G]-module with a category with G-
action, a 7"[G,w|-module is thought of as a k-category equipped with a., ¢(a, 1),
v satisfying the commutativity of the diagrams

(o(p) X <2 ((ot)p). X
$(at,p)y
#(o, w){ (07),p. X (20)
$(0,7),, ¢

(), X — oTp X
(<) a.(¢(z,p)x) P

(instead of (1)), (2) and (3).
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A k-category that is equivalent to a finite direct sum of ¥~ is called a 2-
vector space.

All 77[G,w]-modules that are 2-vector spaces as categories can be obtained
as follows. Let X be a finite G-set and v: G x G x X — k™ a map satisfying

v(at, p; x)v(0, T; px)
v(z, p; x)v(a, Tp; X)

w(a,t,p) =

for o,7,pe G, xeX. If v is viewed as a map G x G — Map(X,k*), the
equations read as

i,(w) =aov™!

in Map(G*,Map(X,k*)), where 0 is the coboundary operator for the group G
and i, is the map induced by the embedding i : k* — Map(X,k*). Let 7'[X]
denote () _, 7", the category of X-graded vector spaces. We may regard an
element x € X as a simple object of ¥ [X]. The action of ¥'|G,w] on ¥"[X] is
then defined by

0.X = 0X

P(o,7), = v(0, 75 x)15rx

for o,7€ G, xe X. We denote by 7’[X,v] the 7'[G,w]-module obtained in
this way. Given two pairs (X,v), (X',0") as above, the 7 [G,w]|-modules
771X,v] and ¥'[X',v'] are equivalent if and only if there exists an isomorphism
f:X — X" of G-sets such that f*(v') and v are cohomologue in the group
Map(G?,Map(X,k*)). Thus the equivalence class of a ¥"[G, w]-module which is
a 2-vector space bijectively corresponds to the isomorphism class of a pair (X, [v])
of a finite G-set X and an element [v] in the quotient set

{v e Map(G2, Map(X,k*))|dv =i, (w)"'}
{0t|t e Map(G,Map(X,k*))} '

Here the group in the denominator acts on the set in the numerator by
translation. Note that the quotient is either an empty set or a regular
H?(G,Map(X,k>))-set.

Let w=1. Then 77[G,w]-modules are just k-categories with G-action. So
we know that the equivalence class of a 2-vector space 2 with G-action bi-
jectively corresponds to the isomorphism class of a pair (X, [v]) of a finite G-set X
and a cohomology class [v] in H?(G,Map(X,k>)).
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The category ¥ [X,0]” can be described as follows. An object of 7'[X,v]¢
is a pair (V,f), where V' is a family of vector spaces V, for xe€ X and f is a
family of linear maps f(g;x): V, — V. for o€ G, x € X satisfying

fot;x) = f(0;1x) o f(7; X)v(0, 75 X)

for all o,7€ G, xe X.

Suppose X is a transitive G-set and let K be the stabilizer of an element
xo€X. The map vg: K> — k* defined by vo(c,7) = v(a,7;x0) is a 2-cocycle
on K. And we have Shapiro’s isomorphism H?(G,Map(X,k*)) =~ H?*(K,k*)
in which [v] corresponds to [vg]. The pair (V,f) above is determined by the
pair (V;,, fo), where fy: K — EndV;, is defined by fy(o) = f(o;x0). Such a
pair (V;,, fo) is just a module over the skew group algebra k[K, v(| relative to
the 2-cocycle vo. Thus 77[X,0]” is equivalent to the category of k[K,uvol-
modules. Also 7°© is the category of k[G]-modules. The action of ¥" ¢ on
VX, vl “is given by the tensor product through the restriction to the subgroup K.

7. Group actions on group tensor categories.

In this section we apply the 2-equivalence of [Theorem 4.1 to a group tensor
category with G-action.

Any G-action on a group tensor category is obtained in the following way.
Let A be a group with G-action denoted by (o,a) — %a. Let

t:AXAXA— k™

u:GxAxA—k>

v:GXxGxA—k*
be maps satisfying

_t(b,c,d)t(a,be,d)t(a,b,c)

= t(ab,c,d)t(a,b, cd) 1)
t(a,b,c)  u(o;b,c)u(o;a,be)
t(°a,’b,”c)  u(o;ab,c)u(c;a,b) (22)
u(o; “a, *b)u(t;a,b)  v(o,t;ab)
u(ot;a,b) (o, t;a)v(0, ;D) (23)
v(at, p;a)v(a,t;Pa) _1 (24)

v(z, p;a)v(a,tp;a)
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for all o,7,pe G, a,b,c,d e A. says ¢ is a 3-cocycle of 4, so we have the
group tensor category 7 [A4, t] of Section 6. A G-action on this tensor category is
defined by

o.(a) ="a
$(o,7), =v(g,7;a)1l,
1
a — la
T L a)
¥(0),, = u(o;a,b) 1o
1
SEp————

) = 1D

for o,7€ G, a,be A. Indeed, commutativity of (6), (8), (1) is assured by [22),
(23), (24), while that of (2), (3), (7) by the definition of v, 1, respectively.

By the definition of #[G] in Section 2, we have 7'[A4,1][G] = 7'[4 X G, 3],
where s 1s a 3-cocycle on the semi-direct product 4 < G given by

s((a,a), (b,7),(c,p)) = t(a,’b, c)u(a; b, c)v(a, ;).
applied to the G-tensor category 7 [A, {] says that the 2-functor

¥7[4,1°-Modk «— 774 x G, s|-Modk
(=)

1s a 2-equivalence. Assume k is algebraically closed. Then finite semi-simple
categories are just 2-vector spaces. By |Proposition 5.1 the property of being a
2-vector space is preserved under the above 2-equivalence. We saw in Section 6
that any 77[4 X G, s]-module which is a 2-vector space is of the form 77X, r] for
a finite 4 X G-set X and a map r: (4 < G)* x X — k* satisfying i(s)=or !
Hence any 7[4,7°-module which is a 2-vector space is of the form 7'[X,r]°.

8. Pentagon identity for %[G|.

We will show here that the associativity isomorphisms o4 4 (8., (c,p) fOr
|G| defined in Section 2 satisfy the pentagon axiom of a monoidal category:

(4,0).0B 2),(C.p), (D7) © %(A,0),(B.7).(C.p),(D,7) © %(d,0),(B,1),(C.p)- (D7)

%(4,0),(B,1),(C.p).(D,n) © *(4,0).(B,7).(C,p),(D,m)

for g,7,p,ne G, A,B,C,De%.
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(((A,0).(B,7))-(C, p))-(D, 7)=((A." B, 97).(C, p)).(D, 7)=((A." B).°"C, 07p).(D, m)=(((A.° B).”"C).”" D, o7 pr)

au..>.(a.f>.(o.,)-(D.r)l l l(a(A,a,B,r,C)."’D,crpw)
((4,0).((B,7).(C, p)))-(D, 7)=((4,0).(B."C, 7p)).(D, %)= (A.°(B.7C), 07p).(D, 7) = (A" (B.”C)).”"" D, o7 pm)

°(A.->.(s.v).(c.».(o.-)l l l(a(A,a.B.’C,-rp,D),wpn)
(4,0).(((B,7).(C, p))-(D, ))=(4,0).(B.7C,7p).(D, 7))=(4, 0).(B.7C)."?D, 7pm)= (A.°((B."C).""D),07pm)

(A.v)n(p.,).(o..).(o..)l l l(A.'c(B,f,C,p,D),wp«)

(4,0).((B,7)-((C, p)-(D, x)))=(4,0).((B, 7)-(C»D, pm))= (A,0).(B.7(C., D), 7pm) = (A.°(B."(C.*D)),07pr)

(((4,0).(B,7)).(C, p)).(D, 7)=((A." B, 07).(C, p)).(D, 7)=((A.° B).° C, 07p).(D, x)=(((A.° B).°"C).°# D, o7 pr)
°(A--)-(D.v).(0.p).(D.')l l l(a(A-'Bm.C-P-D)»"P*)

((4,0).(B,7))((C, p).(D, x))=(A." B, 7).((C, p).(D, m))= (A.° B,07).(C*D,pr) = ((A.°B).°"(C.PD),o7pr)

II || ll

((4,0).(B,7)).((C, p).(D, m))=((4,0).(B,7)).(C*D, px)= (A.°B,07).(C*D,pr) = ((A.°B).”(C#D),o7pr)
°(A.¢).('-').(0.r)-(b.')l l 1(a(A,c.B,r,C.’D),a‘rp1r)

(4,0)-((B,7)-((C, p)-(D, 7)))=(4,0).((B,7).(C*D, pr))= (4,0).(B.7(C., D), 7pm) = (A.°(B."(C.PD)),07pr)

Figure 8.1

A pentagon diagram for € i1s

O(A,B‘C.D

(4.(B.C)).D ((4.B).C).D
aA‘B.C,DJ (AB)(CD)

A.((B.C).D) ——— A.(B.(C.D)).

A.O(& C,D

We refer this diagram as Iy(A4, B, C, D), and also the diagram (6) as [;(o, 4, B, C),
(8) as Ir(o,7,4,B), (1) as I3(o,7,p,X). The assumption is that Iy(4, B, C, D),
Ii(o,4,B,C), I(0,7,A4,B), I;(0,7,p,A) are commutative for all 4,B,C,D €&,
ag,7,p €.

To save space we write here and below 4 instead of g.A4.

By (11), we have the equalities in Figure 8.1 for morphisms in ¢[G]. Hence
what we have to prove is the equality
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((A°B).°7C).o7D ((A.°B).°7C).o7*D
lé ¢
((A.-°B).°("C)).e"*D ((A°B).c7C).o" (D)
a(A,0,B,7,C).°"*D a a(A.° B,oT,C,p,D) a
(A(°B.("C)).""*D (4°B).("C.°"(*D))
, |
(A°(B.7C)).o"D (A.-°B).°"(C.*D)
. |
(A°(B.7C)).o (D) (A°B).°("(C.»D))
a(A,0,B."C,7p,D) Vc a(A,0,B,r,C.”D) a
A("(B.7C)°("*D)) A(°B.s(7(C*D))
| I
A°((B.7C)."*D) A°(B.7(C.rD))
'¢
A°((B.7C)."(*D))
A.°a(B,r,C,p,D) P
A.’(B.("C"."(’D)))
{ L4
A’(B.7(C*D))
Figure 8.2

A.°0(B,7,C,p,D) oa(A,0,B.7C,1p, D) o a(4,0,B,7,C).””D

=o(A,0,B,7,C.”D) o a(A4.°B,at,C, p, D) (25)
in 4.
By the definition of o(—,—,—,—,—) in [12), the both sides of (25) are

expanded as in Figure 8.2, respectively. Arrows are labeled only by their types.

Now we have the commutative diagrams in Figures 8.3 and 8.4. There are
four faces induced from the diagrams of type Iy, I, I>, Is which are commutative.
Faces labeled by [, [/(0)] are commutative by the naturality of «, (o), and
faces labeled by [®] are commutative by the functoriality of the tensor product.
Hence in either diagram, the composite along the leftmost path and the composite
along the rightmost path from ((4.°B).”C).°”D to A.°(B.*(C.”D)) are equal.
Moreover the rightmost paths in the both diagrams are literally identical.

The leftmost path in Figure 8.3 and the left path in Figure 8.2 are identical,
and the leftmost path in Figure 8.4 and the right path in Figure 8.2 are identical.

Hence the both sides of are equal.
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((A°B).°7C).cT"?D
g
((4°B).*("C)).7"*D —2+ (4. B).("C)).*" (D)

- 1¢ ((A°B).*(C).Is(o,rp,D) |9
(ACB2(C))Z*D ol ((AB)*(C)).*(*D) 4 (A7B).*(*C)).*((*DY)
y ¢1 e o) - &
(A°(B.7C))."D lsl (A.(°B2("C))).("*D) £ (A.("B2("C))).°("(*D))) (A7 B).(°("C)).*("(°D)))
¢ Y a fel 1« I(ABS(CL D)) |a
(A*(B7C)).2("*D) 1elA.(°B.7("C)).2("*D)) -£ A.((°B2("C)).*("(°D))) > A.(°B.(° (’CJ)-’('(’D))))

| .

¥
A(°(B7C).°("*D)) £ A.(°(B7C).°("(?D))) A.(°B.°("C.7(°D)))
A ¥(@)] %(0.8.'0.'('0))
A°((B.7C)."*D) = A°((B.7C)."(°D)) —> A-°(B.("C."(* D)) — - A°(B7(CrD))
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